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Abstract

We consider 3D micropolar flows with possible vanishing spin viscosity and investigate the
decay of the energy for large times. We compute first the exact L?-asymptotic profile, as
t — 400, for solutions to the linear 3D micropolar equations, up to the second order. For
the nonlinear micropolar system, we first establish the existence of restricted Leray solutions.
This new notion of solutions is required because it is not known whether the weak finite energy
solutions verify a strong energy inequality. Next, we study the large-time behavior of restricted
Leray solutions, and prove that they behave asymptotically in L? like their linear counterpart,
up to the critical algebraic decay rate O(t‘5/ 2) for the energy. Applying a remarkable linear
enstrophy identity, we show that the microrotation field exhibits faster decay in L? than the
velocity field, allowing us to impose our hypothesis on the velocity field only and not on the
angular velocity.
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1 Introduction

In this paper, we investigate the large-time behavior of solutions to the three-dimensional mi-
cropolar fluid equations. We consider the nonlinear system, including the case of vanishing spin
viscosity, which is physically relevant, as discussed in [3]. This situation is particularly challenging,
as it leads to a loss of regularizing effects in the microrotation equation. As we shall see below, the
3D case considered here is quite more complicated than the 2D case studied in [3] for at least two
reasons: the lack of an enstrophy identity for the nonlinear system (see [3, Section 3]) and the lack
of a strong energy inequality (see [3, Proposition 2.5]). We will discuss this in detail later.

The micropolar fluids equations model a class of fluids where the microstructure is taken into
account. Physically, they may represent fluids where the rotation of suspended micro-particles is
considered, and can be used to model polymeric suspensions, liquid crystals, and blood flow, for
example. They were introduced by Eringen in [7], and are a generalization of the classical Navier-
Stokes equations. Details on the derivation of the model may also be seen in [5] and [16]. In [16],
there is also a detailed mathematical analysis of the model, including many existence and uniqueness
results for both stationary and non-stationary problems for such models.

The system describing the motion of micropolar fluids in the whole space R? is

Ou+u-Vu+ Vp=(u+ x)Au+ 2y curl w, reR3 t>0,
(1.1) Ow +u - Vw = yAw + kV(divw) + 2x curl u — 4xw,
divu = 0,

where u is the translational velocity and w is the angular velocity of the micro-particles in the fluid.
The coefficients u, y > 0 denote the kinematic and vortex viscosities, respectively, while x,v > 0
denote the gyroviscosity and the spin viscosity, respectively. These viscosities are assumed to be
constant throughout this work. The initial data associated with system (1.1) are denoted, as usual,
by uo and wy.

The three-dimensional problem differs in an essential way from the planar case. In 3D, the
microrotation field no longer has a fixed direction, so the planar enstrophy identity used in the 2D
analysis [3] (which is crucial in the spin-viscosity-free regime v = 0) is no longer available. The lack
of an enstrophy-like identity prevents the use of the monotonicity argument [12, 13] which was quite
useful in the two-dimensional setting, as shown in [3]. The analysis here requires a new notion of
solution to deal with the lack of a strong energy inequality and combines a refined Fourier splitting
argument with the damping mechanism in the w-equation which compensates for the absence of
diffusion when v = 0.

In our first result, we obtain the precise behavior of the linear micropolar system

Owur, = (u+ x)Aug + 2x curlwy,
(1.2) Oywr, = yAwy, + kV(divwy) 4+ 2y curl uy, — 4dxwy, reR® t>0
divuL =0.

We observe that the absence of the pressure in the equation of uy is due to the fact that all the
terms in that equation are divergence free. We will prove in Section 3 the following result.



Theorem 1.1. Assume v > 0. The solution (ur,wr) of the linear problem (1.2) with initial data
(ug,wp) € L2(R3) x L*(R?) has the following asymptotic behavior in L* as t — +00:

C C
|uollz2 + t—;HPonLz, Vi > 1
2

||uL — eMPyy — %curle’“ﬁngL2 < ?\

and

C

1 1 C
HwL _ 5 CurleNtAuO + ZAeﬂtA]P)wOHLQ < t—%HU()HLQ + t—2”UJDHL2, Vit > 1
for some constant C' depending only on the material coefficients.

Our next result deals with the full nonlinear system (1.1) when the initial data wy and wy
are square integrable. Let us comment first on the existence of the solutions of (1.1) under this
assumption. The standard energy estimate for (1.1), see relation (2.2), together with a compactness
argument implies the existence of the so-called Leray solutions of (1.1). These are finite energy
solutions satisfying (1.1) in the sense of the distributions (one needs to write the nonlinear term
u-Vw as div(u ® w)) and such that the weak energy inequality (2.2) holds true. Unfortunately,
the weak energy inequality (2.2) does not suffice to obtain the decay of the energy at large times.
We need instead the so-called strong energy inequality (2.3). When v > 0, the existence of global
Leray solutions satisfying the strong energy inequality (2.3) below can be established exactly as for
the Navier—Stokes equations. But in the case v = 0, which is the focus of the present work, it is not
clear why solutions of (1.1) verifying the strong energy inequality (2.3) should exist. To deal with
this issue, we will work with a class of solutions which we call restricted Leray solutions following a
terminology introduced by P.G. Lemarié-Rieusset [14]. The restricted Leray solutions are solutions
obtained as a limit of solutions of some mollified approximation of (1.1), see Definition 2.3 and
Proposition 2.4 below.

For restricted Leray solutions, we are able to obtain sharp L2-decay results for large time.
The next theorem improves several partial results available in the literature in this direction. Its
statement is inspired by Wiegner’s classical decay result [20] for the Navier-Stokes equation. It
allows one to obtain solutions to the micropolar system with algebraic decay of the energy up to
the rate O((14)~%/2). As it will be seen, our analysis takes fully advantage of the special structure
of the micropolar system, thus leading to a deeper understanding on how microrotation affects the
large time behavior of the fluid motion.

Theorem 1.2. Let pi,x > 0 and v,k > 0. Let z := (u,w) be a restricted Leray solution to (1.1),
with initial data zo == (ug,wg) € L2(R3) x L?(R3). The following hold true:

1) u@IlZ: + lw(®)Iz =0 as t — +oo.

i) If 0 <T'<5/2 and the solution (ur,wr) of the linear problem (1.2) with initial data (ug, wo)
satisfies s (012 = O™, then [u()|2, + [w(t) |2, = O ).

ii) Under the condition of the previous item (in the case v = 0 we also require the additional



condition [(1+ [€])]Z0(£)] d€ < 00), one has

(14 0)72¢(0), if I'=0,
(1+t) 1/2— 2F if 0 < T <1,
B 2, _ 2, <
(18) =)z 00 =) O 24 (o oge 2, =1,
\(1_’_25) 5/2 if1<F§5/2,

with limy_, o, ((t) = 0.

We established in Theorem 1.1 some approximate formulas for u; and wy up to a O(%) error
for uz, and up to a O(t%) error for wy. So we can replace in (1.3) the term w;, with the quantity

% curl eutA UtA UtA

Uy — iAe“tA]P’wo for all I', and we can replace uy, by e**“ug+ % curl e"=wyq for any I' < %.

Results on the decay of the energy for the micropolar system were established before in [4, 9, 17],
but Theorem 1.2 improves them in several ways. In particular, we note that Theorem 1.2 remains
valid in the case 7 = 0, whereas the condition v > 0 was required, and used in an essential way,
n [4, 9, 17]. Including the partially inviscid case v = 0 represents an important new technical
contribution of the present work.

As in classical Wiegner’s theorem [20], the L*-decay of the solutions agrees with the decay of
the linear part up to a critical decay rate, beyond which the nonlinear effects are predominant. The
restriction I' < 5/2 also appears in the case of the Navier-Stokes equations and it is known to be
optimal. Remarkably, in assertions ii)-ii), no assumptions on the decay of the linear microrotation
lwr,(¢)]|7 is needed: this is due to the surprising fact that the algebraic decay of |lur(t)||3, forces
a faster algebraic decay for ||wg(t)||3.. For this, see Proposition A.2 in the Appendix.

