THE LIMIT o — 0 OF THE o-EULER EQUATIONS IN THE HALF PLANE
WITH NO-SLIP BOUNDARY CONDITIONS AND VORTEX SHEET INITIAL
DATA
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ABSTRACT. In this article we study the limit when o — 0 of solutions to the a-Euler system in the
half-plane, with no-slip boundary conditions. We establish the existence of subsequences converging
to a weak solution of the 2D incompressible Euler equations, assuming non-negative initial vorticities
in the space of bounded Radon measures in H~!. This result extends the analysis done in [4, 13]. Tt
requires a substantially distinct approach, analogous to that used for Delort’s Theorem, and a new
detailed investigation of the relation between (no-slip) filtered velocity and potential vorticity in the
half-plane.

1. Introduction

This article concerns the limit o — 0 of the a-Euler equations in the half-plane, with no-slip
boundary conditions, with initial velocity in L? and initial vorticity for which the singular part is
a non-negative bounded Radon measure. We prove existence of a subsequence which converges to
a weak solution of the 2D incompressible Euler equations, assuming non-negative initial vorticities
in the space of bounded Radon measures in H~!. The present work is a natural continuation
of research contained in [4, 13], where the respective authors proved convergence, first for initial
velocity in H?, see [13] and then for initial vorticity in L?, p > 1, see [4], both for flows in bounded,
smooth domains. The extension to initial vorticities in the space of Radon measures requires a
substantial change in technique. The previous results are based on energy estimates and boundary
correctors [13] or on the compactness of the velocity sequences obtained from boundedness of the
corresponding vorticity in a suitable space [4]. For the present work, a compensated compactness
argument is required, involving a subtle cancellation property of the nonlinearity, in the spirit of
Delort’s celebrated existence result, see [8]. Let us mention that the limit e — 0 for initial vorticities
in the space of Radon measures, in the case of the full plane, was first considered in [1] and the proof
was completed in [10]. However, the presence of boundaries is a significant complication. Our work
involves a detailed study of the influence of the boundary on the solution of the a-Euler equations,
the key novelty of our result.

More precisely, much of our analysis focuses on the fine properties of the operator B, introduced
in Definition 5, which maps the potential vorticity ¢ to the filtered velocity u. This is a classical
pseudo-differential operator of order —3, given by B = (I + aA)~! Ky, where A is the half-plane
Stokes operator with no-slip boundary conditions and Ky is the Biot-Savart operator for the half-
plane. It decomposes naturally into an interior part, which is easy to understand, and a boundary
part, similar to a Poisson integral, which is more delicate. The analysis of the boundary part makes
use of Fourier methods, one of the main reasons why we restrict ourselves to half-plane flows.

From a broader point-of-view, the a-Euler equations are a regularization of the Euler equa-
tions, obtained by averaging the transporting velocity at scale \/a. It is the inviscid limit of the
second-grade fluid model, see [7], the equation for geodesics in the group of volume-preserving dif-
feomorphisms with a natural metric, see [15] and a variant of the vortex blob method, a standard
numerical method for discretizing 2D inviscid flows. The desingularized velocity is obtained from

the physical one by inverting the elliptic operator (I — aPA), which, in a domain with boundary,
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requires boundary conditions. The no-slip boundary conditions are the most natural, but Navier-
type conditions have also been used (see [5, 6]). Choosing no-slip makes the vanishing o problem
reminiscent of the vanishing viscosity limit, an important open problem. In this setting, the van-
ishing « limit could, in principle, present some of the complications of the vanishing viscosity limit,
such as boundary layers and spontaneous small-scale generation, see [2]. The parallel between the
present problem and vanishing viscosity is one of the motivations for the present work. The results
obtained to date, including those we present here, suggest that these two limits, in fact, behave in
sharply distinct ways, but it is not entirely clear why this might be the case.

The remainder of this article is organized as follows. Still in the Introduction, we briefly state
our main results. In Section 2 we fix notation, we introduce elementary facts of Potential Theory
in the half-plane and compute some Fourier transforms. In Section 3 we introduce the operator B,
which maps potential vorticity to filtered velocity. In Section 4 we sketch the proof of Theorem 1,
the existence result for « fixed. This is an adaptation to the case of the half-plane of a similar result
in the full-plane case, see [16]. In Section 5 we introduce the decomposition of the operator B in
interior and boundary parts. In Section 6 we derive precise estimates for the boundary potentials
associated with the operator B. In Section 7 we apply the results obtained to prove Theorem 2,
adapting Schochet’s argument, see [17], and the argument used in [14]. Finally, in the last section,
we present some concluding remarks and a few open problems.

Let us continue with some notation. We will denote by H the half-plane

H={rcR?; 2o > 0}.

The initial-value problem for the a-Euler equations with no-slip boundary conditions on H are
given by:

;

(v — alAu) +u-V(u—alu) + 3 (v — aAu);Vu; = =Vp, in Ry x H
divu = 0, in R, x H,
u =0, on R, x OH,

[ u(0,-) = uo, on {t =0} x H.

Above, u— aAu is called the unfiltered velocity, u is the filtered velocity and p is the scalar pressure.
Taking the curl of the a-Euler equations, in two dimensions, gives rise to an active scalar transport
equation given by

(1) {8tq+u-Vq:O,
q(0,) = qo,

where u is related to ¢ through the following system:
divu =0,

(2) curl(u — aAu) = q
uf = 0.

The scalar quantity ¢ = curl(l — aA)u is called the potential vorticity associated to the velocity w.
The equations in (1)-(2) are the potential vorticity equations, i.e. the vorticity formulation of the
a-Fuler equations.

Let .4 (H) be the set of bounded Radon measures on H and recall that the norm of a measure
1 in B.# (H) is given by the total variation |u|(H). Set H—'(H) = {curlw | w € L*(H)?}, which we
note in passing is a proper subset of H~!(H). We have that H~'(H) is a Banach space with the norm

gl -1 = inf{||w]|z2 | ¢ = curlw}. Let P denote the Leray projector in L?(H) onto divergence free
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vector fields which are tangent to the boundary of H. Note that ||q|| 51 = ||Pw]|z2@m), independently
of w € L? such that curlw = q.
We will now state our main results.

Theorem 1 (Existence). Assume that gy € B.4 (H)N H-'(H). Then there ezists a global solution
ue CYRy; HL(H)NCO'(Ry x H), g € L=®(R,; B (H)) of the a-Euler equations with initial data
qo- In addition we have the energy inequality

(3) Ju(t)l172 + | Vu®) |72 < uolli + allVuol7: vt > 0.
and the bound

(4) ]| ooy 2.0 1)) < Q0| 2.0 (30)-

Above C} is the space of bounded continuous functions and H_ denotes the space H' endowed
with the weak topology.

Theorem 2 (Convergence). Assume that qo € H—'(H) is the sum of an integrable function and
a non-negative bounded Radon measure, i.e. qo € (B .(H)+ L'(H)) N H-Y(H); assume also
that qo is independent of a. Let u,, qo be a global solution of the a—FEuler equations with initial
data qo, as obtained in Theorem 1. Then there exists a vortex sheet solution v € L>®(Ry; L*(H)),
with w = curlv € L®(Ry; B (H)), of the incompressible Euler equations with initial vorticity
Wo = qo, and a subsequence Ua, , o, Such that u,, — v weak-+ L=®(Ry;L?) and q,, — w weak-*

L=(Ry; B4 (H)).

