Nonlinear diffusions, hypercontractivity and the optimal L^p-Euclidean logarithmic Sobolev inequality

Manuel DEL PINO^a Jean DOLBEAULT^{b,2,}∗ Ivan GENTIL^c

aDepartamento de Ingeniería Matemática, F.C.F.M., Universidad de Chile, Casilla 170 Correo 3, Santiago, Chile bCeremade (UMR CNRS no. 7534), Université Paris IX-Dauphine, Place de Lattre de Tassigny, 75775 Paris Cédex 16, France cLaboratoire de statistique et probabilités, (UMR CNRS no. 5583), Université Paul-Sabatier, 118 route de Narbonne, 31062 Toulouse Cédex 4, France

Abstract

The equation u_t = Δ_p(u^{1/(p−1)}) for p > 1 is a nonlinear generalization of the heat equation which is also homogeneous, of degree 1. For large time asymptotics, its links with the optimal L^p-Euclidean logarithmic Sobolev inequality have recently been investigated. Here we focuse on the existence and the uniqueness of the solutions to the Cauchy problem and on the regularization properties (hypercontractivity and ultracontractivity) of the equation using the L^p-Euclidean logarithmic Sobolev inequality. A large deviation result based on a Hamilton-Jacobi equation and also related to the L^p-Euclidean logarithmic Sobolev inequality is then stated.

Key words: Optimal L^p-Euclidean logarithmic Sobolev inequality, Sobolev inequality, nonlinear parabolic equations, degenerate parabolic problems, entropy, existence, Cauchy problem, uniqueness, regularization, hypercontractivity, ultracontractivity, large deviations, Hamilton-Jacobi equations

AMS classification (2000). Primary: 35K55, 35K65, 60F10. Secondary: 35A05, 46E35, 46Gxx, 49K30.

∗ Corresponding author

Email addresses: delpino@dim.uchile.cl (Manuel DEL PINO),

dolbeaul@ceremade.dauphine.fr (Jean DOLBEAULT),
ivan.gentil@math.ups-tlse.fr, ivan.gentil@hec.ca (Ivan GENTIL).

URL: http://www.ceremade.dauphine.fr/~ dolbeaul/ (Jean DOLBEAULT). 1 Partially supported by the ECOS contract no. C02Exx. 2 Partially supported by the EU network HPRN-CT-2002-00282.

3 December 2002

Introduction

A semi-group (P_t)_{t≥0} is said to be hypercontractive with contraction function t → q(t) if and only if q is increasing and if for any admissible f,

‖P_tf‖_{q(t)} ≤ C(t) ‖f‖_{q(0)} ∀ t ≥ 0

for some continuous function t → C(t). It is ultracontractive if for some q ≥ 1

‖P_tf‖_∞ ≤ C(t) ‖f‖_q ∀ t > 0 .

It is the purpose of Gross’ and Varopoulos’ Theorems [22,31] to prove such properties for diffusion processes. This question introduces in a very natural way the logarithmic Sobolev inequality � f^2 log(f^2) dμ ≤ C^∗ � |∇f|^2 dμ ∀ f ∈ H^1(IR^n) s.t. � f^2 dμ = 1 ,

for some positive constant C^∗, where μ is a measure on IR^n, which is invariant under the action of (P_t)_{t≥0}. In the case of the semi-group associated with the heat equation, dμ is the Lebesgue measure and the above inequality is the Euclidean logarithmic Sobolev inequality, with C^∗ = 2. This inequality can be reformulated in a form which is optimal under scalings [32] as � f^2 log(f^2) dx ≤ n 2 log � 2 πne � |∇f|^2 dx � ∀f ∈ W^{1,2}(IR^n) s.t. ‖f‖_2 =1 .

Here we consider the semi-group generated by the nonlinear diffusion equation

u_t = Δ_p(u^{1/(p−1)})

with Δ_pw := div (|∇w|^{p−2}∇w) for some p > 1 and prove that the associated semi-group is hyper- and ultra-contractive. The inequality which generalizes the Euclidean logarithmic Sobolev inequality is the optimal L^p-Euclidean logarithmic Sobolev inequality � f^p log(f^p) dx ≤ n p log � L_p � |∇f|^p dx � ∀f ∈ W^{1,p}(IR^n) s.t. ‖f‖_p =1 ,

which has been introduced recently [17] and then extended in [21] (also see [13]). This inequality holds for some positive and optimal constant L_p (see Theorem 4 below for more details). The entropy, which corresponds to the left hand side of the inequality, plays a crucial role for the existence and the uniqueness of a global solution to the Cauchy problem.

This paper is organized as follows. In Section 1, we state our main results and introduce the optimal L^p-Euclidean logarithmic Sobolev inequality. The existence and the uniqueness of a global solution is established in Section 2. Section 3 is devoted to hypercontractivity and Section 4 to connections with large deviations and the Hamilton-Jacobi equation

v_t + 1 p |∇v|^p = 0 ,

for which the optimal L^p-Euclidean logarithmic Sobolev inequality also plays an important role. Note that this equation and its regularity properties have been the subject of an earlier study of the third author [21].

