UNIFORM TIME OF EXISTENCE FOR THE ALPHA EULER EQUATIONS
A. V. BUSUIOC, D. IFTIMIE, M. C. LOPES FILHO AND H. J. NUSSENZVEIG LOPES

ABSTRACT. We consider the a-Euler equations on a bounded domain with Navier slip boundary
conditions. Working with conormal Sobolev spaces, we show that if « is sufficiently small then the
solution exists on a time interval uniform in «. In view of our previous result [4], this implies the
convergence of the solutions of the a-Euler equations towards the solution of the incompressible
Euler equation as @ — 0. As a byproduct we obtain the well-posedness of the incompressible Euler
equation in conormal spaces where only 4 derivatives need to be controlled.

1. Introduction
The aim of this paper is to consider the limit o — 0 for the following a-Euler equations:

(1) Or(u — aAu) +u - V(u — alu) + Z(u — alAu);Vu; = —Vp, divu = 0.
j
These equations are the vanishing viscosity case of the second grade fluids introduced in [6].
Later, they were rediscovered via a geometric principle, and also via an averaging procedure in the
standard incompressible Euler equations, see [11]. As a result, their significance and interest for the
mathematicians greatly increased.
If we set @ =0 in (1) we obtain the incompressible Euler equations:

owu+ u - Vu = —Vp, divu = 0.

A natural question that arises is whether the the solutions of the a-Euler equations converge as
a — 0 towards a solution of the Euler equations.

In absence of boundaries this is a trivial matter because adding « to the PDE brings more
regularity to the equation. Because there are no boundary terms when making the integrations by
parts, one can make the same energy estimates as for the Euler equations and simply ignore the
terms with « (see [9], and also [4] for a simpler proof). Once H® uniform bounds are obtained, one
can easily pass to the limit with classical compactness methods.

The situation is completely different when boundaries are present. The main reason is that the a-
Euler equations have an additional boundary condition with respect to the Euler equation. Indeed,
for the Euler equation one needs to assume that the velocity is tangent to the boundary:

u-n=0 on 0f)

where € is the fluid domain. But for the a-Euler equations, it is necessary to assume either Dirichlet
boundary conditions (the most physically relevant conditions) or the following Navier slip boundary
conditions:

(2) u-n=0, [D(u)n] |tm: 0 on 00

where D(u) is the deformation tensor defined by D(u) = 1((Vu) + (Vu)") and the subscript s,
denotes the tangential part.

In the case of the Dirichlet boundary conditions, it was proved in dimension two that the expected
convergence of solutions holds true in L?, see [10]. Their idea was to adapt the Kato criteria for the
vanishing viscosity limit and observe that the condition imposed by the Kato criteria is satisfied in
the case of the limit @ — 0. But in dimension three, this method does not work and the question
is still open.

In the case of the Navier boundary conditions, a direct estimate on the difference between the
solutions was proved in [4] implying a quite general result stating convergence in L? for the az — 0

limit. Unfortunately, that result has an important hypothesis: weak H' solutions for the a-Euler
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equations must exist on a time interval independent of «. This hypothesis is clearly verified in
dimension two and also for axisymmetric solutions in dimension three because in both these cases
the solutions are global. But in the general case of the dimension three, it is not at all clear why
solutions should exist on a time interval independent of . Indeed, the only type of solutions known
to exist in this case are the strong solutions in H?. These are obtained by making some H? a
priori estimates on the velocity. Unfortunately, it is impossible to obtain H?® bounds on the velocity
uniformly in a (which would be required to obtain a time of existence uniform in «). Indeed, if
such bounds would exist then by the result from [4] we would get that the solutions of the a-Euler
equations converge weakly in H? to the solution of the Euler equation. But weak convergence in H?
preserve the Navier boundary conditions so we would find that the solution of the Euler equation
verifies the Navier boundary condition. That would be a contradiction because the Euler equation
does not preserve in general the Navier boundary conditions.

So, in order to obtain a uniform time of existence some new solutions must be invented. The
ideal result would be to prove existence of weak H! solutions. Unfortunately, even though H*
energy estimates are available, we were not able to prove the existence of weak solutions from these
estimates. We propose instead some sort of “strong solutions” whose regularity involve only one
normal derivative and not two or more. As explained above, due to the difference in the boundary
conditions it is impossible to control two normal derivatives of the velocity. We will use the so-called
conormal spaces where the regularity is measured only via tangential derivatives. The conormal
spaces are a well-known tool in the study of symmetric hyperbolic systems, see for instance [8, 14],
and they were also recently used in the vanishing viscosity limit, see [12].

In order to state our results, we first explain our function spaces (the precise definition will be
given in Section 3 below). We denote by H!" the space of square integrable functions such that
all tangential derivatives of order < m are also square integrable. The space X™ is the same as
HT except that we allow one of the derivatives to be non-tangential. The W is the space of
bounded functions such that all tangential derivatives of order < m are also bounded. Let us also
define w® = curlu — aA curl u.

Our main result is the following theorem. We will assume in the sequel that €2 is a smooth and
bounded open set of R3.

Theorem 1 (uniform time of existence). Let ug be divergence free and verifying the Navier boundary
conditions (2). Assume moreover that uy € L* and w§ € H? ' NWL® where m > 5. There erists
ap > 0 sufficiently small and a time T > 0 independent of a such that for all 0 < a < oy there
ezists a solution u of (1) and (2) bounded in L*°(0,T; X™ N W) independently of a. Moreover,
the time existence T depends only on |lug||zz, [|w§lyy1~ and ||wg|

H$71 .
Combining this theorem with [4, Theorem 5] immediately yields the following convergence result:

Theorem 2 (convergence). Let uy be divergence free and verifying the Navier boundary conditions
(2). Assume that ug € H>* N Wk and curl Aug € H2. Let @ be the solution of the incompressible
Fuler equations with initial data ug. There exists some time T independent of a and a solution u®
of (1) and (2) on [0,T] with initial data uy such that

il{)r%) ||Ua — EHLO"(O,T;LQ) =0.

Finally, as a particular case of Theorem 1 (case o = 0) we obtain a new existence result for the
incompressible Euler equations.

Theorem 3. Let uy be divergence free, tangent to the boundary and such that ug € X* and curlug €
Whoo Then there exists a unique local in time solution u of the incompressible Euler equations with
initial data ug such that uw € L>(0,T; X* N W),

An existence result for the Euler equations in conormal Sobolev spaces was also obtained in [12].
But our theorem imposes less regularity on the initial data. Indeed, in [12] the authors assume that
up € X7 while we only need ug € X*. Let us also observe that, compared to the classical existence
result of H? solutions of the Euler equation, only one additional derivative is required in Theorem

3.
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The structure of the paper is the following. In the next section we introduce some notation and
prove an identity related to the Navier boundary conditions. In Section 3 we introduce the conormal
spaces and show some inequalities in conormal spaces. In Section 4 we show some elliptic estimates
in conormal spaces. We prove next in Section 5 the a priori estimates on the solutions of (1). In
Section 6 we construct a sequence of approximate solutions and we use the a prior: estimates from
Section 5 to obtain Theorems 1 and 3. We end this paper with a final remark in Section 7.

