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ABSTRACT. We consider the Navier-Stokes equations on a thin domain of the form Q, =
{x € R ; z1,20 € (0,1), 0 < z3 < eg(w1,22)} supplemented with the following
mixed boundary conditions: periodic boundary conditions on the lateral boundary and
Navier boundary conditions on the top and the bottom. Under the assumption that
lluoll 1.y < Ce 3, [Muj||r2(0.) < C for i € {1,2} and similar assumptions on the
forcing term, we show global existence of strong solutions; here uj denotes the i-th com-

ponent of the initial data ug and M is the average in the vertical direction, that is,

Muj(x1,79) = é ;gu6($1,$27$3) dxs. Moreover, if the initial data, respectively the

forcing term, converge to a bidimensional vector field, respectively forcing term, as e — 0,
we prove convergence to a solution of a limiting system which is a Navier-Stokes-like equa-
tion where the function g plays an important role. Finally, we compare the attractor of
the Navier-Stokes equations with the one of the limiting equation.
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1. INTRODUCTION

Thin domains are encountered in the study of many problems in science, for example in
solid mechanics (thin rods, plates or shells), in fluid dynamics (lubrication, meteorology,
geophysical problems, ocean dynamics) and in physiology (blood circulation). In ocean or
great lakes dynamics, one is dealing with large scale fluid problems, where the fluid regions
are thin compared to the horizontal length scales.

Most of the above problems are described by a partial differential equation (PDE) on
a thin domain. A natural temptation is thus to exploit the thinness in one or several
directions of the domain in order to get a better understanding of the properties of the
solutions of this PDE. For example, let us suppose that we are given a partial differential
evolutionary equation (P.) with homogeneous Neumann type boundary conditions on an
(n + k)-dimensional thin product domain Q. = @, x (0,¢)*, where @, is a smooth n-
dimensional domain. In such a situation, it is natural to decompose the solution wu(t) of
the problem (P.) into a sum of two functions v(t) + w(t), where v(t) is the average of
u(t) in the thin directions and where the average of w(t) in the thin directions vanishes.
Since v(t) depends only on n spatial variables, one may use better Sobolev, Agmon, etc.
inequalities in estimating expressions involving v(t). On the other hand, w(t) satisfies
good Poincaré type estimates, which leads to enhanced stability in §2.. Considering the



equations satisfied by v(t) and w(t) and using the good properties of v(t) and w(t), one
obtains a better information on the solution wu(t).

Another way to proceed is to consider the restriction (F) of the evolutionary equation to
the lower dimensional domain @,, and to compare the dynamics of ( P.) with the dynamics of
(Fp). In the case of dissipative evolutionary equations having a global attractor A, one may
also compare the set A, with the global attractor Ag of the limit equation. The equation
Py on the lower dimensional domain @), is often referred to as limiting equation or reduced
equation. Such questions have been studied by Hale and Raugel [12, 13] for reaction-
diffusion and damped wave equations for more general thin domains. Both strategies are
still valid for more general thin domains €2, that are no longer product domains (see [32]
for references and more details)

As we will see below, such strategies also apply to the Navier-Stokes equations on thin
three-dimensional domains. Let us recall that global existence of weak solutions of the
Navier-Stokes equations is known to hold in every space dimension. Uniqueness of weak
solutions (and global existence of strong solutions) is known in dimension two ([18]). In
dimension three, global existence of strong solutions is known only under additional small-
ness assumptions on the initial data and the forcing term. Thus a natural question arises,
namely can we use the thinness of the three-dimensional domain in order to improve the
global existence results of strong solutions?

