Asymptotics and stability for global solutions to the
Navier-Stokes equations

Isabelle Gallagher® Dragos Iftimie®P Fabrice Planchon®

Abstract

We consider an a priori global strong solution to the Navier-Stokes equations. We prove
it behaves like a small solution for large time. Combining this asymptotics with uniqueness
and averaging in time properties, we obtain the stability of such a global solution.

Introduction

We consider the incompressible Navier-Stokes equations in R3,

Ou = Au—V.(u®u)—Vm,
ot
(1) V-ou = 0,

u(z,0) = wuo(x).

There exist essentially two different kinds of results on the Cauchy problem for these equations. In
the pioneering work [15], Jean Leray introduced the concept of weak solutions and proved global
existence for datum wug € L?. However, their uniqueness (or propagation/breakdown of regularity
for smooth data) has remained an open problem. In [11], H. Fujita and T. Kato obtained solutions
for datum wuy € H2 by semi-group methods. These solutions are unique ([8]) but only local in
time: u € C’([O,T*),H%), unless one is willing to make a smallness assumption on the datum.
This line of work has been subsequently extended by many authors, see [14] for a bibliography.
The most recent result states global well-posedness for small datum in BMO™!, [13]. On the
other hand, in an attempt to bridge the gap between weak L? solutions and strong L (or HI/Q)
solutions, C. Calderon proved existence of global weak solutions with datum in LP, 2 < p < 3,
[3]. These results were later recovered independently by P.-G. Lemarié and extended to uniformly
locally L? datum [14].

The theory of weak solutions is intimately tied to the specific structure of the Navier-Stokes
equations, and in particular to the energy inequality. On the other hand, Kato’s approach is more
general and it can be applied to many parabolic (or dispersive) semilinear equations, as it does not
use in any way the special form of the Navier-Stokes equations. One can relate the use of different
spaces for the datum to scaling considerations: the energy inequality involves the L? norm, which
is below the scale-invariant norm for the equations, namely L3. Hence the Navier-Stokes equations



can be said to be “supercritical” with respect to scaling. This seems to preclude any attempt to
use the energy inequality to derive some information for strong solutions. In [3]|, the weak and
strong theories are blended together to provide infinite energy weak solutions, including the case
of L? datum. In [10], we used a similar approach in 2D: the weak and strong theories coincide to
provide global strong L? solutions, and we extended global existence of strong solutions to large
datum between L? and BMO™!. In the present work, we develop this approach in 3D and study
a priori global strong solutions. Let us consider a particular case of our results: take a strong
solution u € Cy(L3). Such a solution admits a maximal time of existence T*. Let us suppose
that T* = +oo (which is only proved for small data or special cases like axisymetric data). In a
first step, we prove there cannot be blow-up at infinity. In fact, we prove a stronger result, which
is decay to zero of the L3 norm for large time. This smallness at infinity can be combined with
persistence of local in time averages to prove that various mixed space-time norms are globally
defined for such a global solution. Then, we proceed to prove the stability of this solution. Hence,
the set of initial data in L3 for which one has global existence is open. We note that the key
step is to obtain decay at infinity: under such an assumption, combined with local space-time
integrability, stability in L3 was obtained in [12].

Our approach relies on frequency localization and paradifferential calculus, combined with
smoothing properties of the heat kernel (namely, regularity gains through time averaging). The
reader may consult [6] for a very nice presentation in the context of the Navier—Stokes equations.

Hence the natural framework becomes data in Besov spaces, and we will indeed prove our results
3

for datum wg € Bﬁ;l, with 1 < p,q < co. Remark we miss the end-point BM O™, for which our
techniques are known to break down. One has instead to rely on pointwise decay estimates for the
parabolic linearized equations. Estimates of this type have been developped by P. Tchamitchian
(|20]), and allow to recover the L3 stability result under a smallness at infinity condition: such a
condition has been derived in [14] as a by-product of the construction of locally L? weak solutions.
We believe that the BA/O~! stability can be treated by combining our approach of the asymptotics
(which can be made independent of the technical tools at use in the present work) with different
estimates on the parabolic flow (after completion of the present work, we were informed that this
was indeed carried out [1]).

Let us in this introduction state a theorem which does not require any Besov spaces, at least
in its statement. It states the L? case (covered later by Theorem 3.2), and is the counterpart of

the 2 case stated in [9].
THEOREM 0.1 (STABILITY IN L3)
Let u € Cy(L3) be an a priori global solution to (1). Then,

e this solution tends to zero at infinity in L3,

lim |lu(-,t)]|zs =0,

t——+o0



e this solution is stable: there exists e(u) such that if ||vg — up||s < e(u), the local solution
v € Cy(L?) to (1) is global, with

sup [[o(-, 1) —u(:,t)[ls < C(u)llvo — uol[3.
t>0

We refer to Theorems 1.1, 2.1, 3.1 and 3.2 for precise statements in the more general Besov setting.

The rest of the paper is organized as follows. In the first section we study blow-up and
persistence of various space-time norms which appear naturally in constructing the solution. The
second section addresses the behavior at large time of an a priori global solution, and the third
section deals with the stability of such a solution. The fourth and last section is devoted to a
priori estimates for a parabolic equation with lower order terms, which are of constant use in the
previous sections. In the appendix, we recall several known results on existence and properties of
solutions in Besov spaces. Some of them can be easily derived from the estimates in the fourth
section, and this allows the presentation to be essentially self-contained.

1 On the blow-up of strong solutions

For the convenience of the reader, we recall the usual definition of Besov spaces.

DEFINITION 1.1 R R
Let ¢ be a function in S(R™) such that ¢ = 1 for || < 1 and ¢ = 0 for |§| > 2, and define
¢;(x) = 2" $(2z). Then the frequency localization operators are defined by

Sj :¢j*'7 Aj :Sj+1—S]‘.
Let f be in §’'(R™). We say f belongs to B;q if and only if

e The partial sum »."  Aj;(f) converges to f as a tempered distribution if s < % and after
taking the quotient with polynomials if not.

e The sequence €; = 275||A;(f)||z» belongs to 14.

We will also need a slight modification of those spaces, taking into account the time variable; we
refer to [7] for the introduction of that type of space in the context of the Navier—Stokes equations.

DEFINITION 1.2
Let u(z,t) € S'(R") and let A; be a frequency localization with respect to the x variable. We

will say that u € Le((a,b), BS ;) if and only if

25| Ajull Lo (o)1) = €5 € 1%,



and other requirements are the same as in the previous definition. We define

def
) = ||

1l 2o 0y, 5,0 = 1271850l oqap), 2 lles

and we will note L5.(B3,.) © Lr((0,T), Bs.,).

REMARK 1.1 . _ _
In the case when p > q one has of course L*((a,b),B,,) C Lf((a,b), B, ,). Most notably,
L2((0,T), H') = L*((0,T), H') and L2, (Bs,) C LES,(H®) € L}, (H?).

loc

In the following we shall note
def 3

Sp 1+ »

The results we prove in the sequel hold for p and ¢ in [1,00). We shall actually suppose in all
proofs of this paper that p > 3 since the other cases can be deduced from that one.