2. Some notations and preliminary results
Let

w = curlu and w* = w — aAw.

Applying the curl to relation (1) implies the following equation for the vorticity w®:
(3) Ow® +u -V —w* - Vu =0

We denote by n a smooth vector field defined on Q such that its restriction to the boundary
is the unitary exterior normal to the boundary. We assume moreover that ||n|| = 1 in a small
neighborhood of the boundary Qs = {x € Q ; d(z,0Q) < d}. We introduce a smooth function
d:Q — R, such that d never vanishes in € and such that d(x) = d(z, 09Q) for all 2 € ;. In other
words, d is a smooth version of d(z, 052).

For a vector field w we define

Wign = W X N and  Wpey = W * M.
We observe that for any vector fields w and w we have the following relation:
W+ W = Wian * Wian + WnorWnor ON Qé-

More generally, the above relation holds true everywhere if one multiplies the LHS by ||n||?.
We now show (or recall) some identities related to the Navier boundary conditions.

Lemma 4. Suppose that u is divergence free and verifies the Navier boundary conditions (2). Then
(4) wxn:—anZui(nxV)niEF(u) on 082
and

n-Opw=MnxV) F(u)—(nxV)udivn = G(u,(n x V)u) on I

Proof. Relation (4) was proved in [5, Eqn. (14)]. Next, we use that w is divergence free and write

(Opw) -m = Z nn;O;w;
= Z n;(n;0; — n;0;)w,
= Z ’n,] ’I”LZCUJ ZO)] TLJ n; )nz

= — E (n;0; )(niw; —njw;) —w - ndivn + g w;n;0;m;

.
1
=nxV) (wxn)—w-ndivn+ Jw- v(||n|?)
Using (4) and the identity w-n = (n X V)u and recalling that ||n|[> = 1 in the neighborhood of the

boundary completes the proof of the lemma. O
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3. Conormal Sobolev spaces

The conormal Sobolev spaces are defined by using a family of generator tangent vector fields.
Here, in order to simplify the presentation we will use a particular family of generator tangent
vector fields. We define it in the following way. Let Uy = {z € Q ; d(z,0Q) < 6} and U, = {z €
Q; d(z,0Q) > 6/2} and g, ¢1 € C°(Q) be a partition of unity subordinated to the open cover of
Q given by Q = Uy U U;. We have that ¢, is compactly supported in Uy and is equal to 1 in s /2-

The function ¢, is compactly supported in U; and is equal to 1 in §. Since ||n|| = 1 on Uy, the set
0 ng —MNo 1 0 0
Z= {900 —n3 | ,%o 0 » 0 ny ) <P0nd(13> aQ)? ¥1 0 » P1 1 y P1 0 }
Ny —ny 0 0 0 1
= {Zlu"'7Z7}

is clearly a family of generator tangent vector fields.
If 5 € N7 is a multi-index, we introduce the notation 5 = 8@1 . 8?: For m € N, we introduce
the so-called conormal Sobolev space H]} which consists of all square-integrable functions f such

that 05 f € L*(Q) for all |3] < m. The norm on H' is given by
1 = D 102 F117=.
18l<m

We define in a similar manner W™ by using the L° norm instead of the L? norm. Finally, let
X™ be defined by

X" ={f; feH" and Vf € H" '}

with norm
[ llxm = 11 ey + IV Nl g
It can be checked that the following identity holds true
0 ng T2
n X (n X u) = (ngus — naug) | —ns | + (nyuz — nzuy) 0 + (nouy — nqug) | M
%) —nN1 0

for any vector field u. So, in view of our definition of Z, we have that

won X (n X U) = (TL3’LL2 — TLQUg)Zl + (n1u3 — ’I’Lgul)ZQ + (ngul — TlllLQ)Zg.

Next, because of the identity ||n|*v = —n x (n X u) + n(n - u) and since on the support of py we
have that ||n|| = 1, we can decompose
pou = —pon X (n X u) + pon(n - u)

u-n
- (’l”LQUg - nSUQ)Zl + (ngul - n1U3)Z2 + (7’L1U2 — TLQUl)Zg + 724

We also trivially have that oiu = u1 Z5 + usZg + usZ; and since g + ¢ = 1 we finally deduce
that the following decomposition holds true for any vector field u:

U = QoU + Y1U
u-n
= (n2u3 — ng’UQ)Zl -+ (n3u1 — 7”L1U3)ZQ -+ (n1u2 — nzul)Zg + —Z4 + u1Z5 + U2Z6 + U3Z7
d

7
i=1

A very important property of this “canonical decomposition” associated to the set Z of generator
vector fields is listed in the following lemma.

(5)

Lemma 5. Let u be a divergence free vector field tangent to the boundary. For any m € N there
exists a constant C = C(m, Q) such that ||[U;||ppn < Cllullgm+ and ||[wllyme < Cllullym+1.0 for
every i € {1,...,7}.
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Proof. From the explicit formulas for the u; the assertion is obvious except for uy. Because u is

tangent to the boundary, we can apply Lemma 6 below to u - n to deduce that
u-n
|2 < Ul nllag + - ¥ G- n)l).

il = [ <5 .

We have that
n-Vu-n)= Z n;0;(nju;)
Y]

= E ni(‘?injuj+ E ninj(‘)iuj
,J ,J

=n-Vn-u+ Z ni(n;0; — n;0;)u; + ||n||* divu
1,3
.3
Because n;0; — n;0; are tangential derivatives, we immediately deduce that
I -V (u-n) [z < Cllul g

SO

[tallprm < Cllull gmer.

A similar argument works for the W2*° spaces so the proof is completed. O

We show now the following easy lemma who was used in the proof of the previous lemma.

Lemma 6. Let f be a function vanishing on the boundary of Q). For each m € N there exists a
constant C = C(m, Q) such that

Hg‘ o < C(Iflerm + Clln - V f| )
and
Hgmeoo < C(f w4+ Clln -V fllwzee).

Proof. The inequalities are obvious in a compact subset of 2 because in such a region d has a
strictly positive uniform lower bound. We only need to prove something in the neighborhood of the
boundary. Using local changes of coordinates combined with a partition of unity of the neighborhood
of the boundary and recalling that the conormal spaces are invariant by changes of variables, we
see that it suffices to prove the stated inequalities in the following setting:

e () is the upper-half of the unit ball By = {z € R?; ||z|| < 1 and z3 > 0}.
e f vanishes on the flat part of B,: f(x1,25,0) = 0.
e the conormal spaces are constructed using the vector fields 9y, 0y and x30;.