1 Main results

Consider a global solution to the Cauchy problem � � � u_t = Δ_p(u^{1/(p−1)}) (x, t) ∈ IR^n × IR^+

u(·, t = 0) = f (1)

for some nonnegative initial data f. Note that Δ_pu^m = div (|∇u^m|^{p−2}∇u^m) is homogeneous of degree one if and only if m = 1/(p − 1) (we shall take advantage of this fact in the proof of Theorem 1). If one considers the equation u_t = Δ_pu^m, the case m ≠ 1/(p − 1) has interesting scaling properties related to Gagliardo-Nirenberg inequalities. The optimal L^p-Euclidean logarithmic Sobolev inequality appears then as a limit case [17,16,18] of these inequalities when m → 1/(p − 1).

By ‖u‖_p, p ≠ 0, we denote the quantity ( � |u|^p dx)^{1/p} and unless it is explicitely specified, integrals are taken over IR^n. We also write p^∗ = p/(p − 1) for the conjugate exponent of p.

Our first result is a global existence and uniqueness result. See the beginning of Section 2 for some comments on the literature and on our strategy of proof.

Theorem 1 Let p > 1 and assume that f is a nonnegative function in L^1(IR^n) such that |x|^{p∗} f and f log f belong to L^1(IR^n). Then there exists a unique weak nonnegative solution u ∈ C(IR^+_t , L^1(IR^n_x)) of (1) with initial data f, such that u^{1/p} ∈ L^1_{loc}(IR^+_t , W^{1,p}_{loc} (IR^n_x)).

Here by weak solution of (1) we simply mean a solution in the sense of the distributions. The a priori estimate on the entropy term � u log u dx plays a crucial role in the proof. Concerning regularity, our main result is the following hypercontractivity property.

Theorem 2 Let α, β ∈ [1, +∞] with β ≥ α. Under the same assumptions as in Theorem 1, if moreover f ∈ L^α(IR^n), any solution of (1) with initial data f satisfies the estimate

‖u(·, t)‖_β ≤ ‖f‖_α A(n, p, α, β) t^{− np β−ααβ} ∀ t > 0

with

A(n, p, α, β) = � C_1 (β − α)

� n_p β−α_{αβ}

C^{np}_2 ,

C_1 = n L_p e^{p−1}

(p − 1)^{p−1} p^{p+1}

, C_2 =

(β − 1)^{1−ββ} (α − 1)^{1−α}α β^{1−pβ − 1α +1}

α^{1−pα − 1β +1} .

See Theorem 4 below for a definition of L_p. Note that for p = 2, with L_2 =^2_{π n e} , one recovers the classical estimates of the heat equation (see for instance [3,22,27,31]). A similar result holds for α, β ∈ (0, 1] with β ≤ α and at a formal level for β ≤α <0: see Theorems 10, 11 in Section 3. As a special case of Theorem 2, we obtain an ultracontractivity result in the limit case corresponding to α = 1 and β = ∞.

Corollary 3 Consider a solution u with a nonnegative initial data f ∈L^1(IR^n) satisfying the same assumptions as in Theorem 1 with α = 1. Then for any t > 0

‖u(·, t)‖_∞ ≤ ‖f‖_1

� C_1 t �^n_p .

The main tool in our approach is the following optimal L^p-Euclidean logarithmic Sobolev inequality.

Theorem 4 [17,21] Let p ∈ (1, +∞). Then for any w ∈ W^{1,p}(IR^n) with � |w|^p dx = 1 we have, � |w|^p log |w|^p dx ≤ n p log � L_p � |∇w|^p dx � , (2) with

L_p = p n � p − 1 e �_{p−1}

π^{− p2} � � Γ(^n_2 + 1) Γ(n^{p−1}_p + 1) � � p n .

Inequality (2) is optimal and it is an equality if

w(x) = � π^{n2} � σ p � n_{p∗} Γ(^n_{p∗} + 1)

Γ(^n_2 + 1)

�_{−1/p}

e^{− 1σ |x−x̄|p∗} ∀ x ∈ IR^n

for any p > 1, σ > 0 and x̄ ∈ IR^n. For p ∈ (1, n) the equality holds only if w takes the above form.

For our purpose, it is more convenient to use this inequality in a non homogeneous form, which is based on the fact that

inf_{μ>0} � n p log � n pμ � + μ ‖∇w‖^p ‖w‖^p � = n log

� ‖∇w‖_p ‖w‖_p � + n p . Corollary 5 [16] For any w ∈ W^{1,p}(IR^n), w ≠ 0, for any μ > 0, p � |w|^p log � |w| ‖w‖_p � dx + n p log � p μ e n L_p � � |w|^p dx ≤ μ � |∇w|^p dx .

Inequality (2) has been established in [17] for 1 < p < n in view of the description of the intermediate asymptotics of (1) in IR^n (see [16], and [29] for the asymptotic behaviour in the bounded case). It has been linked to optimal regularization properties of the Hamilton-Jacobi equation

v_t + 1 p |∇v|^{1p} = 0 (3)

and extended to any p ∈ (1, +∞) in [21]. Also see [20] for a previous work on hypercontractivity and properties of the Hamilton-Jacobi equation in case p = 2, and [28,7,3,13,12,14] for connections with optimal mass transport, which have been recently investigated.

