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ABSTRACT. In this article we consider the a—Euler equations in the exterior
of a small fixed disk of radius £. We assume that the initial potential vorticity
is compactly supported and independent of e, and that the circulation of the
unfiltered velocity on the boundary of the disk does not depend on €. We
prove that the solution of this problem converges, as € — 0, to the solution
of a modified a—Euler equation in the full plane where an additional Dirac
located at the center of the disk is imposed in the potential vorticity.

1. INTRODUCTION

In this work we study the initial-boundary-value problem for the two-dimensional
incompressible a—Euler equations, « > 0 fixed, in the exterior of the small disk
D(0;e) = {z € R? | |z] < &}.

Let II. = {|z| > €}. The system we are interested in is given by:

Osve + ue - Vo + Z?Zl(vg)jV(uE)j = —Vpe, in (0,00) x I,

divu. =0, in [0, 00) x IIg,

Ve = Ug — aAu,, in [0, 00) x ILg,

ue =0, on [0,00) x {|z| =€}, (1)
lim w(t,x) =0, for all t > 0,

|z|—o00

ue(0, ) = Ue 0, at {t =0} x IL..

Above u, is called the filtered velocity while v, is the unfiltered velocity.

The a—Euler equations arise in several ways: as the inviscid case of the second-
grade fluid model, see [5], averaging the transporting velocity in the Euler equations
at scale v/a, as the equation for geodesics in the group of volume-preserving dif-
feomorphisms with a natural metric, see [10], or as a variant of the vortex blob
method, see [11].

The a-Euler equations are a natural desingularization of the inviscid flow equa-
tions, obtained by averaging momentum transport at small scales, away from solid
boundaries. In domains with boundary a boundary condition must be imposed;
a natural choice is to impose the no-slip condition u = 0 on the filtered velocity,
something which makes the a-Euler equations into a rough analog of the standard
initial-boundary value problem for the Navier-Stokes equations. Recent progress
has been obtained in understanding the flow-boundary interaction for this a-model,
focusing mainly on the vanishing « limit, see [9, 3, 4].

The present work is part of this program, seeking to identify the limiting behavior
of the flow in the exterior of a small obstacle for fixed .. This is inspired by work
of Iftimie et al. in two space dimensions, where this limit was identified both for
the Euler and Navier-Stokes equations, see [7, 8]. The limit is sharply different
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in the inviscid and viscous cases. For inviscid flow, the small obstacle leads to
a modified Euler system, whereas for viscous flow, it is the initial condition that
must be adjusted. Given that the a-Euler model is a regularized inviscid system
using the standard viscous boundary condition, it is natural to wonder whether
the present limit follows the inviscid pattern, the viscous one, or something else
altogether. Our main result is that the limit follows the inviscid pattern.

The proof also follows the structure of the corresponding result for the Euler
equations, with additional complications coming from potential theory. Dealing
with these complications makes up the bulk of the present work.

Let us note that, taking the two-dimensional curl of (1), which corresponds to
applying the differential operator V- to the system, gives rise to the potential
vorticity equation:

01qe + ue - Vg =0, in (0,00) x I,

divu. =0, in [0, 00) x I,

curl(l — aA)u, = curlv, = ¢., in [0,00) x I,

ue = 0, on [0,00) x {|z| = €}, (2)
‘ llim ue(t, z) =0, for all ¢t > 0,

T|—0o0

q:(0,°) = ge,0, at {0} x IL..

The scalar quantity g is the potential vorticity.

We will work with the vorticity equation rather than the velocity equation. This
requires a modified Biot-Savart law expressing the velocity u. in terms of the vor-
ticity g.. Since the domain we are considering is not simply-connected, we require
additional information to determine velocity from vorticity. We will impose a given
circulation of the unfiltered velocity v. on the boundary; we denote this circulation
by ~. This is a conserved quantity for the evolution, as noted in [3, Lemma 2.3].
We will see, in Section 2, that the velocity u. is uniquely determined in terms of g,
and of v. We will show that the modified Biot-Savart u. = T<(g.) law, which gives
the velocity u. in terms of the potential vorticity ¢. and of the circulation -, is:

ue = Te(ge) = (1+ ahe) ' [Ke(ge) + (v +m)H] 3)

where A, is the Stokes operator, m = fn ge (another conserved quantity), H is the
following harmonic vector field

.’I?L

- 27 |x|?

and K. (ge) is the classical Biot-Savart law in Il.:

K. (q.)(x) = /H VLG (2, y)a: () dy. (4)

Above G, denotes the Green’s function for the Laplacian on Il with zero boundary
conditions.
The purpose of this article is to prove the following result.

Theorem 1. Assume that the initial potential vorticity q.o = qo € L' N L*> is
compactly supported outside the origin and independent of €. Assume, in addition,
that the circulation of the unfiltered velocity ve on the boundary of Il; is a constant
independent of €, so that the velocity u. can be expressed from the potential vorticity
with the Biot-Savart law (3): ue = Te(q:). Then
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a) There exists a unique global solution q. of (2) with ue = Te(qe), such that
¢¢ € L>®(Ry; LY (I1.) N L>=(IL.)).

b) Let G. be the extension of q. to R? which coincides with q. in I1. and vanishes
in |z| < e. Then we have that G- — q weak-x in L*°(R; L'(R?) N L*°(R?)),
as € — 0, and q is a global solution of the following system of PDE in the

full plane:
Og+u-Vqg=0, in (0,00) x R
divu =0, in [0,00) x R?, (5)
curl(l — aA)u = qg++6, in [0,00) x R?,
q(0,+) = qo, at {0} x IL,

and u € L{2 (Ry; LP(R?)) for all p > 2.

c) The limit system (5) has at most one global solution q € L= (R ; L'(R?)N
L (R?)).

We note that the limit system (5) above is not the a—Euler equations in R?. In-
deed, one could consider the a—Euler equations in R? with initial potential vorticity
o = qo + 6. Such an initial data is a bounded measure so it produces a unique
global solution § = ¢ + () with 2(0) = 0, see [11]. It is easy to see that the PDE
for the regular part ¢ is the same as (5) except that one has to write ¢, ;) instead of
. In contrast with (5), for the a—Euler equations the position z(t) of the discrete
part is no longer constant and must evolve along the trajectories of the velocity
associated to the regular part q. So, although these two equations are very similar,
they are not the same.