It is well-known that if we consider the Navier-Stokes equations with an initial data ug in B;f’q,
then there exists a unique local strong solution (see Theorem A.1). The aim of this section is to
prove that as long as this solution is continuous in time with values in B,%, blow-up does not
occur. More precisely, we will prove the following theorem.

THEOREM 1.1
Let ug € Bp? be a divergence free vector-field. Let u be the local strong solution associated to ug
and T™ the blow-up time, i.e.

. — . 2
we C([0,T*); Bin) N LI By ™ re(l,o0], Vt<T*

and T™ is maximal such that the above relation holds. Then, if T* < oo, we must necessarily have
that .
u ¢ C([0,T%); Bply).-

Moreover, if T* = oo and lim |lu(t)||zs» =0 then
t—o0 P,q

. 2
Sp+o

we L By, " Vrell,xl

REMARK 1.2

The blow-up time T* is well defined. Indeed, according to Remark A.2 and to the continuity in
time of the norms we consider, the maximal time T* may be chosen to be the blow-up time of
one of the norms LVB;Q with s € (0, %)



REMARK 1.3
A well-known continuation (or blow-up) criterion is the reverse statement (see [5] for the p = 2

~ g 42
case). If u € L;B;f’;", then it can be extended past T, or equivalently, if T is the maximal

time of existence then HUHETBSW% blows up at time t = T. However, this quantity could possibly
t DP9

blow-up at time T while the solution could extend in C([O,T*);BZf’q) for T* > T. Theorem 1.1
proves that this cannot happen.

PROOF OF THEOREM 1.1.
We first consider the case T < oo. It will be equivalent to prove that if

u € C([0,T*]; Bpy)
then

— . 2
u€ Lp.B,, ¥Yre[loo, with s:sp—k;'

By Remark A.2, it is sufficient to consider the case s > —s, (& r < —i = 23). Next, by

density of smooth functions in C ([0, T*]; Byh,), there exists some decomposition
U = Uy + u2

such that for all time,

1
(2) lall e, < 57

where K7 is the constant of relation (3) below and wg is as smooth as we want. We now apply
the estimate given in Proposition 4.1 to find

(3) lull gy, | < Killuoll gor, + EKnlluslige e llull gz, + Killull gz gor llualizz s,

for some constant K7. According to relation (2) we have that

1

leall g e, = sup el < suplhunlly, < g

) 7t

which, in turn, implies that

1
lellzg s < Kol s, + 5Nl g, + Kallulle el s,



that is
lull gy, < 2K lluoll gon, + 2K llull g gor_lualizy s

< 2K ol gy, + 2K sup ul gy, 2l 7. -

)

Passing to the limit ¢t — 7™ we finally get

Il 5, < 2Kalluoll gy, + 250 sup ullgs Nl

which completes the proof in the case s € (—sp, s, + 2). The general case s € [sp, s, + 2| follows
from Remark A.2. This completes the proof in the case T* < 0.

The case T* = oo follows immediately from the case T* < oco. Indeed, since we know by
hypothesis that lim |u(t)|| 45 = 0, there exists T" such that
t—o00 D,q
()] g2, < Ko.
where K is the constant of Theorem A.1. According to that theorem, we have that

sp—i—%)

ue Lr((T,00), By vr € [1,00].

The previous case implies that
~ g 42
u € LTTB;f);_T Vr e [1,00].
We infer that )
u € LQOB;f’qu; Vr € [1, 0]

and this completes the proof of the theorem. O

It was pointed out to us by J.-Y. Chemin that one could derive Theorem 1.1 using an abstract
argument. Indeed (see also [6]), as it can be seen from the local existence proof in the Appendix,
the local existence time T is uniform for a compact set of initial data. Applying this result to the
family vo; = u(t) which is compact as u([0,77]), one immediately gets Theorem 1.1. It is however
worth noting that such a property is true in a general setting, independent of the Navier-Stokes
equation, and we therefore frame it in a rather generic way. Consider a semilinear equation

(4) Ou + Au = G(u), u(z,0) =up € E,
and suppose that if
T*
| Texplyul < =
0



then the time of existence of (4) is at least T™.
Suppose moreover that for all v € F,

+oo
@ | Hespteayely < 1ol
with E, F' Banach spaces and p < oo given. Then we have the following result.

ProrosITION 1.1
Let C be a compact set of initial data in E. Then there exists a uniform time of existence T' such
that all solutions to (4) with initial data in C' exist up to time T

PrOOF OF PROPOSITION 1.1
Let us consider an initial data ug. There exists T such that

T
/ | exp(tA)uolll < c0/2,
0

and therefore the solution w to (4) exists up to T'. Let us take vy such that ||ug — vol%; < €0/2,
from the definition of 7" and (5), we have

T
/ | exp(tA)uols < <o,
0

which guarantees that the solution v to (4) with initial data vy exists up to T. Hence the local time
of existence T is uniform in a small ball around wug, with a radius which is moreover independent
of ug. A compact set can by definition be covered by a finite number of such balls, which ends
the proof. O

REMARK 1.4 B
In our setting, one has to deal with L} spaces rather than just L}, but the same argument applies
as well.

2 Large time behaviour of global solutions

We consider a global in time solution, and are interested by its asymptotics when ¢ — 4o00. For
small data, we know (A.2) that the solution vanishes at infinity. On the other hand, for a weak
L? solution, the energy is known to decrease to zero at large time. Both phenomenons are linked
to the dissipative nature of the equation, and one is tempted to expect the same behaviour for



any global solution, be it of finite energy or not. The next theorem proves this is indeed true for
any a priori global solution.

To give the reader a sense of perspective, let us consider an a priori global solution in Cy(L?),
but which moreover has an L3 N L? datum. By weak-strong uniqueness ([22]), such a global
solution coincides with the (unique in this case) Leray solution. Hence, it has finite energy, and
by interpolation,

T
1
(/0 lull3ds)? < ullzge (z2) IVl 22 (12) S Eo-

Therefore the L? norm of u is necessarily small at some large time 7', and one can conclude from
the small data result. Thus, we have proved that for a global solution which is both a weak and a
strong solution (with a large data), both norms go to zero. This result was already proven in [12],
with an argument which is akin to ours. The proof of the following theorem relies on a suitable
modification of this observation.

THEOREM 2.1 dof 3
Let ug € B;f’q, with s, =14 = Suppose its associate solution is global, u € C’O(RJF,B;Z),
p

— s 2
and unique (uniqueness is guaranteed for instance as soon as u € L7 j.(RT, B;?T ), for some r €
(2,2/(1 —3/p)), or as in Proposition A.1). Then

() T u(t) 5, = 0,
— s 42
and u € L"(RT, B;f’q+T) for all r € [1,+00].

REMARK 2.1
When the regularity s, is positive, uniqueness in known to hold without any extra condition, in
CO(R*, By,), see [8]. However, when s, < 0, one needs some additional condition to even define

— ce 42

the nonlinear term in the equation. The condition u € LTIOC(RJ“,B;T(;_T) is one out of many
which give uniqueness (from Theorem 1.1, L"((0,¢),-) is actually enough). Proposition A.1 gives
a different meaning to uniqueness, by somehow renormalizing the solution to reduce to positive

— it 2
regularity. Of course the unique solution verifies u € L"j,.(RT, B;f’quT ).