Our method is somehow close to that of [4], based on the Fourier splitting method introduced
in [19]. The novelty of our approach relies in taking advantage of the presence of a damping term in
the equation for w and showing that this term compensates the lack of dissipation in this equation.
Results for v = 0 were addressed, for the 2D case, in [8] at a formal level (i.e., relying on regularity
properties of solutions that are not rigorously established) and, in a much more systematic way,
in [3]. For the three-dimensional case, in a recent paper [18], the authors obtained corresponding
decay estimates, when v = 0, under much stronger assumptions (both smoothness and smallness)
on the initial data. More precisely, assuming (ug,wo) € (L' N HE) x (L' N H®), with s > 3/2 and
sufficiently small in H®, they proved that global strong solutions exhibit heat-like decay rates for
u, together with the improved decay for the microrotation w, which, in particular, corresponds to
the case I' = 3/2 in our result (see also Corollary 5.1 below). It is also worth mentioning that
the 2D case has a quite different structure, as the micro-rotational angular velocity w has a fixed
direction, and crucial features of the planar case are no longer valid in 3D. For example, the 2D
enstrophy identity shown in [3], which has deep consequences on the large time behavior. Another
important contribution of the present work is deriving and applying to the decay problem a new

enstrophy-type identity for the 3D linearized problem.

Remark 1.3. Let 29 = (ug,wp) € LZ(R?) x L*(R?) and let us compare, for example, our result
with the ones in [4, 17]. In [4], the authors dealt with the case v > 0 and proved that, if one
additionally assumes zy € L'(R3) x L'(R?), then |[u(t)||%, + [[w(t)||2. = O(t~3/?) as t — +o0. Our



theorem, besides encompassing the case v = 0, allows one to obtain the same decay rate under
the more general condition ||ur(t)||2, = O(t%?): the result of Theorem 1.1 implies that for the
latter condition it is enough to assume that uy + 5 curlwy € By 5/2 J2(R3), since f € B2_ zo/z(R?’) if
and only if [le"2f||2, = O(t=3/2), see [1, Chapter 2]. This technlcal improvement is important
because it shows that solutions of the micropolar system can decay faster than the solution of the
Navier-Stokes equation with the same initial velocity ug, since the latter condition holds without the
need of ug € B 8/ 2(R3) Similarly, Theorem 1.2 may be used to improve the result in [17]: therein,
optimal decay rates of solutions (for v > 0) are obtained under assumptions on the decay character
of up and wy. But, in fact, a more general assumption on the decay character of uy— % curl wy would
be enough.

We finish this introduction by discussing improved decay rates for [[w(t)||7,. This issue is
physically relevant due to the strong alignment phenomena of w with the vorticity discovered
n [10]. Results in this direction appeared in [9], [11], but only for v > 0. In all these references, the
dissipation term vAuw, in the equation for w, plays a crucial role in the arguments. Corollary 5.1
below illustrates that an improved decay rate for ||w(¢)||3. can also be obtained when v = 0. Here,
we just state a simple particular case of this corollary:

Ifug € (L*NL2)(R?) and wy € (L¥?NL?)(R?) (if v = 0, we also require [(1+|¢])|Z0(€)] A€ < o0),
then, as t — +00,

u(t)||2, = O(t™3/%) (same decay rate as for the heat equation),
lw(t)||22 = O(t™>?) (the decay for the heat equation would be slower: ||e"“wq||2, = O(t~/?)).

Notations

The symbol P denotes the L? orthogonal projector onto divergence-free vector fields, and L2 (R?)
will represent the space of 3D vector fields in L?(R?) that are divergence-free in the sense of dis-
tributions. In our estimates, we will often write f(¢) < g(¢) to indicate there is a constant C' > 0,
independent on time, such that f(t) < Cg(t). The symbol F denotes the Fourier transform. We
will also use the classical notation H® for L? based Sobolev spaces and B , for the homogeneous
Besov spaces.

2 Restricted Leray solutions for the micropolar system

The aim of this section is to prove the existence of a special class of Leray solutions of the
micropolar fluids equations (1.1). The L? energy estimates for (1.1) consists in multiplying the first
equation by u, the second equation by w, integrating in space and adding. Doing some integrations
by parts and using the classical cancellations [u-Vu-u= [u-Vw-w = [ Vp-u =0 we formally
obtain the following relation:

1 :
Ollullzz + wlze) + (1 + 01 Vullze + [ Vellze + slldivellz: + 4wz - 4X/3 w - (curlu) = 0
R

Observing, by integration by parts, that

|Vul|z2 = || curl ul| 2,

bt



the energy estimate can be written under the form
1
(2.1) Ollullzz + llwllze) + pllVulie + v Vol + £lldivelz: + Xl eurlu — 2w][7. = 0.

The above relation is formal, it must be viewed as an a priori estimate.

The existence of finite energy solutions of (1.1) in the case v > 0 follows in the same manner
as for the classical incompressible Navier-Stokes equations. The case v = 0 is a bit more delicate,
but still easily doable with classical compactness methods (see [3]). Indeed, if u.,w,. is a sequence
of suitable approximate solutions, the L? estimates from (2.1) imply L?H! estimates for u., which
in turn implies compactness in L? . for u.. For w. we have no H' estimates in z, so we get only

weak convergence in L2. But one can easily check that strong convergence for u. in L? = and weak

loc
convergence for w. in L? suffices to pass to the limit in (1.1). Taking the lim 151f in the energy
e—

estimate for (u.,w.) and using the weak lower semicontinuity of norms, one can also easily prove
that the solution obtained with such a limiting process verifies the energy inequality

t t t
@mnwm@+mmm;+m/ﬁvw;+m/nw&;+%/nwwﬁa
0 0 0

t
+ 2X/ | curlu — 2|2 < uo|Zs + o2
0

for all £ > 0.
Unfortunately, the method of proof that we will employ in Section 4 requires the following strong
energy inequality to hold true:

t t t
@@nwmm+www;+m/wVw§+m/waé+%/uwmmz

t
+ 2X/ leurlu — 2w|[72 < Ju(s)llZ2 + w(s)llz:

for all ¢ > s and for almost all s > 0. Such an inequality can be proved in the case v > 0 with
the same proof as for the Navier-Stokes equations. In the case v = 0, the proof given in the
case of the Navier-Stokes equations does not go through to the micropolar fluid equations. Let
us briefly explain why. The method of proof of the strong energy inequality consists in writing
(2.3) for solutions (u.,w.), of a mollified system, in taking the hm mf and using the weak lower
semicontinuity of norms to deal with the left-hand side. To pass to the limit in the right-hand side
we would need strong convergence in L? for u.(s) and w,(s). This is essentially true for u.(s) for
almost all s due to the strong convergence of u. in L} (R, x R3). But for the w. we only have weak
L? convergence and this is why the method fails. The existence of weak solutions of (1.1) verifying
the strong energy inequality (2.3) is open in the case v = 0.

To deal with this issue, we will use a notion of a so-called restricted Leray solution. This
terminology is borrowed from the book of Lemarié-Rieusset [14]. The construction of restricted
Leray solutions proceeds as follows.

Let 0 € C§°(R?) be a non-negative and even function, such that [6 =1 and let, for £ > 0 and
r € R3 0.(x) = e30(x/e). For any L] _(R?) function f, we denote its mollification by

Jof =0, f.

6



Let us consider, for £ > 0, the following mollified system

Oyue + P((Jeue) - Vue) = (u+ x)Aue + 2y curl we,

ow, + (Joue) - Vw, = yAw, + kV(divw,) + 2y curl u, — 4yw,
(2.4) e + (Jeue) K (divee) +2x X rERY >0
(us7ws)|t:0 = (uo,wo)

divu, =0

Since J.u. is smooth, the proof of the existence of finite energy solutions of the above system is
classical. In addition, we can prove that every finite energy solution of this mollified system verifies
a strong energy inequality. More precisely, we have the following proposition.

Proposition 2.1. Let (up,wg) € L2(R3) x L*(R3) and let v > 0. There exists a weak solution
(ue, we) to (2.4) with initial data (ug, wy) such that:

a) u. € L®(Ry; LA(R?)) N ([0, 00); L*(R)) N L*(Rys H' (R?));

b) e w. € L*(Ry; LA(R?*)) N CH([0,00); L*(R?)) N LA(Ry; HY(R?)) if v > 0
o w. € L¥(R.: I2(RY) N CO((0, 00): LA(RY) if 7 = 1 = 0;
e w. € L®(Ry; L*(R3)) N CY([0,00); LA(R?)) and divw, € L*(R; x R3) if y =0 and x > 0.

c) the following energy equality holds true:

t t t
(2.5) Jlue(®)12 + llwe(®) 22 + 20 / IV 2 + 27 / Vw2 + 26 / | divawe |22
t
oy / eurlu, — 2w 22 = faue(s)|2a + wa(s)|s

forallt > s> 0.