The plan of this paper is the following. In Section 2 we introduce notation,
we deduce the modified Biot-Savart law (3) and we establish some e-dependent
estimates. Global existence and uniqueness for system (2), for fixed ¢, is shown in
Section 3. Next, we prove estimates uniform in ¢ in Section 4. The convergence
result is the subject of Section 5. Finally, the uniqueness of solutions of (5) is shown
in Section 6.

2. NOTATION, MODIFIED BIOT-SAVART LAW AND PRELIMINARY ESTIMATES

We begin by introducing basic notation. Given a Banach space X of vector fields
on Il we denote by X, the subspace of X consisting of divergence-free vector fields
in X which are tangent to the boundary.

Recall that II. is the exterior of the disk of radius €. We use the subscript € to
denote the dependence of solutions of the a—Euler equations on the domain, as in
Ue, Ve, G- We will assume that € is small.

We choose a smooth radial function n € C*°(R?;[0,1]) such that n(z) = 0 for all
|z] <1 and n(z) =1 for all |z| > 2. We define

J?L

e ()
and
Hy, =n(x)H.
The radial symmetry of n implies that H, is divergence free.
We denote by P. the Leray projector in Il,, i.e. the orthogonal projection from
L2(I1.) to LZ(IL.). It is well known that the Leray projector can be extended by
density to a continuous projection from LP(IL.) to LE(II.), for all 1 < p < oc.
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The Stokes operator on II. with homogeneous Dirichlet boundary conditions is
denoted by A, = —P.A. When we apply these operators, or their inverses, to
functions defined on the whole R? we mean to apply them to the restrictions of
these functions to II,.

We will use the following result about the inverse of the operator 1 + aA..

Proposition 2. The operator (1+ aA.)~! is bounded from LE(IL.) to W2P(IL.) N
Wy P ()NL2(T1,) for any 1 < p < oo and from L (T1.) to W>°(I1.). In addition,
there exists a universal constant Cy such that

11+ @A)~ flloeary < Coll fllLeq,) for all f € LT (IL). (7)

Proof. The statement regarding L? can be found in [6, Corollary 5] and the bound-
edness from LS° to W is proved in [1].

To prove the bound (7) we observe first that it was already proved in [1] that
(7) holds true with a constant Cy = Cy(e) which may depend on € but not on «.
An immediate scaling argument shows that it is also independent of €. Indeed,
changing variables = ez’ the operator 1 4 aA. becomes 1+ %A;. So we can
apply the result of [1] to the operator (1+ % A1)~ on L3°(II;) and find a universal
constant Cy as an upper bound for its norm as a bounded operator on L (IIy). By
the rescaling performed, this universal constant C is also an upper bound for the
norm of (1+ aA.)~t in LS°(IL,). O

The integral of the potential vorticity is a constant of motion. Indeed,

d
— ge(t,x) da = Orqe do = 7/ div(ueqe) dx = 0,
dt Jn, . .

since u. vanishes at |z| = . We denote

m E/ Qe :/ q0-
. .

We will later need some detailed information on the operator (1 — aA)~! in the
full plane. This is a convolution operator against a kernel, denoted G, which is a
re-scaled Bessel potential. The classical Bessel potential from Harmonic Analysis,
Ja, is the kernel for (1 — A)~1, and we have

1 T
ga@) = aj2 (ﬂ) .

We will make use of the following properties of G, deduced from those satisfied
by Jo; the first three can be found in Chapter V.3.1 of [12], and, for the fourth
property, see [13], page 80, relation (14).

(P1) G, is radially symmetric; i.e. Go(x) = go(|z]) for some go = go(r);
(P2) g, is positive and

o0
Go = 27r/ S9a(s)ds = 1; (8)
R2 0
(P3) G, decays exponentially at infinity, i.e. for any M > 0, there exist positive
constants ¢; and co such that

—c2|z|

Ja(|z]) < 1€ , whenever |z| > M;
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(P4) G, has a logarithmic singularity at 0, i.e., there exists ¢z € R, such that
go(|z]) = eslog|z| + O(1), as |z| — 0. (9)
Additionally, g, is bounded for |x| > 1/2.

Let us introduce now the following kernel
K* =G, H. (10)
We will need, later, the following estimates for K.

Lemma 3. There exists a constant C > 0, which depends only on «, such that:
a) If |z| < 1/2 we have:

|K*(z)| < Cla|[log|z|| and |VK*(z)| < C|log|x||.

b) For all z € R?, we have that |K®(z)| < C/(1+ |z]).
¢) We have that

|02 K (2) + 0 KS ()| < C and |1 K{ (z) — 0. K5 (z)| < C (11)
for all z € R2.

Proof. There is a simple way to express K(x) in terms of g,, see for instance [2,
page 5476], namely:
oLl
K% z) = —2/ Sga(8) ds. (12)
z|* Jo

Let x be such that |z| < 1/2. Tt follows from property (P4), (9), that

||
|K%(x)| < |S,/ sllog s|ds < C|x\‘log\x| ,
0

for some constant C' > cs.

Differentiating (12) and estimating the result as above gives the gradient estimate
and proves part a).

The bound C/(1 + |z|) in part b) follows from the estimates given in [2, page
5476).

To prove part ¢) we compute K¢ + 01 K$ using (12). We find, after some
calculations, that:

2 2
xry —

92 ||
galle) ~ 7 [ saalo)ds].
|z Jo
We use again (P4), (9), to obtain that

2 ||
gl - 5 / 59a(5) ds

) ||
ZCSIOg(|x|)—C3W/ slog(s) ds + O(1)
0
=0(1) as |z| = 0.