PROOF OF THEOREM 2.1.

Assuming the result (6), the second part of the theorem follows directly from Theorem 1.1.
For the sake of simplicity, all “small” universal constants will be denoted by eg, which if necessary
can be made smaller from one line to the other.



So all we need is to prove the result (6). We shall use the method introduced by C. Calderon
in [3] to prove results on weak solutions in LP spaces, and used in [10] in the context of 2D
Navier—Stokes equations: we split the initial data into two parts,

up = vo + wy, with vy e L? and HwOHB;pq < gg.

By the small data theory (Theorem A.1) we know that there is a unique solution w to the Navier—
Stokes equations with data wg, with

Vr e [1,+o00], ||w] - eyt 2 S €0,
[ Lol IIU([QT],BP?:T)

and we recall moreover (Proposition A.2) that

sup ﬂ\|w(t)|]Lw < gp.
t>0

Now let us define v def u — w, which satisfies the following system.

ov—Av+u-Vo+v-Vw = =V,
V-v = 0,
v(z,0) = vo(z).

. — ceo 42
We know that v € CO(R*, BS%) N L7100 (RT, By, ) since that result holds for both u and w. We
claim that there exists a time 7™ > 0 such that

(7) v e L®([0,T*], L) N L*([0, T*], H").

The proof of the local regularity L>°([0,T*], L?) is a direct application of Lemma A.2 and Remark
4.1. The regularity L2([0,7*], H') follows from a repeated application of Proposition 4.2.

Since we know from (7) that v stays locally in L? let us now write an energy estimate in L?,
starting at some time ¢y € (0, 7*). Recall that such an estimate can be entirely derived from the
localized energy estimates on Ajv, as written with great details in [10], Section 3. In our case
the situation is even simpler as all the functions considered in the equation are in CO(R™, B;f’q) N

2
L7 (RT, B;,p;_’"), and the computation below estimating the integral containing v - Vw justifies
the fact that the other integral (containing u - Vv) is zero.

We get

t t
8) lo()22 +2 / IV0()|2 ds = uto) |22 — 2 / / (v V) - v dsda.
to R3 Jig



But

IN

//v Vw) - v dsdz
]Rd

t[ ()22 10 () 2 () = ds

IA

?

¢ S
/to [o(s)ll L2 Vo(s)l 2 v/sllw(s)]| e \d/g

which, using the fact that /s||w(s)||ze is uniformly bounded by &y implies that

//v Vw) v dsdz
RZS

So we get, plugging that estimate into (8),

ds
<y [ 1w+ 3 [l

t t

ds
ot + [ IVee)Es ds < Jot)la +2 [ ool T
0 0

We now use Gronwall’s lemma, which yields

t " 5(2)
mw%+AHW@mmﬁwmm;QJ
0

Now by Sobolev embedding and interpolation we have

t t t
/W@%%%S/M@%W%S/W$Wﬂw®ﬁma
to P to to

which by the above estimate yields

t

3
u—mﬁﬁu<w%pwmwmm().
[to 9t]

to

Finally we have obtained

2
t\
inf cspy < t - t— )" Y4,
ﬁ%M@mﬁwmumeQ (t — to)
In particular we can write, for all ¢ > tg + 1,

i s e2-1/4
int (9l 5, < Clto)otto) |2t

which can be made arbitrarily small for g9 < % and ¢ large enough.

10



It follows that one can find a time 7 such that,
[o(mo)ll gz, < €0

and since HwHLOO(]R+ By < €0 we infer that ||u(7'0)HB;pq < 2g9. We conclude by the small data
theory (Proposition A.2):
Tim ()] g =0

and Theorem 2.1 is proved. O

3 Stability of global solutions

We are now in a position to address the stability of an a priori global solution. We prove that the
flow associated to the Navier-Stokes equation is Lipschitz: perturbating a global solution gives
again a global solution, which moreover stays close to the given one. Note that the first part
of that statement guarantees the set of initial conditions for which a global solution exists to be
open. The second part, which is stability, is actually a stronger property.

THEOREM 31 3
Let ug € By, be adivergence free vector field, generating a global solution u, continuous in By, .
Suppose that this is (the extension of) the solution obtained by fixed point on a small time interval,
or that this solution is the unique solution in the sense of Proposition A.l.
Then there is an 1y (depending on p, q, Hqur(R+ piria for some 2 < r < 2/(1—3/p)), such
P,q
3

3
that for any divergence free vector field vg € By, satistying ||vo — uol| .3, < no, its associate
P

p,q
solution v satisfies, for 1 < r < 400

0 .31 — . §+2_1
ve C'RT, By, )NL'(RT,BS, " ),
with
(9) sup [[o(t) —u@)[| s, +llv—ull - 5,2, <Cullvo—uol s,
t>0 By L"(RT,Byg " ) By
where C,, depends on p,q and ||u]| _ 3,2 .

Lr(R*,Bg " )

REMARK 3.1

In [19], stability is proved for H' datum, under an additional assumption, namely it is required
that [;° [|ul|};.dt < oo. For L* datum, stability is derived in [12], under the assumption u €
Co(RT, L3), where the Cy notation refers to continuous functions u such that lim; . ||ul|s =
0. Here, we dispense ourselves with such a priori assumptions, using the results of Section 2.
Moreover, we work in scaling invariant norms, superceding both type of previous results.

11



Exactly as in the small data theory, one can dissociate the norm in which the smallness assumption
is made and the regularity of the data. We will only state a case which is of particular interest,
but the proof can be taylored to replace L? by virtually any space in the scales B;q or F]f,q
(the Triebel-Lizorkin spaces), not necessarily scale-invariant with respect to the Navier-Stokes
equations (heuristically it can be regarded as a byproduct of the “propagation of regularity”
lemma from the appendix).

THEOREM 3.2

Let w and v be as in Theorem 3.1. Suppose moreover that ug,vg € L®. Then both solutions are
global in L3, and

(10) sup [|v(t) — u(®)ls < Cullvo — uolls,
>0
where C,, depends on ||ug||3 and C,, from (9).

PrROOF OF THEOREM 3.1. . .

.= .21
Consider a divergence free vector field ug € B, generating a global solution u € CO(R™, B}, ).
Under the assumptions of the theorem, we know that

—~ .342 9
w€ L"(RT,BE, " )

for all r € [1,4+00] (see Theorem 2.1).
3

.31
Now let vg € Bj, be another divergence free vector field. Its associate solution, which a
priori only has a finite life span, is called v, and we have

— 342 9
ve (0, T), By "),
for all r € [1, 4+00] and for some time 7' > 0.

We fix for the rest of the proof some r € (2,2/(1 — 3/p)) so that s = s, + 2 € (0, %)

If w is defined by w def u, then it is enough to prove that for ||wj—o| 3o small enough,
B

. 3429
we CORT, By, )NLT(RY, B, " ).