Remark 2.2. We stress the fact that the energy equality above covers the cases v = 0 or Kk = 0,
with the convention that the integrals preceded by a zero coefficient do not appear.

Proof. Since J.u. is smooth, the existence of a weak solution with the regularity stated in items
a) and b) follows in a classical manner. For the convenience of the reader, we sketch the proof
following the approach given in [6, Proposition 2.1].

For any positive integer n, let us introduce the frequency truncation operator E,, defined by

E./() = f(©)Lig<n-
We consider the filtered mollified system, for z € R? and ¢ > 0:

ol = —E,P((J.PE,ul) - VE,ul) + (1 + x)AE,ul + 2x curl E,w?,
(2.6) < Q! = —E,((J.PEul) - VE,w?l) + yAE,w + kV(div E,w?) + 2x curl E,ul — 4xE,w?.

(u?, w?) |t:0 = (EnUOa Enwo)-

If (u”,w") € E,L?, then by standard calculations (see, e.g., [1, Section 6.1]) one verifies that all
the terms appearing in the right-hand side of the first two equations in (2.6) belong to E, L*(R?).
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These calculations also imply that the Cauchy-Lipschitz theorem applies in E,L?, endowed with
the usual L2-norm. Hence, the filtered mollified system (2.6) admits a maximal time 0 < T}, < 400
and unique maximal solution (u?, w?) € C*([0,T},,), E,L*(R?)). Applying the projection E, to (2.6)
and using that E2 = E, we observe that (E,u”, E,w") also solves (2.6). By uniqueness we must
have that E,u? = u? and E,w?” = w” so (2.6) becomes

ol = —E,P((J.Pul) - Vul) + (u + x)Aul 4+ 2x curl w?,
(2.7) ow! = —E,((J.Pul) - Vwl') + vAw? + sV (divw]) + 2x curl u — 4xw?.

(u, w?)|i=o = (Ento, Enwo).

Clearly (u?,w") = (E,u, E,w?) € H*(R3), so scalar multiplication of the first equation by w,
and of the second equation by w, is allowed. Using again that (ul,w?) = (E,ul, E,w!) together
with the self-adjointness of E,, we get that (uZ, w) satisfies the energy equality for 0 < ¢ < T),:

t t t
(28) [ (®)]2 + ol (8)] % + 20 / IVar 2. + 2y / IVl 2. + 2 / Iiv w2
0 0 0
t
oy / curlu? — 20?2 = [[Ewuo|l2s + [EnwolZ2 < [luolZ2 + [lwo] 2.
0

In particular, (u”, w?) € L>=([0,T,), E,L*(R?)), so by the Cauchy-Lipschitz theory T}, = +o0.

Relation (2.8) also implies that u and w! are bounded independently of n (and of £ too but
this is irrelevant at this stage) in the spaces mentioned in the items a) and b) of the statement. We
can therefore extract a subsequence, also denoted by (uZ,w!) which converges weakly to a couple
(ue, we) belonging to the spaces announced in the items a) and b) of the statement. One can pass
to the limit n — oo in (2.7) with classical compactness arguments and show that (u.,w.) verifies
the weak formulation of (2.4), as in [6, Proposition 2.1], where the existence of weak solution for
a similar system of equations — the Boussinesq system without dissipation in the temperature
equation, was established. Note that the weak continuity in time of u. and w. with values in L?
follows from the boundedness in L?, the continuity in time with values in 2’ (which can be easily
deduced from the PDE verified by u. and w.) and the density of & in L2

It remains to show item c), the energy equality (2.5). This energy equality will follow from two
facts. One fact is that the equation of u. can be multiplied by u. yielding

t t
29 el #2000 [ IVl —ax [ [ e et = Jut)l:

for all t > s > 0. The second fact is that w. verifies the energy equality
(2.10)

t t t t
s ()22 + 2 / IV 2 + 2% / Idivwe |22 +8x / Jes[[22 — 4y / / we - (curlue) = e (s)[2
s s s s R3

forallt > s> 0.

Adding (2.9) and (2.10) clearly implies the energy equality (2.5). It remains to show (2.9) and
(2.10).

One can easily verify that the equation of u. can be multiplied by u. yielding (2.9). Indeed,
we know that u. € L*([0,00); H'(R?)) so Au. € L*([0,00); H-'(R?)). Also w, € L=(R,; L*(R?))

8



so curlw, € L>([0,00); H-1(R?)). Since J.u. is smooth, we clearly have that P((J.u.) - Vu.) =
P div((J.u.) @ u.) € L®([0,00); H~'(R?)). We infer that dyu. = —P((Jouz) - Vo) + (1 + x)Au. +
2y curlw, € L2 ([0, 00); H~'(R?)). Since all the terms in the equality

Oue + P((Joue) - Vue) = (1 + x)Aue + 2y curl w,

belong to L2 ([0, 00); H~'(R?)), the relation above can be multiplied by u. which belongs to the
dual space L?([0,00); H'(R?)) (see for instance [15]). This proves (2.9).

To prove (2.10) we distinguish three cases.

Case 1. v > 0. Since there is a diffusion term in the equation of w, the same argument as above
applies.

Case 2: v =k = 0. In this case the proof of (2.10) follows the argument given in [3, Proposition
2.5] where a similar energy equality was proved (see relation (2.5) from that reference) for a similar
equation in a more complicated setting (there J.w. is replaced by w). The equation considered in
that reference is scalar but we can work on the equation of w,. from (2.4) component by component.
The proof of [3, Proposition 2.5] does not depend on the space dimension. Relation (2.10) is
therefore a direct consequence of the argument given in the proof of [3, Proposition 2.5].

Case 3 v =0 and k > 0.

We apply J, to the equation of w. given in (2.4), we multiply it by J,w. and integrate on
[s,t] x R3. We get after some integrations by parts

@11 Mol +25 [ Mol +8x [ ol = a1

—|—4x// Jo curlu, - Jyw, — // ((Joue) - Vwe) - Jywe.
R3 R3

We let @ — 0. Since J, is a mollifier and w,(t) € L? we know that J,w.(t) — w.(t) in L? as
a— 0, so

lim || Jowe (8)][72 = [lw-()][7-.

t t
lim / 1o div w2 = / | divwe 22
t t
. 2 2
tim / 22 = / oo 22

lim || Jow.(s)[72 = [Jwe(s)IZ2-

Similarly

Next, we have that curl u. and w. belong to the space L2((S, t) X R3) so J, curlu, — curlu, and
Jow. = w. in L2((s,t) x R®) as o = 0. Therefore

t t
lim Jo curlu, - Jyw, = curl u, - w,.
a=0J, Jgr3 s JR3



We bound the last term of (2.11) with a commutator estimate:

t
/ / ((Jeue) - Vw,) - Jyw, = / / oy (Jette -V]we - Jyw, +/ / (Jeue) - Vgwe « Jowe
R3 R3 s JR3
(212) / / om JU’E : ] We - Jaws
]Rd

< H Ja, (Jeue) - i|w€||L2 5,8)xR3) || JaWel| L2((s,) xR3)
a—0

— 0

where we used the classical properties of commutators see for example [3, Lemma 2.4] and the fact
that J.u. is Lipschitz in the space variable.
We conclude that letting o — 0 in (2.11) implies (2.10) and completes the proof. O

Following (with slight modification) Lemarié-Rieusset’s terminology [14], we introduce the fol-
lowing notion.

Definition 2.3. Let (ug,wp) € L2(R?) x L?(R3).
e A solution (u.,w.) of (2.4) as obtained in Proposition 2.1 is called a mollified solution.

o A restricted Leray solution of the micropolar system (1.1) with initial data (ug, wg) is a couple
(u,w) obtained as a limit in the sense of distributions of a sequence of mollified solutions:
there exists €,, — 0 and a solution (u.,,w.,) of (2.4) with ¢ = ¢, such that (u.,,w.,) — (u,w)
in 2'((0,00) x R?).

It is not hard to show that a restricted Leray solution of (1.1) is a solution in the sense of
the distributions, that it verifies an energy estimate and that every bound in L? for u. and w.
independent of ¢ is also true for the restricted Leray solution. More precisely, we have the following
result.