It follows that 0o K + 01 K§ is bounded for small z. The global bound is a conse-
quence of property (P3) and the boundedness of g, for || > 1/2. The corresponding
estimate for 0; K{* — 0, K§' follows in the same manner. O
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We will now deduce the modified Biot-Savart law, which expresses the velocity u.
in terms of the potential vorticity ¢. and the circulation of v. around the boundary
of II.. Our point of departure is the following elliptic system, which relates potential
vorticity to the unfiltered velocity:

{ divev. =0, in [0,00) x L,
curlve = ¢., in [0,00) x II..
We recall that, above, v. = (1 — a@A)ue, and u, satisfies the boundary condition
ue =0, on [0,00) x {|z] =€}
Then, since P.v. and v. differ by a gradient, it follows easily that
div(P.v.) =0, in [0, 00) x II,

curl(Peve) = ¢qe, in [0,00) x I,
P.ov.-n=0 on [0,00) x {|z| = ¢}

The system above was studied in detail in [7]. It was shown, see [7, page 358],
that there exists 5. = f(t) € R for which

P.v. = Ks(‘]e) + ﬂs(t)Ha

where the operator K.(¢.) is the classical Biot-Savart law defined in (4), and H is
the generator of the harmonic vector fields in II. with unit circulation defined in
(6).

We now argue that 8. = ~ + m, where  is the circulation of the unfiltered
velocity v, on the boundary of II; and m is the mass of vorticity: m = fn Qe-
Following the proof of [7, Lemma 3.1] we have that

65 = / ]P)EUS -ds + / Qe dzx.
{lz|=¢} I

=

First observe that v. = P.v. + VQ, for some smooth function @, and that

/ V@ -ds =0,
{lz|=¢}

since {|z| = €} is a closed curve. Therefore

/ ngg-ds:/ ve - ds =7,
{lz|=¢} {|z|=¢}

which is a conserved quantity, see [3, Lemma 2.3].
In summary, we have shown that

P.v. = Kc(ge) + (y+ m)H.

We regard the expression on the right-hand-side above as an operator acting on q.,
which we denote by S.:

qe — SE(QE) = Ke(QE) + (7 + m)H
Then
Sc(qe) = Pove = Po(ue — aAue) = ue + aoue.

Inverting the operator 1 + aA. allows to deduce the following modified Biot-
Savart law

ue = Te(ge) = (1+ O‘As)71 Se(ge) = (1 + aAs)il[Ks(Qs) + (v +m)H]. (13)
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In the following Proposition we collect some estimates related to this modified
Biot-Savart law.

Proposition 4. For all ¢ € L*(Il.) N L>°(IL.) such that st g = m we have that
T.(q) € Wh>(IL.) and

I Te(@lwree .y < Crlllgller qrones @y + VD), (14)
where the constant Cy > 0 depends only on « and €. If we assume, in addition,
that supp g C {|z| < R} for some finite R, then we also have Tc(q) — (y+m)H €
W2P(IL.) for all1 < p < oo and

ITe(a) = (v +m)Hllwzr) < Colllgll L qunre= ) + 7))

where the constant Cy > 0 depends only on a,e, R and p.
Proof. Tt follows from [7, Theorem 4.1] that the quantity K.(g) + mH is bounded

in II;, and the L*-norm may be estimated by C||q||11 (1. )nr=(1.), Where C is a
universal constant. Clearly

@)z~ < I Kela) + mH e + I~ < Cllallisunz= + 20

Since T-(¢) = (1 + aA.)"! S.(q), relation (14) follows from Proposition 2.

Assume now that suppq C {|z| < R}. Then we know, from [7, relation (2.8)],
that K.(q) is bounded by C(e, R)/|z|?, so it belongs to LP(Il.) for all p > 1.
Therefore S.(q) — (v + m)H = K.(q) € LP(Il;) for all p > 1. Then Proposition 2
implies that

T.(q) = (v +m)(1+ahe) T H = (1 + ah:) "' (S:(q) — (v +m)H) € W>P(IL.)

for all 1 < p < co. Finally, we observe that (1 + aA.)™'(Hs — aAH,,) = H,, and
we write

T:(q) — (y+m)H = T(q) — (Y +m)(1 + ah.) 'H + (y+m)[(1+ ah.)"'H — H|
=Te(q) = (y+m)(1 +ah)""H
+(y+m)[Ho — H+ (1 +aA) ' (H — Hy + aAHL)]

€ W2P(Il,)
for all 1 < p < co. We used above that H,, — H € W2P(IL.), that H — H,, +
aAH, € LP(I1.) and Proposition 2. This completes the proof. O

3. EXISTENCE OF THE SOLUTION FOR FIXED ¢

In this section we prove part a) of Theorem 1. A similar result, requiring more
regularity and with a different proof can be found in [14].

We want to solve the following problem
Og+ Te(q) - Vg =0, t>0,z|>e
(15)
a,_y=q, |x|>¢

where go € L1(I1.) N L>°(IL.).
We construct a recursive sequence of approximate solutions in the following
manner. We set ¢°(¢,z) = qo(z) and u°(¢t,z) = T.(¢°)(x). We define ¢' = ¢'(¢, z),
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qt € L>=((0,+00); L* N L>°(11.)), to be the unique weak solution of the following
transport equation

ot +u’ - V¢t =0, t>0,|x]>e¢
q1|t:0 = qo, |z| > e.

The global existence of ¢! follows from Picard’s theorem since, by Proposition 4,
we have that «° is a Lipschitz vector field so its flow map is globally well-defined.
Uniqueness can be established by energy estimates.

Next, given ¢" € L>((0, +00); L'NL*>(11.)), we define ¢" Tt € L>((0, +00); LN
L°°(I1.)) recursively as the unique global weak solution of the transport equation

{@q’”r1 +u™ Vgt =0, t>0,]z]>¢

16
qn+1|t:0 = qo, ‘xl > e, ( )

where u™ = T.(¢"). We will pass to the limit in the above problem and find a
solution of (15).

We first observe that, since ¢™ satisfies a transport equation by a divergence-free
vector field, the integral of ¢™ is conserved:

/ q”(t,x)dm:/ q"(O,x)dm:/ qo(z) dx = m.
HE IT HE

We have that the circulation of K.(¢™) on the boundary is equal to the quantity
(— Jp @' (t,x) dm) (see the proof of [7, Lemma 3.1]) and we recall that H has unit
circulation on the boundary. With this we infer that the circulation of S.(¢"™) on
the boundary is ~.

Using, again, that ¢™ satisfies a transport equation, we have that ¢" is bounded
in L>°(Ry; L' N L*°) uniformly in n. Proposition 4 implies that u™ is bounded in
L (R4 ; WHo°(IL,)) uniformly in n. Indeed:

[u" (@t Mwree .y < Crlas ) (lg" L onze= @y + [71)
= Cu(ase)(llaoll 1 oynree ey + 1) (17)
= Cg.