So we need to prove that

1f /23l gy < CUf et + CllOsSfllmgy)  and | f/zsllwz < CUfllwzo + CllOsfllwz)-

These bounds are easy to prove since we can write by the Taylor formula

f 1
— :/ Osf (21, 2o, tws) dt
XT3 0
SO X
31’81352@333)53@/%) :/ (afla252(t$333)5333f)($1,$27t$3) dt
0
Taking the L*> norm yields

1072052 (2305)% (f [3) | e < [|07 05" (2305)% D5 f || 1o
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while taking the L? norm gives
1
1072952 (2303) (f /3) | 12 </ 1(07 05 (t305)% 05 f ) (21, T2, t25)|| 124y dt
0

1
1
B / || (alﬁl 852 (y38y3)53893f) (xla L2, y3) HLQ(dmdmdys)ﬁ dt.
0

The last L? norm is not on the full domain B, (like the other L? norms). Because of the change of
variables y3 = txs, the domain of integration of the last L? norm is the subset of B, formed by the
triples (xq, x, tx3) where x € B,. Since the L? norm is taken on a subset of By, we can bound it
by the norm on the full B, obtaining in the end

- dt = 2/|07 052 (2305)%2 D5 f || 2.

1
10708 (305 (F )12 < 1195082 (5) s | 12 / -
0

This completes the proof of the lemma. Il

1

The next result shows that the gradient of a divergence free vector field is controlled by the
vorticity and by tangential derivatives only.

Lemma 7. Let k € N and u be a divergence free vector field. There ezists a constant C' = C(k, ) >
0 such that

[Vl < Ol + ullysne)
where w = curlu.
Proof. In the interior of €2 the bound is obvious, so we only need to prove it in the neighborhood of

the boundary. We will prove it in €25 where ||n| = 1.
Because of the identities

n
V=—-—©oXxnxV)+—=(n-V)
Tle < V)
and
n
U= _||n||2 X (n X u)+ ||n||2<n - u)

we observe that it suffices to bound [|n - V(n - u)|| ke and [[n - V(n X u)[jre~. Thanks to (6) we
have that
[n -V (n-u)llyre < Cllufl e

To bound || - V(n X u)|| ke, let us consider for example the first component:

[n-V(nxu)], = Z n;0;(naus — nauz)
= Z ni(@nng — aing’LLz) + Z ni(ngaﬂig — ngaﬂtg)
= (TL . VTL X U)l + Z nz[(m@ — nif)g)u3 — (7’L36Z — 7%83)’&2} + ||n||2w1.

We infer that
I 9 x W)l < Ol + ellgsn)
and this completes the proof. O

We end this section with the following technical results about the conormal Sobolev spaces:

Lemma 8. a) For allk € N and |1| + | 52| < k we have that

(7) 105 f07glle < CIfleellgllze, + 11.£ 11z, gl z)
and
(8) 19l < CUfl zellgllax, + 1111 ax lgllzee)-
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b) The imbedding X* C L* holds true.

Proof. Relation (7) was proved in [12, Lemma 8|. Relation (8) follows from (7) and the Leibniz
formula.

We prove now the embedding stated in item b). In the interior of {2 the H" regularity is the
same as the H™ regularity. Since in dimension three we have the embedding H? C L* the desired
embedding holds true in a compact region of €2. Therefore, we can assume that we are in the
neighborhood of the boundary. Using a change of coordinates and a partition of unity, we can
assume that the domain 2 is the half-plane Q = {z ;x3 > 0}. Let us denote x;, = (x1,x2) and take
some f € X2 We have that f and V,,f € H'(2). By the trace theorem, for all 3 > 0 we have that

F(-,x3) and V,, f(-, x3) € H2(R?) so f(-,x3) € H?(R?). The Sobolev embedding H? (R2) C L>®(R2)
completes the proof of item b). O

4. Some ellipticity results in conormal spaces
We start with the following easy lemma relating velocity to vorticity in conormal spaces.

Lemma 9. Let u be a divergence free vector field tangent to the boundary. There exists a constant
B, = B(m, Q) such that the following inequality holds true:

[ullxmer < Bm([[ullz2 + ol mg)
where w = curl u.
Proof. Let 0 be a tangential derivative of order m. We use [7, Proposition 1.4] to write
IVOZullL> < C(|07 ullL> + [ curl 07 ul| 2 + || div OF ul| 12 + (|1 - OF ull gr1/2(90)
< Clllullg + llwll g + [[[eurl, 07 ull 2 + [[[div, 07 Tull 2 + [[[n-, 07 ull 11/2(90))
where we used that u is divergence free and tangent to the boundary. Clearly
lfeurl, 07 Jull 22 < Clluf|xm

and
[[div, 07 Jul[ 2 < Cllul|xm-

We observe now that [n-, d%']u is a combination of tangential derivatives of u of order < m —1. But
if 8?_1 is a tangential derivative of order < m — 1 then we have that

107~ ull 1200y < CllOZ ™ ullmaa) < Cllullxm-
We infer from the above relations that the following estimate holds true:
[ul[xmer < Cllullxm + [Jw]laz)-

Clearly one can now iterate the argument and bound the term ||u||xm on the right-hand side. After
m iterations we obtain the desired conclusion. U

The main result of this section is the following elliptic estimate:

Proposition 10. Let m € N. Suppose that u is divergence free and verifies the Navier boundary
conditions (2). There exists ag = ap(£2,m) and a constant C' > 0 such that for all o < oy we have
that

[ullxmsr < C(fJullzz + [lw®|

Hm)-

Proof. We will in fact show that for a < ag (with oy < 1 small enough to be chosen later) there
exists a constant C' such that

(9) [ullZmer + allwlzms + 0| Aw|

i < ClullZz + [lw]

fy)-

We proceed by induction. We consider first the case m = 0.
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Case m = 0. Since X' = H' and H = L? we need to prove that if a < o then
[ullFr + allwlin + o®[[Awll7: < C([lull7z + w[17:)

for some constant C' = C'(ay, 2).
Clearly

o[22 = [lw]2s + 02| Aw2> — 20 / - Aw

— [lwlPs + @ AwlPs + 2a] Ve|2: — 20 /8 w0

We use Lemma 4 to write the boundary terms under the form:

/ w - 8n‘-"j = / Wean (anw>tan + / Wnor (anw)nor
o0 o0 o0
= / F(u) - (0,w)tan +/ Wnor G(u, (n X V)u)
oN

onN
= Il + ]2.

We go back to an integral on 2 by means of the Stokes formula:

o= [ o Gl 900 = [l Gl % T = [ 3 s Gl 6 9

SO
Ia| < Cl|lwll 2l + [l llulle).