The study of the global existence of strong solutions of the Navier-Stokes equations in
thin three-dimensional domains began in the early 1990s with the papers [33] and [34],
by Raugel and Sell. Inspired by methods developed in [13] and [12], they proved global
existence of strong solutions for large initial data ug and forcing term f, in the case of thin
three-dimensional “product domains” €. = Q3 X (0, ), when the boundary conditions are
either purely periodic (PP) (in which case Q, is the two-dimensional torus T?) or periodic-
Dirichlet (PD), that is, periodic conditions in the vertical thin direction and homogeneous
Dirichlet boundary conditions on the lateral boundary Qs x (0,¢). An essential ingredient
in their proof was the decomposition of every vector u into the sum of a vector v = Mu,
independent of the vertical variable and a vector w = (I — M)u with vertical vanishing
mean, which allows to use 2D Sobolev estimates on the nonlinear terms involving the vector
v and the fact that the lower Sobolev norms of w are small compared to the higher ones (see
Lemma 3.10). In the case of a thin product domain, using the same methods as Raugel and
Sell and also anisotropic Agmon inequalities, Temam and Ziane [44] generalized the results
of [33] and [34] to other boundary conditions, namely (FF), (FP) and (FD) boundary
conditions, where (F) means free boundary conditions. It should be noted that the free
boundary conditions coincide with the Navier boundary conditions (1.3) if and only if the
boundary is a part of a hyperplane, see [2] for more details. Later, in the periodic case,
global existence of strong solutions has been proved for initial data that are larger than
in [34] by Moise, Temam and Ziane [24] (see also Montgomery-Smith [25]). Using the
anisotropic Sobolev spaces H** (€).) and the Littlewood-Paley theory, Iftimie [14] showed
global existence and uniqueness of solutions for initial data ug such that Mug is only square
integrable and (I — M)ug belongs to an anisotropic Sobolev space of total regularity H %;
moreover, the part (I — M)uyg is larger than in the above papers. Finally, in the cases of
(PP), (FP), (FF), all the previous existence and uniqueness results have been improved by



Iftimie and Raugel in [15] in two directions, by requiring less regularity on the initial data
and by allowing a larger size of the initial data and forcing term. These improvements
were due, on one hand, to sharp estimates of the nonlinear term appearing in the Navier-
Stokes equations and, on the other hand, to the use of commutator properties. In all the
above mentioned papers, the decomposition of the solution u into the sum v+ w played an
important role. Another main ingredient in the proofs of these papers is the conservation
of the enstrophy for the underlying 2D problem in the cases of (PP), (FF), (PF), (FP)
boundary conditions; this conservation of enstrophy allows much larger initial data and
forcing terms than in the case of (PD) or (FD) boundary conditions.

Finally let us mention that the analysis in the case of homogeneous Dirichlet boundary
conditions (DD), (DP), (DF) in a thin domain is much simpler since the size of the first
eigenvalue is of order £~2 and thus there is no need of the decomposition of u into v + w
(see [1], [44]). More details concerning the specific contributions of most of the papers
cited above can be found in [15] (pages 282 to 294).

The following is a brief summary of the types of results which can be found in the above
mentioned sources:

e It is shown that there exist “large” open neighbourhoods N! and N2 of the origin
in the function space V. of solenoidal vector fields in H'(€.)? and in the function
space of forcing terms in L°°(0, co; L?(£2.)?) respectively, with the property that if
the data (ug, f) for the Navier-Stokes equations lie in N. = N! x N2, then there
exists a unique globally defined strong solution to the Navier-Stokes equations. In
the cases of (PP), (FF), (PF), (FP) boundary conditions, these neighbourhoods N}
and N2 are much larger, due to the conservation of enstrophy for the underlying
2D Navier-Stokes problem.

e When f = f(x) is time-independent, then there exists a compact (local) attractor
A, in V. of all the strong solutions of the Navier-Stokes equations in V. and B(A.),
the basin of attraction of A., contains N!. Furthermore, the following properties
hold:

(a) as usual, the solutions of the Navier-Stokes equations in the attractor A. are
globally defined for all £ € R;

(b) in addition, the (local) attractor A. is the global attractor of all the weak
Leray-Hopf solutions of the Navier-Stokes equations.

Additional features concerning the attractor, in the case where the forcing function

f = f(z,t) does depend on time, can be found in [35].