Since ¢"*! is transported by the flow of u™, we deduce that supp ¢"™1(t,-) C {|z| <
Ry + Cst} where suppgo C {|z| < Ro}. We use the second part of Proposition
4 to obtain that, for all 1 < p < oo, the quantity u™ — (v + m)H is bounded in
L (0, 00); W2P(IL.)), uniformly in n. We will prove that it actually converges in
a2,

Let us introduce the notation v"*! = (1 — aA)u™*! and

7" =P =8.(¢") = (1 + aA)u™.

We also define £" = Aﬁ:q” = G.(¢"), where G, is the operator with kernel G,
the Green function on II.. Let us observe that

En#»l _g" = Sg(anrl) _ Sg(qn) _ Ka(qn+1 _ qn) _ VJ_(gnJrl _ gn)

In addition, since ¢ and ¢"*! are compactly supported and VLG,, the kernel of
K., decays like 1/|z|? at infinity (see [7, relation (2.8)]) we have that 7" — 7"
also decays like 1/|z|? at infinity. In particular, it belongs to L?(II.).
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We subtract the equation for ¢" from the equation for ¢"*! (see relation (16)),
we multiply it by £"t1 — ¢ and integrate in space (which is possible because ¢"
and ¢"*! are compactly supported). We then obtain

am“*—MX@“—€w+/<MHVf“—w%®vwx@“—€w:&

II. L.

The integrals above should be interpreted as duality pairings between W17 and
WP where p/ = p/(p—1) and p € (1,00).
Clearly

Mf“ffm“hfﬂz/aNwﬁﬂf@M@“f@)

Ha HE
el AR (G
1d ) n
= —§a||v(fn+1 - N,
1d, _ _
= —55”11”“ - n”%?(nay
Therefore
1d —n+1 —n |2 n n+1 n—1 n n+1 n
5&”” - ||L2(He) = . (u" - Vq —u -Vg")(§ -£")

=

— / u” - v(qn—l-l _ qn)(§n+1 _ gn) +/ (un _ un—l) . vqn(gn-&-l _ €n>
e

IIe

— / u” - (En+1 _En)L(qn—H _ qn) +/ (un _ un—l) X (@TH_I _ﬁn)lqn
Il T
=I5+ 1o,

where we integrated by parts and used that V("1 — ¢m) = — (" — 7)1, We
will now estimate these two terms.
Observe first that for a divergence free vector field h we have the identity

1 (02 —01\ h3 —hi
h™curlh = (81> (h1hs2) + ( 9 > s

Recalling that ¢" ! — ¢" = curl(@"*! — 7") and integrating by parts we find:

|| =

/ u” - (@n—i-l _En)L(qn—H _ qn)
HE

lg%w+a@NWH—WNWH—w>
1
4y [ ot +ou) @ - ) - @ - Y
< OV o~ [T — 772

< Cllo"t =71,

€
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where we used (17). We estimate now Is:

Lo < flu™ — a7 g2 ][0 =" 2 ]lg" || e
S O(1+ah) M@ =" )| g2 [[0" ! — 7" 2
< Ofo" =" e " =772
<O 7 s + O = 7R
We conclude that
d,_ _ e _ _
7 =T < Calle” =T e + Cal [T =72,
for some constant Cy independent of n and ¢t. Given that 7" +! — %" vanishes at the
initial time, the Gronwall lemma implies the following bound:

sup [0 — 0" 2.y < sup [0 — 0" 7| 2. VeCsT — 1.
(0,77 [0,T]

We choose the time Ty such that ve€1To —1 = % Then, using the estimate
above recursively we find, by induction, that

sup [[o" T — 0" 2y < 27" sup |8 — 27| 2.
0.7)] [0,T0)

It then follows, from Proposition 2, that

sup [[u" T — u"| g2y < C27™
,To]

This means that the sequence u™ — (v + m)H is a Cauchy sequence in the space
C°([0,Tp); H*(11.)) and, therefore, that it is convergent. Hence there exists some u
such that u — (v +m)H € C°([0,Ty); H*(11.)) and

u" —u— 0 strongly in C°([0, Tp]; H?(I1.)). (18)
Denoting ¢ = curl(u — aAu) we further obtain that
q" —q— 0 strongly in C°([0, Tp); H1(I1.)).

In particular ¢(0,z) = go(x).
The sequence ¢" being bounded in L> (R, ; L*(II.) N L>°(IL.)) implies that ¢ €
L% (Ry; LY(TL.) N L*°(I1.)). Moreover, there exists a subsequence ¢™* such that

" —q weak* in L®(Ry; L' N L™). (19)

To complete the proof of the existence part of Theorem 1, it remains to prove that
u=T.(g). We know that u — (y+m)H € L*>(]0, Tp]; H*(IL.)). From Proposition
4 we also know that T.(q) — (v +m)H € L>([0,Tp]; H*(I.)) so we must have
that u — Te(q) € L>([0,Tp); H*(I.)). Moreover, u — T.(q) is divergence free and
vanishes at the boundary.

Let ¢ € C2%([0, Tp] xI1.). There exists ¢ € C°([0, Tp] X IL.) such that ¢ = V-+4p.
Then Vi = 0 in a neighborhood of the boundary of II., so ¢ must be constant in
the same neighborhood. We denote by v(t) this constant, so that ¥ (¢, z) = 9 (t) in
a neighborhood of the boundary of II..
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By self-adjointness of the Stokes operator we have that

/To/ (1+ah.) /T/ 1+ ah.)
/OT(’/Ess(q“kw
= f s 5 )
7 s o [U] s v
/OTO/Equ OTOw(wdt

where we used that the circulation of S¢(¢"*) on the boundary is ~.

Since Ay is divergence free and tangent to the boundary (actually compactly
supported), we have that P.Ap = Ap. So (1 +al.)p = ¢ —alp € CZ%([0,Ty] x
IL.). The convergence properties expressed in relations (18) and (19) allow to pass
to the limit £k — oo in (20) to obtain that

/To/ 1+ al)p =~ /TO/ = Tow()

But the same calculations as in (20) show that

/TU/ (1+0A,) /T/ 0~ Tozb()

We deduce that

/T°/ (1+ak.) /T/ (14 0k

which means that

/OTO/ 14+ ad,) /TO/ 14+ A )T (q) ¢

This implies that (1 4+ aA.)(u — T:(q)) = 0, so necessarily u = T(q).