For earlier results concerning the standard logarithmic Sobolev inequality (p = 2), one should refer to [22] (in the form of Corollary 5), to [32] for the form which is invariant under scalings (Theorem 4, p = 2) and to [9] for the expression of all optimal functions. In case p = 1, Inequality (2) was stated in [26] and the expression of the optimal functions has been established in [4].

2 Proof of Theorem 1

Existence and uniqueness of solutions to quasilinear parabolic equations have been extensively studied. However, as far as we know, the available results deal only with bounded domains. A standard reference when there is no external potential is the paper by Alt and Luckhaus [2]. See [30,29,10] for more recent results and further references. Very recently, Agueh in [1] adapted the strategy of steepest descent of the entropy with respect to a convex cost functional of Jordan, Kinderlehrer and Otto [23] to quasilinear parabolic equations. Their approach relies on mass transportation techniques and is certainly the right one from an abstract point of view. It covers Equation (1) in the case of a bounded domain. Here we choose to give a more direct proof for the existence and the uniqueness, which strongly relies on a priori estimates for the entropy � u log u dx (this denomination makes sense both from probabilistic and physical points of view). As a last preliminary remark, let us note that because of the homogeneity of the equation, we can use a notion of weak solution although the initial data is essentially in L^1(IR^n), so that we dont need to introduce any renormalization procedure.

Since (1) is 1-homogenous, in the sense that μ u is a solution corresponding to the initial data μ f for any μ > 0 whenever u is a solution corresponding to an initial data f, there is no restriction to assume that � f dx = 1. It is also straightforward to check that u is a solution of (1) if and only if v is a solution of � � � v_τ = Δ_pv^{1/(p−1)} + ∇_ξ(ξ v) (x, t) ∈ IR^n × IR^+

v(·, τ = 0) = f (4)

provided u and v are related by the transformation

u(x, t) = 1 R(t)^n v(ξ, τ) , ξ = x R(t)

, τ(t) = log R(t) , R(t) = (1 + p t)^{1/p}

(see [16,18] for more details and consequences for large time asymptotics). Let

v_∞(ξ) = π^{− n2} � p σ �_{n/p}∗ Γ(^n_2 + 1)

Γ(^n_{p∗} + 1) exp(− p σ |x|^{p∗} )

with σ = (p^∗)^2. For any nonnegative constant μ, μ v_∞ is a nonnegative solution of the stationary equation

Δ_pv^{1/(p−1)} + ∇_ξ(ξ v) = 0 such that � v_∞ dx = μ. We may rewrite (4) as � � � v_τ = ∇_ξ � v � � �^{∇ξ v}_v � � �^{p−2 ∇ξv}_v − � � �^{∇ξ v∞}_{v∞} � � �^{p−2 ∇ξ v∞}_{v∞} � (x, t) ∈ IR^n × IR^+

v(·, τ = 0) = f

The next step consists in regularizing the problem. First we replace the initial data f by

f^{ε0} = N^{−1}_{ε0} χ_{ε0} ∗ min(f_0 + ε_0v_∞, ε_0^{−1}v_∞) , ε_0 ∈ (0, 1)

where χ_{ε0} = ε_0^{−n}χ(·/ε_0) is a regularizing function, χ is a C^∞ with compact support function, with values in [0, 1], such that χ(x) ≡ 1 if |x| ≤ 1 and χ(x) ≡ 0 if |x| ≥ 2. The normalization constant N_{ε0} is chosen such that � f^{ε0} dx = 1. We can also replace the equation for v by a regularized one: � � � � v_τ = ∇_ξ � v � (1−ε) � � ∇_ξ v

v+ηv_∞ � �^2 +_{ε(1+η)2} � � ∇_ξ v∞

v_∞ � �^2

� p_{2 −1 ∇ξv} v − � � ∇_ξv∞

(1+η)v_∞ � �^{p−2} ∇_ξv∞

v_∞ �

v(·, τ = 0) = f^{ε0}

for some positive regularizing parameters ϵ and η. Note that v_∞ is still a stationary solution. To emphasize the dependence in the various regularization parameters, we shall denote this solution by v^{ε0}_{ε,η}. The standard theory [25] applies since this is a quasilinear parabolic equation of the form

v_τ = ∇_ξ · [a(ξ, v, ∇_ξv)]

for which the right hand side is locally (in ξ) uniformly elliptic. To be precise, one should first solve the problem on a bounded domain (it is now strictly elliptic), say a large centered ball B_R of radius R, with Dirichlet boundary conditions v = v_∞ on ∂B_R (the initial data also has to be modified accordingly), and then let R → +∞.