We use again the Stokes formula to write

/8 F (W) - (Onw)ian = /a ) F(u)-(;ni@w)tan: / an (010)ran
/28 * (Ow) tan) -

Expanding the last term above and separating the terms containing second order derivatives of w,
we observe that we can bound pointwise

IE:8 (0iw)tan] = F (1) - (Aw)tan| < C(lul + [Vul)[Vw].
We infer that we can bound
11 < C [ (ul + [FuDIVel +C [ [P) (Ahinl < Cllalln [Filiz + Clfelzo |l
The previous relations imply that
| w-0u] < Clwlzzllullan + OVl +Clulz2| Al

But we have that [|ul|zz + [|w||z2 =~ ||u||g and |Ju||zz + ||w|| g = ||u]| g2 (see [7, Proposition 1.4]),
so we can further write that

\/ w - Onw| < Cllullze + llwllz2) (lwllz2 + [Vwllz2) + Cllul r2l| Aw]] 2
We conclude that
o122 = llwllZe + o Aw|Z2 + 20]| Vw|72 — Callul| 2 [ Aw] 2
— Ca((Jull 2 + [lwll2) (][22 + [Vl £2)
> (1= Ca)lwlz. + %2||Aw||%2 + ol Vw72 — Cllul|Z..
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We finally obtain that

2
Eox
lullZ2 + eollw™(IZ2 = (1 = Ceo)[lullz2 + €o(1 — Callw]Z2 + DTHAWH%Q +eoa||Vew|[Z:
> Cleo, @)(|lullpn + 0| AwlZ2 + o Vw[72)

provided that o and ¢, are sufficiently small. This completes the proof in the case m = 0.
We show now that step m — 1 implies step m.

Step m — 1 implies step m. We assume that we have proved
(10) [ull3em + allwim + | Awlfm-1 < Kpoa([ullze + lo®(5m-1)
for some constant K,,_; and we want to prove that

(11) [ullZmer + allwlxme + 0| Aw|

iy < Kon([[ullZ + o]

)

for some other constant X,,.

Let 97 = 95 be a tangential derivative of order less than m: 8 € N7 verifies |3] < m.

If Ow is a tangential derivative, we will denote by 0}, the transpose of Oy, i.e. if Oy = >, W,;0;
then O}y, f = =Y, 0;(Wif) = —divW f — 0w f. Because dy is a tangential derivative, we have that
fQ owfg= fQ [0}, g for all f and g without need to assume any boundary conditions on f and g.

We have that

107w |72 = 107 wll7> + (|07 Awll7> — 204/93?00 -0 Aw
We perform now several integrations by parts:
—/8}”&) -0y Aw = —/(8’2")t 7w Aw
Q Q
= / V(97) ! 0%w - Vw — / (O 07w - Opw
Q o0
We wish now to commute the gradient with 07'. Repeatedly using the formula

(13) Jodto=[arowa- [ feadve-3 [argou,

we observe that we can write

(12)

/ V(97) 0% w - Vw = / Vojw-0yVw+ I
Q 0

where
|| < Cflw||xm+a{Jw]|xm.

Moreover,
m m 1 m 2 1 m 2 1 m 2
[ Vogu - 95V = SIV05wlLs + 5105 Velt — 51V 71wl
where the last term can be bounded by
IV, 071wl z2 < Cllwll3m-

It remains to estimate the boundary term in (12). To do that, we proceed as in the case m = 0 by
decomposing w = wWiap + Whor and writing

/ (030 - Do = / (020w - (Ou)ran + / (02 05 lnor (Da)ner
o0 o0 o0
= Jl + JQ



Using Lemma 4 and the Stokes formula we can write

Jy = /a 0 (0505 Gl (0% V)
_ Z /Q 0, [(02)' 03 w; Clu, (n x V)u)]
=3 200227] Gl 0x D) + 3 [ @503 2[00 (0 x ]
- Z /Q 3 [(97) g wi] Glu, (n x V)u) + Z /Q 9w 97710;[G(u, (n x V)u)]

= Jo1 + Jao

where 8?“ denotes a tangential derivative of order < m+1 and 8?’1 denotes a tangential derivative
of order < m — 1. Clearly

[ Joa| < Cll07 w2107 VIG (u, (0 x V)u)]||2 <

Repeatedly using relation (13) we can also bound

| Jo1] <

We go now to the estimate of the term J;. Recalling that in the neighborhood of the boundary
we have the decomposition w = n X Wi + Whor N, We can write

Jl = / [(a?)ta?w]tan : (8nw)tan = / [(agn)tarzn(n X Wian + Wnor n)]tan : (anw)tan
N 0N

- / (0505 (0 % o (0o + / (020 (wnor M)}t (O ran = Tir + .

o0

Using Lemma 4, the fact that d is a tangential derivative and that 0%, is —dz plus a zero order
term, we deduce that (9%) 07 (n X wian) = (07)'0% (n x F(u)) = (0%)'0% F(t)tan on the boundary.
We infer that

Tu=2 | @50 F(ulianlion - 01
-3 / 00 {(09)/0 F (1) - (0
—2 | 102 O F Wi} - 0+ )3 JACAR AT
_ Z /Q 0 {[(93) 05 F () tan)tan } - (&-w)mﬁ; /Q (D) 02 F (4)rantan - (A0)tan
+ Z /Q (0505 F(W)sanltan - (00 x Oin)

= Jin + Ji2 + Jus
Using relation (13) m times we can bound
|[J111| < Cllullxme|w||xm
Integrating by parts m times allows to estimate

| J112| <

and

|[Juas| < Ol rrgg |l xomr
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This completes the estimate of the term .J;;. We claim that exactly the same estimates hold true
for the term Ji5. Indeed, the key point that allowed us to estimate Jy; is the fact that thanks to
Lemma 4, on the boundary the expression [(0%)!0% (Wnor 7)]tan can be written as a combination of
tangential derivatives of u of order 2m at most. But exactly the same holds true for the expression
[(OZ) 0% (wnor 1)]ian- Indeed, because of the identity wyor = w - n = (n X V)u and thanks to the
Leibniz formula, we can write

[(OF)' 0% (wWnor M) ]tan = (OF)'07 ((n x V)un) x n = (07)'07((n x V)u)n x n+T

where the expression I' is a linear combination of tangential derivatives of u of order 2m at most.
The first term on the right-hand side vanishes, so we can conclude that the estimates we proved for
Ji1 hold true for Jy5 as well.