We proved that there exists a solution of (2) on the time interval [0,7p]. Re-
peating the argument starting from Ty we can extend this solution up to time 27j.
Continuing like this we construct a global solution. Its uniqueness is classical. It
can be proved by estimating the H? norm of the difference of two solutions, with
exactly the same argument as in the estimate of & |[o" ™! — |2, (1) SO We omit

wn
)

it. Part a) of Theorem 1 is now proved.

4. H' ESTIMATES FOR u,

The aim of this section is to derive estimates for u. which are independent of e.
We start by noting that, since ¢. satisfies a transport equation by a divergence-
free vector field, we have
llgell oo (ry st (moynzoe () < l1Ge0lloe (Ryspr (moynLee(110))

= llgoll o (R ;21 (1)L (11.))>
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which is bounded independently of ¢.

Let us now make the following observation. If f is a scalar radial function,
decaying sufficiently fast at infinity, then (1 + aA.)"*(z*f) is of the form ztg,
where g is a scalar radial function. Indeed, let h = (1 — aAp. )~ ' (z* f). Then, for
any special orthogonal matrix M (rotation matrix), the vector field P(z) = z* f is
invariant under the transformation P(z) — M*P(Mz). The rotational invariance
of the Laplacian allows to write the following sequence of computations:

(1 — aA)[M'h(Mz)] = M*(1 — aA)[h(Mz)]

= M*[(1 — aA)h](Mx)

= M'P(Mz)

= P(z)

= (1 — aA)h(x).
We infer that M*h(Mz) = h(z), so h(Mxz) = Mh(z) for every special orthogonal
matrix M. This means that h must be of the form h = g, +xgs with g1, g2 scalar
radial functions. But one can check that (1 —aA)(zgs) is proportional to z and (1—
al)(xtgy) is proportional to 2. Since the sum must be 2 f we infer that zg, = 0,
so h = x1g;. Recalling that g; is radial, we observe that div h = div(z1g;) = 0. We
conclude that h —aAh = 2 f, that h vanishes at |z| = ¢ and at infinity and that h
is divergence free. Therefore h = (1+aA. )~ (z*f). We proved, in this paragraph,
that if f is a scalar radial function then (1 + aA.)" Yzt f) = (1 — aAn.) Yzt f)
is of the form z1 times a scalar radial function.

We will now proceed to obtain the required a prior:i estimates for u.. We start
with the following lemma.

Lemma 5. We have that K.(q:) +mH is bounded in L (R, X I1.) and K. (g:) +
m(H — Hu) is bounded in L3S, ([0,00); L2(I1.)), independently of .

Proof. We recall the result in [7, Theorem 4.1], which reads, in our notation:

1/2 1/2 1/2 1/2
I Ko(ge) + mH|| oy < Cllae |12 11g= 112 < Cligoll 12 1lgol 342,

where C > 0 is independent of €. This shows the first bound.
Next, we need to obtain bounds on the support of g. which are independent of
e. We write, thanks to the modified Biot-Savart law (13),

ue = (14+ah) Ko (q) + mH] +~v(1+al) T H = ul +u2.
We bound u! by using relation (7):
gl poe ey = 11+ @he) ™! [Ke(ge) + mH]|| Lo (.
< Co| Ke(ge) + mH || poe (1.
1/2 1/2
< CoCllaoll lloll7)
= M.
We observe now that since H is of the form z' times a radial function, then
u? = (1+aA.) "L H is of the same form. So the trajectories of u? are circles centered
in the origin. Recall that g. is transported by the velocity field u. = ul +u2. If we

want to estimate how far from the origin the support of ¢. can go, we can ignore
the term u2. Since we bounded u! by M, we infer that

supp ¢e(t,-) C {|z| < Ro + Mt} (21)
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where Ry is such that supp qo C {|z| < Ro}.

Next we remark that K.(¢.) + m(H — Hy) = (Kc(ge) + mH) — mHy, is a
sum of uniformly bounded vector fields, hence bounded in L} (II.) independently
of e. Furthermore, using the expressions for the kernel K. (z,y) = VLG (x,y) of
the Biot-Savart law K. given in [7, (2.5)] with the conformal mapping given by
T(x) = x/e implies the following formula

Kooy = T=0 @)
ST 2me -yl 2mlw —e%y/lyPP
Using the relation |# — #| = % and observing that |%y/|y|?| < |y| we get

for |z| > 2|y| the following upper bound for the kernel K.:

=yl lyl + [/ 1yl < Ayl
K. (2, )| = N 1Al
2|z —ylle —e2y/lylP| = 2 (|| = [y (] = |e2y/lyP]) — 7le|
Recalling the bound on the support of ¢. given in (21), we can now estimate for
any |z| > 2(Ry + Mt):

K. (g.)(x)] < / Ko (2,9)] ()| dy

€

4y
s/ Yoo )] dy
II

o el

< 4(Ro + Mt)|ge || L1 (1.

7|x|?

Observing that H — H, vanishes for |z| > 2 establishes the second bound in L?(IL.)
as desired. 0

Recalling the modified Biot-Savart law (13) we can rewrite u. in the following
way:

e = (1+ah) K (¢) +m(H — H) | +7(1+ad) P H4+m(14+aA ) " Hy. (22)

We will now proceed to derive H' estimates for each of these terms.
We start with the first one.

Lemma 6. We have that (1 + aA.) 1 (K.(q.) + m(H — Hy,)) is bounded in the
space L2 ([0,00); HY(IL.)) independently of €.

loc

Proof. Let us denote b, = K.(q.) + m(H — Hy) and a. = (1 + aA.)"1b.. Then
(14 A )a. = b.. We do a classical energy estimate in which we multiply this
relation by a.. We get

/ ae - be = / ac - (14 alg)a. = / (lac|* — aa. - Aa.) = / (lac|* + a|Va5|2).
1_[5 11 HE

€ TI.

But

1 1 3 1
[ e < ol IoelEaqny < ([ Gack +al9a®) 1ol

£ €

/ (lacl? + a|Va.?) < / |2,
H HE

SO

From the previous lemma we know that b, is bounded in L? independently of ¢, so
the conclusion follows. O
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Next we will discuss the third term in (22). To this end we perform an energy
estimate for the term (1 + aA.) 1 H.