The solution is smooth and the Maximum Principle applies. The functions ε_0N^{−1}_{ε0} v_∞ and (ε_0N_{ε0} )^{−1}v_∞ are respectively lower and upper stationary solutions:

ε_0 N_{ε0} v_∞(ξ) ≤ v^{ε0}_{ε,η}(τ, ξ) ≤ 1 ε_0 N_{ε0} v_∞(ξ) ∀ (ξ, τ) ∈ IR^n × IR^+ (5)

uniformly with respect to ε, η > 0 so that we may let η → 0 and keep the above estimate. Note that a similar uniform in ε and η (but local in ξ) estimate holds for (v^{ε0}_{ε,η})^{−1} � �∇_ξv^{ε0}_{ε,η} � �. Details are left to the reader.

Now we may build an entropy estimate as follows: d dτ � v^{ε0}_{ε,0} log

� v^{ε0}_{ε,0} v_∞ � dξ = −

� � ∇_ξv^{ε0}_{ε,0} v^{ε0}_{ε,0} − ∇_ξv_∞ v_∞ �

· � �v^{ε0}_{ε,0} � � � (1 − ε) � � � ∇_ξ v^{ε0}_{ε,0} v^{ε0}_{ε,0} � � � 2 + ε � � ∇_ξ v∞

v_∞ � �^2

� p_{2 −1}

∇_ξ v^{ε0}_{ε,0}

v^{ε0}_{ε,0} − � � ∇_ξ v∞

v_∞ � �^{p−2} ∇_ξ v∞

v_∞ � � � � dξ

(which by the way proves that v^{ε0}_{ε,0} converges to v_∞ as τ → +∞). Because of (5), such an estimate passes to the limit in integral form as ε → 0: � v^{ε0} log

�v^{ε0} v_∞ � dξ ≤ � f^{ε0} log

� f^{ε0} v_∞ � dξ − τ� 0 � v^{ε0} � ∇v^{ε0} v^ε0 −

∇v_∞ v_∞ � · � � �_{∇v}^ε0

v^ε0 � �^{p−2}_{∇v}^ε0

v^ε0 − � �_{∇v∞}

v_∞ � �^{p−2}_{∇v∞}

v_∞ � dξ dτ , (6)

where v^{ε0} := v^{ε0}_{0,0} is now a solution of � � � v^{ε0}_τ = ∇_ξ � v^{ε0} � � �^{∇ξvε0}_{vε0} � � �^{p−2 ∇ξ vε0}_{vε0} − � � �^{∇ξv∞}_{v∞} � � �^{p−2 ∇ξv∞}_{v∞} �

v^{ε0} (·, τ = 0) = f^{ε0}

satisfying (5) and such that (v^{ε0} )^{−1} |∇_ξv^{ε0} | is locally bounded in ξ (however this estimate is certainly not true uniformly with respect to ε_0).

We may now go back to the original variables, t and x. Let u^{ε0} be the solution of Equation (1) with initial data f^{ε0} and consider u_∞ =^1_{R(t)n} v(^x_{R(t)} , log R(t)). Since � u log � u u_∞ � dx = � u log u dx + (p − 1)(R(t))^{−p∗} � |x|^{p∗} u dx + σ(t) � u dx

for some C^1 function σ, it is sufficient to study the first term of the right hand side to pass to the limit as ε_0 → 0 in the entropy inequality, i.e., d dt � u^{ε0} log u^{ε0} dx = − 1 p − 1 � � � �p^∗ ∇(u^{ε0} )^{1/p} � � �^p dx .

A crucial remark is the following lemma, which has been stated in [5] (also see [6]) for p = 2 and in [19] in the other cases. For completeness, we give a proof of it.

Lemma 6 [19] On the space {u ∈ L^1(IR^n) : u^{1/p} ∈ W^{1,p}(IR^n)}, the functional F [u] := � |∇u^α|^p dx is convex for any p > 1, α ∈ [^1_p , 1].

Proof. For any two given nonnegative C^1 with compact support functions u_1, u_2, let

u^t = t u_2 + (1 − t) u_1 = u_1 + t v with v = u_2 − u_1 , f(t) = F [u^t] .

It is readily checked that f(t) is finite for any t ∈ [0, 1] and twice differentiable. For simplicity, we shall write u instead of u^t in the computations. Define

X = α u^{α−1} ∇u Y = α u^{α−2} [(α − 1) v ∇u + u ∇v] Z = α (α − 1) u^{α−3} [(α − 2) v^2 ∇u + 2 u v ∇v]

Then

f^{′′}(t) = p � |X|^{p−4} � (p − 2) (x · Y )^2 + |X|^2(|Y |^2 + X · Z) � dx = p α^4 � |X|^{p−4}u^{4α−6}

A^2 v^2 � (α−1)((α−1)p−1)A

2 + 2p(α−1)AB + (p−1)B^2 � dx

where A = v∇u and B = u∇v. The quantity (α−1)((α−1)p−1)A^2 +2p(α−1)AB+

(p−1)B2 is nonnegative for any A, B ∈ IR

n if and only if 0 ≥ [p(α − 1)]^2 − (p − 1) (α − 1)((α − 1)p − 1) = (α p − 1)(α − 1). □