From the previous estimates we infer that

107w 122 = 105 wlLz + o107 Awl L2 + ol VOFwl 12 + a9 Vel 12

— Ca([|lw]lxm[[w]lxme + |l

agr [ellxmer + [[wllxmes [ul] e

+ lJullxmer ol xm + lull g [ Al )

Summing over all possible choices of 07" we get

[z = llwllZigy + 0| A7y + o[ V]

2 — Callwllxmlleollcns + o] gy 1l o

AWl )

F ol el s 4 el xmes |l xm + ul

= |l + o Awlfpy + VWl — CaR

m
Hco

where

Awl

R = [lwllxml[wllxmer + [[wll g [fullsomer 4 ol omer ([l g+l xmer{[][xem 4 [l | Aw]| -

To prove (11) it clearly suffices to show that there exists € > 0 and K/, such that
(14) [ullimr + allwlxmer + o | Awlfr < K, (lullZ + w5 + ellw® 1Zy)

Using (10) we have that

(lulliom + allwliom + || Aw|Fm )

ullZe + ™ s + ellw® |y > -

Kmfl
+ el|wlFm + e®| Aw||fp + eal V| }pm — CacR
Thanks to Lemma 9 we can estimate

2 _ 2
Hn — 2Km_1 HuHXm + 2Km_1

lullZom + €lw] lullZm + €lw]

2 2 € 2
Ko Hm 2 m”unxm + B—%HUmeH

provided that ¢ < Tjn_l which we will assume to hold true in what follows. Writing also

lwllm + el Vel > lwllm + Crellw|lZmn

1
Km—l 2I(m—l

we infer from the above relations that

2
.
HE = 2K, 1

+ Coe([[ullfmin + allwlfmn + 0| Aw]Zy,) — CacR.

(15) flullZz + w5 + ellw®] (lullZm + allwlzm + 0| Aw[lfm)

It remains to estimate the term CasR. We bound first

R = [wllxmllwl]xmer + lwll e l[allxmer 4 [l xcmer [l gy + lullsomerllwllxem + ol gz | Aw]

< Cllwllxml[wllxmer + [[wllxomss [ullxomer + [lullxm [ Aw
11
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We use next Lemma 9 to write ||ul|xm+1 < C(JJul|xm + ||w||xm) and deduce that

CaeR < Cacljw]|| xm+1 (|w]|xm + [|ul|xm) + Coel|ul| xm|| Aw|| g
CQ&?

< S (allwlima + o[ Aw]iy) + Ce(l + a)l|ullm + Caellw|[xm.
Using this bound in (15) implies that
a o CQE
ez + Nl -1 + el I = = (lullim + allwlim + | Awly,)
+ (sz_l — Ce(1+ a))||ulim + a(2Km_1 — Ce)||w||%m
Cse
> %(Hu\limﬂ + aflwlxma + o[ Aw|[7,,)
provided that ¢ is sufficiently small. The above relation implies that (14) holds true. This completes
the proof. O

We will also need some WL elliptic estimates for the operator 1 — oA in the setting of the
conormal Sobolev spaces. We start with an L bound.

Lemma 11. There exists a constant C' independent of a such that the following relation holds true:
1Bl oo + Vel VA o + al| AR|| 2 < C([|h— aAh]| e +[|B]| L o0) + Ve[ hllwre o) + ol Bz oa)).

Proof. We assume first that h vanishes on the boundary of Q. In this case, it was proved in [2,
Lemma A.2| the following inequality:

VA7 < Cil[A]| o | AR oo
From the maximum principle we have that
[Pl < A — aAh] Lo
SO
ARl = <17~ 02h ~ bl <
We conclude that
(16) a||[ VA~ < 2C1|Al[ L= [k — aAR| = < 2C1 ||k — a7

which completes the proof in the case when h vanishes on the boundary.

We consider now the general case. Let H be a W% extension of h|8ﬂ to Q2 such that || H ||yyr.c0 () <
C||h|lwr.e(aq) for all k € {0,1,2}, where C' depends only on €2. Because h — H vanishes on the
boundary, we can apply relation (16) to h — H to obtain:

2
(lh = aAh|lz= + [hll=) < —[lh — @Ak L.

Q|+

Val[V(h = H)|lz~ < Cllh — H — aA(h — H)||z= < Cl[h — aAh| = + C| H|| = + Cal| H |2
< Cflh = aAh|pee + Cllhl|z~00) + Callh]lw2<o0)-
We infer that
VallVhll = < ValVH = + Cllh — a1 + Al =om) + Calhllwamon
< Cllh — alhl = + Cllhllz=on) + Cv/allkllwro(oa) + Callblzo(on)

The L* bound for A follows from the maximum principle and the L* bound for Ah is obvious
from the triangle inequality: o||Ah|/z~ < ||| + ||k — @Ah|[f~. This completes the proof. O

We can now prove the WL> estimates for 1 — aA.

Lemma 12. Suppose that u is divergence free and verifies the Navier boundary conditions (2).
There exists ag = ap(S2) and a constant C'= C(2) > 0 such that for all « < ap we have that

wige < Ol wage + Vallul
12
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Proof. Recall that
(17) w— alAw = w.
We observe first that
w-n=(nxV)-u.
Because of the identity w||n||* = n(w - n) — (w x n) X n and using relation (4) we observe that
w=n(nxV) -u—F(u) xn on df.
Therefore, for k € N, we have the bound
(18) lwl[wrean) < Cllullyree.

We use Lemma 11 to deduce that
(19)
lwllze + Vealwllwie + al| Awll e < C(llw?]|z + |lwllz=@o) + Valwllwie@a) + allwllvzeoe)
< C(lwllze + Nullyzee + Valullyze + allullyz).
Next we apply a tangential derivative 0z to (17) and obtain
Ozw — aAdzw = 0w + a0z, Alw.

As above, we deduce from Lemma 11 the following inequality:
(20)
|0zl + V| V0l < ClI07 1w + [0, Al + [l + vValulyse + allull ).

We prove now that the following estimate holds true:
(21) [wllwze < Cllwllwree + [Vl + [[Aw|pe).

The inequality is obvious in € \ €25, so we only need to prove it on {2s5. But in this region we have
that ||n|| =1 so

V=-nx(nxV)+no,

where 0, = n - V. Because n x V is a tangential derivative, to prove (21) it suffices to show that

(22) 105w w2 (0,) < Clllwllwree + [ Vewllyzee + [[Aw]|ze).
But
A=V:-V=(nx(nxV)=nd,)-(nx(nxV)—nd,)
and
(n0n) - (n0y) = n - 0y + |In]|*0; = %&z(HnH?) +|Inl[*0; =0, on Qs
because ||n|| =1 on 5. This observation immediately implies relation (22), so (21) is proved.

Next, since [0z, Alw is a linear combination of derivatives of second order or less of w, we can
bound
all|0z, Alw|re < Callwlw2e < Ca(fwlwre + [[Vwllyre + [|Aw]| o)
< Calllwlwie + [Vellyge) + Ol + s + vValullyz + allullyg)
Using this relation in the bound for dzw given in (20), adding to the bound for w given in (19) and
summing over all tangential derivatives 0z implies
[l + Vallwlwio + Vall Vel < Calllwflin + [ Twly)
+ C(llw g + lullwzee + Vallullyze + allullyse).