Lemma 7. There exists a constant C' = C(«) which depends only on « such that

11+ aho) ™ Hoo — Hoo|l i, < Cla).

Proof. Since H., is of the form x' times a radial function, we have that w, =
(14 aA.) " Hy = (1 — aAq, )t Hy solves the following boundary value problem:

wy — aAwy; =Hy, for |z] > €

{ w1||x|:E=0.
Then wy = w; — Hy, satisfies

wg — aAws =aAH for |z| > e

{ w2y =0
The same L? estimate as in the proof of Lemma 6 shows that
w22,y + all Vwalfza,) < o®|AH |22 )
Since H,, = nH and H is harmonic we have that
AH,, =AnH+2Vn-VH

is a C* function compactly supported in the annulus {1 < |z| < 2} which does not
depend on . The conclusion follows. (Il

To complete the estimate of u., it remains only to bound the term (1+aA.) " H.
The strategy in deriving this estimate is to compare (1 + «A.)~!, in II., to (1 —
alAg2)71 in all of R%2. We recall that the vector field K was defined in relation
(10).

Proposition 8. There exists a constant C > 0, which depends only on «, such
that
H(l + OéAE)_lH — KQHHl(HE) < C€| loge\.

Proof. Since H is of the form zt times a radial function, we have that ws =
(14 aA)™'H = (1 — aAp,)"'H is of the same form and solves the following
boundary value problem:

(I1-—aA)ws=H, inll,

divws =0, in I,

ws = 0, on OIl..

Since H is divergence free in the whole of R?, we have that K = G, * H is also
divergence free everywhere. Then wy = w3z — K< satisfies the following boundary-
value problem:
(1—aA)wys =0, inll,
divws = 0, in II, (23)
wy = —K<, on OI1..
Set
F = curl wy. (24)
Taking the curl of the first equation in (23) we obtain

F—aAF =0 inll,. (25)
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Note that, because divw, = 0, we have
VEF = Awy. (26)
Evaluating the first equation in (23) on JIl., using (26) and taking the inner
product of the result with the unit vector x* /e, which is tangent to 9Il., yields
1 1L

w4-x——o¢VLF~x—:O on |z| =e.
€ €

Set i = x/¢, the interior unit normal to dI1.. Then, since V* F.zt /e = VF -0 =
OF/0n, we have derived a Neumann boundary condition for F':

OF 1 ~
P —E(K") -nt at || =e. (27)

Next we use the circular symmetry of H together with the radial symmetry of
G, to deduce that K< is a vector of the form 1 times a radial function, see (12).
Hence the right-hand-side of (27) is a real number which depends only on «, which
is fixed, and on €. We denote it by A.:

1 1
Aom g T
o lzl=e ¢

With this notation we note, in particular, that

«

Wyl = EAEJCJ‘. (28)

We also observe at this point that, thanks to Lemma 3, we have that
A:. =O(elloge|) ase — 0. (29)
We have, thus far, deduced a Neumann boundary-value problem for F:

(1—aA)F =0, inll
{ g—g =A., on OIl..

We already observed that ws and K are of the form 2+ times a radial function,
S0 wy = wg — K¢ is also of this form. Therefore F' = curl w, is radially symmetric
in II.. Hence the restriction of F' to the boundary OIl. depends only on «, fixed,
and on . We denote this constant by B.:

B.=Fly, . (30)

Our next step is to extend F to all of R?, find an equation satisfied by this
extension and solve it. To this end consider the continuous extension of F' given by

=_ [ F if|z|>e¢
F_{ B, if |z| < e. (31)
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Let us compute AF in the sense of distributions on R2. Fix ¢ € C2°(R?). Then
(AF,¢) = (F,Ag)

= / FAgp—l—/ B.Ayp
{|z[>e} {lz<e}

:—/ VFw+/ FV<p~(—ﬁ)+BE/ Vo-hi
{lz|>e} {lz|=¢} {lz|=¢}

:/ PAF — eVF - (—n)
{lz|>e} {lz|=¢}

:/ cpAF—i—AE/ ®.
{lz[>e} {|z[=e}

Recalling (25) and (31) we infer that
(1—aA)F = B.x,, .., — @Ab(z=} in Z'(R?).
We can now invert the operator 1 — aAgz to find a formula for F:
F = Ga# (BeX <0y — @A (ja=c}) -

Evaluating the above expression at 0 we have, by definition of F,

B:. = F(0) = B. / Go — aA, / Ga ds.
{lz|<e} {lzl=<}

It follows, see property (P2) for G,, that

g Jtiai=e 9o 45
S5 Go

Using the properties of the kernel G, and the estimate of the size of A, given in
(29) we can estimate the size of B.. More precisely, relation (8) implies that

B, =

/ Go — Go=1 ase—0,
{|z|>e} R2

and, thanks to (9), we have that
/ G ds = O(e|logel).
{|=|=e}
Combining these two bounds with (29) implies that
B. = O(%|logel?) ase — 0. (32)

Knowing B., we can compute the H' norm of ws. We multiply the first equation
of (23) by w4 and integrate on II.. We obtain

0
O:/ (w4—aAw4)-w4:/ |w4|2—|—oz/ |Vw4\2+a/ &-wm
1 I I, o, On

€ € €

Given that wy is of the form x' times by a radial function, we can show, through
an easy calculation, the following identity:

x-Vwy = 2+ curlwy — wy.
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Recalling (28), (30) and (24) we observe that

8'[04 1
—= Wy = — x - Vwg - wy
o1l on € Jom.

1
= 7/ (:UJ' curlwy — wy) - wy
€ Jom.
1
= f/ (B: — gAE):CJ‘ ~xJ‘gAE
€ Jom. € €

= 2raeA.(B: — %AE).

Finally, we conclude that

0
/ lwg)? + a/ |Vwy|? = —a/ Ty = 2770425145(%146 — Be).
I 11, or, On €

Recalling that wy = (14 aA.) ' H — K® and using (29) and (32) completes the
proof. O

‘We summarize the results of this section in the result below.

Theorem 9. We have that u. — YK — mH is bounded in L{S. ([0, 00); H*(I1.))
independently of €.