2. Notations and some preliminary results

We begin by fixing notation. The constant C' denotes a generic constant with value which may
change from one line to another. If (a,b) € R? then we denote (a,b)* = (—b,a). We define
R, = [0, 00).

We will use standard notation for function spaces: LP (Lebesgue space), WP (Sobolev space),
H™ = Wm™?2 [2> (Lorentz space), .4 (bounded Radon measures), .4 , (non-negative bounded
Radon measures), etc. All function spaces are defined on H unless otherwise specified. The notation
LP denotes the space of LP divergence free vector fields tangent to the boundary endowed with the
L? norm. We define in a similar manner L2,

Recall the Leray projector P, i.e. the L? orthogonal projector from L? to L2. Tt is well-known
that PP can be extended to a bounded operator from L” to L for all 1 < p < oco. The Stokes
operator A is defined as A = —PA. Various regularity properties for the Stokes operator in LP
spaces on a half-plane were proved in [3]. We note, in particular, that, for any a@ > 0, T+ A is
invertible on L?(H) with values in W2?(H) N W, (H), see Section 3 of [3]. We denote this inverse
by (I+aA)™t

Let us start with a very simple H' estimate.

Lemma 3. Let f € L?. Then u = (I+ aA)'Pf € H*N H} and we have the following estimate:
Jull2: + allVall2s < )2

In particular, the operator (I + aA)™'P is continuous from L? to H}.

Proof. We know from the results of [3] that w € H*> N H}. We have that

u—alAu+Vr=f
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for some w. We multiply the above relation by v and integrate by parts using that u is divergence
free and vanishes at the boundary. We get that

1
ullZ> + ol VullZ. = /f cu < [ fllzellullze < NNl (lullZz + ol Vullz)?

SO
[ullZ: + allVullZ: < [LF1Z--

The Fourier transform in R? is denoted by F:
F0EQ) = [ ) da
RQ
The Fourier transform in R is denoted by Fg or g = Frg where g is defined on R:

Fag(s) = 5(s) = / ity t) dt.

For functions of two variables we will use the partial Fourier transform in the first variable and
we will denote it by Fi, or also F, f = f. That is, for functions f defined on R? or on H we define

(5) Fi(f) (&, 2) = f(&r,22) = /Reixl'glf(l’l,xz) dy

We define in the same manner J, the partial Fourier transform in the second variable.

We denote by G, the Green’s function of the operator I — oA in R?, i.e.
1

6 Go(z) = F 1 {———).
(6) (z) = F (1—|—oz|§|2)

We have that

(7) Golz) = éGl(%)
where y .

is a function that is exponentially decaying at infinity and has a logarithmic singularity at the
origin.
The Green’s function of the Laplacian in R? is denoted by

1
G(z) = %ln |z].
We shall also use the following function
1
(8) H,(x) = aGy(z) + G(z) = aGy(z) + — In|z|.

2m
A scalar function w € LP(R?) gives rise to a divergence-free vector field v on R? for which the
curl is w through the Biot-Savart law: u = K % w, with the (Biot-Savart) kernel K, given by:

i vt at
pu— pumm —_—.
We also need to introduce the following smoothed-out kernel

(10) K, =K *xG,.
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We recall now several well-known (inverse) Fourier transforms. For all a > 0 we have that

1 T
11 _ =\ = L -als|
(11) ]:R(tz i a2) _e
1 1
12 —1 _ 7a|t|
(12) Tx (32 + a2) 2ae
and
1 “l—alsly — 4
( 3) 'FR (6 ) 7r(t2+a2)

Differentiating with respect to a the relation above also yields the following inverse Fourier trans-
form:
2 _ 42
(14 Fel(sle ) = s
Applying F; to (6) and using (12) we get that
1
1+ alg]?

1
28]

FiGa(&r, ) = Fo ' ( ) (&1, 25) = ——e a2l

where we used the notation
1
S =1/E+
o

Differentiating with respect to x5 yields

1 1
(15) F10:Go (&1, 20) = —56_%” Vay > 0.

Using (11) we compute

L2 1 L 2/&1]
—F () =z¢" Vg > 0.
27 1<x%+x§) 2° i

From (8), (15) and (16) we conclude that for all 25 > 0 we have that

(16) ]—"182G(§1,x2) =

1 1
(17) .7:1(92[{&(51, 1’2) = Oz}"l@gGa(&,:Eg) + .7:162G(§1, [IZ’Q) = 5(67‘%2'&1‘ — 6796250‘).

In the remainder of this work we will frequently need to consider the odd extension to R? of
a scalar defined on H, as well as the Biot-Savart law induced by the extension. To this end we
introduce the following notation: if ¢ € C°(H) then its odd extension will be denoted § = g(z) and
is given by

4(z) = {q(aj) if 29 >0

—q(z1, —x9) if 29 < 0.

If ¢ € B.4(H) then we will also need to consider its odd extension, still denoted g. Let ¢ €
CJ(R?) be a test function and split ¢ into its odd and even parts: ¢ = ¢, + ¢.. Then (q,¢) =
2(q, po). Of course ¢ € B.#(R?). Furthermore, if ¢ € H~'(H) then g € H ' (R?) = {curlw | w €
L*(R?)}.

Let us consider the Biot-Savart velocity field in R? induced by the odd extension of a measure
q € BA(H), namely K x q, where K was introduced in (9). The odd symmetry of § induces a

covariant symmetry under which the first component (K *q)! is even while the second component
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(K % q)?* is odd, with respect to x. Hence K * Q{H is divergence free, tangent to the boundary of
H, and its curl in H is q. This vector field can be written as

K*q‘H /KZU— dq(y /KHa:ydq)

where

. o) = 5 = o

where 7 = (y1, —y2) is the image of y.
The Biot-Savart law in the half-plane H is the integral operator acting on ¢ given by

(19) wmzémmmw@,

and Ky is the Biot-Savart kernel in the half-plane. Note that Kylg] = K * G‘H.

3. Finding velocity from potential vorticity: the solution
operator

Let u be the velocity in the half-plane induced by a potential vorticity ¢, the solution of the
system of equations (2). The aim of this section is to produce and understand the solution operator
for u in terms of q.

We begin with an estimate for the Biot-Savart law induced by a measure ¢ € B4 (H).

Lemma 4. Let ¢ € B4 (H) and consider Kulq| as introduced in (19). Then Kglq] € L>* and
|1 Kuldgll|r2 < Cllgllz.am) for some universal constant C' > 0.

If, in addition, ¢ € H™ (H) then Kulq) € L2 and || Kulqlllz2 = gl g1

Proof. Recall that, since ¢ € B.4 (H), its odd extension g belongs to B.# (R?). Since K € L*>*(R?)
it follows from the Young inequality in Lorentz spaces that K x g € L*»*(R?). Therefore Kg[q] €
L?°°(H) and the estimate follows from the aforementioned Young inequality.