If « is sufficiently small, the first term on the right-hand side can be absorbed in the left-hand side

and the conclusion follows. O
13



5. A priori estimates

In this section, we prove some a priori estimates for Theorems 1 and 3. These a priori estimates
will be used in conjunction with an approximation procedure to yield the rigorous existence of the
solutions in the next section.

We do first the a priori estimates required for Theorem 1. We start by making H™~! estimates
on the equation verified by the vorticity given in (3). We apply 95 to (3), multiply by djw®, we
sum over |3| < m — 1 and we integrate in space to obtain that

1
g0l == S [ S vumater+ 3 [ O Vot = 1+
|Bl<m—1" < 18l<m—1" ¢
We first bound /5 by using Lemma 8, item a):

|| < Cllw® - V| gt [|w®]

——e

|

ng [Vl o + |Vl

mz (o a0l zee)

7
To bound I, we use the decomposition from relation (5), u = ) u;Z;, and write
i=1

L= ) / 95 (u - Vw*)dpw®
Q

|Bl<m—1

> Z /Q 05 (07,0 ) D™

|Bl<m—1 i

= Z Z/ﬂiagaziwaagwa—i-fn
. Q

Bl<m—1 1

=Y ¥ / U0z, 0w+ Y Y / Ui[02, 0z, |w0bw® + Iy
- [¢) . Q

|B|l<m—1 1 |B|l<m—1 1

/ u- Voqwojw + > > / W05, 07w dgw® + Iy
|Bl<m—1"¢ Bl<m—1 i 7%

= Lo+ Lz + 11,

where

hi= >, Z/[3§(ﬂi<‘9z¢w“)—ﬁiaéaziw“}agwa.
~ Ja

|Bl<m—1 i

Now, an integration by parts using that u is divergence free and tangent to the boundary im-
mediately yields that I;o = 0. Next, we observe that [85, Jz,] is a tangential derivative of order
<m — 1 so we can bound

Tal < D0 D Nille 1102, 02, ]w% 1210707 2 < Cllaally e o[ 3-

|Bl<m—1 i

where we used Lemma 5 to bound ||tz < Cllul[yy,e.
We estimate now ;. We remark that it can be written as a sum of terms of the form

/@%@ww%awM1<w<m—waHm<mmmmm>L
Q

We now estimate a term of the form given above. Since 71 # 0 and v, # 0, we can write 0}'u =
070z, and 0/ w* = 0 0z,w" for some j and k. Clearly |ys|+ |74 < m — 2. Using Lemma 8, item
14



a) with k = m — 2 and Lemma 5 we observe that we can bound

‘ /Q Op 0 Ofw® Ojw®| < ||0F 02, 8% 0, w™ || 12]|05w° || 2

C([|0z,u| Lo |0z, w*|

“]

O oy [P0 T

<
<

Cllullyzpell | - + lluall g o oo o || -1
We obtain from the previous relations the following differential inequality for the H™~! norm of

wa.

(23) Oellw 3z < Cllw I (IVullzoe + lullyze) + Cllw®]

m—1 m—1
HC() HCO

ag e [0 [y e

We recall now that the quantity ||ul|3, +2c||D(u)]|72 is conserved. Let us introduce the following
norm:

[ullfm = llullZz + 20l D(u)]IZ2 + o |71
Then from Proposition 10 we have that ||u||x= < C||u|lym. From (23) we infer that
Oellullym < Cllullim (IVull e + ullyze + lw®lyye).
From Lemma 7 we deduce that

IVl g~ + [|u|

wze < O([lwllpe + [lullyze)

From the maximum principle applied to the operator 1 — @A and using relation (18) we deduce
that

[wllzee < [Jw[|pe + |lwllzea0) < lw* [z + Cllulflype
so that

IVullze + lullyze < CUlw®]pe + Jullyze) < C(lw ||z + [lullxs) < Cllw || + [Jully=)
where we used the embedding X? C L* proved in Lemma 8, item b). We conclude that
(24) Orllully= < ClluflFm + Cllullym]lw®|lye-

It remains to estimate the W1 norm of w®. To do that, we use the equation for w® given in
(3). We view it as a transport equation with source term w® - Vu. We have that

t
[w* @)L < Mgl +/ [ ()L IV u(s) || L ds
(25) "

t
< Jlwgllz~ + C/O o ()| oe ([lw® ()] L + [[u(s)[[ym)ds

7
Next, we apply a tangential derivative 0z to (3) and recall the decomposition v = Y u;Z; to
i=1
obtain

0:07w” + 07(> _ Ui0z,w”) — Oz(w™ - Vu) =0

SO

007w” + u- VO = =Y 07;07,0% = Y W[07,07,)w™ + 0z(w” - Vu).
We infer that i i

020 () ||z < [|0z005 (|2 + /Ot 1Y 071:07,0% + ) Wi[07, 07w — 0z(w® - Vu)|| .
Summing over all Z and using also (25) we get the following bound for the WL* norm of w®:

t
(@l < gl + C/O ()| zoe ([l ()| L+ [Ju(s)[[ym)ds

t
+C’/0 (o) e + IVuls) ) llw ($) e ds-

15



Next, we estimate ||u][y1.0 < Cllully20 < Cllullxs < Cllully=. It remains to bound [[Vuy1,0.
To do so, we use Lemma 7 and Lemma 12 to write

IVullyee < Cllwllygee + llullyzee)
< Clw e + lullyze + Vallullyz + elluflyie)
< Cllw e + lullym + Valullyae).

The last term on the right-hand side can be estimated using Lemma 9, the relation (9) and the
embedding X? C L*:

(26)  Vallullys= < CVallulxe < CVa(llullz + lwllug,) < Cllullzz + [lw*lmz,) < Clluflyn.

where we used that m > 5. We conclude that
t
[w* )l < llwgllyre +C i (™ lypaee + lJullym)llw® ()|l ds.

Combining the above relation with (24) integrated in time implies that the quantity
F(t) = lu()[lym + l|lw® (@)l

verifies the following relation

t
F(t) < Clluollz: + CVel[Vuol|z2 + Cllag -1 + Cllwg e + C/ F(s) ds
0

< Clluol| 2 + Cllwyg|

t
s+ Ol g + € [ F2(5)ds
0

where we also used Proposition 10. Clearly this implies a bound uniform in « for F' on a time
interval uniform in « provided that the quantity

[woll 2 + llwg |z + llewg llywz,o

is bounded uniformly in «. We finally observe that ||u||y1.~ < C'F and this completes the proof of
the a priori estimates for Theorem 1.

To prove the a priori estimates for Theorem 3, let us simply set @ = 0 in Theorem 1 (which is
allowed). Then the minimal required hypothesis becomes ug € L? and wy € H* N WL which in
view of Lemma 9 is equivalent to ug € X° and wy € W2L>. This is not good enough because in
Theorem 3 we assumed only uy € X* and wy € WL>. But if we go back to the proof of Theorem 1,
it is easy to see that the hypothesis m > 5 was used only in relation (26). In the rest of the proof
the hypothesis m > 4 is sufficient. But when o = 0 the relation (26) is not required in the proof
(and moreover it is trivially verified because the left-hand side vanishes). So in the case o = 0 we
can choose m = 4. Theorem 3 follows.