The function w satisfies the following system:

ow—Aw+w-Vw+u-Vw+w-Vu = =V,
V-w = 0,
w(z,0) = wuo(z) —vo(x).

12



We deduce from Proposition 4.1 that w satisfies the following estimate:

A0 Nwll 7 o ey < Kallw(a)

2 I I
7o) liggr,  Bellwlzr a0, + 2NN o1, ) 1l 7 0,1,

for some constant K5 > 1 and all times o and 3. The constant s’ is arbitrary in [sp, s] and 7’ is

determined by s’ = s, + 2.

We claim that there exist N real numbers (7T;)1<;<n such that 77 = 0 and Ty = 400, satisfying

N-1

1 )
(12) Ry = L—J1 (T3 Tira] and ullzz gy 1y, 0,8, S e Vie{l,...,N—1}

Let us prove that statement. Recall that since ¢ < 4+00, we have

1
||u||fr([ayg]7357q) = (ZZ 2]8q||Ajqur([a,ﬂ],Lp)> ’
S

so there exists some integer M such that u™ def Z|j|>M Aju satisfies

1

M _— . —_—
||u ||LT(R+’st),q) < 8K2

Then to obtain the desired time decomposition for u —u™, we use the fact that » < 400 and that
one is only summing over a finite number of j’s. The result (12) follows.

Now let us go back to the proof of the theorem. Suppose that

1
13 pop X
(1) lwoll sy, < SE NGRS

By time continuity we can define a maximal time 7' € Rt U {oo} such that

1

(14) Iz .6, < 17,

If T' = oo then the theorem is proved as a consequence of Remark A.2. Suppose now that T < +o00.
Then we can define an integer k € {1,..., N — 1} such that

Ty <T <Tpyq,
and plugging (12) and (14) into (11) with s’ = s we get for any i < k — 1
1 1

_ ) < AV il — ) l — .
||w”LT([Ti7Ti+1]7B;,q) - KQHw(Tl)HBp?q T 4||w||LT([Ti7Ti+1]7B;,q) T 4||wHLT([Tz‘7Ti+1]7B§,q)’

13



so finally

(15) < 2K (T 5o

Hw||[7([TZ,Tz+1]7B1§,q)

>From relation (11) with s’ = s, we also get

1
< Kollw(Ty)|| gen. + 2K2——2Ka[lw(T)| gon

”wHZ\O/O([Ti,Ti+1]7327pq) 4K

that is

(16) ”wHﬁo([ThTiJrl],B;?q) S 2K2H’U)(T‘Z)HBZZ

Since L® ([T}, Tj41], Byr) € L([T;, Tiy1), Bph), we further infer that
lw(Ti)ll gz, < 2Ka[lw (T e -
A trivial induction now shows that
lw(T)ll g < (2K2) " Hlwollgon Vi€ {1,... .k~ 1},
We conclude from (15) and (16) that

Hw”ﬁ([Ti,THﬂ,Bg,q) < (2K2)Z||w0||B;?q

and '
ol 1., < (2K ool

for all ¢ < k — 1. The same arguments as above also apply on the interval [T}, T] and yield

0l g 1 ey < (2K2)F[[woll gor < (2K2)N [[wo| gon
([ k> ]7 p,q) p.q p,q

and
s
ol 2 gy 2y, 57,y < (2B2)* woll gon. < (202)™ [|woll o -

Next, denoting w;(t) = 27%||Ajw(t)|, one has

T2 T 1
_ - T r\"
‘|wHLT([O,T],B;7q) H(/Tl wj + +ka wy) /a

<, ) )

< llwllz

nmgy T T I E @ s,
N
< N(2K2) ™ [lwoll e -

14



Under assumption (13) this contradicts the maximality of T" as defined in (14). So the theorem is
proved. O

Note that one has moreover an estimate of the type

2);

for r € (2,2/(1 —3/p)). This follows from the remark that in the case ||u||L~(R+ 2,

Similar estlmates hold for the

ol 7 g gony S lwoll gz, exp (Cllu Uz g pertd)

gp+ > 1, the

integer N can be chosen of size equivalent to HuHN

2 .
(R, BIPTT)

—~ 2
other L™(R*, By%' ") norms of w.

REMARK 3.2

In the case when ug € BS g With ¢ = +oo, the result still holds under the condition that wg is in
the closure in 8'(R3) of smooth functions for the Bp so norm. All the computations above indeed
hold for ¢ = 400, up to the proof of (12), for which that additional assumption is needed.

ProoF OoF THEOREM 3.2

One cannot apply directly Theorem 3.1 to L? datum. Indeed, one needs to use the embedding
L? — 33 3, prove stability there, and then recover an L? estimate, as explained in [18]. Here we
proceed exactly in the same way, taking advantage of the estimates developped in the Appendix.
Once our solution v has been proved to be stable in By%, it can be decomposed as v = S(t)vg +
> Bi(S(t)vo) + 7y(x,t), where r, € Cy(L®) and S(t)vg is the linear flow. Since we moreover
assumed vy € L3, taking the difference between this decomposition for v and the similar one for
u, we deduce (10), since in all multilinear operators involving the linear parts we can choose all
entries to be in LT(BS’”JFQ/T) except for the S(t)(ug — vg) which we see as an L3 function. The
difference between remainders is bounded by the difference of the data in the large Besov space,
and hence by the difference in L? by Sobolev embedding. O

4 Estimates for parabolic equations

In the previous sections, we were brought to writing a priori estimates for the Navier—Stokes
equation as well as for the linearized equation around a given vector field. The aim of this section
is to prove such estimates in the following setting.

(17) ow—Aw+u-Vw+7-Vv=—-Vr, divw =divu = dive = divo = 0.

Let us note right away that in the non blow-up result we set v =0 and v = w =v = u; + u2
was some decomposition of w, while for the stability theorem we required v = w and u = w + U,
where U was a solution of the Navier-Stokes equations.
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4.1 A priori estimates

The main result of this section is the following proposition. We only elected to state the results
we needed previously, but it should be clear from the proof that we have not stated all possible
estimates in their greatest generality. Let us note that estimates in LP—type spaces have been
proved by M. Vishik in |21], in the context of the Euler equations.

PROPOSITION 4.1
Let s, be the regularity of the initial data

3
18 s, =—14+ —
(18) » ’

and consider s € [s,, s, + 2] and r € [1, 00| such that
2
(19) 5 =5y + .

Let w be a solution of system (17). Then the following relation holds:

~ . < . s — — Tl — —
Q) lwlg gy, S ol + 0l Tl g 10 ol
T “pqf T “p,q},
under the following assumptions
(21) 51,82 € [Sp, Sp + 2), s1+ 52 € (0,2 + 2s,], s € [sp, 51+ 52 — Sp)
and
2 1 1 1
(22) si=sp+—i=12, - < —+—
T 9 q 42

Also, relations similar to (21) and (22) with primes on s;,r; and ¢; must hold plus the additional
restriction

(23) st < sp+ 1.

We also used in Section 2 some estimates in “energy spaces”. These are included in the next
proposition.