Assume, additionally, that ¢ € H “}(H). Then q = curlw with w € L% From the properties of the
Leray projector P, we know that Pw € L2, i.e. Pw is divergence free and tangent to the boundary
of H. Furthermore w — Pw is a gradient, so that curl Pw = q. We infer that Ky[g] = Pw € L? and
| Kmlqll|2 = [[Pw||z2 = ||gll -1 m)- This completes the proof of the lemma. O

We claim that the solution of (2), u, satisfies
(I+ aA)u = Kglql,
where A = —PA is the Stokes operator.
Indeed, we have that
curl[(T — aA)u] = g = curl Ky|q]
so (I — aA)u and Kglg| differ by a gradient. Since the Leray projection vanishes for gradient fields

and reduces to the identity on divergence free vector fields which are tangent to the boundary, it
follows that

Kulq] = PKulq] = P[(I — aA)u] = Pu — aPAu = u + aAu,

as desired.
Since u vanishes on the boundary of H we find that

(20) u=(I+ a?)—lKH[q].



From Lemma 4 we have that, if ¢ € H~'(H) then Kylg] € L*(H). Hence, from Lemma 3, it
follows that v € L*(H).

Definition 5. The solution operator for the system of equations (2), denoted B = B(q), is given
by
B: H'(H) — L*H)
q = (I+ aA)™ Kilq).

In view of Lemma 3 we actually have B(q) € H> N Hy, if ¢ € H~'(H), and that B is continuous
from H~' to Hj. With this notation the solution of (2) is u = B(g).

4. The existence result

In this section we will establish Theorem 1. The strategy is standard, so we will only give a
sketch of the proof. We emphasize that, in this section, a > 0 is fixed.

Proof of Theorem 1. Fix qo € B.#(H) N H-'. We wish to obtain a solution of the a—Euler
equations with initial potential vorticity qo. The strategy will be to choose a sequence of smooth
approximations ¢y to go and solve the a—Euler equations with ¢ as initial potential vorticities.
This results in a sequence of smooth, time-dependent, potential vorticities ¢" and vector fields u"
which we subsequently pass to a weak limit. We will provide sufficient estimates for ¢" and u" to
show that such a weak limit is a weak solution of the a—FEuler equations and has, as initial potential
vorticity, qo.

The initial velocity ug is determined through the solution operator: uy = B(qg), where B was
introduced in Definition 5. Furthermore, since gy € H~! we have, using Lemma 3, that u, € H>NH_.

We begin by constructing the smooth approximations. Let g, be the odd extension of gy to the
full plane as described in Section 2; of course G, € .4 (R?) and, also, g, € H~'(R?). Consider the
Biot-Savart law in R? for g,: K *g,, where K is the Biot-Savart kernel given in (9). Since g, € H~*
we have that K * g, € L*(R?). We mollify g, with an even, smooth, compactly supported mollifier
®n, and we denote by g = q, * ¢, the resulting mollified potential vorticity. Let ¢i = qj|,,. Clearly
we have that

-

lag |z < llgollzaceny, llag la— < llgoll -
In addition, since clearly we have g — g, weak — *ZB.# (R?), it follows that
g6 — qo weak — x B4 (H).

By construction, since K gy = (K *qy) * ¢, we have K gy — K *q, strongly in L?(R?). Therefore

(21) Kulq}] — Kulqo] strongly in L*(H).
Let u§ = B(q). Using (21) and Lemma 3 we find that

(22) g1 + Ve 2 = flugl + | Vg 24

as n — 0o.

Because g, € H™'(R?) we deduce that, for each fixed n, 7% € L?*(R?). Hence ¢} € L? and therefore
we have that Kg[q)] € H' N L2, so that u? = (I+aA) ™! Kglqy] belongs to H>N Hy. For such initial
data there exists a global solution u™ in H® of the a—Euler equations having u? as initial velocity.
To see this one can use, for instance the method employed in [13]. Since ¢" = curl(u™ — aAu™)
is transported by u™ and divu” = 0, it follows that ||¢™(-,t)||;: is a conserved quantity. Because
q"(0) = g} is bounded in L' we infer that ¢" is bounded in L>(R,; L') and

(23) 1q" | Lo ryszy = llag |t < g0l 2. )
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In addition, if we multiply the equation of v by u™ and integrate by parts we get the classical
energy equality:

(24) " (D172 + al Ve (OlIZ: = [u" (O[22 + o Vu" (0)[7 - V= 0.

In particular, u" is bounded in L>(R,; H').
Given the boundedness of u™ in L> (R, ; H') and of ¢" in L=(R; L'), we can extract subsequences
relabeled u™ and ¢" which converge

u" —u in L®(Ry; H') weakx
and
(25) ¢" —q in L®(Ry; B (H)) weak * .

As the equations are nonlinear, this convergence is not sufficient to pass to the limit in the weak
form of the a-Euler equations. We now proceed as follows. Let p € (1,2) and ¢ € (2,00) be dual
indexes: }—17 + é = 1. We will prove that d,u™ is bounded in L” independently of n. Let ¢ € LZ.

Recall that A = —PA is the Stokes operator. Set 1) = (I4+ aA)~'p. Then op € W4 N W7 N LY

and [[¢[lwzq < C(a)][@]ra (see [3]).
The velocity formulation of the a—Euler equations can be written as follows (see [11]):

O(u" — aAu™) +u" - Vu" — « Z 00 (u} Opu") + Z 05 (Okuj Opu)
Jik 4,k
—a ) Ou(Okul V) + Vp' = 0.
jik
We apply the Leray projector P above and multiply by ¥. We get
(O (u" + aAu™),¥) = —(P[u" - VUu" — « Z 00 (uj Opu") + Z 05 (Opu Opu™)
J.k 4.k
—a ) Ou(Okul V)], ¥)
4.k
= —(u"-Vu" — Y 0;0:(u)Opu") + oy (O’
3k gk
—a Y OO Vul), v).
jk
We used above that P is self-adjoint and that Py = . Observe now that
(Or(u™ + aAu™), ) = (O, (I + aA)Y) = (", ).

Next we estimate the first of the four terms in (26):

[(u™ - Vu", )] = \/HU" V< " Ep @l < Clla i l[dllwes < Cllu (7 el zo-

To estimate the second and third terms in (26) we integrate by parts, using that 4™ and 1 vanish
at the boundary. We deduce that:

(0O (u Opu™), )| = |oz/8jf)k(u§”8ku”) | = }a/u?aku” - 0;0k0|
< Cllu™l| 20, 10| 22110;0k0 | o < Cllu™ 77 [l 2] o
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and

|(ad; (O Opu™), )| = |a/aku;aku”-aj¢\ < allu"||3: ]| V| o

< Cllu™[Fn [ lwee < Cllu™ [l e
The same estimate holds true for the last term in (26). We have thus obtained the following bound
(O, )| < Cllu"|Fnllellze Ve € L.
Since LY is dual to L2 (see [3]), we deduce that
10 [ze < Cllu"|[3:-

Therefore dyu™ is bounded in L>*(R,; L?). By the Ascoli theorem and the compact embedding

—1 . .
LP — W, P, we infer, passing to subsequences as necessary, that:

(27) u™ — u  strongly in CO(R; W 1P).
Next we have that:

Claim 6. The operator B is bounded from Z.# (H) to W2*(H) for all p < 2.

loc

Proof of Claim: From the results of [3] we know that, for all 1 < r < oo, the operator ¢
V(I + aA) 'y is bounded from L” to L". By interpolation, we infer that it is also bounded
from L2> to L*>*. Let us observe now that L*>* — [P for any p < 2. Indeed, we know that
L% can be obtained from any L% and L% with ¢; < 2 < ¢» by the real interpolation method:
L?% = (L%, L%)g o where i = 1q;19 + %. Choosing ¢1 € (p,2) we have that L9 — Lj  and
that L2 — LP . We infer by interpolation that L** < LP . This embedding implies that
o — V31 + aA) 'y is bounded from L2> to L . A similar argument shows that the operators
o V([ +aA) o and ¢ = (I+ @A) 'y are bounded from L2 to L} . We conclude that the
operator (I+ aA)~! is bounded from L% (H) to W2?(H) for all p < 2.