6. Approximation procedure

In this section we construct an approximation procedure that will allow to turn the a priori
estimates from the previous section in a rigorous result of existence of solutions. We need to
approximate the initial data by a sequence of smooth vector fields which belong to and are bounded
in the same function spaces as ug. That is in conormal spaces. Density results for conormal spaces
are known, see for example [13, 14]. But these density results are not well adapted to divergence
free vector fields. In fact, they are even false for divergence free vector fields. Indeed, it is proved
in [13, 14] that C§° is dense in H. A similar density result can’t be true for divergence free vector
fields because a divergence free vector field has a normal trace at the boundary. If that normal trace
is not vanishing, then no sequence of C§° divergence free vector fields can converge to this vector
field. In our case, a new approximation procedure must be invented and it is not at all obvious how

to proceed.
16



Let P be the Leray projector, i.e. the L? orthogonal projection on the space of divergence free
vector fields tangent to the boundary.

Lemma 13. Letm > 2 andw € H?Y(Q) be a divergence free vector field. Then w—Pw € H™ 1(Q).
Suppose in addition that w € WL that m > 4 and that there exists some 1) such that w = curl.
Then there exist two vector fields 11 and 1y such that:

(27) w=curl(Yy + o) and 1 +1py =19 —Vp for some p,
(28) Y€ XWX, Vi € WE* divey =0, 1y xn=0 ond,
1/12 € HW(Q)

Proof. We show first that w-n € X™™ 1. Because H™~! = H™™! in the interior of €, it suffices to
show it in 5. But in that region we have that ||n|| =1, so

V=-nx(nxV)+no,.
We infer that
—nx(nxV)] - w+n-Ow=divw=0
Clearly n - O,w = Op(w - n) — dpyn - w so
Op(w-n)=0n-w+[nx((nxV)- w.

The right-hand side belongs to H™2. We infer that V(w-n) € H" 2 so w-n € X™ 1,

Now, let 8?_2 be a tangential derivative of order < m — 2. Because w-n € X™~! we have that
07 *(w-n) € HYQ) so 97 *(w - n)‘BQE H?2(052). We conclude that w - n 00 € H™2(5).

Next, from the properties of the Leray projector we know that there exists some ¢ € H'(Q) such
that

w — Pw = Vq.
Recall that Pw is divergence free and tangent to the boundary. Applying the divergence and taking
the trace to the boundary of the above relation, we observe that ¢ verifies the following Neumann
problem for the laplacian:
Ag=0 1in
Onqg =w-n on 0.

Because w - n|,,€ H m_%(E?Q), the classical regularity results for the Neumann problem of the
laplacian imply that ¢ € H™(2). This completes the proof of the first part of the lemma.

To prove the second part, let us define w = w — Pw. From the first part of the lemma we
know that w € H™ !, Since m > 4, by Sobolev embedding we have that H™™! Cc W' so
we have in particular that w € H?™ ! N WL, Since w also belongs to this space, we infer that
Pwe H ' nWkhe.

Next, since Pw is divergence free and tangent to the boundary one can apply [3, Theorem 2.1] to
find two vector fields ¢ and Y such that

Pw = curly + Y, wm:(],
divy =0, cwlY =0, Y .-n|,,=0.

The vector field Y is obviously smooth (as a consequence of [7, Proposition 1.4] for example). Let
h be the solution of

Ah=divy inQ
h=0 on 0f)

and let us define

1 =1 — Vh.
17



Because h vanishes on the boundary and nx 'V are tangential derivatives, one has that n x Vh = 0 on
the boundary. From the relations above one can readily check that 1); has the following properties:

curlyy =Pw —Y, divyy =0 and ¥ x n =0 on 0f2.

Because Y is smooth and Pw € H™ ! we infer that curlyy € H™'. As in Lemma 9, one can
deduce that ¢; € X™. Indeed, the only difference between the setting of that lemma and the
present setting is that in Lemma 9 the vector field is tangent to the boundary while here it is
normal to the boundary. Nevertheless, the proof goes through by replacing the elliptic estimate
given in [7, Proposition 1.4] with the elliptic estimate corresponding to normal vector fields given for
instance in [1, Corollary 2.15]. So we can conclude that ¢; € X™. From the embedding X? C L™
we further obtain that ¢; € W2%>. Since curly; € WL and 4 is divergence free, we infer from
Lemma 7 that Vi, € WL>. Relation (28) is completely proved.
We define next
Yo = P(4 — 3y).

From the properties of the Leray projector we know that there is some p such that
V= =Py = =Py —P(p —1p1) = Vp.
Taking the curl of the above equality shows that relation (27) holds true. Finally, we observe that
curly = curly) —curlyyy =w —Pw +Y =w+Y € H™(Q).

Recalling that 1), is also divergence free and tangent to the boundary, we can apply [7, Proposition
1.4] to deduce that 1o € H™. This completes the proof. O

Proposition 14. Let u be a divergence free vector field verifying the Navier boundary conditions
(2) and such that u € H? and w* € HT ' NWL>® where m > 4. There exists a sequence of smooth
divergence free vector fields u, verifying the Navier boundary conditions such that u, — u in H?
and such that

(29) [nllzz + llwpll gzt + i lwaee < Cllullz + w1 + o lwze)

for some constant C = C(m, Q).

Proof. Let v = u — aAu so that w® = curlv. Because w® is divergence free, we can apply the

previous lemma to w® to deduce the existence of some vector fields ¢, and 1, such that
w* = curl(yy +12) and ¢y 4+ 1y =v— Vp for some p,
e XMOAWE®, Vi € WE® divyyy =0, 1 xn =0 on 0,
Py € H™(Q).

Let ¢ : Ry — [0,1] such that ¢(s) = 1 pour s > 1 and ¢(s) = 0 for s < 1/2. We define
p-(z) = p(d/e) and ¢ = ¢.1p;. Clearly 5 — 1 in L? as € — 0. Moreover, we claim that curl ¢§
is bounded in H™~' N WL uniformly in €. To prove this, we start by writing

1 d
curl ¥ = . curl ¥y — 1 X V. = @ curlpy — Ewl x Vd ga'(;).
We remark now that for every k € N the functions . are bounded in W¥> uniformly in e.
Indeed, if 0 is a tangential derivative, we have that

Dzpe = %Qpl(C_Z)

€ €
Since d vanishes on the boundary and 07 is a tangential derivative we have that dzd vanishes on
the boundary. Because the support of ¢'(d/e) is included in €. for e sufficiently small, the mean
value theorem implies that [0zd| < Ce||d||w2.0(q,) on the support of ¢'(d/e) (we assumed that ¢ is
sufficiently small). So dz¢. is uniformly bounded in ¢ and a similar argument works for the higher
order tangential derivatives of ¢..