It is noteworthy that in the above cited papers about global existence of regular solutions
on thin 3D domains, there is a common feature, namely, the simple geometry of the
underlying “physical” space. Roughly speaking, it is assumed that . = Q3 x (0,¢) is the
product of a suitable 2-dimensional bounded domain @5 in R? and an interval (0, ¢), where
€ is positive, but small. However, in the physical problems to which we alluded above,
like in oceanic flows on the Earth, the geometry is more complex. A first step to a more
general geometry has been made by Temam and Ziane [45], who studied the Navier-Stokes
equations with free boundary conditions in a thin spherical shell. Another generalisation of
simple product domains was made by Chueshov, Raugel, and Rekalo, [3], who considered
a thin product domain with interface conditions.



In shallow water problems or in geophysical problems involving flows in great lakes or in
oceans (see for instance [19]) where the depth of the water is small compared to the width,
the bottom topography (described by the function g introduced below) is not negligible
and plays an important role. For this reason, in the present paper, we consider the Navier-
Stokes equations in a thin domain described by such a function g (see (1.1)).

Another novelty of this article is the consideration of the Navier boundary conditions, see
(1.3). Unlike the earlier studies, which were based on periodic or free boundary conditions,
we now study the Navier-Stokes equations on a domain with a “non-flat” boundary and
with the Navier boundary conditions.

The Navier boundary conditions appear already in the original paper of Navier [26],
see also the remarks of Serrin [40] (In the literature, the Navier boundary conditions are
sometimes referred to as “stress-free” or “slip” boundary conditions). The stationary
Navier-Stokes equations with mixed Navier and Dirichlet boundary conditions have been
studied in [41]. These boundary conditions arise in the study of climate modeling and
oceanic flows, see [22], [30] for example. In [22], Lions, Temam and Wang introduce
the Navier conditions in terms of an interface condition (see [3] for the study of such an
interface condition in the case of a thin product domain). Also a version of the Navier
conditions with a friction coefficient arises in [16, 17|, and is related to the homogenization
of the Navier-Stokes equations over a rough boundary. It is also known that the Navier
boundary conditions do not lead to boundary layers in the vanishing viscosity limit, see
[5, 23]. A numerical study of the Navier-Stokes equations with Navier boundary conditions
appears in [46]. We finally note that this type of boundary conditions have applications in
turbulence modeling, see [29].

Let g : T? = [0,1]> — R, be a periodic function of class C* such that there exist two
positive constants Cy > ¢, > 0 with ¢, < g < C,. We consider the domain

(1.1) Q. = {(zn,23) : 2 = (11, 72) € T2, 0 < 23 < eglan)}, where 0 < e < 1.

All functions are assumed to be periodic in x; and x5. As a consequence, the boundary of
Q). can be decomposed as follows:

GQE — FE U FO
where
I. = {(zn,e9(zp)) : xp € T?} and Lo = {(z,0) : x, € T?}.
We consider the Navier-Stokes equations

(1.2) ou—vAu+u-Vu=f—Vp, divu = 0,
with initial condition u| —o= uo = u(0) and supplemented with the following mixed
periodic-Navier boundary conditions:

u periodic in x; and x5

(1.3) u - N|F0UF€: 0, [D(u)N

o, = 0

where D(u) is the deformation tensor and is defined by [D(u)];; = (Q;u; + 0ju;)/2, where
N is the exterior normal and [D(u)Nlia, is the tangential component of the vector field



D(u)N. In other words, we ask the velocity to be tangent to the boundary and the vector
D(u)N to be normal to the boundary.

Before stating our Main Theorem, we introduce some notation. We need to impose some
additional conditions on the forcing term and on the initial data, which will be made explicit
in Section 2 (see conditions (H) and (Hy)). In the case of a constant function g, these
conditions reduce to the vanishing of the total mean value of the horizontal components of
the initial data and forcing term. Thus we introduce the spaces H. and V., where

H. = {U € L*(Q.)*| U is periodic in #; and x5, U-N =0on . UTY,
div U =0, U satisfies the condition(H)} ,

and
V. = H. N HY(Q).
Let P. denote the classical Helmholtz-Leray (orthogonal) projection of L?(£2.)3 onto H..