In the case of Equation (1) the entropy production term is therefore convex. Thus the entropy inequality (6) passes to the limit as ε_0 → 0. By the Dunford- Pettis criterion, u^{ε0} converges to some function u weakly in L^1(IR^n × IR^+_{loc}). Moreover, because of the divergence form of the right hand side of the equation, we have d dt � u^{ε0} dx = 0

so that � u dx is also conserved. Since (p − 1)∇u^{1/(p−1)} = p u^{1/(p(p−1))}∇u^{1/p} ,

we obtain

‖∇u^{1/(p−1)}‖_{p−1} ≤ p^∗‖u‖^{1/(p(p−1))}_1 ‖∇u^{1/p}‖_p

by Hölder’s inequality (this even makes sense for p ∈ (1, 2) since the Hölder exponents are p and p^∗). There is no difficulty to check that u(·, 0) = f and that u^{ε0} strongly converges to u in L^1_{loc}(IR^n × IR^+). It remains to make sure that u is a solution of (1). Since ∇(u^{ε0} )^{1/p} weakly converges to ∇u^{1/p} in L^∞(IR^+_{loc}, L^p_{loc}(IR^n))), if p ≥ 2, ∇(u^{ε0} )^{1/(p−1)} weakly converges to ∇u^{1/(p−1)} in L^∞(IR^+_{loc}, L^{p−1}_{loc} (IR^n))). This is enough to give a sense to Δ_pu and prove that u satisfies (1) in the distribution sense. The adaptations to be made if p ∈ (1, 2) are left to the reader. This concludes the proof of existence.

Remark 7 The entropy decays exponentially since d dt � u log � u � u dx � dx = − 1 p − 1 � |p^∗ ∇u^{1/p}|^p dx

and Corollary 5 applied with w = u^{1/p}, μ =^{n Lp}_{p e} gives d dt � u log � u � u dx � dx ≤ −

(p∗)^{p+1}e n L_p � u log � u � u dx � dx .

For a more precise description of the asymptotic behaviour, see [16,18].

It is remarkable that the entropy, or to be precise, the relative entropy, turns out to be the right tool for uniqueness as well. Consider two solutions u_1 and u_2 of (1). A simple computation shows that d dt � u_1 log

� u_1 u_2 � dx = � � 1 + log

�u_1 u_2 � (u_1)_t dx −

� �u_1 u_2 � (u_2)_t dx

= −(p−1)^{−(p−1)} � u_1 � ∇u_1 u_1 − ∇u_2 u_2 � · � � � � ∇u_1 u_1 � � � p−2 ∇u_1 u_1 − � � � ∇u_2 u_2 � � � p−2 ∇u_2 u_2 � dx .

It is then straightforward to check that two solutions with same initial data f have to be equal since 1 4 ‖f‖_1

‖u_1(·,t) − u_2(·,t)‖^2_1 ≤ � u_1(·,t) log

�u_1(·,t) u_2(·,t) � dx ≤ � f log �f f ) dx = 0

by the Csiszár-Kullback inequality [15,24].

Remark 8 The computation we have used above for proving the uniqueness is exactly the same as for the existence proof, with u_1 = u and u_2 = u_∞. This is why the detailed justification of the computation has been omitted. All terms make sense at least in the integrated in t sense.

3 Proof of Theorem 2

As a preliminary result, let us note that the quantity � u^q log u dx makes sense.

Lemma 9 Let q, Q be such that 1 ≤ q < Q and assume that u ∈ L^1 ∩L^Q(IR^n) is a nonnegative function such that |x|^{p∗} u ∈ L^1(IR^n). Then u^q log u belongs to L^1(IR^n).

Proof. On the one hand, let U = exp(−|x|^{p∗ Q−qQ−1} ). Then � u^q log u dx = � u^q log � u U � dx + � |x|^{p∗ Q−qQ−1} u^q dx .

The first term of the right hand side is bounded from below by Jensen’s inequality: � u^q log � u U � dx = 1 q � (u^q) log

� (u^q) (U^q) � dx ≥ 1 q � u^q dx log � � u^q dx � U^q dx �

and the second term, which is nonnegative, makes sense because of Hölder’s inequality: � |x|^{p∗ Q−qQ−1} u^q dx ≤ � |x|^{p∗} u dx

� Q−q_{Q−1} �

u^Q dx

� q−1_{Q−1} .

On the other hand (see [8,17]) � u^q log u dx ≤ 1 Q − q � u^q dx log � � u^Q dx � u^q dx � ,

as can be checked using Hölder’s interpolation of ‖u‖_r between ‖u‖_q and ‖u‖_Q for some r ∈ [q, Q) and deriving with respect to r at r = q. □

Take a nonnegative function u ∈ L^q(IR^n) with u^q log u in L^1(IR^n). It is straightforward that d dq � u^q dx = � u^q log u dx . (7)

Consider now a solution u of (1). For a given q ∈ [1, +∞), d dt � u^q dx = − q(q − 1) (p − 1)^{p−1} � u^{q−p}|∇u|^p dx . (8)

Assume that q depends on t and let F (t) = ‖u(·, t)‖_{q(t)}. Let^′ =^d_{dt} . A combination of (7) and (8) gives

F^′ F = q^′ q^2 � u^q F^q log � u^q F^q � dx − q^2(q − 1) q^′(p − 1)^{p−1} 1 F^q � u^{q−p}|∇u|^p dx � .