16



PROPOSITION 4.2

2
We set again s, = —1 —|— —- Let s € [0,2] and r € [1,00] be such that s = —- Let w be a solution
T

of system (17). Then the following relation holds:

lwll 7z s S Nwollzz + 1wl 71 o, lull 5 0 + HUH~ ol =
LyH LoV L2 Br2 TE LB,
under the following assumptions
(24) 51 € (0,8, +2), 52 € [sp,5p+2), 51+ 82 € (0,2 + sp], 5 € (0,51 + 52 — 5p)]
and
2 2
(25) S1 = —, So = Sp + —

™ T2

Also, relations similar to (24) and (25) with primes on s; and r; must hold plus the additional
restriction
sh < sp+ 1.

PROOF OF PROPOSITION 4.1.

Let us start by giving an idea of the proof. An estimate in LP would consist simply in
multiplying the equation by |w[P~2w and integrating. Then there is only the term ¥ - Vv to
consider, and one notes that the derivative is on v. In the case of Besov spaces of course one first
has to localize in frequency space using the operators A;, and the u-Vw term no longer disappears
after integration. Most of the work in the following consists in proving that one can nevertheless
shift the derivative on u, using commutator estimates (which will appear in the following section).

We apply the operator P, the orthogonal projection on divergence free vector fields, to the
equation. Then
ow — Aw +P(u-Vw +7 - Vo) =0.

Now let i € {1,2,3} be given, and define f() as the i-th coordinate of any vector field f.
Let A; be the usual Littlewood-Paley operator and define

W def Ajw
Then by the “modified Poincaré lemma” ([17]) we have
? 1 d 2
/Rgatwﬁ-) Aw P2 dw > S w1 + 2 ),

where we have defined | f||, def | fllzr. It follows that

1d [ : i _ 3 ©) | p— i
SOl + @2l 0l < - /R (AP Vo + 7 Vo) Ju P de.

17



Summing on i we get
d P 25 P < p—1
2 gl 4+ 2 g 1 S s 15 F 1)

where F} is such that
(26) ]Z RS(AjIP’(u Vw + 7 Vo) Dl P20l de| = [lw; |27 E ().

We deduce that d
7 1wills + cp2¥ wjllp S Fy(2).

Gronwall’s lemma now gives
—te. 02 . o2)
[w;()]lp < [lw; (0)[lpe %% + e « Fj,

where the sign * denotes the convolution of functions defined on R, . We now multiply by 27¢ and
take the L"(0,7") norm to obtain

. . _ 27 . _ 24
2 llwjllpllzro,ry S 2% llw; (O)llp ™" | e o) + 27°[le™* %™ 5 Fyll ro,m)

(27) . | . |
< 2 O)lp e 0.2 + 27l

Iz (0,T) [ E5[ (0,T)
where we have used Young’s inequality and

1 1 1

We now use that

(28) e || Lago.ry = (acp) w27 % (1 — e o T2 ) < 2=
to obtain
(29) 2|l 0,y S 1103 (0) 27~ + 27— | Bl o -

According to (18) and (19), taking the ¢¢ norm in (29) yields

i(g— 2
(30) lollge gy S ol g, + |2 IE o o

ea’

Applying Lemma 4.1 with p = p, we infer that

31 H2ﬂ(5” F; H <Nl oo [l e + |0l —
@1 Vo % Wl o0, 0 W
1 2
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provided that

1 1 1 1 1 1 3 2 2
L - < — 4+ — 31+82_1_7:5_*,7 Si:3p+777':1727
r roore q 41 Q2 p r T

s1+ s2 >0, 81,82<Sp—|—2

and that similar relations with primes on s;,7; and ¢; hold plus the additional restriction
sh < sp+ 1.

Taking into account the fact that r’ and r” must belong to [1,00] we finally end up with the
announced restrictions (21), (22) and (23). Relation (20) follows from relations (30) and (31).
This completes the proof of Proposition 4.1. O

PROOF OF PROPOSITION 4.2.

This proof follows closely the previous one, up to some obvious changes. We will therefore
omit the details and just point out the main steps.

First, we rewrite relation (27) for p = 2:

. . _ 27 . _ 27
32 2 willelrom S 25w )l le ™ ooy + 271 o IE o .1

where
1 1 1
1+ ; = F + ﬁ
and Fj is defined by (26) with p = 2. Explicitly computing the two norms of exponential functions
above and taking the £2 norm in (32) yields

i(g— 2
lwllge o S lwollzz + |2~ E | oo, -

Applying Lemma 4.1 with p = g2 = ¢5 = 2 and ¢1 = ¢} = ¢ finally gives
. < . . Tl — N
ol S oo+ 0l g Il e+ 1Pl

provided that

1 1 1 3 2 2

— = —+— s1ts2—1——-=s——, s1 = —, So=8p+ —>

r T T p r T )
s1+ s2 >0, 51,82 < §p+2

and that similar relations with primes on s; and r; hold plus the additional restriction
sh < sp+1.

As in the previous proof, the fact that " and r”” must belong to [1,00] implies the restrictions
announced in the statement. This completes the proof. O
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REMARK 4.1

As a byproduct of Propositions 4.1 and 4.2 we get the following estimates for the standard bilinear
term of the Navier-Stokes equations. Denoting by S(t) the semigroup associated to the heat
equation, the bilinear operator

B(,v) = /0 S(t — )PV - (5@ v)(s)ds

satisfies the estimates

1B@. 055, SIPlges Ivl5s
and
HB(@,v)H;;Hs, S IIE\I/L‘T;HSI||””L”TTB;,LI

Wheres:sp+%€ (0,%) and s’ = % € [07%)'

The proof of this remark follows immediately from Propositions 4.1 and 4.2 once we have
noticed that w = B(7,v) verifies the system

w — Aw —P(v- Vo) =0, w(0,z) = 0.

4.2 Estimate of convective terms

In this section, we shall state and prove a lemma enabling one to estimate the convective terms
in (17). The main difficulty in the statement of Proposition 4.1 is to obtain the extended range so
close s, +2. This corresponds to the first term below, and one immediately observes the difference
between this term and the second one: in the first term the derivative does not fall on a, and we
will have to take advantage of the frequency localization as well as of the structure to reduce this
“bad” term to a “good” one, like the second one. Indeed this second term can be directly estimated
by standard product rules and Hélder, estimating in effect the L' norm of the function under the
integral sign.