During the course of our analysis, we will encounter various norms, such as || - |12,
| Mz, || - ez || - [|za, ete. In such cases, the norms are to be calculated by integration
over the three-dimensional domain €2.. Thus the subscripts should read as: L? = L*(.)3,
H' = HY(Q.)3, etc. In other cases, where the domain of integration is not €., we will use
the expanded notation for the subscripts. For example, in the case of functions that are
defined on the torus T? and that do not depend on the zs-variable, we will express the
subscripts for the norms in the form L?(T?), H'(T?), etc. if the integration is made over
the domain T? instead of €2.. Lastly, for functions f = f(¢,x) in L>°((0, 00); L*(.)?), we
define the norm || f||s by

1fllee = sup [lf (% )20,
>0
where - as usual - one uses the essential supremum.

In the theorem stated next, we note that v, = Myu = (Muy, Mus,0) is the horizontal
component of the vector field Mu = (Muy, Muy, Mug), where

(1'4) M¢ = M¢($1,$2) = %/0 g¢($1,$2,$3)d$3,

for any L!-scalar-valued function ¢ defined on Q..

Arguing as in the case of classical Dirichlet boundary conditions, one shows (see Section
2.2 below) that, for any forcing term f € L*°((0, +00); L?(£2.)?) satisfying the compatibility
condition (Hy), and for any initial datum wy € V., there exist a positive time 7% =
T*(Qe, v, up, f) and a unique strong solution u € C°([0,7*), V) of (1.2). Furthermore,
using a classical small data argument, one shows that, if

luollm + Ilfllee < CeY2,

where C'is independent of ¢, then the solution of (1.2) is global in time, that is, 7" = +oc.
We show in Theorem 1.1 that, exploiting the fact that €2, is a thin domain, we can replace
the small data condition on (uyg, f) by large data conditions.

Theorem 1.1. There exist positive constants g, ko, k1, Ko, K1 and R* such that, for
any € with 0 < ¢ < &g, for any forcing term f € L°°((0,4o00); L*(2.)3) satisfying the



compatibility condition (Hy), and for any initial datum uy € V., that satisfy

luollo,y < k™%, IMyuolliz.) < ko

(1.5)
1 flle < Kie™?, [Myflleo < Ko,

the Navier-Stokes equations (1.2)-(1.3) have a unique global strong solution u(t) with

u(t) € C°([0, 00), V2) N L((0,00), V2) N Ly ((0, 00), H*(Q:)) N Hyoe((0,00), He)

loc loc

and
lu() ||z ) < R'e™V2 forallt>0.

Remark 1.1. Since f — P.f is a gradient, the conclusions of Theorem 1.1 are still valid
under the hypothesis, where f and M, f are replaced by P, f and M,P. f in the conditions
(1.5).

Before making comments about the size of the data, we want to emphasize that the argu-
ments in the proof of Theorem 1.1 differ from earlier proofs for the Navier-Stokes equations
on thin 3D-domains (see [33], [44], and [15]). The use of vertical averaging operators, like
M in (1.4) and M, or M in (3.1) and (3.2), is a feature which is similar to related usage
appearing in the papers cited above. However, there are new complexities which arise
due to the non-flat boundary I'. (see (1.1)) and to the Navier boundary conditions (1.3)
used herein. Indeed, in the earlier papers, like in [33], [44], [45], and [15], the vertical
average operator commutes with the Stokes operator A. = —P.A, which is no longer true
here. More precisely, let u € H?(Q.)? satisfy the Navier boundary conditions and assume
that dive = 0 in .. Then u € D(A.). However, none of the vectors fields, M,u, Mju,
(I — Mp)u, (I — M;)u, described above are in D(A.) when Vg # 0. The problem is that
if U is one of these four vectors, then (D(U)N ) # 0 on Iy, when Vg # 0.

In these earlier papers, the fact that the mean value M, commutes with the Stokes
operator had several advantages. One could decompose the u-equation (1.2) into a system
of (v, w)-equations in D(A.), which offered several important advantages:

e the eigenvalues of the Stokes operator A. split into separate eigenvalues for M A.
and (I — M) Ag;

e the eigenvalues for (I — M)A, are positive and very large;

e one can show that the solutions of the linear w-equation are exponentially stable
with very large decay rate.