Proposition 2.4. Let (ug,wp) € L2(R3)x L*(R?) and let y > 0. Then there exists a restricted Leray
solution of (1.1). In addition, any restricted Leray solution (u,w) of (1.1) verifies the following
properties:

a) The couple (u,w) solves (1.1) in the sense of the distributions and u‘tzo = o, w‘t:o = wy.
b) ue L*(Ry; L*(R?)) N CY([0, 00); L*(R?)) N L (Ry; H' (R?));
¢) o w e L2(R,; I2(R®) N CY([0, 00); L(RS)) N L2(R, 3 HA(RS)) if 4 > 0;
o we L®(Ry; LA(R?) N CY([0,00); LA(R?)) if v = k = 0;
o we L®(Ry; LA(R3)) N CY([0,00); LA(R?)) and divw € L*(R, x R?) if v =0 and x > 0.
d) the following energy inequality holds true:
¢ t ¢
@13) ol + w2+ 2 [ 1Vulte + 20 [ 190l +26 [ aivul,
0 0 0
¢
42 [ el 20l < Juolf + ol
0

for allt > 0.
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e) If f,g : Ry — Ry do not depend on e, and if we have the bounds ||uc, (t)|2 < f(t) and
lwe, () |lzz < g(t) for all t > 0, then the same bounds hold true for the restricted Leray
solution (u,w) which is the limit of (u.,,we,): ||u(t)||zz < f(t) and |w(t)|| 2 < g(t) for all
t>0.

f) Let z, = (up,wy) be the solution of the linear micropolar system, z., = (u.,,w.,) and z =
(u,w). If h: Ry — Ry does not depend on e, and if we have the bounds ||z, (t) — zr(t)|| 2 <
h(t) for allt >0, then ||z(t) — z(t)||z2 < h(t) for all t > 0.

Proof. The existence of a restricted Leray solution is trivial. Indeed, thanks to (2.5), any sequence
of mollified solutions is bounded in L (R, ; L*(R?)) so it has a subsequence converging in the sense
of the distributions. The limit of such a subsequence is a restricted Leray solution.

Let now (u,w) be a restricted Leray solution and let z., = (u.,,w.,) be a sequence of mollified
solutions (2.4) converging in the sense of the distributions to z = (u,w). We write the energy
equality (2.5) for s = 0:

t t t
(214) [Juey (8)]22 + e, (8)]22 + 21 / Ve, |2 + 2y / IV, |22 + 26 / Idiv s, s
0 0 0
t
+ 2 [ eurlue, = 20, B = ol + o]
0

This relation implies that u., and w,, are bounded independently of €,, in the spaces mentioned
in the items b) and c¢) of the statement. So necessarily u and w must belong to these spaces
(we will justify later the weak continuity in time with values in L?). Moreover we can subtract a
subsequence, also denoted by (u., ,w., ), which converges weakly to (u,w) in the spaces announced
in the items b) and c) of the statement.

From (2.4) we see that 9z, is bounded in L>®(R; H~?). The Ascoli theorem together with the
compact embedding of H~3 into H, * allow then to extract a sub-sequence, also denoted by z.,

loc
such that z., — z in C°([0,00); H,,.). In particular z.,(0) — 2(0) in H, so z(0) = z.

The weak continuity in time of v and w with values in L? follows from the boundedness in L2,
the continuity in time with values in 2’ (which follows from u,w € C°([0,00); H;,!) as seen above)
and the density of 2 in L?. This proves items b) and c) of the statement.

We observed that u., converges to u weakly in L} (Ry; H') and strongly in C°([0, c0); H;,2).
The quantity J;, u., is bounded in the same spaces as u., so, after extracting another subsequence,
enjoys the same convergence properties. Clearly J., u., — u., goes to 0 in the sense of the dis-
tributions, so J;, u., and u., have the same limit. We infer that J. u., converges to u weakly in
L} (Ry; H') and strongly in C°([0,00); H;,1), so J.,u., — u strongly in L2 (R; x R?). Recalling
that w., converges to w weakx in L>(R; L?), one can pass to the limit €, — 0 in (2.4) (where € is
replaced by ¢,) and obtain that the couple (u,w) verifies the micropolar system (1.1) in the sense
of the distributions. We already observed that z(0) = (ug, wp), so item a) is completely proved.

We prove now the energy inequality (2.13). Observe first that the strong convergence z., — z

loc?

all ¢ > 0. Recalling that z., (¢) is also bounded in L? we infer that z. (t) — 2(t) weakly in L? for

in C°([0,00); H;,!) implies the time-pointwise convergence z.,(t) — z(t) in H, !, so in 2’ too, for

11



all t > 0. The weak lower semi-continuity of norms implies that
[2(@)]|z> < liminf ||z, (¢)]] 2
n—oo

for all ¢ > 0. Similarly

t t
[ 1vuls <tmit [ 9, |3
0 n—oo 0

and . .
/ | curlu — 2w||7, < liminf/ | curlu., — 2w, ||32
0 n—o0 0

for all £ > 0. In addition, if v > 0 we also have that

t t
/ Vw2 gnminf/ Ve |2

and if k > 0 we have that

t t
/ | divawl|3. < liminf/ | div e, ||35.

We conclude that taking the liminf,, . in (2.14) implies the energy inequality (2.13).
We prove now item e). Assume that |ue, (t)]|2 < f(t). We take the liminf and use the weak

n—oo
lower semi-continuity of norms together with the fact that wu., (¢) converges weakly in L? to u(t) for

all t > 0:
Ju(t) 2 < min€ ., ()] < £0).

Similarly, the bound ||we, (t)]|z2 < g(t) implies the bound [|w(t)||2 < g(t).
Item f) follows in the same manner since we of course have that z., () — z.(t) — 2(t) — z1(¢)
weakly in L? for all ¢+ > 0. This completes the proof. O

3 Explicit formulas and precise asymptotic behavior for the
linear part
The linear part of the micropolar system reads:

Oyur = (1 + x)Auy + 2y curlwy, reR: t>0
(3.1) Owr = yAwy, + kV(divwy) + 2x curl uy, — dywy.

divur, =0

We define zy, := (ur,wr).
At the linear level, the two equations are not too strongly coupled. To take advantage of this
fact we consider the Helmholtz decomposition

wri, :IP’wL—l—(wL—IP’wL) :hL—Vq, with hL = JP)U)L.

12



Taking the divergence in the first equation above yields
(3.2) Ag = —divwy,.
Taking the divergence in the second equation of (3.1) yields
Oy(divwy) = (v + k)Adivwy, — 4xdivwy,
which implies exponential decay for divwy. Indeed, taking the Fourier transform above results in

u(divwy) = [—4x — (v + #)[¢[?] div g,

which can be solved explicitly:
divwy, = e—t(4x+(v+ﬁ)|£\2)m — et ORI e L g
From (3.2) we get that
Vqg=-VAldivw,

SO
PP —dxt_— 2&(€ - wo)
vq - /l_dlvw = —e X e (’7+F’3)t|§| .
€[? - €]
Then
(3.3) Wy = ﬁz _ @ _ E + e_4xte_(7+”)t\5|2€(€ - W)

I{.
It suffices now to compute uy and hy. Since curl Vg = 0 we have that curlw; = curlhy.
Applying the Leray projector P to the equation of wy in (3.1) implies the following system for

(UL, hL)Z

(

Owur, = (u+ x)Aug + 2x curl hy,
(3.4) Ohy, = yAhyp + 2x curluy, — 4xhy,
diVUL =0

\dthL =0.

We can further simplify this system by setting €2 := curluy. Taking the curl of the first PDE
above yields

(8,00 = (+ \)AQL — 2xAhy,
Othy, = vAhp 4+ 2xQ — 4xhy
div€l, =0

\div hr, = 0.

(3.5)

To solve (3.5), with initial data QY and hg, we take the Fourier transform and we get

(36) IEDN _ [~k 2Pl ) (Qul6t)
‘ 8thL<£7 t) QXIS _(’7|€|2 + 4X)]3 hL(ga t)

13



Here I3 denotes the (3 x 3) identity matrix.
Let L: Matoyo(R) — Matgyg(R) be the linear transformation

A= air a2 s L(A) = apls azls .
Q21 A22 anls anl;
One easily proves by induction that, for any natural integer k, L(A*) = L(A)*, and as L is a linear
continuous mapping, we get
exp(L(A)) = L(exp(A)).

This means that the solution of the linear system (3.6) is

Qr(&,t) B —(u+ )P 2xeP Q9(€)
(37 (Em) (5’”‘L(6Xp[t( 2 —(7|§\2+4x)> )(ﬁo@)‘

The exponential of the 2 x 2 matrix above was computed in [3, Lemma 5.1] using the Putzer spectral

formula. The result is the following expression:

38) exp[t<—(u+x)lflz 2x¢f? )]:

2x —(7I€]? +4x)
_ 1 (eeVDU(/D = B) + e eHVPI(V/D + B) 2y R(e VD) _ g-tla+VD))
— 2\/5 2X(e—t(a—\/5) _ e—t(oz-&-@)) €_t(o‘ \/5)(\/_+5) + e a+f)<\/5 6) )

where we used the notation

1

= §(M+X+’Y)R+2X
B = (u +x—7)R—2x
D= 52 +4X°R

= [¢[*.