The conclusion now follows from Lemma 4. Indeed we have that Ky[q] € L*>* for all ¢ € B.4 (H)

and B(q) = (I+ aA) ' Kglq). O

Since g™ is bounded in B.# (H) we find, in view of Claim 6, that ™ is bounded in L>*(R; I/Vfof(H))
for all p < 2. Then, interpolation together with the uniform convergence (27) yield

u" — u  strongly in CO(R; W,.P) Vs <2, p<2.

loc
Using Sobolev embeddings we further deduce that
u" — u  strongly in C°(R, x H).
Recalling the weak convergence of ¢ expressed in (25) we finally deduce that
u"¢" —ug in Z2'(RY x H)
S0
div(u"q") — div(ug) in Z'(R% x H).

We infer that ¢ is a solution of the a~Euler equations. Moreover, the bound (4) follows from (23)
and (25).

It remains to prove the bound (3). We proceed in the following manner. From (27) we deduce
that u™(t) — u(t) in 2’ for all t. Since u"(t) is bounded in H! we infer that u"(t) — u(t) weakly

in H! for all t. Therefore
[u(@)] 22 < lim inf {ju”(¢)]] .2
and
IVu(t)| 2 < liniinf IVu"™(t)] L2
9



for all t > 0. We finally deduce from (22) and (24) that
()12 + el Vu®)llZ: < liminf(|lu™ ()72 + ol Vu"()])
= lim inf(||u"(0)]I72 + o[ Vu" (0)]I72)
= [[uollZ + | Vol 72

for all ¢ > 0. This proves (3) and completes the proof of Theorem 1. O

5. Finding velocity from potential vorticity: interior and
boundary parts

In Section 3 we found the solution operator which gives the velocity in terms of potential vorticity.
The resulting expression, however, is not explicit enough for us to pass to the limit o — 0. Here we
will produce a representation formula for u in terms of ¢ in which we write u as a sum of a vector
field u;y,;, constructed using the method of images but with possibly non-vanishing boundary value,
and a vector field upq,, which corrects the boundary condition.

We will use the notation introduced in Section 2, particularly (6), (19) and (10).

Let us start by introducing

(28) Uing = Gox (K xq) = K, % 7.

Then
(I —aA)upe = K+q and  divug, =0 in R

Moreover, since GG, is radial it follows that w;, inherits the symmetry properties of K xg. In
particular, the second component of u;,; is odd with respect to z», so that u?,, vanishes at x5 = 0.
Let

(29) Updry = U — Uing-
Then wuyqy, is divergence free in H and tangent to the boundary of H. Moreover,
curl(I — aA)upgry = curl(l — aA)u — curl(lI — aA)u;y = ¢ — curl(K xg) =0 in H.
Thus there exists some scalar function p such that
Updry — 0AUpgry + Vp =0 in H.
We denote by ¢ the trace of the first component of upgyy, u;d,,y, on the boundary of H:
(30) 9(@1) = Uy (21, 0) = —ttjpy(21,0) = =G * (K % 7)' (21,0).

We conclude that w = w4, satisfies the following system of equations

(31) w—aAw+Vp=0 inH
(32) divw=0 inH
(33) wil,,_ = oo
(34) wg}mzo = 0.

We will find a formula for the solution of this problem through a method which was employed by
Solonnikov [18] to find the Green’s function of the evolutionary Stokes operator in the half-space.
Let H denote the convolution in the first variable and ot denote the convolution on H defined as

10



follows. If ¢, are functions defined on Hl, the convolution ¢ * 1) is a function defined on H given

by )
¢ Ve = [ [Tt —nay

Next we introduce a pair of functions which will appear frequently in what follows:

22 — 2

(35) m = m(z1,22) = 2‘1.’4 -, and
1T

(36) M2 = 772(5517332) = ﬁ

With this notation we have the following result.

Proposition 7. The solution w = (wy,ws) of the problem (31)—(34) is given by the following
formula:

200
wy = —2ag * Gy +—g * Gy * m
1 T 1 H
4o
Wo = ——g * 82G ;k[ 2.

Remark 8. We note that, if ¢, ¢ and p are functions on H, then
px (% p)=(px1) *p
as long as ¢ is independent of z5.

Proof. We will use the notations F; and ~introduced in (5). Taking the divergence of (31) yields
Ap = 0. We apply F; and deduce that (92, —&2)p = 0. So p is a linear combination of e**2¢! with
coefficients functions of &;. Because p can t exhibit exponential growth at infinity, we infer that

P(&r,m9) = Cr(&r)e ™1,
Let now
A=w+ Vp.
Because p is harmoriic, relation (§1) implies that A — aAA = 0. We apply as above F; and deduce

that (02, —&f —1)A = 0. Since A can’t exhibit exponential growth at infinity either, we infer that
there exists Cy(&1) and C5(&;) such that

We conclude that
@(517 552) = ~7:1(A - Vp)

o))
oo () e (1)
Applying the Fourier transform F; to (32)—(34) we get
(38) P64 + Oy, Wy = 0
(39) w1(&1,0) =g(&)
(40) Wy(61,0) = 0.

11



Using (37) in the three equations above yields a linear system of three equations in the unknowns
(4, Cy and C5. This system can be easily solved allowing in return to compute w. Plugging (37)
n (39) gives
Co(&1) = 9(&) +i&Ch (&)
and in (40) gives
C5(&1) = —|&[C1(&)

m&wg=éﬂgcﬁﬁ)+q@g(f@)<ﬂﬂ—eﬂﬁy

Using this in (38) yields the following value for C;:

() = ﬁag%>—

g et (T (@Qum+§xﬁ%— (e

so that

So

Observing that
e~ r2ba — ool

2
— e~ V28a o~ [61l(z2—y2) dys
g

we finally find the following formula for w:

(41) W = e 2% (g((fl)) + ( |sl|) i&g(&1) / evata gmlel(@a—v2) gy

0

We would now like to take the inverse Fourier transform in the first variable to find the formula
for w. We deal first with the simplest term above, that is the term e~*¢25(&;). Using (15) we have
that

(42) .7'—1_1[6_“52/'9\(51)] =g T ]:1_1(6_3725%!) = —2ag T aQGa
where we recall that >1k denotes the convolution in the first variable.

Now let us express the other terms appearing in (41). Taking the second component of (41)
yields

z2
Wy = —Z§1§(§1)/ e~ Y28a o~ [61l(z2—y2) dys.
0

We apply F; ! above. Recalling (13) and (15) we can write
wy = —F(9(&)) * / Fil () 1 HigeT1@mR)) dy,
0
2
=g / (=200,Ga(30)) % OuFy " (e 1127y,
0

O1p(-y 2 — y2) dya,

3|

0

with p(21, v2) = xa/|2]*.
Now, d1p = —2ny, with 1, as in (36), so that

2a 4o
(43) wp = —g ¥ DGy * op = ——9% G, % 1o

12



We can deduce in a similar fashion using (14) and (15) that

x2 €2
7|l / eShemlaliri) dy, | = g / FrH ) Frt(lalem @) dy,
0 0

T2 1
=g / (—2005G o+, y2)) * =i (-, T2 — Yo) dyo
0 s

20
— 9% "G, * 1,

with 7, as in (35).
Putting together relations (41), (42), (43) and the above equalities completes the proof of the
proposition. [

To be able to give a complete, explicit, formula for u in terms of ¢ it remains to express the
boundary data g defined in (30) in terms of g. We proceed in the following manner.