Since � u^{q−p}|∇u|^p dx =

�_p q �_p �

|∇u^{q/p}|^p dx, Corollary 5 applied with w = u^{q/p}, μ = (q − 1) p^p q^′ q^{p−2} (p − 1)^{p−1}

gives for any t ≥ 0

F (t) ≤ F (0) e^{A(t)} with A(t) = n p t� 0 q^′ q^2 log � K_p q^{p−2} q^′ q − 1 � ds and K_p = n L_p e (p − 1)^{p−1} p^{p+1} .

Now let us minimize A(t): the optimal function t → q(t) solves the ODE

q^{′′} q = 2 q^{′2} ,

which means that

q(t) = 1 a t + b

for some a, b ∈ IR. Thus A is given by

A(t) = − n p t� 0 a log � a K_p (a s + b)^{p−1}(a s + b − 1) � ds

and an identification of q_0 =α, q(t)=β allows to compute at=^{α−β}_{αβ} and b=^1_α . Note that a=−q^′q^{−2} < 0. Let f(u)=(p−1) u log u−(1−u) log(1−u)−p u. Then

A(t) = −^n_p a

�_t

0 [log(−a K_p) − f^′(as + b)] ds =^n_p^{β−α}_{α β} log

�_{β−α} α β K_p t � +^n_p � f �_1 β � − f �_1 α � .

This ends the proof of Theorem 2. □

With a minor adaptation of the above proof, one can state a result similar to the one of Theorem 2 in the case α, β ∈ (0, 1] with β ≤ α and at a formal level in the case β ≤ α < 0 (in both cases, a > 0). Since the sign of q^′ is changed, the inequality is reversed, compared to Theorem 2: such results are not hypercontractivity properties any more. In the second case, the existence of a solution is not covered by Theorem 1 and is, as far as we know, an open question. With f(u) = (p − 1) u log u + (u − 1) log(u − 1) − p u, one gets the following result.

Theorem 10 Let α, β ∈ (0, 1] with β ≤ α. Under the same assumptions as in Theorem 1, any solution u of (1) with initial data f such that f^α belongs to L^1(IR^n) satisfies the estimate

‖u(·, t)‖_β ≥ ‖f‖_α A(n, p, α, β) t^{np α−βαβ} ∀ t > 0

with

A(n, p, α, β) = � C_1 (α − β)

� n_p β−α_{αβ}

C^{np}_2 ,

C_1 = n L_p e^{p−1}

(p − 1)^{p−1} p^{p+1}

, C_2 =

(1 − β)^{1−ββ} (1 − α)^{1−α}α β^{1−pβ − 1α +1}

α^{1−pα − 1β +1} .

Here C_2 has the same expression as in Theorem 2 and one can write

A(n, p, α, β) = � C_1 |β − α|

� n_p β−α_{αβ}

C^{np}_2 , C_2 =

|β − 1|^{1−ββ} |α − 1|^{1−α}α

|β|^{1−pβ − 1α +1}

|α|^{1−pα − 1β +1} (9)

in order to have a general expression which is valid for both results.

At a formal level (existence of a global solution is not known), it is even possible to state a result for negative exponents α and β. Note indeed that in such a case, the boundedness of � u^α_0 dx is incompatible with the requirement: u_0 ∈ L^1(IR^n). The following result is obtained by adapting the proof of Theorem 2 to the case f(u) = (p − 1) u log(−u) − (1 − u) log(1 − u) − p u.

Theorem 11 Let α, β < 0 with β ≤ α. Any C^2 global solution u of (1) with initial data f such that f^α belongs to L^1(IR^n) satisfies the estimate

‖u(·, t)‖_β ≥ ‖f‖_α A(n, p, α, β) t^{np α−βαβ} ∀ t > 0

where A(n, p, α, β), C_1 and C_2 are given by (9).

4 Large deviations and Hamilton-Jacobi equations

Consider a solution of � � � v_t +^1_p |∇v|^p =^1_{p−1} p^{2−pp−1} ε^{p∗} Δ_pv (x, t) ∈ IR^n × IR^+ v(·, t = 0) = g

(10)

The following lemma shows what is the relation of (10) and (1).

Lemma 12 Let ε > 0. Then v is a C^2 solution of (10) if and only if

u = e^{− 1}λε^{p∗ v} with λ = p^{1p−1} p − 1

is a C^2 positive solution of

u_t = ε^p Δ_p(u^{1/(p−1)}) (11)

with initial data f = e^{− 1}λε^{p∗ g}.

In the limit case ε = 0,

Q^p_t g(x) := v(x, t) = inf_{y∈IRn} � g(y) + t p^∗ � � � x − y t � � �^p ∗ �

is a solution known as the Hopf-Lax solution of the Hamilton-Jacobi equation (3):

v_t + 1 p |∇v|^p = 0 .