Unfortunately, none of these advantages are available in this study. Nevertheless, as
we shall see, there is no reason to decompose the u-equation (1.2) into a system of (v, w)-
equations. Another property is missing in the problem that we are studying here. While the
“conservation of enstrophy property” holds in the case of the boundary conditions (PP),
(PF), (FP), and (FF), when €. is a product domain and in the case of free boundary
conditions when €2, is a spherical shell, it does not appear to hold for our problem.

Next, several remarks have to be made concerning the conditions (1.5) on the size of the
initial data.



Remark 1.2. Tt is important to note the scaling in (1.5). If ¢ € L*(T?), then ¢ € L*(£2,),
and one has

o102y < e N2 < Collollize
with a similar inequality valid when ¢ is a vector field in the space L?*(T?)%. In the
case where ¢ = Mjug and (1.5) hold, ||Muuol|z2(r2)2 can be very large of order e~/2, for
small e. Furthermore, if Mjug belongs to L=(€2.)?, the conditions (1.5) allow the norm
| Myuol| < (r2)s to be of order e~1/2.

Remark 1.3. Our conditions (1.5) should be compared to those imposed on the initial data
and forcing term in the case of free boundary conditions when €2, is either a thin product
domain or a spherical shell. In [15] (see Remark 1.4), Iftimie and Raugel proved the
following existence result, in the case of (FP) boundary conditions when €. = T? x (0, ¢).
There, it was remarked that there exist positive constants kq ko, k3, and €y such that for
any ¢ with 0 < ¢ < g, for any forcing term f € L°((0,+o00); L?(£2.)?) satisfying the
compatibility condition (Hy) (for ¢ = 1), and for any initial datum ug € V., that satisfy

ol < Kae™?
M flloo < kae™2 0 (I(I = M) flloo < kse™,

the Navier-Stokes equations with (FP) boundary conditions have a unique globally defined
strong solution u(t) € C°([0, ), V%).

In [45] (see Theorem A), Temam and Ziane showed that, given a function Ry(¢) > 0 and a
positive number ¢ < % such that €?Ry(e) tends to zero when & goes to 0, there exists g9 > 0
such that, for any e with 0 < € < g, for any forcing term f € L>°((0, +o0); L*(£2.)?) and
for any initial datum uy € V., that satisfy

(1.7) luollz + [1f15 < Rale)

the Navier-Stokes equations with free boundary conditions on the spherical shell have a
unique globally defined strong solution u(t) € C°([0, 00), V), where V. is the corresponding
subspace of H'(.)? of solenoidal vector fields. Let us point out that the global existence
of strong solutions in the case of a thin spherical shell with free boundary conditions should
still hold if the conditions (1.7) are replaced by the less restrictive conditions (1.6).

Comparing the hypotheses (1.5) to the conditions (1.6) or (1.7), one sees that we need
an additional condition on the L?(£2.)-norm of Mjug. This additional condition is due to
the fact that, unlike in the simpler cases above, there is apparently no conservation of the
enstrophy for the corresponding 2D Navier-Stokes equations (6.5) (see also the Proposition
4.2).

In the case of a thin product domain . = @2 x (0,¢), the projection M), commutes
with the Stokes operator A. and the eigenvalues for (I — Mj)A. are large of order 2.
Considering the equation satisfied by (I — Mp,)A.u = A-(I — Mp,)u and using this property
of eigenvalues allow to relax the condition ||(I — M) f|z2 < Ce™/2 into ||(I — My,) |2 <
Ce~!. Unfortunately, as we already explained, in the case where the boundary I, is not
flat (that is, in the case where Vg # 0), there is no appropriate vertical mean operator
M* commuting with the Stokes operator A. and the eigenvalues of (I — M*)A. are not

necessarily large of order 2.