Recall that
g9(x1) = —(Ga * (K xq)")(21,0).
Recall that K = V4@, where G = 5= In |z] is the Green function of the Laplacian in R?. Therefore
g(x1) = —(Go * (VEG) % q)(x1,0).

Now, since G, is the Green function of I—aA in R? we have that (I—aA)G, = § so G, = aAG,+0.
Recall the vector field H, introduced in (8). We have, then:

Ga* VEG = (@AG, +0) * V1G
= aAG, * VG + VG
= aG,* VTAG + VG
=aG, * V6 + Vi@
=V (aG, + G)
=V'H,.

We infer that
g(x1) = (0oHy xq)(21,0)

Using that d,H, and q are both odd with respect to x5 we finally get that

g(z1) = —2/HaQHa($1 — Y1, 92)q(y) dy.

From (28) we have that

xt _ .
where
ol
K,=G,«—— =G, xV+*G=V*H,.
27|z |?

We deduce from relations (29), (44) and Proposition 7 the following formula for the solution of

(2).

13



Proposition 9. The solution of (2) is given by
U = Ujpt + Ubdry

where wiy; 1S the interior part

Uint = Ka * q
and Upary @5 the contribution of the boundary which takes the form
(45) by = —20g ¥ 0oG +2—a * OoGy %
ubd’/‘y_ agl 29« ng 2aH771
4o
2 _
ubdry = _?g T 82Ga I’; 2
and
(16) o) = =2 [ Dol = 1, ve)aty) dy
H

Above, 1, and 72 were introduced in (35), (36).

6. Boundary part estimates

The purpose of this section is to obtain estimates for the boundary correction term gy, in the
interior of H. We will show that, for any € > 0, if 9 > € then w4, is bounded, uniformly with
respect to 7 and a < 1, in terms of the total variation of the potential vorticity.

We begin with a monotonicity result.

Lemma 10. We have that 0o H, > 0 in the half-plane H.

Proof. The function G, which is a Bessel potential, satisfies:

L[] _me?
Gl(l'> = E/O ;6 te In dt,

see [19, page 132].
Assume that x9 > 0. We use (7) and (8) to deduce that

82Ha = ozZ?QGa + L

27| x|?
1 x Ty
= —0,G1(—=
7o (5) + gp
xo 1 _xe® o To
= —— —_ @ 47 dt
2a ¢ " c +27r|$|2
Ty [1 _x=? T
—_ —e€ to
2a0 f, 12 27|z |?

0J

Next, we will show that the boundary value of w4, g, see Proposition 9, can be estimated in L'
by the total variation of the potential vorticity.

Proposition 11. Assume that ¢ € B4 (H) and let g be the boundary value of upary, as defined
through (46). Then g € L'(R) and we have

gl w) < llqll 2.z @)
14



Proof. According to Lemma 10 we know that 0y H,(z1 — y1, y2), the kernel in (46), is non-negative.
We take the absolute value in (46), we integrate and we use the Fubini theorem to deduce that

[lstaniden <2 [ ([ uta(or. ) don) ol

We find, for ¢, > 0, that:

/a Vdzy = FiOoH,(0,ys) = + — e < L
2 $1,y2 T1 = JS102 Y2 5 26 =9
where we used (17). Therefore
1otz < [ 1dldlt) = oo,
R H
as we wished. O

We proceed with two technical lemmas.

Lemma 12. Let n be a function homogeneous of degree v with v < —% and smooth on R? \ {0}.
There exists a constant C'= C(n) such that for all x5 # 0 we have that

+
In(-, 2) | 22r) < Cy
Proof. We have that |n(z)| < C|z|” so
/]n(a:)]del < C/ |z|* doy = C’/(:Ul +23) dry = Cx27+1/(t2 +1)7dt
R R R

where we changed variables x1 = txs. O

Lemma 13. There exists a universal constant C such that, for all xo > 0, we have:

C @y
(47) [02G o (-, 2) || Loo(m) < azze Ve,
(48) HaQGa( Z’Q)HL2(R) < C 67 1204
) = Oé\/.ZC_Q
and
C _ @
‘|8182Ga('7x2>”L2(R) < 6 e,

Proof. Using (15) we obtain
102G (s 22) || ) <—|!]:132 ol 22)l[ )
_ L e VETa gg,

477_(1 R
Aoy |£1‘<¢ Aoy |§1|>%
1 1
< — e VE dgy + — e~m2lal g
o [€1]< T 4mo \51|>ﬁ
1 _ =y 1 _
27r0z\/c_)z 2raxsy
C _ =
S —E€ 2\/&7
T

15



where we used that the function se™*/? is bounded on R. This establishes (47).
To prove (48) we use the Plancherel theorem and relation (15) to write

||82Ga(',x2)||L2(R) e~ "2V it ||L2(d€1

|-7:132Ga<'7x2)HL2(R)

1 1
B \/27r| 20021

Next we have:

“ x24/E7+ HL2 &) = / 672x2\/§%+é dé,
R
= [ emVETag s [ emVET g
é11< lex|>—=

This proves (48).
Similarly, the Plancherel theorem and relation (15) imply that

”8182Goc('7 1‘2) ||L2(

/5L
012G (-, 22) || 2wy €672 VIS | L2 ggy .-

1
F p—
\/ H ! 20/ 27

Furthermore we have:

lere ™V R s = [ eV dg

:/ 1 5%6_2$2V§%+é d§1+/ 1 5%6—2552\/5%4-% d&
€1]< l€1>—=

2
< / &
|§1|<%

2 2w 2w

('b

2z
g [ el
|§1|>ﬁ

1 1 1

_ T2
= e Ve te Ve +—+
3ay/a (axg Vvaxs 23:§)
C _=2
S —36 Ve,
D)
This completes the proof. O

With these estimates in hand we can now establish the main result in this section.

Proposition 14. Let upiry be given as in Proposition 9. There exists a universal constant C' > 0
such that

1 -3
[Upary ()| < Cllql| 2.2 @matzy ? Vo € H.

Proof. We first estimate the first component of w44y, given by
2c
ul%dry = —2ayg * 02G o + ?9 x 02G &

see (45), where 7, was defined in (35).
16



We use the Young inequality and (47) to bound the first term:

_ %2

e 2«

(49) | —2ag * 0yGo (s z2)|lLe ) < 2a|gllLm)[|02Gals; 22) || Lo ®) < Cllgllim)

To bound the second term in the expression for ug,,, we note that n () = x%&f L =0 (x,/|z]?) =

01C. We write this term as

200 [*?
—g % 02Ga % m(7) = 7/0 9 % Ga(,y2) * M 22— ya) dys

200 2
=— g T 02Go (-, y2) T m (-, 2 — yo) dys
0
200 [*2
+— g * Go(-,y2) * M-, w2 — y2) dys
T D) 1 1
2
= Il + ]2.