Proof. We use the decomposition (22) to write

ue —YK* —mHe = (1 + O‘AE)il(Ke(QE) +m(H — Hu))
+9[(14+aA) ' H — K]+ m[(1+ aA.) 'Ho — Hy .

The first term on the rhs is bounded in H'(Il.) as a consequence of Lemma 6, the
second term is bounded in H'(II.) thanks to Proposition 8 and the H' bound for
the third term follows from Lemma 7. ]

5. TEMPORAL ESTIMATES AND PASSING TO THE LIMIT

We will now prove the convergence result, which is part b) of Theorem 1.
We define
we = Kc(ge) + mH. (33)

Let U, be the extension of u. to the whole of R? with zero values for |z| < e. We
define in a similar manner ¢ and w. Since u. and w, are tangent to the boundary,
we infer that %, and w,. are divergence free in the whole of R2.

First we note that K* € H} (R?). Indeed, this follows from parts (a) and
(b) of Lemma 3 together with properties (P3) and (P4) of G,. Therefore, using
Theorem 9 together with the vanishing of u. on the boundary of Il., we obtain that
. — YK® — mH is bounded in L2 ([0,00); H*(R?)). We infer that there exists
some divergence free limit vector field u such that

w— 7K —mH € L5, (0,00); H' (R?)), (34)

and, passing to subsequences as needed,
Ue —u — 0 in L72,([0, 00); H'(R?)) weaks as ¢ — 0. (35)
In view of the discussion above we have, in particular, that @. is bounded in

L2 ([0,00); HE (R?)) and u belongs to L2, ([0,00); HL (R?)).

loc loc
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We also find, thanks to Lemma 5, that . is bounded in L°° (R x R?) indepen-
dently of €, so we can further assume that

W —w in L®(Ry x R?) weak* as € — 0 (36)
and
g- —q in L®(Ry; L' (R?) N L>®(R?)) weaks as ¢ — 0. (37)
Recall the equation for the potential vorticity
Orge + ue - Vg =0 in (0,00) x IL..

Since u. is tangent to the boundary of II. (it even vanishes), the extensions u. and
. satisfy the same PDE in all of R?:

O1e + e - V@ =0 in (0,00) x R?. (38)

We observed above that Theorem 9 implies that u, — YK — mH, is bounded
in L2 ([0,00); HY(R?)) < L5°,([0,00); L*(R?)). From Lemma 3 and the definition
of Hy, we observe that YK + mH,, € L*(R?) and, therefore, . is bounded
in L2 ([0,00); L*(R?)). Since g- is bounded in L>*(Ry;L*(R?)) we infer that
U.q. is bounded in the space L7 ([0,00); L?(R?)), so that . - V@ = div(uqc)
is bounded in L2 ([0,00); H~'(R?)). Then 8;¢- = —u. - V. is also bounded in
L2 ([0,00); H™1(R?)). We infer that the g. are equicontinuous in time with values
in H~'(R?). Using the compactness of the embedding H~'(R?) — H;,?(R?) and
the Ascoli theorem, we infer that, passing to subsequences if necessary, ¢ — ¢ in
C°(]0, 0); H;,2(R?). Recalling that g. is bounded in L=(R,; L?(R?)) we finally

deduce that
G- —q in C°([0,00); H, ' (R?)) strongly as € — 0. (39)

loc

The weak convergence of i, in H! obtained in (35) then implies that u.g. — ug in
the sense of distributions. Thus we also have that div(u.q:) — div(ug) in the sense
of the distributions in R?. Hence, we can pass to the limit ¢ — 0 in (38) to obtain
that

oq+u-Vg=0 in (0,00) x R
In addition, the strong convergence found in (39) implies that we also have conver-

gence for the initial data: g.(0,-) — ¢(0,-) as e — 0 in H;,}(R?). We conclude that
we have an initial condition for the equation of g:

q(0,7) = qo(z).

Next we will obtain the relationship between u and ¢ expressed in the system
of PDE satisfied by q. We already know that w is divergence-free, as limit of u,,
which are divergence-free. We will proceed to show that curl(l — aA)u = g + 4.
This will be done in two steps: first we determine the equation for the limit of w,
and then we determine the equation for the limit of u.. The following lemma deals
with the first step.

Lemma 10. We have that w € L (R4 x R?), that divw = 0 and that curlw = q.

Proof. We already know that w € L (R, xR?) and that divw = 0. Let us compute
curlw. Let ¢ € C=((0,00) x R?) be a test function and choose some p > 0. Let
nu(x) = n(z/p) and ¢, = n,¢p, where n was introduced on page 3. We assume that
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e < p. We multiply g. by ¢, and we integrate by parts, using that ¢, is compactly
supported in II. and that ¢. = curl we:

o0 o0
/ / q~€%0;t:/ / qePu
0 Jr? o Jm.
o0
:/ / curl wep,,
o Jum.
oo
7/ / we - Vi,
0 e
o0
—/ / We - V¥,
0o Jr2

We send € — 0 and use the weak convergences found in (36) and in (37) to obtain

that
o0 o0
[ fonef v
o JRr2 o JRr2

One can easily check that ¢, — ¢ weakly in H' as yu — 0. Recalling that w is
bounded in space and time and, hence, it belongs to leoc, and observing that ¢, is
supported in a compact set independent of x, we can pass to the limit p — 0 above

to obtain that
o0 oo
[ faae== ] Lo
0 JR2 0o Jr2

This means that curlw = ¢ in the sense of the distributions. This concludes the
proof of the lemma. O

The second step consists in computing © — aAw in terms of w.
Lemma 11. We have that u — aAu = w + vH.

Proof. Let ¥ € C2%((0,00) x R?R?) be a divergence-free test vector field and
choose some p > 0. We assume € < p.

Since W is divergence-free, there exists ® € C*°((0,00) x R%*R), compactly
supported in time, such that ¥ = V1-®. We can assume, without loss of generality,
that ®(¢,0) = 0 for all ¢.

As before, let n,(z) = n(z/p) and ¥, = V+(n,®). Then ¥, is divergence
free and compactly supported in II. so (1 + aA.)¥, = (1 — aA)¥,. Recall that
(1 + 0Ao)ue = we +vH, see (13) and the definition of w. given in relation (33).
We write

/ /ﬂs~(\lfﬂ—aA\pr):/ /us'(l—kaAE)\Ilu
0 R2 0 .
=/ / (1+ aA)ue
0 JI.