Let P^p_t f(x) := u(x, t) whenever u is a solution of (1) with initial data f. Because of the convergence of the solutions of (10) to the solutions of (3), by Lemma 12 we get the following result.

Theorem 13 With the above notations and assumptions, for any C^2 function g,

Q^p_t g(x) = lim_{ε→0} � −λ ε^{p∗} log � P^p_εp_t � e^{− g}λ ε^{p∗} � ∀ t > 0 .

In other words, this means that the family (P^p_εp_t)_{ε>0} satisfies a large deviation principle of order ε^{p∗} and rate function^1_{p∗ tp}∗_{−1} | x − · |^{p∗} .

This provides a new proof of the main result of [21].

Corollary 14 Let λ =^p 1 p−1 p−1 . For any α, β with 0 ≤ α ≤ β, we may write

‖e^{Qpt g}‖_β ≤ ‖e^g‖_α B(n, p, α, β) t^{np α−βαβ} ∀ t > 0 ,

with

B(n, p, α, β) = � (β − α) λ^{p−1}C_1

� n_p β−α_{αβ} � � α^{p−1α + 1β}

β^{p−1β + 1α} � � n p .

Proof. We may first rewrite Theorem 10 as

‖P^p_τ f‖_γ ≥ ‖f‖_δ

�C_1 τ � n_p γ−δ_{γδ} � � �(δ − γ)^{γ−δγδ}

(1 − γ)^{1−γγ} (1 − δ)^{1−δ}δ

(γ)^{1−pγ − 1δ +1}

(δ)^{1−pδ − 1γ +1} � � � n p ,

where we replaced α, β and t by δ, γ and τ respectively. Take now f = e^{− h}λ ε^{p∗} , τ = ε^pt, δ = λ ε^{p∗} α and γ = λ ε^{p∗} β and raise the above expression to the power λ ε^{p∗} . Take the limit ε → 0 we obtain,

‖e^{−h}‖_β ≤ ‖e^{−Qpt h}‖_α B(n, p, α, β) t^{np α−βαβ} ∀ t > 0 .

The result then holds by taking h = −Q^p_t (g) and by using the following inequality −Q^p_t (−Q^p_t (g)) ≤ g. □

Remark 15 If instead of Theorem 10, we use Theorem 11, we obtain a direct but formal proof of the Corollary 14. The proof is similar to the one of Corollary 14. According to Theorem 10,

‖P^p_τ f‖_δ ≥ ‖f‖_γ

�C_1 τ � n_p δ−γ_{γδ} � � �(γ − δ)^{δ−γγδ}

(1 − δ)^{1−δ}δ

(1 − γ)^{1−γγ}

(−δ)^{1−pδ − 1γ +1}

(−γ)^{1−pγ − 1δ +1} � � � n p ,

where we replaced α, β and t by γ, δ and τ respectively. Take now f = e^{− g}λ ε^{p∗} , τ = ε^pt, γ = −λ ε^{p∗} α and δ = −λ ε^{p∗} β and raise the above expression to the power −λ ε^{p∗} . The result then holds by taking the limit ε → 0.

Conclusion

As a conclusion, let us summarize the main results. The three following identities have been established:

(i) For any w ∈ W^{1,p}(IR^n) with � |w|^p dx = 1, � |w|^p log |w| dx ≤ n p^2 log � L_p � |∇w|^p dx � . (ii) With the notation P^p_t for the semigroup associated to (1), i.e. u_t = Δ_p(u^{1/(p−1)}),

‖P^p_t f‖_β ≤ ‖f‖_α A(n, p, α, β) t^{− np β−ααβ} .

(iii) With the notation Q^p_t for the semigroup associated to (3), i.e. v_t + 1 p |∇v|^p = 0,

‖e^{Qpt g}‖_β ≤ ‖e^g‖_α B(n, p, α, β) t^{− np β−ααβ} .

The first identity is the optimal L^p-Euclidean logarithmic Sobolev inequality (2), see [17,21]. The equivalence (i) ⇐⇒ (iii) has been established in [21]. In this paper, what we have seen is that (i) =⇒ (ii) and that (ii) =⇒ (iii). Going back to the proof of Theorem 2, it is not difficult to check that (ii) =⇒ (i), so that the constants in (ii) are optimal.

References

[1] M. Agueh, Existence of solutions to degenerate parabolic equations via the Monge-Kantorovich theory, Preprint of the Georgia Institute of Technology (2002).

[2] H.W. Alt, S. Luckhaus, Quasilinear elliptic-parabolic differential equations, Math. Z. 183 no. 3 (1983), 311–341.

[3] C. Ané, S. Blachère, D. Chafaï, P. Fougères, I. Gentil, F. Malrieu, C. Roberto, G. Scheffer, Inégalités de Sobolev logarithmiques et de transport, in Sur les inégalités de Sobolev logarithmiques, (foreword by D. Bakry and M. Ledoux), Panoramas et synthèses no. 10, Société Mathématique de France, Paris, 2000, 135–151.