We use Lemmas 12 and 13 and the Young inequality to bound I; as follows:

z2

2
111(+; 22) | o (r) < Oa/ 91l 21 @) 102G a s y2) | L2y llm (- 22 — y2) | L2 (r) dy2
0

T Y2
6 \/T1
\/_ €

< Cllgllpr wyw

\/_2

t
3 2f e 3
— Cllgllmzs i/ dt
R NG
_3 1
< Cllgllor@zy *at.
To estimate Iy we write first
200 [*2
I =— g * 0Gal- ) * m(-, 72 — y2) dys
T ED) 1 1
2
200 ™2
g * aZGa('ay2) * 81C(‘,$2 _y2) dy2
s Ty 1 1
2
200 ™2
— g * 010G (-, y2) * C(-, 72 — y2) dya.
v z2 1 1

17



We can now bound as above with the help of Lemmas 12 and 13 and the Young inequality:

z2

112, z2) || o) < Car [EQ 91l @)l 0102Ga (-5 y2) |2 1€ (-, 22 — y2) || 2(r) Ay

2

™ T3Va 1
< Cllgloa |, N AR
2 2

2

x2 1

——dy
2 VT2 — Y2

_3 _ ®m
< O\gll@yws e Ve

2
e e

< Cllgllp w)

The estimates for I; and I, obtained above yield the following bound:

9
201 x5 — 12 ot e Ve
= T2 M)« -
(50) |9 % 0:Ga % EE | < Cllgllw) . + Cllgllrwy

Now, by Proposition 11 we have that ||g||.1(r) is bounded by ||¢||%.#@). In addition, the estimate
e"1< % applied for z = f}—% shows that the second term on the rhs above is bounded by the first

term. Therefore, (49), (50) yield the desired estimate for uédry.
Next recall that the second component of uygy, is given by

4o
2
U =——q *x 0, *
bdry 7rg1 2 aH7727

where 1 is as in (36).
T1To

Noticing that 7, = = —81(

z2
2[z|?

) we can use the same analysis leading up to (50) to estimate

1L§dry‘
This concludes the proof. O

7. Passing to the limit a — 0

We are now ready to prove the main result of this work, the convergence, passing to subsequences
as needed, of solutions of the a-Euler equations in the half-plane, with no-slip boundary conditions,
to solutions of the Euler equations, assuming a sign condition on the singular part of the initial
(potential) vorticity. In other words, we show that, if v is any weak limit, in a sense to be made
precise, of solutions u, of the a-Euler equations in the half-plane, with an initial potential vorticity
q € (B, (H)+ L'(H)) N H~'(H), such that u, vanishes on dH, then v is a weak solution of the
incompressible Euler equations in H, with initial vorticity qo. The proof is based on the proof of
the well-known Delort Theorem, see [8], on the existence of vortex sheet evolution for the 2D Euler
equations when vorticity has a distinguished sign. From a technical point-of-view we make use of
the idea of symmetrization of the kernels involved in recovering velocity from (potential) vorticity,
as was done in [17]. Below, the gradient is taken in the spatial variable and not in time.

Let us begin by describing a weak formulation of the a-Euler equations which will be useful for
our purposes. Fix T > 0. Let qo € B4 (H). Let u, € CP(Ry; HL (H))NC°(R, x H) be the solution
with initial potential vorticity go obtained in Theorem 1. Recall that ¢, € L>®(R,; B.# (H)).

Let ¢ € C°([0,T) x H) be a test function. Then ¢ € C°([0,T) x HF) for some € > 0, where H*

denotes the half-plane {zs > }. We multiply the vorticity formulation of the a-Euler equation by
18



¢ and integrate by parts to obtain

T T
/ /@g@dqadt—k/ (0, x)dgo(x) = —/ /ua-Vgodqadt
0o JH H 0o JH
T T
= _/ / U int * VQO dqadt - / / Ue,bdry * VSO andt
0o JH o JH

where we used the decomposition uq = Ua int +Ua pary introduced in Proposition 9. From Proposition
14 we get that ||uapdryl|Loeme)y < Cell@allz.a@m), for some C. > 0 which is bounded with respect to
a, for 0 < a < 1. From the bound (4) on the Z.# (H)-norm of g, we infer that

T
651) [ [ s ] < Tl el
0 H

We write next

[ [ e Vodusti= [ [ Kot ot doa oy
=[] e V) daao)
= [ [ e =) - Kale =) Fott0) danlo) i
= [ [ Nt )

where 3 = (y1, —2) is the image of y; above we have used that g, is the odd extension of ¢, to R?.
Next we symmetrize and write

r r N, (t N, (t
/ / Ugyint * VQO dqadt — / / oc( 7x7y) + a( 7%17) dqa(ac) dqa(y)dt
0 H 0 HxH 2

— /0 ' / [ () dan(a) daa )i

Since K, is odd we have that
1 1
(52) Hg($7y> - EK(X('I - y) : [v@(tax) - VgD(ty)] - §Ka(l‘ - y) ’ V‘P(tax)

— %Ka(y —7) - Vo(t,y).

We have established that u,, satisfies the following weak formulation:

T T
(53) / / Drpdaudt + / / HE(t, 2, y) g () dgaly)dt
0 H 0 HxH

T
+ / / U, bdry * VSO dqadt + / §0<07 [L‘)dq0<$) =0.
0 H H

We now recall the weak vorticity formulation of the incompressible Euler equations in the half-

plane for vortex sheet regularity. For a further discussion of weak vorticity formulations in other
domains see [14] and [12].
19



Definition 15. Let wy € B4 (H)NH ' (H). We sayw € L>(0,T; B.#(H)NH(H)) is a solution
of the weak vorticity formulation of the incompressible Euler equations, with initial data wy, if, for
any @ € CX([0,T) x H), the following identity holds true:

T T
/ / Orpdwdt + / / H,(t,z,y) dw(x) dw(y)dt + / (0, z) dwo(z)dt = 0.
0 JH 0 HxH H
The auziliary test function H, is given by

K . t K . t
H, = Hy(t,x,y) = 1(®y) - Vel 7"”); u(y, ) - Volt.y)

In view of the expression for Ky, see relation (18), it follows that

(54) Hy(t,x,y) = %K(m —y) - [Veolt,z) = Ve(t,y)] — %K(ﬂc —7) - Vo(t,r)

~ 5Ky =) Velt.y).

We will need some properties of the kernels K and K, which we collect in the following propo-
sition.
Proposition 16. There exists a universal constant C' > 0 such that, for all x € R*\ {0}, we have
that

Ko@) < o and |Ka<x>—K<x>|sc£.

In particular, for any 6 > 0 we have that K, Ny uniformly in the set |x| > 0.

Proof. The first bound was proved in [1, pages 703 and 715]. To prove the second bound we recall

that
l’J‘ . é'J_

(Geep) =

Then §L

F(Ky) =F(KxGy) =F(K)F(Gy) = —im.

We can now estimate
1 1
z]* (Ko — K)|| 1o @2) < %Hf[IwI?(Ka — K)]llp@e = o IAF (Ko = K)[n1ee)

adt va &t

A( 2 ) - A( 2
14 afé] 2 1+ (¢

This completes the proof of the proposition. O

1
o

L'(R?) L1(R?) .