We know by the Biot-Savart law that
—~ i€
(39) UL(f,t) = W X QL(f,t)

Putting together relations (3.7), (3.8) and (3.9) imply the following formulas for w7, and hi:

(3.10) {u?(&t) = Eva(€,0)0(€) + B (€, 1)i€ x hol€)
| h/\L(fat) = Fy1(&,1)i€ x Up(&) + E272(57t)};0(5)
where
El,l = 2\}5 [e*(af\@)t(_ﬁ + \/5) + ef(oHr\/E)t(ﬁ + \/5)}
By = %e(a\@)t(l — e’2t*/5)
(3.11) Eso = 2\}5[6_( (5+\/_)+6 (a+vD)t ( ﬂ—i—\/—)}
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Using (3.3) and (3.10) we conclude that the solution of (3.1) is given by

TL(E,t) = Eva(€,1)T0(€) + Ea(€,1)i€ X ho(€)

3.12 R 2
( ) @\L(&t) = Eg,l(g,t)lf X ao(f) + E272(€7t)h0(€) + e Xt —(v+r)tl€] §

£(€ - wo)
NGEE

The quantities Ey 1, Foy and Es5 have been introduced and studied in [3], see relations (5.6)—
(5.8) of that paper. We will rely on the estimates from that paper.

Let M be the linear operator associated with the linear problem (3.1), so that z; = e z,. Let
K (-,t) be the symbol of the linear micropolar operator e so that

(3.13) 71L& 1) = K(&1)2(€) = F(e"2)(€).

Since zy, has 6 components, K is a 6 x 6 matrix. Thanks to (3.12), (3.3) and using that £ x 20(5) =
£ X wy(§), one can show the following explicit formula for K:

o Ell(f, t)[g Z'Egl(f, t) 03 03
(3.14)  K({t) = (z‘Egl(g,t) Ex B )], ) + <03 et e—(rHRtIE (1 — E}ﬂg,t))%)

where I3 denotes the 3 x 3 identity, O3 is the 3 x 3 matrix with zero entries, £ ® ¢ is the matrix
(&€5)1<ij<3 and £X is the matrix whose action on a vector is the exterior product with &:

0 =& &
Ex =1 & 0 =&
& & 0

We observe that the first term on the right-hand side of (3.14) is quite similar to the formula
for the symbol K from [3, relation (5.9)], so we will be able to use the estimates proved in that
reference to bound this first term. The second term on the right-hand side of (3.14) is exponentially
decaying as t — oo because one can easily check from (3.11) that Fos is uniformly bounded in time
and space. Therefore, this second term is negligible.

The same proof as in [3, Proposition 5.3] shows the following bound for K:

Lemma 3.1. There exists ¢ > 0 such that

—clgf’t ;
KEN 1 Lo
max{e~, e Y fy = 0.

In particular
esssup | K (&, 1)] < oo
(3.15) §ERS, 120
forae E€RY  K(&t) =0 ast— +oo.

A second estimate that we require is similar to [3, Lemma 6.4] and the proof is the same with
the appropriate modifications due to the change of dimension:

15



Lemma 3.2. Let I' > 0 and z € L*(R*)%, divug = 0. Assume also that ||z,(t)||3. = O(t™") as
t — +o0. In the case v = 0 we additionally assume [(1+ |£])|Z0(§)| d€ < co. Then we have

(3.16) ez @)l7 + V2L (B2 = O, ast — +oo.

The precise asymptotic behavior of the quantities Ej 1, Es; and Ej have been studied in [3].
We collect in the following proposition the estimates proved in Propositions 5.5, 5.6 and 5.7 from
[3].

Proposition 3.3. There exist two positive constants ¢ = ¢(u, x,v) and C = C(u, x,7y) such that:

a) if v > 0 then

B ) — e ] < %e—ctls"’

‘£|2 —put 2 C e Y
’EQ,Q(E,‘[;) — Te ptl€] | S t_2€ t|€]
|E21 5 t) 1 *Mt‘ﬂz fect|£2
for allt > 1 and & € R3.
b) if v =0 then
C ) O
E ,t — e_ut‘§|2 < _e_CtIE‘ + e_ct
e =5 1+ ¢
? C
‘EQvQ(fvt) - %eu%IQ’ < t—Ze*C“f\Q + Cect
1 ) C , c
E ,t — _e—ltt‘ﬂ < —e_cﬂf‘ + 6—ct
|[Ean(6,1) <¢ .

for allt > 1 and £ € R3.
We can now prove the main result of this section.

Theorem 3.4. Assume that (ug,wy) € L2(R3) x L?(R3). The solution of (3.1) has the following
asymptotic behavior in L?:

C C

1
|uz — e“Pug — ECUﬂe“mony <3 —luollzz + = 7 [Pwol[z  VE>1

and

C C
3 |2ol| 22 + HonL2 vVt > 1

HwL — %curl eMBug + iAe“tA]P’wOHL2

for some constant C' depending only on the material coe]ﬁczents.
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Proof. To estimate uy, we use the first line of (3.12) together with Proposition 3.3. Observing also
that curl hg = curl wy, we write by the Plancherel theorem,

HuL — eMPyy — %Curl e’“mwOHL2 = HuL — My — %curl e“mthLQ

— N 1 ] ~
— O — P, — L x

Iz

N 1 _ ~
< CS‘gP |Ery — e P || 2 + CS‘§10(|§||E2,1 — 3¢ HUEE)) (| o 2.

. 1 _ . ~

For both cases v = 0 and v > 0 we use Proposition 3.3 to bound

C 2 C C

Csup |Ery — e M| < Zsup e 4 sup et < =

¢ t e e 1+[¢? t
and 1 C Cle| C

2 2
sup(|¢]|Eay — =e 7)) < = sup(|¢|e k%) + sup et < =
(el Bas - 3¢5 < S supllle 1) 4 sup et < S
SO
C C

1
|ur, — e#Pug — 5 curl eS|, < ~ lluollz2 + t—%||h0||L2-

Similarly, we use the second line of (3.12) together with Proposition 3.3 to estimate

||wL — %curl Mg + iAe"m]P’onL2 = CH@ — %e“tﬂzié X Uy — i\ﬁ]QE“tmzﬁoHLz

1 ey~ 1 e vt —(vrtle2 E(€ - Wo
= CH(EQJ - 5€ HUEPYie X Ty + (Eap — Zm?e HHE®) po 4 e Xt o= (rHR)HE] %”m

1 _ 1o __ gt~
< ngp(lﬁllEz,l — 3¢ PISE) || e + ngp o — €% FISE] [l 2 + Cem [ 2

co C e e et
< Il + [ s + 0] @il + O [Tl
2

C

< t—%||uo||L2 + t—2||w0||L2-

where we also used that hg = Pw, and that P is an L? orthogonal projection. O]

4 Proof of the main result

The aim of this section is to prove Theorem 1.2. We will show that the decay estimates stated
in that theorem hold true for mollified solutions with constants independent of ¢, then we will pass
to the limit ¢ — 0.

We first collect in the following lemma some energy estimates verified by mollified solutions.

Lemma 4.1. Let z. = (u.,w.) be a mollified solution to the mollified problem (2.4), as obtained
in Proposition 2.1. There exist some constants cy,...,cq > 0, depending only on the material
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coefficients, such that

t t
A1) Jue@®l + [lwe (D)2 +cl/ Ve 22 +Cz/ lwellZ2 < llue(s)lIZ2 + [lwe ()72

and

(42) 1 = )@ = Nze = )+ o [ (190 = un)la -+ e = wn) )

t
<o [ ulie (Jusl + 190 - )
forallt> s> 0.