[4] W. Beckner, Geometric asymptotics and the logarithmic Sobolev inequality, Forum Math. 11 (1999), 105–137.

[5] R. Benguria, PhD Thesis, Princeton University (1979).

[6] R. Benguria, H. Brézis, E.H. Lieb, The Thomas-Fermi-von Weizsäcker theory of atoms and molecules. Comm. Math. Phys. 79 no. 2 (1981), 167–180.

[7] S. Bobkov, I. Gentil, M. Ledoux, Hypercontractivity of Hamilton-Jacobi equations, J. Math. Pures Appl. 80 no. 7 (2001), 669–696.

[8] M.J. Cáceres, J.A. Carrillo, J. Dolbeault, Nonlinear stability in L^p for a confined system of charged particles, to appear in SIAM J. Math. Anal.

[9] E.A. Carlen, Superadditivity of Fisher’s information and logarithmic Sobolev inequalities, J. Funct. Anal. 101 (1991), 194–211.

[10] C. Chen, Global existence and L^∞ estimates of solution for doubly nonlinear parabolic equation, J. Math. Anal. Appl. 244 no. 1 (2000), 133–146.

[11] F. Ciprian, G. Grillo, Uniform bounds for solutions to quasilinear parabolic equations J. Diff. Equations 177 (2001), 209–234.

[12] D. Cordero-Erausquin, Some applications of mass transport to Gaussian type inequalities, to appear in Arch. Rat. Mech. Anal. 161 (2002), 257–269.

[13] D. Cordero-Erausquin, W. Gangbo, C. Houdré, Inequalities for generalized entropy and mass transportation, Preprint (2001).

[14] D. Cordero-Erausquin, B. Nazaret, C. Villani, A mass transportation approach to sharp Sobolev and Gagliardo-Nirenberg inequalities, Preprint (2002).

[15] I. Csiszár, Information-type measures of difference of probability distributions and indirect observations, Studia Sci. Math. Hungar. 2 (1967), 299–318.

[16] M. Del Pino, J. Dolbeault, Asymptotic behaviour of nonlinear diffusion equations, C. R. Acad. Sci. Paris, Sér. I 334 (2002), 365-370

[17] M. Del Pino, J. Dolbeault, The Optimal Euclidean L^p-Sobolev logarithmic inequality, to appear in J. Funct. Anal.

[18] M. Del Pino, J. Dolbeault, Asymptotic behaviour of nonlinear diffusions, Preprint Ceremade no. 0127.

[19] J.I. Díaz, J.E. Saá, Existence et unicité de solutions positives pour certaines équations elliptiques quasilinéaires [Existence and uniqueness of positive solutions of some quasilinear elliptic equations], C. R. Acad. Sci. Paris Sér. I Math. 305 no. 12 (1987), 521–524.

[20] I. Gentil, Ultracontractive bounds on Hamilton-Jacobi solutions, Bull. Sci.

Math. 126 (2002), 507–524.

[21] I. Gentil, The general optimal L^p-Euclidean logarithmic Sobolev inequality by Hamilton-Jacobi equations, preprint (2002).

[22] L. Gross, Logarithmic Sobolev inequalities, Amer. J. Math. 97 (1975), 1061– 1083.

[23] R. Jordan, D. Kinderlehrer, F. Otto, The variational formulation of the Fokker-Planck Equation, SIAM J. Math. Anal. 29 (1) (1998), 1–17.

[24] S. Kullback, A lower bound for discrimination information in terms of variation, IEEE Trans. Information theory 13 (1967) 126–127.

[25] O. A. Ladyženskaja, V. A. Solonnikov, N. N. Ural’ceva, Linear and quasilinear equations of parabolic type. Translated from the Russian by S. Smith. Translations of Mathematical Monographs, 23 AMS, Providence, R.I. 1967.

[26] M. Ledoux, Isoperimetry and Gaussian analysis, in Lectures on probability theory and statistiques. Ecole d’été de probabilités de St-Flour 1994, Lecture Notes in Math. 1648, Springer, Berlin, 1996, 165–294.

[27] M. Ledoux, The geometry of Markov diffusion generators. Probability theory, Ann. Fac. Sci. Toulouse Math. (6) 9 no. 2 (2000), 305–366.

[28] F. Otto, C. Villani, Generalization of an inequality by Talagrand and links with the logarithmic Sobolev inequality, J. Funct. Anal. 173 no. 2 (2000), 361– 400.

[29] J.E. Saá, Large time behaviour of the doubly nonlinear porous medium equation, J. Math. Anal. Appl. 155 no. 2 (1991), 345–363.

[30] M. Tsutsumi, On solutions of some doubly nonlinear degenerate parabolic equations with absorption, J. Math. Anal. Appl. 132 no. 1 (1988), 187–212.

[31] N.T. Varopoulos, Hardy-Littlewood theory for semi-groups, J. Funct. Anal.

63 no. 2 (1985), 240–260.

[32] F.B. Weissler, Logarithmic Sobolev inequalities for the heat-diffusion semigroup, Trans. Amer. Math. Soc. 237 (1978), 255–269.