/ / We \IJM+')// / H\IJM

o Ji.
/ /ws \I};L'F’Y/ H\I/#
0 R2 R2

We now let e — 0 and use (35) and (36) to pass to the limit. We obtain

/ /u~(\IfoozA\I/ / /w U Jr'y/ H-v,.
0o Jr2 0o Jre 0o Jr2
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We rewrite the last term above in the following form:

/ H-¥, :/ H-V*(n,®)
0 R2 0 R2

:/ H-VL((nM—1)¢>)+/ H- Vo
0 R2 0 R2

:/ H-vi((nu—l)q>)+/ H-V.
0 R2 0 R2

We now use that curl H = d, we recall that n, — 1 is C°° and compactly supported,
and we write the following sequence of equalities in the sense of the distributions
7' (R?):

oo

/ T HYN (1)) = / TV (- 1)2)) = / (curl H, (1, — 1))
0 R2 0 0
:_/ <6,(np—1)<1>>=/ (t,0) dt =0,
0 0

where we also used that 7,,(0) = 0.
We infer that

/ / (U'\IJM—FOLVU'V\I/“):/ / u- (U, —aA¥,)
0 R2 0 R2

:/ /w-qzww/ H-U.
0 R2 0 R2

Since ®(¢,0) = 0 one can easily check that ¥, — ¥ in L>°(R;; H'(R?)) weak+ and,
moreover, the support of ¥, is included in a compact set uniformly with respect to
p. Since u € L§2. ([0, 00, H} (R?)) one can pass to the limit 4 — 0 above to obtain

loc

/ /(u-\IJ—l—aVU-V\I/):/ /w-\IJ+7/ H-.
0o Jre 0 Jr2 0o Jre

This can be written in the following form in the sense of the distributions:
(u—aAu—w—~vyH,¥) =0

for all divergence-free test vector fields ¥ € C2%((0,00) x R?;R?). Since the vector
field u — aAu — w — yH is divergence free, we deduce from the relation above that
it must vanish. This completes the proof of the proposition. (]

Recall that curl H = § in R?. Then, by virtue of Lemmas 10 and 11, it follows
that

curl(u — aAu) = curl(w + yH) = curlw + v = ¢ + 0. (40)

We have shown the convergence of a subsequence of g. towards a solution of (5).
In the next section we will show that the solutions of (5) are unique, which, in
turn, implies that the full sequence g. converges to ¢, without the need to pass to
a subsequence.

To conclude the proof of part b) of Theorem 1 it remains to show that u €
LP° (Ry; LP(R?)) for any p > 2. This follows immediately from (34) since it is

easy to see, using Lemma 3 part b) and the definition of H,, that both K% and
H,, € LP(R?), for all p > 2, and since H'(R?) C LP(R?) for all p > 1.
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Remark 12. Recall that the kernel of the solution operator in the full plane for
curl(l —aA), on divergence-free vector fields vanishing at infinity, is K = G, « H.
This solution operator can be easily extended to solenoidal vector fields in LP(R?).
Therefore, using (40) and that w € L§S.(Ry; LP(R?)), p > 2, we infer that u can be
expressed as:

u=K*x(q+~0) = K*xq+~vK°.

Moreover, if we denote by © = H * q the velocity field associated to q in R? then
one can check that

curl(&tﬁ—i-u-VT}—i—ZTJjVuj) =0scurlv+wu-Veurld = 0ig+u-Vg=0.
J

So the velocity formulation of (5) can be written in the form

O +u-Vo+ Y 5;Vu; +Vp=0
J
divu =0
u—alAu=0+~vH.

6. UNIQUENESS FOR THE LIMIT SYSTEM

The global existence of solutions of (5) follows from the convergence result es-
tablished in the previous section. Here we will prove uniqueness of solutions of (5),
thereby completing the proof of Theorem 1.

Let us observe that the a-—Euler equations in R?, with an initial vorticity given
by a bounded measure such as gg + v, have a global unique solution, see [11].
But, as noted in the introduction, even though the limit system (5) is very similar
to the a—Euler system, it is not the same. In addition, [11] proves uniqueness of
Lagrangian solutions by working on the trajectories of the velocity field. Even if we
could adapt the proof of uniqueness for a—Euler to (5), we would still have to make
the connection between Lagrangian solutions and the Eulerian solutions considered
here. Instead, we will give below a more classical proof of uniqueness, based on
energy estimates.

Let q,¢' € L= (Ry; L' (R?) N L*>°(R?)) be two solutions of the limit system (5)
with the same initial data ¢(0,z) = ¢’(0,2) = go(z). Then u = K* x ¢ + yK* and
u = K**q +~vK®*, see Remark 12.

Let g =q—¢,u=u—u and o = H*q = VtA'q Clearly [, qdz =
Jg2 @0 dx = [po ¢’ dz s0 [, Gdz = 0. In addition, ¢ and ¢’ are obviously compactly
supported in space. We infer that v decays like O(1/|x|?) at infinity, so that it
belongs to L2.

We have the following PDE for g:

0 g+u-Vg—u -Vq =0.

We multiply by A~'g and integrate in [0, 7] x R?. We follow the same argument as
in Section 3, when we estimated &[[7" ™! — W"H%Q(HE). Redoing the same estimates
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as those found on pages 9-10 we find

1 T 1 T
SIB(D)7: = —/ / (D21 + Drug)01 T — —/ / (—01uy + Baun) (T2 — 1)
2 0 Rz 2 0 Rz

T
+/ / u-vtq
0 R2

T
< C/ (102ur + Drus|| Lo + [|Orur — Bausl|Le)|D]7-
0
T
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0

where we used the relation @ — aAu = 7 to bound |[@|/z2 < ||7|r2 and, also, that
¢’ is bounded in L*°.
We now use (11) to obtain
[Ovur — Bauzl| L~ < (01 KT — 02K5) * gl + V][OV KT — 02 K3 || Lo
1O KT = 05 K5 2= (llgllzr + [7])
<G,

IA

where C' is uniform in time. A similar estimate holds true for ||Gau; + Orusg| <.
We deduce that
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The Gronwall inequality then implies that 7 = 0, so that ¢ = ¢’. This completes
the proof of Theorem 1.
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