Since . is bounded in W¥> uniformly in € and curlyy € H?™' N WL the Leibniz formula

immediately implies that ¢. curl ¢y is bounded in H”~! N WL uniformly in €.
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We remark next that since d is constant on the boundary, its gradient is normal to the boundary.
But v, is also normal to the boundary, so ¥; x Vd vanishes on the boundary. We can therefore
apply Lemma 6 to deduce that

w1XVd

oY

- QW™ (00) S Cllyr x V|l g rqpre +[10n (1 X VA 1)
<

Cllallxm + l[rllyree + V1l e ).

As above, one can easily check that ggo’ (g) is bounded independently of € in any Wk, We

conclude by the Leibniz formula that iy x Vd ¢/(¢) = w 40'(4) is bounded independently of
ein HP P W ke,

We infer from the previous relations that curl$ is bounded independently of € in H?~ N W oo,
Next, since 9] is compactly supported in {2 and belongs to X™ we infer that is also belongs to H™.
Regularizing ¥] by means of convolution with an approximation of the identity and letting ¢ — 0
afterwards, one can construct a sequence 17 of vector fields such that ¢? — ¢, in L? and such that
curl ¥} is bounded in H™~1 N Wkee

Next, by density of smooth functions in H™, there exists a sequence of smooth vector fields 9§
such that 5 — 1y in H™. Since m > 4 we have the Sobolev embedding H™ C W2 so curl 4% is
bounded in H™ ! NWH>®. Let v, = 7 + 5. Then v, — 9, + 1 in L? and curlv, is bounded in
H? N Wk Let u, be the solution of the following Stokes problem:

Up — @A, = v, + Vp,, divu, =0, wu, verifies the Navier boundary conditions (2).
Since 11 4+ ¥y = v — Vp, we observe that u verifies the following Stokes problem:
u—aAu =1 + 1Py + Vp, divu =0, wu verifies the Navier boundary conditions (2).

But regularity results for the above Stokes problem are known. We can deduce for instance from
[5, Theorem 3] that ||u, —u|| gz < ||vn — 1 —12||L2 — 0. Since v, is smooth, the same theorem also
implies that w, is smooth. Moreover, curl(u, — aAu,) = curlv, is bounded in H™~' N WL, One
can also easily keep track of the estimates in the above arguments and deduce that relation (29)
holds true for some constant C'. The sequence u,, has all required properties and this completes the
proof. O

From the previous proposition, we deduce the existence of a sequence of smooth velocity fields v
verifying the Navier boundary conditions such that u} — 1o in H? and such that wg™™ is bounded
in H™~1 N WL, Using the result of [5], one can construct a local solution «" with initial velocity
u?. This solution is smooth. Indeed, even though the result of [5] is stated only in H?® it easily
goes through to any H™ with m > 3. Moreover, the blow-up of the solution cannot occur while
the Lipschitz norm of the solution is bounded. On these smooth solutions, the a prior: estimates
proved in the previous section are valid. In particular, we have a control of the Lipschitz norm of the
solution on a time interval which depends only on [[ug ||z, [|wy™ || -1 and [lwg™ [y 1. Since these
quantities are bounded independently of n, the time existence of u" has a lower bound independent
of n. Finally, given that the solutions are bounded in the Lipschitz norm, passing to the limit as
n — oo on this time interval is quite simple and standard. This completes the proof of Theorem
1. As mentioned in the introduction, Theorem 2 is a direct consequence of Theorem 1 and of
[4, Theorem 5]. Finally, to complete the proof of Theorem 3 a similar argument can be invoked
provided that we can construct a sequence of smooth velocity fields with similar properties. This
is performed in the next proposition.

Proposition 15. Let u € X™, m > 4, be a divergence free vector field tangent to the boundary
such that w € W™, There exists a sequence of smooth divergence free vector fields u,, tangent to
the boundary such that u, — u in L? and such that

[nl[xem + llwnllyzee < Cllullxm + llwllye)

for some constant C' = C(m, Q).
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Proof. Let u, be the solution of the Stokes problem
Uq — AUy = U+ Vpy, divu, =0, wu, verifies the Navier boundary conditions (2).

Multiplying the above PDE by u — u, and integrating implies after an integration by parts that

lua — w72 + 20/ D(ua — u)|7. = 204/ D(ua —u) - D(u) < 2a[|D(ua — u)|[g2[[D(u)|[ 2
Q
< o D(ua = u)l[72 + || D(w)][7:.
Therefore u, — u in L? as o — 0. Moreover, multiplying the equation of u, by u, immediately
shows that
[uallze < flufl L.

We observe now that curl u, — aA curlu, = w € H? ' NWL> 5o one can apply Proposition 14
to construct an approximating sequence u], such that

lug iz + I eurl(ug, — alug) || g1 < Cllluallze + [l curl(ua — alua) | gm-1qwe)
< Cllullz2 + [l

Hg’gflnwjl;w)-
Proposition 10 and Lemma 12 imply that
[ug |l xm + [ curlugllypee < Clluflxm + f[wllypee)-

Because u” — u, in L? as n — oo and u, — u in L? as a — 0, the conclusion follows
immediately. O

7. A final remark

The aim of this paper was to prove that the hypothesis of [4, Theorem 5] (the existence of a
uniform time of existence of solutions) is verified in dimension three. We would like to remark that
[4, Theorem 5] is stated not only for the a-Euler equations, but more generally for the following
second grade fluid equations:

(30) Oi(u — aAu) — vAu+u - V(u — alAu) + Z(u — alAu);Vu,; = —Vp, divu = 0.

J

More precisely, it was proved in [4, Theorem 5] that when both «, v converge to 0, the solutions
of the above equation converge towards the solution of the Euler equation provided that they exist
on the same time interval. So the natural question to investigate would be the existence of the
solutions of (30) on a time interval independent of o and v. It is very easy to see that the answer
is positive if v < Ca. Indeed, the vorticity equation can be written under the form

3twa+zw°‘—Zw—l—u-Vw“—w“-Vu:O.
a e
If v/a is bounded, the two additional terms are not worse than the others so similar estimates hold
true giving the same results. We choose not to state this small improvement because we believe the
result to be true without the condition v < C'a.. Indeed, it is true when v = 0 by our result and
also when o = 0 by the result of [12] so it should also be true when «, v — 0 independently of the
relative sizes. But proving it would be long and technical, although we presume doable. It would
include both cases @ = 0 and v = 0 so the proof would need to encompass both our arguments and
those of [12], which would make it very long and technically involved. In this case, it is not clear
that the end justifies the means. Instead of stating a partial and obviously non-optimal result for
the o, v — 0 limit, we preferred to prove a complete result for the limit oo — 0.
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