(1.6)



Remark 1.4. Theorem 1.1 can be made more precise with the following remarks about the
asymptotic behaviour in time of the globally defined strong solutions of (1.2). Let us fix
a time-independent forcing term f satisfying the hypotheses of Theorem 1.1 and let us
introduce the local semigroup S.(t) defined by S(t)uo = u(t), where u(t) is the local strong
solution of the Navier-Stokes equations (1.2) with initial data uy. Theorem 1.1 implies

— V.
that S.(t) is a semi flow on the bounded set B. = [J,5 5:(t)Boe , where
Boe = {uo € Vo | |luollm < ke, |Myuollre < kol -

In Section 7, we will show that the dynamical system S.(t) restricted to the bounded set
B. admits a compact attractor A. in V., and that A, is the global attractor of all weak
Leray-Hopf solutions (see also [8], [38] and [3], [33] in the case of thin product domains).
We will also compare this attractor A. with the global attractor A of the limit equation
(1.8).

In the case of a non-flat thin domains, another new phenomenon arises, namely the
limiting equation, as € goes to zero, is much more interesting. For example, in the case of a
thin product domain, the limit of the 3D Laplace operator A = ZZ L 02 (with homogeneous
Neumann boundary conditions) is simply the 2D Laplace operator Ay = ZZ L 02, In the
case of the above defined non-flat thin domain (2., it has been proved by Hale and Raugel
in [13] and [12] that the limit is the following Laplace-Beltrami operator L, associated to
the metric induced by the function g, where

13
Lyp = =Y 0i(gdhe) .
C
For the expression of the limit of the Laplace operator in more general thin domains, like
thin domains around a manifolds etc., we refer to the following papers [11], [31], [37], [32],
[47], for example.

The limiting equations in the case of the Stokes or Navier-Stokes problems are even more
interesting, since the function g also appears in the limit of the divergence operator and
that, in addition to the above operator L, there are other terms in the evolutionary equa-
tion. Before giving the limit equation, we need to introduce some additional notation. If v
is any smooth enough two-dimensional vector field defined on T?, we denote its divergence
by divy, v = dv; + Oyvy. Likewise, for any function ¢ defined on T?, we denote by V¢
the two-dimensional vector (01¢, Oa2p).

Assume next that the forcing term f = f. depends on € and that M}, f. converges in
the space L>((0,00), L*(T?)?)) to a force (fo,0) where fy belongs to L>=((0, 00), L*(T?)?)).
Then the limit of the 3D Navier-Stokes equations (1.2) is the the following Navier-Stokes
type equations

Gtv——za (90) + sz (9Vrg) +v-Vyv = fo—Vip,

(1.8) =1
divy gv = 0 ,

U‘t:OI Vo -



We notice that, already in 1994, Ciuperca [4] has derived the linear version of (1.8) in
connection with the Stokes problem and has proved a convergence result for the linear
problem. Also Roh [36] has studied the above limit equation in the particular case where
Vg is small. Note also that the limit operator v +— divy(gv) of the divergence already
appeared in other works dealing with the Euler equations ([19] for example).

In Theorem 6.1 of Section 6, we shall prove a general convergence result, which contains
the following Theorem 1.2 as a corollary. We denote by V; (respectively Hy)) the subspace
of vectors in H'(T?)? (respectively in L?(T?)?) corresponding to the “limit” of the space
V. (respectively H.) at e = 0 (for the precise definition of V and Hy), we refer to Section
6). As for the classical 2D Navier-Stokes equations, one shows in Section 6 that, for any
vy € Hy, there exists a unique strong solution v(t) € C°([0, +00), Hy) N C°((0, +o0), Vo) N
L>((d,4+00), Vy) of the equations (1.8), where § is any positive number.

Theorem 1.2. Let u§ € V. and f. € L*°((0,00), L*(Q.)?) be a family of initial data and
forcing terms satisfying the hypotheses (1.5). We assume moreover that there exist a two-
dimensional vector vg € Hy and a two-dimensional forcing term fo € L>((0,00), L*(T?)?)
such that

li My fz = (fo,0) i L=((0,00), I(T?)°) .
lime!*(I = My)f. = 0 in L*((0,00), L*(Q:)%) ,

hI%MhUS = (v0,0) in L*(T?)? , lir%el/Zuf] =0 in H(Q)?,
E— E—
then, for each T' > 0, we have the convergence result

lim Myt (1) = (u(),0) in C°((0, T, L*(T*)?) ,

where us(t) (respectively v(t)) is the solution of the equations (1.2)-(1.3) (respectively (1.8))
with initial data uf (respectively vy ).