LemMmAa 4.1
Let a, @ and b be divergence free vector fields. The following relations hold true:

) > /Rg (PA; (a- V)b) D [A;50 P24 d:v‘ = | Ab|7 F ()
1=1,2,3

‘ > /R (P (@ V)a) DA b0 P2 A0 d:r’ = [|Az0]5 Fit)
1=1,2,3
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with

+sp—1-3)
(A anerH S lall 5 oy 1017

T1B51 "23'52 ?
q2

and
: /+ /
[ AP o |, S el H I
LB qu
where p, p, v, 1, q and q; are elements of [1, 00| and s and s; are real numbers satisfying
_ 1 1 1 1 1 1
p=2p=2, - <{—+— -—=—+4—
a q Qg ror

3
51+ 82 > 0, 51,80 < 14 —-
p
Similar relations must hold with primes on s;,r;,q; and the additional relation must also be true:

;3
82 < -
p

PROOF OF LEMMA 4.1. It turns out that the first term is the most difficult to estimate, and
the other will be obtained by using parts of the computations of the first one. Here, ideally one
would like the derivative to be on the low frequency term, Sj_ja. If one ignores PA; and set
j = j', then one can integrate by parts to achieve this. In effect, combining this remark with a
commutator estimate, we will be able to do so.
Let us start by estimating the term
def p—1
I'= / (PAj(a-V)b) - By du,
R3

where B?il denotes the vector field with coordinates |A ;5@ P=2A;b(). According to J.-M. Bony’s
paraproduct algorithm [2], we have

Ajla- V=3 A;((Spaa-V)Ayb+ (Apa-V)Sy1b)

l7'—j1<2

So we can decompose I into three parts, defining

i Yy / (P4 (Sj-1a-V) Ayb) - BT da,

I3 —71<2

129t Z / IPA ,a-v)sj,_lb)-B]?*ldx

'—j[<2
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and

139 / (mj Y (Aga- V)Ak/b) B de
R3 ,
k>j—1
lk—k'|<1
and we shall estimate those terms successively. The most tricky one is again the first one. Let us
denote by >, fWo, = f-V, Id is the identity matrix, and recall that PP is a matrix operator such
that Pb = b:

_ g, ot b BPl . . gP1
I1= Z Z/Rg[mj,sj,la 1d] 0;Ayb - Bt dx—i—/Rg(S]a V)Ajb- B da

lj'—jl<2 1
112
111
D S R TR I
j—jl<2 /B
113
j+2
We used above that )  A;Ayb = Ajb. The notation [A, B] denotes the commutator of the
i'=j-2

operators A et B. To estimate I.1.1, we need a commutator estimate. One can forget about the
matrices and perform a scalar estimate. Hence we need an estimate on the scalar commutator
[ﬁj, Sj,Qa(l)], where Zj stands for A; or R,R,A; depending on which entry in the P matrix we
pick. In either case, ﬁj is the convolution by a smooth function of the form 2™/ ¢(2/2). We then
use the following lemma.

LEMMA 4.2
Let f € LP, Vg € L, then

1125 91f s S 2771V glloo 1 /I3

PRrROOF OF~LEMMA 4.2.
Since A; f = 2" $(27z) * f, one writes

[mef@>=/éM¢@%xwxawg@mf@my
Then
\@ﬁmﬂmm;/Tﬂ@@%x—w»wﬂmvmmm@m%

grwvmm/éWMWm—yMﬂ@m%
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and we conclude by Young’s inequality that

1Az, 91f Iz < 2771V gllo 1[I 11 £ 5.
since ¥(x) = |z||¢|(z) € L'. This ends the proof of Lemma 4.2. O

Coming back to the term [I.1.1, we apply Hdélder’s inequality and Lemma 4.2: using the fact
that |j — j/| < 2, we essentially have to prove that

—q n—1
(33) [1.1.1] S [IVSjallo277[[VA;b|[5] Az
So to prove the desired result, all we need to do is to check that

def »
(34) F} (1) = | VSjall277 | VAl

can be estimated in the following way:

1 < o—j(s14s2—1-2) N .
15712y 5 052 el g g 1V 2,y

with a; a sequence of £9 of norm 1. But we have, by Holder’s inequality,
1
HFj ||L} S HVSJ'GHLTTl(LOO)HAijL?(LF)’
so it follows by Bernstein’s inequality that
1 k k(l1-s1+32
1F g S 30 25 I Akall o 2™ 08B L 1)
k<j
Then under the condition 5
1—514+->0,
p
we can apply Young inequality to get
2—j(81+82—1—%)

1 <~ __ __
15} 25 5 @sBsllel 5 s, WPl s

where «a;, 8; are normalized [%,[9 sequences. We conclude for the term 7.1.1 by Hélder ; the
sequence a; is in fact in £92 with g12 = q192/(q1 + ¢2), hence in ¢? for any ¢ > qi2.

For I.1.2, we notice that since a is divergence free, an integration by parts implies that 1.1.2 =0
(remark however that should we forget the divergence free condition on this term, integration by
parts would lead to a “good” term, with the derivative on the low frequencies).

Finally we consider the term [.1.3, for which we just need to notice that since |j" — j| < 2, the
term (S;_; — Sj)a is a sum of Ajra, with j” ~ j. So the term I.1.3 can be added to /.3 and we
do so implicitly. So finally we have proved the result for 7.1.
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Now let us estimate the term I.2. Holder’s inequality together with the continuity of P enables
us to write, since |j — j/| <2,

11215 D (Aya-V)Spablpll A" S D [1Ayal,IVSjaiblp 105",
3 —3l<2 |3 —dl<2

1 1
where — = — + —- Without loss of generality one can only consider the term j = 5/, so we just

p_ P D1
need to check that dof
€
F? = 18;allpl[VSj41bllp,
satisfies ’ 3
F2|| e < g2 =0 o b .
1Py S o el g 1P
By Hélder’s and Bernstein’s inequality,
k(241
1ER 25, S 1A5all 1 omy D AR 2 1) 2"
k<j

; k=) (E+1-52)0—3 -3
< ”AjaHL;}(Lp)QJSl Z HAkaLTTz(LF)QkSQQ( D(GHl=s2)g—j(s1+s2—3~1)
k<j

So the result follows for 1.2 by Young’s inequality.

Finally let us estimate I.3. Since a is divergence free, we have

(35) I.3:/3(PAjdiv > Aka®Ak,b>.B]?71d$
R k>j—1
lk—k'|<1

so by Bernstein’s inequality, continuity of P and Hélder’s inequality we get

issofs, 3w o
k>j—1 ’
|k—K'|<1
52j(l+%)‘Aj 3 Aka®Ak’bH [N
k>j—1
|[k—K'|<1
3 p=
<0 S | agall AublpI A2
k>j—1
|[k—k'|<1
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1
where — = — + —- It follows, since [j — j| < 2, that we essentially need to prove that

b2 p p
def (142
(36) FP U S Arall, | Abllp
k>j
satisfies ( .
Bl < g9 d(s1Hs2—1—12
HFJ HLT ~ ajz ! HaHL Hb” Ly (quz)
But we have
(142
17y S 2/ Z 1Akl oy ooy [ Akbll 72 (17
k>j
(142 51— j—
52]( Ol 82)ZzkslHAkaHL;I(LP)ZkSQHAkb”LTTQ(Lﬁﬂ(] k)(s1+32)’

k>j
and the result follows by Young’s inequality under the condition that s; + s5 > 0.

Finally we obtained the expected estimate for I. Now we consider the second term to estimate,

def
= (PA;( @160 P72A,;6®
}:/RB (a-V))@|A50 22,50 del.