Proof. From the energy equality (2.5) we deduce, for all 0 < s <,

t t t
(43) Jus(®)22 + a2 + 201+ ) / V|2 + 29 / IV 2 + 8x / s |2

t t
L on / ivaoe |2 < [lue(s)lfZ + we(s)[22 + 8x / el e 1970

But, for any 7 > 0, we have 2||we |2 || Vue|| 2 < +{Jw.|32 + n||Vue||7.. We choose 3 <7 < %X’ for
example,
n=3(1+1%).
Dropping in (4.3) the positive terms with coefficients v and x implies (4.1) with constants ¢, ce > 0
given by
g =2(p+x—2xn) and co=2x(4—2/n).
We prove next (4.2). Taking the difference between the mollified system (2.4) and (3.1), we
obtain
O(ue —urp) + P((Jeue) - Vue) = (1 + x)A(ue — ug) + 2x curl(w. — wy),
O(w. —wp) + (Jue) - Vwe = yA(we —wyr) + kV(div(w. —wyp)) + 2x curl(ue — uy) — 4x(we —wy),
div(u. —ug) = 0.
We will multiply the first equation by u. — uy, and the second equation by w. — wy, add the result
and do similar estimates as in the first part of the proof. There are three different things to deal
with: to justify that the equation of u. — u; can be multiplied by u. — uy, to justify that the
equation of w, — wy, can be multiplied by w, — wy, and to estimate the nonlinear terms.
The fact that the equation of u. — u; can be multiplied by u. — uy, follows as in the proof of
(2.9). Similarly, the fact that the equation of w. — wy can be multiplied by w. — wy, follows as in
the proof of (2.10).

Now we deal with the nonlinear terms. There are two of them. The first one is the following:

‘/((Jaua)-Vua) - (ue — ug) da:‘ - ‘/((Jgug)-VuE) -uL)
| [ (U P = 1)

< [euel 2 1V (ue = ur) |2 [ulz
1

C1
< 7 IV =)z + C—lHuallizlluLlliw-
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We estimate the second nonlinear term in a different way, relying in a deeper way on the damping
in the equation of w,:

(4.4) (/((Jgug) V) - (we — wL)’ - (/((Jgug) V) - (we — wy)
c 1
< [ eue || 2| Vwp || oo [[we — wr|[z2 < wae — w72 + C—QllusHiﬂIVwLH%oo-

In fact, the first term in the relation above is not a convergent integral. But if we recall the
proof of (2.10), this term is actually equal to

hi% Jo((Jeug) - Vwe) « Jo(we —wp) = hm /J ((Jeue) - —wp)) - Jo(we —wp)

+/Ja((J€u5) Vwr) - Ja(w. — wL)>.

The same commutator estimate as in (2.12) shows that the first term on the right-hand side above
goes to 0 as & — 0, while the second term passes to the limit easily. Then

lim [ Jo((Jeue) - Vw,) - Jo(we —wp) = /((Jgua) -Vwyg) - (w, —wp,)

a—0

which justifies the first equality in (4.4).
The same calculations as in the proof of (4.1) together with the two estimates of the nonlinear
terms imply the following inequality:

I(z = 2) ()22 + 01/ IV (e = ur )72 + Cz/ (we — w72 < [1(2e — 22)(s)IZ2

a [* ey (1 9 2 [t 9 9
+ o [ V(e = up)lf72 + ||Us||L2||UL||Loo — | Mwe —wellfz +— [ fuellz2 [ Vor 7.
2 s 2 s C2 Js

Relation (4.2) now follows with constants cs,cs > 0 given by

a &2

c3 =min{%, %} and ¢y = max{2

617 02
]

The main part of the proof of Theorem 1.2 consists in showing the following e-independent decay
estimates for mollified solutions.

Proposition 4.2. Let p,x > 0 and v,k > 0. Let (ug,wp) € L2(R3) x L*(R3), ¢ > 0 and z. =
(us, we) be a mollified solution as constructed in Proposition 2.1. Then we have the following

i) ||ze(t)||lz2 = 0 as t — 400 uniformly with respect to e.

i) If 0 < T < 5/2 and if there exists Cr > 0 such that the solution z;, of the linear problem (3.1)
starting from zy satisfies ||zp(t)]|3. < Cr(1 + )7, then ||z(t)|3. < C(1+ )", for some
constant C' = C(p, X, Cr, ||20]|22) > 0 independent of t and of .
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ii) Under the condition of the previous item (when v = 0 we also require the additional condi-
tion [(1+ [€])]Z0(€)|dE < 00), we have, for some constant C = C(u,v, X, Cr, ||20l/z2) > 0
(depending also on [(1+ |€])[Z0(£)| d€ in the case v = 0), independent of t and of ¢,

(C(+ )72 () fr=0
_ . Jeaspeer FOSE<t
||(25 ZL)(t)||L2 S C(l + t)*5/2(10g(6 + t)>2 Zfl_‘ =1
C(1 4452 if 1 <T <5/2

with limy_, o, ((t) = 0 uniformly with respect to e.

Proof of Proposition 4.2. In this proof, we denote the constants appearing in our estimates that
are independent of ¢ and ¢ with the same letter C', even though they can change from line to line.
All the constants in this proof will be independent of x > 0, but they may depend on the other
parameters u,y, x and on the initial datum, as specified in the statement of the proposition. The
proof proceeds in several steps.

Step 1. Fourier splitting. Let 0 < § < min(cy,c3). Let us introduce the function

(4.5) g(t) = /21 + 1),

Let to be large enough, so that ¢, > 10/d and (1 + to) > 10. The above choice ensures that
(4.6) Vt>te: ca>dg(t)* and 0<g(t) <1

that will be useful later on.
Following Schonbek’s Fourier splitting method, see [19], we introduce

Iu‘st - AE it 2d? stt - /\5 b 2d, Izgt = /; b 2d.
. /'“9(“ S " /|s<g(t> s ol " /|s|<g<t> el
We have

1 2\ 2 g(t)Q o )
(gﬁ)s/lﬁl (D dE > 5 /|£>g(t)| (607 de
g(t)*

(4.7) (IVus(t)72 =

By (4.1), for all t > s > t,,

t
e+ O3 + [ [ergr ]2 + ol (r)]:]

" eig(r)? 2 2
< [ OO L ar o+ (o) + (o) s

Using (4.6) we get, for all t > s > ¢,

(4.8) 2= ()17 +/ 0g(r)*|lz=(r)|[12 dr < C/ g(r)* L. (r) dr + [[z(s) 72,
0
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Let

e(t) = exp( t §g(s)? ds>

to

so that e(ty) = 1. Applying the singular Gronwall-type lemma in [2, Lemma 3.6], we deduce

(4.9) e(t)llz(®)L < llz(to)llZ2 + C/ (). (s) ds.

(Notice that (4.9) would be obvious if the map ¢ — ||2.(t)||3. were differentiable as in this case (4.8)
leads to differential inequality for ||z.(¢)||3.. The above mentioned singular Gronwall-type lemma
provides a rigorous justification).

Step 2. Low frequency estimates. We recall the notation introduced in (3.13). Applying the
Duhamel formula in (2.4) and taking the Fourier transform we get

B —Pdiv((Jou:) @ u)
(&) =26 t) + /K (—div((JEug)@@wg))(§’S>d5'

But |F((Jaue) @ ue)[(€,1) < flue(t)lI72 < 2=(t)ll72 and [F((Jeus) @ we)l(€, 1) < [Juc(t)] 2 lwellz2 <
||z (¢)]|22. Moreover, the operators Pdiv and div are Fourier multipliers with symbol bounded by
C'|€|]. By the first property in (3.15), all the terms in previous formula are well defined. Hence,

2060 < 560+ Cle / J22(5) 22 ds

Integrating |z (&,t)]? in the ball {|£| < g(t)}, we get

t 2
(4.10) L.(1) < Clle™ 23 + Co(t)( / I2-(s)]132 ds )

Then we deduce from (4.9)

(4.11) e(®)llz@®)lIZ2 < [l2=(to) 22 +C/ e(s)g(s)* e 2|7 ds

to
+C’/ /||z€ ||L2d7' ds

But from the energy inequality (4.1), for any ¢, ||2.(¢)||3. < ||20/|32- Then we deduce from the
above relation

t
Ol < Pl + € [ el as + Claalts [ elo)sa(oas
to
Recalling that g(t)> = 2(1+¢)~", and the definition of e, we have
(1+1)"

(4.12) e(t) = A
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Then, for all t > t,

t t
(14 )|z (8) 2 < Cllzo]22 + C / (14 )™ 202 ds + Cllzo]|% / (1+5)1277,

to to

We infer that
(4.13) l2:(t) |72 < CU(2),

where

U(t) = 5 +t/ le* 20122 ds + (Ilzoll72 + [|20l|72) (1 +8) 7Y%,

We recall (3.13) and the properties of the kernel K stated in (3.15). The dominated convergence
theorem implies that ||e" zo||2, — 0 as t — +o00. We deduce that U(t) — 0 as ¢ — 400, and so

||zg(t)||%2 —0 as t — 400

uniformly in €.
Let us now prove Assertion ii).