We will also need some special properties of the functions Hg and H,. We will see that, in the
analysis of convergence of the nonlinear terms in the proof of Theorem 2, time will be treated as a
parameter. Thus we omit the dependence on ¢ in both Hg and H,,.

Lemma 17. We have that
a) The function H, is smooth on H x H \ supp(¢) x supp(p), supported in He x H U H x He
and vanishes on the boundary of H x H and at infinity. In addition, HS is also supported in
He x HUH x He.
b) The functions HZ and H, are uniformly bounded. More precisely, there exists a constant Ct
such that

(55) [Hg (2, )] < Cellellwase and  |Hy(z,y)| < Cellpllwae.
20



a—0

¢) For all 0 > 0 we have that H) —— H, uniformly in the set |x —y| > 0.
d) There exists a non-negative functzon F continuous on H x H, vanishing at infinity and such
that [H3| < F for all a and [Hy| < F.

Proof. We prove first a). The function
N(z,y) = [K(z —y) — K(z —y)] - Vo(x)
is clearly smooth on H x H \ supp() x supp(y) and supported in HE x H (recall that ¢ is supported

in H¢). In particular it vanishes if = € OH. It also vanishes if y € OH because for such a y we have
that y = y. Obviously

1 1
+ —
[z =yl [z -7l
We infer that NV vanishes at infinity. Since

(56) IN(z,y)| < C(

) IV(a)| < 1

N(z,y) + N(y, =)
2
we deduce that H, have all the properties listed in a). We observe in a similar manner that Hg is

(57) Hy(z,y) =

supported in He x H U H x He. This completes the proof of part a).
To prove part b), we recall the definition of H, o given in (52) and use Proposition 16 to bound

|V¢@%—V¢@N+{ﬂvw@ﬂ+{ﬂvw@ﬂ
|z — | lz — 7| ly — 7|
\V/ v
To + Yo
2 C
saw¢mm+gwmm>
< Cellllwzee

[Hg (z,y)| < C

where we also used that supp ¢ C H°. The same argument works for H,, so this proves b).
To prove c), we subtract (54) from (52) and use the last estimate from Proposition 16 to bound

Hoo) — Hotooy)] < OvalTER =Yoo 2IVe@l o 2 IVet)]

jz —yl? |z —gl? ly — |
<cx/4v¢ﬂ> ;?iwl+cxf4vw()l+CK/4V¢(M
< oyalViele= | o glIVel
|z =y e?

If we assume that |z —y| > 6 > 0 then

a IIV%HLOO [Vellzeey a0
|H (2,y) — (x20\<<?vr( + ) =X

which shows part c).
It remains to prove d). We use (56) and (57) to bound

Vo@)| + Vel _ IVel@)] + [Vely) +1
] N |z =y
Recalling the uniform bound (55) one can easily check that the function
|V¢QH+¢V¢QM+1>
|z =y

[Hg(z,y)] < C

F(z,y) = min(Collgllwa=, C
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has all the required properties. This completes the proof of the lemma. O

Remark 18. The properties of H, above have been discussed and used in [14] and, in fact, they
hold for more general domains. See [12] for a thorough account.

We are now ready to establish our main result.

Proof of Theorem 2. Let us fix qo € (.4, (H) + L'(H)) N H~*(H), independent of a. Let uq, o
solve the a-Euler equations as given by Theorem 1. Since gy € H ~1(H) there exists fy € L? such
that curl fo = go. We know that u,o = (I+ «A)"'Pfy so, by Lemma 3, we have that
[taoll7z + al[Vuaollz: < [l follZ--
The energy inequality (3) now implies that
lua®IZ: + @l Vua(®)ll7: < [IfollZ: ¥t >0

SO g is bounded in L>®(R; L?) uniformly in o. Then there exists some v € L>°(R,; L?) and some
subsequence of u,, which we do not relabel, such that

(58) Uo — v in L®°(Ry; L2) weaks
as a — 0.

The bound (4) implies that ¢, is bounded in L>®(R,; Z.# (H)) uniformly in «. So there exists
some w € L>®(R,; B4 (H)) and some subsequence of ¢,, which again we do not relabel, such that
(59) o —w in L®(Ry; B (H)) weakx
as a — 0.

Taking the curl in (58) implies that

curlu, — curlv  in Z'(R% x H)
as a — 0. Moreover
curl Au, — curl Av  in 2'(R7% x H)
and, therefore,
acurl Aug, — 0 in Z'(R% x H)
as @ — 0. We infer that
Go = curlu, — acurl Au, — curlv in 9’(]1%1 x H)

as & — 0. Comparing this with (59) and using the uniqueness of limits in the sense of the distribu-
tions we infer that w = curlv. Recalling that v € L>°(R,; L?) we further deduce that
(60) we€ LR H .

It follows that

T T
(61) / /&gpdqadt—)/ /atgodwdt
0o JH o Ju

as  — 0. This is the only linear term in (53) which we need to analyze, given that wy = qo.
Putting together relations (51), (53) and (55) we deduce

[(Ot4as ) or.9] < Cellllwze < Ccllo] o
This implies that
100l o 0,734 (me)) < C,
s0 0y, is bounded in L>(0,T; H l;f). By the Ascoli theorem, we find, passing to subsequences as
needed, that
Go — w in C°'(Ry; H,P).
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In particular, for all ¢ > 0, we have that ¢,(t) — w(t) in H,,>. Given that g,(t) is bounded in
B (H), we deduce that q,(t) — w(t) weak-x+ B.# (H).

Let us now address the nonlinear terms in (53).

We apply first Proposition 14 and use that supp ¢ C [0,7) x H¢ to bound

T
| / / Uensiny - V9 dgadt] < CT( Vo] o tiopary | 0520 L 2 0.78.0160)
0 H

62 1 .3
(62) < OT |Vl = 0|3 pyorie
a—0
— 0.

Therefore the nonlinear term in the second line of (53) vanishes as ae — 0.
We now pass to the limit in the nonlinear term in the first line of (53), namely

// | H (6 @,y) dga(@) dga(y)dt.

From Proposition 9 we have that Hg is bounded uniformly in ¢ and «. Since g, is bounded with
respect to a in L>°(0,T; B.#4 (H)) it follows that

/H HHg(t,x,y) dqo () dga(y)

Hence, by the Lebesgue Dominated Convergence theorem, it suffices to pass to the limit for a fixed
time ¢, hereafter omitted. From (60) we know that that w(t) € H '(H) a.e. in time, so we can
assume in the sequel that w € H!(H).

We will prove that

(63) / [ 3t dan(e) daa) “ / [ Hft)do) doty

We know that q,(t) — w(t) weak-x B4 (H). Since |q,(t)| is bounded in AB.# (H), it admits a
sub-sequence, relabeled |g,(t)|, which converges weak-x AB.# (H) to some measure p € B.A (H).
This sub-sequence depends on the time ¢ and we cannot assume that we can choose the same sub-
sequence for all times ¢. But since the limit we seek to find in (63) does not depend on pu, proving the
convergence on this time-dependent sub-sequence implies the convergence for the whole sequence
without extracting the time-dependent sub-sequence.

A crucial property of the measures w and p is that they are continuous: w({z}) = p({z}) =0
for all z € H.

< 1 H || oo e | 9011 5.y

Claim 19. The measures w, |w| and p are continuous on H.