1=1,2,3

We shall show that /1 can be estimated along the same lines as I, in fact in a much simpler way.
One can forget about the vector structure, and perform scalar estimates. More precisely, we use
the continuity of the projector P and Holder inequality to obtain

— -1
1T 5 ||Aj@- Va)lplAjblE
so it is enough to estimate the L. norm of ||A;(b- Va)|lz. More precisely we shall prove that

— + _
1Aj(@ - V)| 15 S a2 720D g all

L2(B2,) (Byly)

As usual we decompose the product into three parts, and we need to estimate
def def _
A=A Y Spaa-VAyalg e, TL2SA; > Aya-VSyaalp e,
li—3'1<2 li—5'1<2
def

and I13SA; > > V- (Aa® Apa)| gy o
E>j—1 |k—k'|<2
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Note that in the remainder term, we have taken advantage of the fact that @ is divergence free to
put the space derivative outside the product. The first paraproduct term I1.1 is the only one we
really have to deal with, as the two others were studied previously: we have indeed

42
18; D Aja-VSyaalp S Y IVSio1ale27 | VAR
li—3"1<2 Jj'=j—2

so the result for I71.2 is found using the previous estimate (34) on Fjl. Similarly we have

(143
14, 3 Y vawernals<s Y Y 2UY Al lAval

k>j—1|k—k'|<2 k2j—1]k—k|<2

so one estimates /7.3 using the estimate for F]?’ defined in (36).
Finally let us estimate I1.1. We simply write

|1A; Z Sjy_1a-VAyalp S Z 1S5 _1al|p, 27 (1Al

li—3'1<2 li—3'1<2

1 1 1
with — 4+ — = —; which implies by Bernstein’s inequality that
pr P P

18 Y Spoaa-VApalp $ Y 1Aalp2"P27)|Aall,
li—4"1<2 k<j+1
so finally

||AJ Z Sj’—la . VAj’aHTJ S Z ||Aka”ﬁQkS’QQ(k*j)(%*sé)2js/1 ||Aja||p2j(1*3/173/2+%)
li—J'|<2 k<j+1

: . 3
which proves the result under the condition sf < —-

This completes the proof of Lemma 4.1. O

Appendix

For the sake of completeness, we give in this appendix proofs of several results which can all be
found, though perhaps under different formulations, in the litterature on Navier-Stokes. As a
matter of fact, we reproduce here the proof of the existence in B;f’q (Theorem A.1) which can
be found in [6]. The only new result is Proposition A.1, but the ideas behind it have been used
extensively before ([16, 8, 4]). We feel however that there exists no reference providing these
results in a unified framework, hence the short recollection given here might be of help to the
reader.
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THEOREM A1 1,

Let ug € By, " be a divergence free vector field. There exists a unique local in time solution to
(1) such that

. — . 2
we C([0,T); Byn) N LBy ™ vr € [1,00).

Moreover, there exists a constant K such that if HuoHB;pq < Ky, then we can choose T = +o0.

REMARK A.1

In (1), we have set the viscosity v = 1. Scaling allows to recover all values of v. As usual, we
could track the dependence on v of the constant K to see that Ky can be chosen of the form
Ky = I~(0u, with IN(O independent of v.

REMARK A.2 N
To prove Theorem A.1, it is sufficient to control one norm LTT/BS:q (s =sp+ %) with s € (0, %)

in order to control all those norms for s’ € [sp, s, +2]. Moreover, the control of the norms i?B;fq

and L”T/B;:q with some s’ > % implies the control of all those norms for s’ € [sp, s, + 2]

PrROOF OF REMARK A.2.
Consider first the case s’ € (0, %) One can use the estimate of Proposition 4.1 to get an

estimate for the norms IT;B;Q for all s € [sp,2s" — sp]. Reapplying Proposition 4.1 with the new
set of indices [s,,2s" — sp] and so on yields the result.

The case s’ > % follows immediately from the case s’ € (0, %) by interpolating the spaces
E;.?B;?q and LTT,B;:q' =

Proor or THEOREM A.l.

Such a theorem can be proved with a priori estimates, regularizing and taking the limit. Or
one can set up a fixed point in an appropriate Banach space. We take the opportunity to recall
this approach and cast it in an abstract setting. In doing so we reduce ourselves to proving a
priori estimates on the nonlinear term. We state two lemmas:

LEMMA A.1 (EXISTENCE AND UNIQUENESS)
Let X be a Banach space, L a linear operator from X — X such that a constant \ < 1 exists
such that

Ve e X, |[L(z)|x < Allz]lx,

B a bilinear operator such that

V(z,y) € X2, Bz, y)lx < vlzlxlylx,
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then, for all x1 € X such that
Ayl x < (1= A)?

the sequence defined by

@ = 0
{ et =z 4 L(z™) + B(z™, 2()
converges in X towards the unique solution of
x=x1+ L(z) + B(z,x)
such that

2lzllx < (T =A).

The proof is an elementary exercise: first prove the sequence ||z, || x to be uniformly bounded, then
prove the convergence of the telescopic series > ||zp4+1 — Zn||x, which gives x = > (zp4+1 — zp).

The next lemma allows to propagate additional information on the datum, provided the op-
erators B, L behave nicely with respect to the norm encoding this information.

LEMMA A.2 (PROPAGATION OF REGULARITY)
Let x be the solution from the previous lemma, and assume moreover that x; € E for some
Banach space E/, and L, B are such that

IL(2)lle < pllzllp, VzeE
|1B(z,y)lle <nllzlellyllx and [[B(y,2)lle <nlzlellyllx VzeE,yeX,

with < 1 and n(1 — ) < (1 — ). Then the solution x belongs to E, and

lelle S ez

The proof of this second lemma is again elementary: prove the boundedness and then the conver-
gence of the sequence z,, in F.

Let go back to the proof of Theorem A.1, and let us prove the global existence for small initial
data. We have to solve the equation z = S(t)uo + B(z, 1 x) (see Remark 4.1 for the notation).
We choose some s = s, + 2 € (0,5, + 1) and set X = LT, Bs and L = 0. Bicontinuity for the
operator B in the space X follows from Remark 4.1. Next, we check that 1 = S(t)up € X, which
is a direct consequence of (20) (with u = v = 0), namely

- s, 5
(37 ol g, S | 1Al
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>From Lemma A.1 this gives existence (and uniqueness in a ball) for small data. We then deduce

from Remark A.2 that all other norms If/\éng are also bounded.

Local existence follows from the remark that relation (37) can actually be improved to
—rtep220\ o)
1l g5y, < Kol (0 — e 2 Aol

This improved estimate can be easily deduced from relations (27) and (28). Next, an application
of Lebesgue’s dominated convergence theorem shows that

-1 .
li H 1 — e "ten2?7 Y r9isp || AL H —0.
tim|[ (1= 722 | Agug |, =0

We deduce that for given g a time 7' = T'(g¢) exists such that
H (1 — erter?) TQJSPHAquHpHM <eo Ve [0,T].

>From this point we can continue as in the proof of the small initial data case and infer that for
o small enough the local strong solution exists at least up to the time 7'(go).