Step 3. Algebraic decay. Let I' > 0 and Cr > 0 be such that [[e"™z||7. < Cp(1 +¢)~" for
all t > 0. From (4.13) we can assert that [|2.(t)[|2, < CU(t) < C(1 + ¢)~min{l1/2},

Therefore, Assertion ii) is already established in the case 0 < I' <1/2. Let now 1/2 <T' < 5/2.
In this case we can go back to (4.11) and use therein the estimate ||z(¢)||2, < C(1+¢)~'/? obtained
at the beginning of the present step. In particular, (fo |2 (T) |32 )2 < C(1+s), and we can now
use this in (4.11) to obtain

t t
(14 8)]|.(8) |2 go+c/ (14 82l 22 ds+C/ (1451772

to to

This allows to improve (4.13), by an estimate of the form
()2 < C(L+ )"+ O +1)72,

which is enough to establish Assertion ii) in the case 1/2 < I' < 3/2. After one more iteration of
the same argument we obtain

z.(t)]|2. < CA+t)" +C(1+1)2

which can no longer be improved. Assertion ii) is completely proved.
We prove now Assertion iii).

Step 4. Estimate for ||z.—z7[|3.. First of all, the previously obtained decay on ||z.(¢)||7, implies

le= @I < X+~ ¢r(0),

where (r is independent on ¢, and (r(t) = O(1) if 0 < I' < 5/2 and (r(t) = o(1) if I' = 0, as
t — +oo0.
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We rely on the energy estimate (4.2). Recalling that 0 < § < ¢3, we can write, for all t > s > ¢,

t
Iz = 2O = 1z = 20) 6=+ 8 [ (190 = u)lBs + e — o))
’ t
<o [ el (el + 19wl

t
SC'/ Co(r) r?/ 2

Here, in the last inequality we used (3.16) and the previously obtained decay on |Ju.(t)]|7-.
Let us denote

Lo (1) = / @@ e e, and L, () = / % - G de.
&|<g(t) |€]<g(t)

By Fourier splitting, see (4.7),

19 (e — un)OIEe = 9(t) e — ur ]2 — %1 (0).

so, for all t > s > t,

G = )OI~ 6= — 263+ [ (500 —u) ) + e = wn) )
(4.14) <C / Loy (1) + G (r) 7272 ) dr
<cf ( () Leeay () Cor) 72720

We bound now I, From the Duhamel formula, since z — z;, vanishes at t = 0, we have

A —Pdiv((Jous) @ u.)
- /0 K t—s)F ( — div((Jn) © w,) ) (&, s)ds.

—zL*

Hence, as in (4.10), using the L?-decay of z. established in the previous steps, we obtain

419 L)< Col? ([ lolias) < cr ([ Gl 49T as)

We recall that for all ¢ > ty, g(t)* < 1, see (4.6). From (4.14) and (4.15) we obtain, for all
t > s 2 to,

I(ze = 20) (0122 — (2 — 22) ()12 + / 0g(r)*[I(z — 22)(r) |72 dr

< O/(Q( )Lz (1) + Cr(r) _3/2_2F> @
<o [

g(r /Cp d'r’) +Cp(r)7”3/2’2r> dr.



Let e(t) as in Step 1. Applying the singular Gronwall-type lemma from [2, Lemma 3.6] in the
inequality above, we obtain

e(t)ll(z= — zL) ()72 < [I(= —ZL)(to)HerC/ /Cr (1+7)" dr> ds
+C'/t e(s)¢r(s) s7/* 2 ds.

Recalling the expression of g, see (4.5), and the definition of the function e, see (4.12), we obtain

(141 (2 — 20) (D)2 < C + c/;u + 3)10—7/2(/08 G(r) (1 +7)T dr>2ds
+ C’/t Cr(s) (1 + 5)1073/2720 g5,

Hence, recalling that (r(¢) is a bounded function, we obtain

(1+4¢)"t/2=2r if0<T <1
[(ze = z0)(®)]|72 < C (1 +1)52(log(e +1))* i T'=1
(1+41)=5/2 if 1 <T <5/2.

When I'" = 0, we can use the stronger property that (r(t) = o(1) as ¢ — +oo. Then, in this case,
we can slightly improve the decay and obtain, uniformly with respect to ¢,

(2 — z)()||32 < (1 + t)71/20(1), as t — +o0.
Il

Proof of Theorem 1.2. The first assertion of Theorem 1.2 follows from Proposition 4.2 and from the
assertion e) of Proposition 2.4. Let us prove the second and third assertion of Theorem 1.2. By our
assumption |ur(t)||2, = O(t™") as t = 400, for some I' € [0,5/2]. We claim that this implies

lwr (@)l = O, ast— +oo.

This crucial property of the linear micropolar system will be established in the appendix (see
Proposition A.2 below), as a consequence of a remarkable enstrophy identity. In particular, it
follows that ||z, ()||3. = O(t™") as t — +oc0. Now the two last assertions of Theorem 1.2 directly
follow applying Proposition 4.2 and assertions e) and f) of Proposition 2.4. ]

5 Further remarks

We discuss here some consequences of Theorem 1.2. An important application of Theorem 1.2 is
the improvement of the decay of ||w(t)||2.. The first assertion of the following corollary is interesting
in the case I' = 0, i.e., when there is no additional restriction on the data other than the usual
L?-condition.
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Corollary 5.1 (Stronger decay for w). Let u,x > 0 and v,k > 0. Let (u,w) be a restricted Leray
solution of (1.1), with initial data zy = (ug, wy) € L2(R3) x L?(R3).

i) The decay of |[w(t)||3, obtained in Theorem 1.2, i) can be improved as follows:

— If v > 0, then t|w(t)]|3, = 0 as t — +o0.
— Ify=0and [(1+|¢])]20(&)|d€ < oo, then tY2|w(t)]|2, — 0 as t — +oo0.

i) Let 0 < T <5/2 and |Jur(t)||2, = O(t™") as t — +oo.

— If v >0, then |lw(t)||2, = Ot ) as t — 4oc.
— Ify=0 and [(1+4&])|Z0(§)] d€ < oo, then, as t — +oo,

Ot=/272) ifo<I'<1/2
lw®)[7: = 0 if1/2<T <3/2
O(t=°/?) if3/2 <T <5/2.

Proof of Corollary 5.1. The case v > 0 and I' = 0 is already known, see [9] and [11]. For the case
7> 0and 0 <T <5/2, we observe that with our assumptions, by Theorem 1.2, [Ju(t)||2, = O(t™").
But, as proved in [9] and [11], the implication [Ju(?)]|7, = Ot™") = [[w(®)]?. = O@'"") holds
true, so the assertion follows in this case.

It remains to study the case v = 0. We start observing that, for any I' > 0, applying Propo-

sition A.2, we obtain from the assumption |Juy(¢)]|2, = O(t™"), that |wr(¢)]|3, = O *"). But
|w(®)]|7s < 2||wp(t)||72 + 2[[(w — wr)(t)||32, so the conclusion follows applying Part iii) of Theo-
rem 1.2. [

As an illustration, let us consider the following particular case. We assume as usual that f (1+
1ED|Z0(€)|d€ < oo when v = 0. Let 1 < p < 3/2 and let vy € (L N L2)(R3). For wy, we
put no additional integrability condition, besides wy € L?(R3). From the usual LP-L? heat kernel
estimates we infer, as t — +oo, |[e*Pug|| 2 = O~ 3/PE/P=1/2)) and || curl e P w2 = O(t71/2).
When 6/5 < p < 3/2, the latter decay is faster (or equal) than the previous one and therefore,
by Theorem 1.1, |jug(t)||ze = Ot ®/2DA/P=1/2) as t — 400. Corollary 5.1 applies in the range
1/2<T =3(1/p—1/2) <3/2 and it follows that, for 6/5 < p < 3/2, as t — +o0,

||u(t)||%2 — O(t—3(1/p—1/2)) and ||w(t)||%2 _ O(t—1—3(1/p—1/2))‘

When 1 < p < 6/5, to reach the same conclusion as above, we need the better integrability
condition wy € (L4 N L?)(R3), with % = }—17 — 3. In particular, for p = 1, we deduce that, when

(uo, wo) € (L' N L2) x (L¥? N L?)(R?), then as t — +o0,

lu(®)72 = O(™?) and  [lw(t)||7. = O
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Appendix

The aim of this appendix is twofold. First, we will prove an enstrophy identity that holds true for
solutions of the linear system (3.1), see Proposition A.1 below. This is similar to the 2D enstrophy
identity proved in [3, Lemma 3.1], except that, due to a crucial cancellation of the nonlinear terms
valid in 2D only, the 2D enstrophy identity holds true for the nonlinear system too and not only
for the linear system. Next, we show that the enstrophy identity implies the following property:
a rate of decay as t — oo for the energy of uy implies a better rate of decay for the energy of
wy, and Vuy. This implication is the key property that allowed us to simplify the hypothesis of
Theorem 1.2, where no decay condition on ||wy |72 was required. These two properties are new and
important. We put it in a appendix because their proofs are essentially the same as in dimension
two, see Lemma 3.1, Corollary 3.4, Proposition 4.3 and Remark 4.4 from [3].