Proof of Claim. We know that w € H~'(H) so it is a continuous measure. It follows, therefore, that
|w]| is also a continuous measure.

Next let us prove that p is a continuous measure. Since ¢, verifies the transport equation (1), we
know from the DiPerna-Lions theory (see [9, Theorem III.2]) that ¢,(¢) is the image measure of g
by a measure preserving flow map X (¢): ¢ (t) = qo 0 X (¥).

By hypothesis gy € B.4 . (H) + L'(H) so there exists q; € B4 (H) and ¢ € L*(H) such that
o= q1+ q2. Let g} = ¢ 0 X(t) and ¢2 = ¢ 0 X(¢) so that ¢, = ¢ + ¢>. Since the flow map X (¢)
is volume preserving, the measures ¢} and ¢2 are bounded in . (H). Extracting sub-sequences
if necessary, we can assume without loss of generality that

Q. 220 by weaks in B/ (H)

¢ 22N 0, weaks in B (H)
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and
g2 2% Wy weaks in B/ (H).

Since ¢y € L'(H) and X (¢) is volume preserving, we observe that the sequence ¢2 = g9 o X(t)
is equi-integrable. The Dunford-Pettis theorem implies that wo € L'(H). Similarly ws € L'(H).
Recall also that ¢; € B4 (H) so q. € B4 (H) which in turn implies that w;, € B.4 | (H).
Since ¢, converges to w weakx in .4 (H) we have that w = w; + wy. We know that w is a
continuous measure. But w, is also continuous as a measure because it is an L' function. We
conclude that w; = w — wy 1S a continuous measure too.
Next we bound

|4l = laa + @2l < lgal + 12| = aa + lazl.
This inequality is preserved by the weaks limit in .4 (H). At the limit we get that

B < wy + ws.

Since ws is an L! function, it defines a continuous measure. Therefore the rhs above is a continuous
measure. Recalling that g > 0 we finally deduce that p must be a continuous measure. This
completes the proof of the claim. O

We continue now with the proof of the convergence stated in (63).
Let 0 < 6 < £/4 and consider a function y € C®(R? x R?%[0,1]) such that xg(z,y) = 1 if
|z —y| < 0/2 and xg(z,y) =0 if |z — y| > . We decompose

(64) / HY dga(z) dga(y) — / Hy,dw(z)dw(y) =11 + 1o+ I3 — Iy
HxH HxH
where

I = / Hxo dga(z) dga(y)
H xH

I, = //M o) (1 = x0) dga(x) dga(y)
I = /HHHu—x@)dqa()dqa /Mﬂa—xwdw()dw()

Iy = // H,xp dw(z) dw(y)
HxH

From Lemma 17 ¢) we know that (Hg — H,)(1 — xg) — 0 uniformly as o — 0 so

(65) I — / /H ) V(1= o) dga () dgo () =% 0.

From Lemma 17 a) we know that H,,(1—j) is continuous on H x H and vanishes at the boundary
and at the infinity. Since g, ® ¢4 — w @ w in B.A# (H x H) we deduce that

66) L= /HHH<1—x9>dqa<>dqa /Mﬁu—x@)dwmdw()ﬂo

Next, let n. € C°(H;[0,1]) be such that t me(z) = 1if 23 > € and n.(x) = 0 if 23 < £/2. The
function 7. (x) 4+ n.(y) is greater than 1 on He x HUH x He. We know from Lemma 17 a) that HS
is supported in He x HUH x H¢, so |Hg| < (ne(w) +ne(y))|HZ|. Using Lemma 17 d) we can further
bound

and

|HY| < (=) +n-(y)) F.
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This allows to estimate the term I; as follows:

n=1f]  Hede@dnw] < [[ 0@+ n0)Fdale dalo)

From the localization properties of the supports of 7. and xg we observe that the function (7.(x)+
n:(y))Fxp vanishes at the boundary of H x H (even in a neighborhood of this boundary). It also
vanishes at infinity because F' vanishes at infinity. Using that |g.| ® |¢o| = ¢ ® p in B/ (H x H)
we deduce that

o)+ no)Fradanl @) digaln) <> [ o) 0.0 Fro dute) o)

SO

(67) fimsup |4 < / / (n-(2) + () Fxo dpu() da(y).
a— H x H

Similarly

o) =/ / Hoxad(o) doy <[ /H () + 0 Pxa ez dlol0),
We deduce from (64), (65), (66), (67) and (68) that

(69) Timsup| / [ 2 @) daol) - / [ (@) du)

i <[] @ ) Pxeduyaut) + [ ) 4 n) o diolta) diel ).

We let now § — 0. We clearly have that y, converges pointwise to the characteristic function of
the diagonal, denoted by 1,—,, and is uniformly bounded. By the Lebesgue dominated convergence
theorem we infer that

éi—l’%//HxH Ne () + 1:(y)) Fxe du(z) duly //HXH Ne(@) +ne(y) F (2, y) Loey dpu(x) dpa(y)

- / () F (e, 2)u({x}) du(a)
=0,

where we used the Fubini theorem and Claim 19. We can show in the same manner that

lim / /H () ) o dll () dlel ) =

6—0

so taking the limit # — 0 in (69) implies that

imsup| [ H2dga()danto) — [ Hpdotw) dut)] = .
X X

a—0

This shows the convergence stated in (63). Putting together (61), (62) and (63) we obtain that
the limit o — 0 in (53) satisfies

/ /3t<pdwdt+/ /HXHH dw(z) dw(y )dt+/ (0, -)dgo = 0.

Therefore w satisfies the weak vorticity formulation in Definition 15 with initial vorticity ¢o. This

concludes the proof of Theorem 2. O
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8. Comments and conclusions

We have shown that solutions of the a-Euler equations on the half-plane, under no-slip boundary
conditions, converge in the vanishing o limit to a weak solution of the incompressible 2D Euler
equations when the initial potential vorticity is independent of o and a bounded Radon measure of
distinguished sign in H~!. Several comments are in order.

First, we emphasize that, for the weak solution of the 2D Euler equations which we are producing
through the vanishing « limit, the test functions are supported in the interior of H. This is in
contrast to the weak solutions obtained by two of the authors in [14], for which the test functions
merely vanished at the boundary of the half-plane, but their normal derivatives were not necessarily
zero. Those weak solutions were called boundary coupled weak solutions and it was shown in [14],
see Theorem 2, that the method of images is valid for vortex sheet weak solutions if and only if
they are boundary coupled. Thus the weak solutions discussed here may not give rise to a weak
solution in the full plane through the method of images. This issue is under further investigation
by the authors.

Second, we comment on a significant technical difference in the proof of convergence, with respect
to the proof of the Delort theorem, namely that we do not know whether the potential vorticities
q® are a priori bounded in L°°(R,; H~(H)). In the case of the 2D Euler equations the approximate
vorticities did satisfy this bound, which, in turn, led to an a priori estimate on the mass of small

balls: / w"(t,-)dy < C|logr|~*/?, thus implying no Dirac masses in the limit. In our vanishing
B(z;r)

a limit we use, instead, that ¢ — w, u® — u, so that, by linearity, w = curlu. Since u € L? we
find w € H~! and, thus, no Dirac masses.

In this work we have discussed only the case of flow in the half-plane. It would be interesting
to study the a — 0 limit in a smooth, bounded domain, with vortex sheet initial data, thereby
complementing and extending the results in [13, 4] to less regular initial data.
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