We are now left with the proof of uniqueness. Fix again s € (0,s, + 1), let v and @ be two
strong solutions with the same initial data and set w = v — u. Applying again the basic estimate
(20) we get that

lwllzzp, < KgHwH%Bh + Ksllwllgy g, Nullzzs,

for some constant K3. We infer that
38 s (K g T Rsllullmg —1) 20.
(39) lwllz g, (Kallwlzgs, + Kollullz s, —1)
By continuity of the norm of Ef B;q with respect to the time, there exists T" such that
K ~ s K ~ns —1<0 Vtel0,T].
3Hw||Lth,q + 3||u||Lth,q [ ’ ]

Therefore, for ¢ € [0, 7] relation (38) can hold only if [[w]|77 5, vanishes, that is if w vanishes on
tp,q

[0,T]. This proves local uniqueness and, by continuity, global uniqueness too. O

As pointed out earlier, when s, < 0, there is no easy way to define uniqueness in C’t(B;f’q),
2 may not be defined even in the distributional sense. One can however take advantage of
the regularizing effect, to obtain the following result:

since u

29



ProrosiTION A.1
Let ug € Bp?,. Then there exist N € N and N multilinear operators By such that the local solution
to (1) can be decomposed as

N
(39) u(x,t) = Sthuo + Y _ Bi(S(t)uo) + ravsa(x,t),
=2

where By is of order | and rxn1(x,t) € Cy(L3) is unique.

REMARK A.3
Such an expansion could be refined, to obtain a remainder in Bil (or even better if one is willing
to consider p,q < 1).

PROOF OF PROPOSITION A.1.

Recall that if we write the equation in integral form (which, in our setting, can be done
after frequency localisation, to have an infinite set of equations with smooth solutions), we have
u = S(t)ug + B(u,u). To make notations simpler, let us call uy = S(t)ug, and By = B. One
can replace u in Ba(u,u) by u; + Ba(u,u), and iterate. Obviously one obtains a multilinear
expension, with multilinear operators of increasing order. For example, By = Ba(u1, Ba(u1,u1))+
Ba(Ba(u1,u1),ur). If we order these multilinear operators in increasing order up to order N, with

N arbitrary, we get
N

U= u + ZBl(ul) + TN+1,
=2
where B; is multilinear of order i, and r itself is a finite sum of N multilinear operators of order
N + 1, with M entries being u; and N + 1 — M being u, for 0 < M < N. We will denote these
operators generically as By41. One could of course write such a decomposition explicitly, but it
does not provide any useful information, as one needs only to remember that for all 2 <i < N+1,

B, is of order ¢ and is a iterate of By. Now, recall that u, u; € fg’g(B;?q)ﬁL% (B;qu) = Fy. Consider
Bs(x,y), where z,y are indifferently u,u;. From product rules, using the L$° information for the
low frequencies (as s, < 0) and the L] information for high frequencies (and as s, + s, +2 > 0,
the high-high frequencies interactions are dealt with in the same way), we obtain that z ® y €

1/ 528,42 .
L% (Bpjquﬂ), with

1/ 528 < .
o vl g3 g2 ) S Dl ol

Then, using the bicontinuity of the operator B as proved in Proposition 4.1 (see also Remark 4.1),
we get

Too/ 25l \ ~ 71 B2 3
By(w,y) € L?O(Bpjg,qﬂ) N L%(Bpjg,qﬂ) =
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One can iterate these estimates, to obtain

=/ HNsp+N—1
By (e1....xn) € LE(Byoy

1, HNspt N+,
)N L (Bp/l\zf:q/N ) =FN.
At this point, to avoid any unpleasantness with indices less than one, we suppose p = ¢. There
is no loss in generality, as one can consider P = sup(p,q) and simply use B;f’q — BISDP p. Then
we stop the expansion as soon as 1 < p/(N + 1) < 2. This ensures that ry41 € Fny1, and by
embedding, ry41 € Cy(H %) < Cy(L?). From there, uniqueness follows in the standard way, from

1B@ e, | 5 elows=lvlcwss)

7100),00

Here L3 denotes weak L3, and B,
5700)700

35(1%700)7OO — Bé/fo < L3 after taking differences between two solutions with remainders 71

and 741 one concludes |[ry41 — Fn+1]|z3.00 = 0. We ignored entries in the remainders which

is the Besov space constructed on weak L3/2. Since

have at least one u; factor, since they are easier to treat (just use an Ef on such a factor, which
will guarantee its smallness for a small time interval). This ends the proof. O

For the sake of completeness, we now proceed to prove two other useful properties which have
been used in Section 3.

PROPOSITION A.2
Let u be the small solution constructed by Theorem A.1. Then,

e wis such that vt||ulles < [uoll gor ,
p,q

e and moreover limy_o ||ul| g=» = 0.
p,q

We remark that we could have actually encoded both informations in the definition of our space
X where the fixed point is proved. However, we feel it is of interest to see they can be recovered
afterward.
PROOF OF PROPOSITION A.2.

Let us start with the first one. We first prove an intermediate step, defining a Banach space
G, with norm

1_3
lulla, = Sttlptz’ 2 [Jul|p

and prove
el < lluoll g

One can prove, using the spatial decay of the convolution kernel appearing in By ([16]),

1B2(z,9)lla, < llzlle, lyvlic,,
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which ensures that in the decomposition (39) all B; for 2 < i < N belong to Gy, since ||u1|a, ~
lug|| 5=» . One has then to consider the remainder ry;. For this term, we simply use
p,q

1B2(z,9)lla, + 1B2(y, 2)lla, < lllla, 1yl Lo zs),

which follows again from the decay of the kernel. Remark that in order to avoid a 1/s weight in
these last two estimates on By we are forced to prove the intermediate result for p < co. Hence,
we have u = u, + rn41 where u, € G, and ryy; € L°°(L3). Therefore,

N1 = Ul — up + B(up, up) + B(up, *n41) + B(ry+1,up) + B(rv1,7n+1),

and combining the two previous bicontinuity estimates and Lemma A.2, with L = B(uy,-) +
B(-,up), we obtain the desired result, ry11 € G, provided we take the constant K small enough
(possibly smaller than in the proof of Theorem A.1l, but we never need a precise estimate on the
size of Ky throughout the rest of the paper). One then recovers u € G, since

1B(z,Y)llcoe + 1By 2)ll0 S Izl llylle,-

We are left with the limit when ¢ — oco. This property is true for the linear term, as

Stuo= Y SHAug+ > S(t)Ajuo,
—N<j<N l7|>N

and for N large the remainder can be bounded uniformly in time in B,% by the reminder,
le|>N(2j5P||A-u0||p)q, which goes to zero with N; then at fixed N the first sum goes to zero

for large time as a finite sum. Now, consider the nonlinear term, B(u,u) fo (t — s)f(s)ds,
with f =PV - (u® u). Split the integral in two,

T t
B(u,u):/o S(t—s)f(s)ds—{—/TS(t—s)f(s)ds.

Since we have an L} information on f, the second part will obviously be as small as we want for

large T'. Then the first part can be rewritten as S(t — fo )f(s)ds, for which one can
proceed as for the linear part. O
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