We use the notation from Section 3. We define in addition the following quantity:

1
SL = hL — §QL
and we recall that €2 = curluy, and hy, = Pwy. Let us also introduce the following constant:
2
(A1) - YX A pX /W'
4y?

Proposition A.1. Let (ug,wp) € LA(R?) x L*(R?) and x,pu > 0, v > 0. The following enstrophy
tdentity holds:

1d 7 2
(42) 5 (I1€sls + a2l ) + axlElis + (v + 0IVER = 5 -V,
pry
+ @(M +x)IVQL32 = 0.
Moreover,
IEL(®)|[72 = o(t™), 120()[[7: = o(t™), 1hL(t)]]72 = o(t™), as t — +0o0.

Proof. We have from (3.4)
8tQL = ([1, + X)AQL - QXAhL
8thL == ’)/AhL + QXQL — 4XhL

Eliminating h;, = &1, + %Q 1 from (3.5), we obtain the following new system
atQL = MAQL — 2XA5L
8t5L = (/7 + X)ASL + %AQL — 4X(€L

Multiplying the first equation by €27, and the second equation by £, we obtain, after a few integra-
tions by parts

{%%HQLH%Q [ [VQLP — 2y [ V- VEL =0
LANEL 2, + (v+x) [IVELP + 52 [VQ - VEL +4x [ |EL]* = 0.
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Multiplying by a the first identity and adding to the second identity we obtain

1d
(13) 5o (1EalB + alluli) + ax [ 1P + (430 [ 19ELP

2 dt
+ (%—2X(L>/V€LVQL—FCL/L/‘VQLF_O

The non-negativity property
(4 0IVELE + (T — 2xa) VEL - VO + aulTQLP 2 0

for all V&, € R*3 and all V), € R3*3, is guaranteed by the following condition

_ 2
(% - 2xa) —4(y + x)ap <0,

that can be rewritten as

16x%a® — 8(vx + px + 2u7)a+ (v — p)* < 0.

The choice of a given in (A.1) is indeed suitable, and corresponds to the minimizer of the above
expression. When py = 0, this is in fact the only possible choice. With this choice of a, applying
the square reduction yields

(v+x)/IV€Ll2+ (%—%m /VgL‘VQL+CLﬂ/|VQL|2

:(7+X)/yv5 - X” /vg vy, + H

1 2(7x+ux+2w)/|VQL|2

=(7+x) /‘VEL_ﬁVQL‘ + = LH'X /|VQL|
Using this in (A.3) implies identity (A.2).

The same argument as in the proof of (4.3) allows to prove that the solution to the linear
system (3.4) satisfies the energy inequality, for all t > 0,

t t t
lur(@)IIZ2 + A7z +2(1 + ) / IVuz(s)ll7- ds + 27/ IVh(s)|7- ds + 8X/ 1 (s)]IZ2 ds
0 s 0
t
< lluollZ> + [lwollZ> + 8X/ 1P (s)l|2 [[Vur(s)| 2 ds.
0
But, for any n > 0, we have 2||hp ||z [|Vur| Lz < %HhLH%Q + n||Vug||%,. Choosing 3 <7 < ’QL—XX, for
example,
n=3(1+5%),

implies
t t t
Jus 1+ Wee(®lF +cr [ IVus()3ds+2y [ [Vhs()Eads +ex [ (o) - ds
0 0 0
< lluollzz + llwollZ,
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with ¢, co > 0 given by

e =2(p+x—2xn) and ¢y =2x(4—2/n).

We infer that -
/ (1| VunlZe + callhelZa) < ol + fwollZe.
0

Then, recalling the definition of &£, we deduce
(A.4) /0 (I€2llZ> + allQclizz) < lluollze + [lwollZ:-

Now, the enstrophy identity (A.2) implies that < ([|E]12. + al|Q.][22) < 0, so the function ¢ —
I€LI122 + a2 ]2 is monotonically non-increasing. Then, for all ¢ > 0, we can bound from below

(IEL @172 + allQw(B)]172).

N | o+

t
(sl + alule) =
t

/2

Since, by (A.4), the function ¢ — ||EL(t)||7. + a1 (t)[]3. belongs to L*(Ry), the lhs of the relation
above goes to 0 as t — co. Then ¢(||EL(2)[1%: + al|QL(t)]|22) — 0 as t — +oo, so it holds also
thr(t)]|7: — 0 as t — +o0. O

As an application of this enstrophy estimate, we illustrate how this estimate can be used to
improve the decay of the linear micro-rotation.

Proposition A.2. Let (ug,wy) € L2(R3) x L*(R?) and let T > 0. If the solution (ur,wy) of the
linear problem (3.1) satisfies |ur(t)|[3. = O(t™") as t — +o0, then

(A5) ||wL(t)||2L2 + ||VUL(t)||%2 = O(t_r_l), as t — +00.
Proof. We observe first that (A.5) is equivalent to the following relation:
(A6) ||hL(t>||%2 + ||VUL(t)||2L2 — O(t_F_l), as t — +oo.

Indeed, we have from (3.3) that h; — wy, decays exponentially fast in L? as t — oo.
We will show that (A.6) holds true. We start by proving a weaker assertion, namely that

Ihe(®)lZ. = O,

AT VI >0, |up(@®)|72+ [[he®)]|7e = O "
(A7) > lur (B)]|z> + [[hr(t)]] ( ):{HVuL(t)H%Q:O(t“)

as t — +o0.

Let a > T'. Multiplying the enstrophy identity (A.2) by 2t™! and integrating by parts in time
gives

t
(€013 + a2 ) (1) — (a4 1) / s (€L 132 + all2 32 ) (s) ds

t
+ 2/ ol |:4XH5LH%2 + (’}/ + X) /‘VEL — %VQL
0

S ol 2
+4—X2(,U+X)/’VQL‘ ds = 0.
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Hence, for all ¢ > 0.

t
(A.8) e (1€l + alle i) (1) < (a+1) / s (€2 132 + all 2 |32 ) (5) ds.

Similarly, from (3.4), multiplying the first and the second equation of the linear micropolar system
by t*u; and t*hy respectively, and integrating in space and by parts in time, gives the following
variant of the energy inequality (4.1):

t
e (lun Ol + neO1:) + [ 5|l Tuso)ls + callu 1 | s

t
<a [ s (lull + o)1) ds

Therefore, the condition |juz(¢)]|2, + ||k (t)|%. = O(t™") implies
t
/ (IVus() B + Iho()[2) ds = 0(=T) st - +ov.
0

But, by the definition of &, and the triangular inequality, we have s*(||EL||7. + al|QLl|72) <
s*(IIVurllz: + lhe]l72), hence, from (A.8),

st <H5LH%2 + aHQLH%Q> (t) = O(tafr).

But, since || ]|z2 = [|[Vur| 2, by the triangular inequality we deduce ||k, |2, +]|Vur 2. S [|EL)3.+
al|Qr])3, and finally
IhellZe + [ Vucllz = O,

This establishes the validity of the implication (A.7).

Now, to prove the assertion of Proposition A.2, we start considering the case 0 < I' < 1 and
assume [lur,(t)||2. = O(t™") as t — +o00. By Proposition A.1, we have ||h.(¢)|2, = o(t™') = O(t™T)
as t — 400, and the assertion of Proposition A.2 follows from implication (A.7) in this case. In
the case 1 < T' < 2, from the assumption |lu ()2, = O(t™") we have |lu,(t)||7. = O(Ft™') as
t — 4o00. But we have also [|hr(t)||7. = O(t™!) as t — +o0, by Proposition A.1. Hence, from
implication (A.7), |hL(t)||3: = O(t™%) = O(t™") as ¢ — +oo. Now, re-applying implication (A.7)
gives the conclusion for 1 < I" < 2. The case I' > 2 follows by bootstrapping. [
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