The paper is organized as follows. Section 2 contains the precise formulation of the
additional conditions made on the forcing term and the initial data, that is, the conditions
(H) and (Hy). We also discuss there a uniform Korn inequality and introduce the linear
Stokes operator A.. In Section 3, we prove all the auxiliary estimates, which are necessary
in order to bound the nonlinear part in (1.2). Section 4 is devoted to the precise estimates
of the quadratic term in equation (1.2). In Section 5, we prove the global existence result
stated in Theorem 1.1. In Section 6, we assume that the forcing term f = f. in (1.2)
depends on ¢ and that M}, f. converges, in the sense of (6.1), to a two-dimensional function
fo, which allows us to define the limiting equation (6.5) and to compare the solutions of
(1.2) with those of the limit equation (see Theorem 1.2). Finally, in Section 7, we show
that the dynamical system generated by the equations (1.2) admits a (local) attractor A,
in V.. We prove that A, is in fact the global attractor of all the weak Leray-Hopf solutions
of (1.2). We also compare this attractor 4. with the global attractor Ay of the limiting
equations (6.2) defined in Section 6.



2. FORMULATION OF THE PROBLEM

2.1. The uniform Korn inequality. As we already indicated, an additional hypothesis,
other than regularity, has to be assumed on the data. For example, if g is constant, then
we will see that the limit problem is the bidimensional periodic Navier-Stokes equation
and therefore requires the assumption that the first two components of the velocity have
vanishing mean. Technically, the need for this kind of assumption appears in the following
way. According to the Green formula (2.17), when making energy estimates on (1.2), we
are led to use the quantity
1
E(u,u) = 4|D(u)||7:, where [D(u)];; = 5(01-1;]- +0ju;) , for1<i,j<3,

is the deformation tensor. What is needed is that F(u,u) be equivalent to the square of

the H'-norm of u on a suitable function space H,. A short well-known computation shows
that

EUU)=0 <= DU)=0 <= U=A+Bxuz,

where A = (ay,a9,a3) and B = (by, by, b3) are vectors that do not depend on z € Q..
This property implies that \/E(u(t), u(t)) cannot be equivalent to the H'-norm of u(t)
if u(t) = A(t) + B(t) x . Thus we need at least to insure that nonzero initial data and
nonzero solutions wu(t) cannot be of this form. This means that we have to impose some
restrictions on the data (uo, f).

Suppose now that U = A+ B x z verifies the boundary conditions (1.3). Since U-N = 0
on 'y UT',, we find that a3 = by = by = 0 and a10,9 + a20:9 = 0. Due to the periodicity
of U, one has by = 0. Thus, with the above boundary conditions, E(U,U) = 0, for U # 0,
if and only if there are constants a;, ay (with a? + a3 # 0) such that U = (ay, as,0) and
1019 + a20,g = 0. To make sure that such a vector field cannot be an initial datum, we
make the following assumption on the initial data:

(H) al/ u1(0, ) do + ag/ ug(0,2)dr =0
for all constants aq, as such that a;019 + as0,9 = 0.

Moreover, we require that this assumption (H) be propagated by the equation. In other
words, if u(0) satisfies (H), then the solution u(t) satisfies (H), for all time ¢, as well. As
we now show, this is accomplished under the following additional condition on the forcing

term f = (f1, fo, f3):

(Hy) forallt >0, onehas a; [ fi(t,z)de+ay [ fot,z)de =0,
Qe Qe

for all constants aq, as such that a;019 + as0,9 = 0.

Indeed, let us fix a forcing term f satisfying the condition (Hy). Let g be initial data
satisfying the additional condition (H) and u = wu(t) be the corresponding local solution
of the Navier-Stokes equations (1.2). If ay, as are constants such that a;01g + a20:9 = 0,
then the vector A = (ay, as, 0) satisfies the boundary condition A- N = 0 on the boundary
[y UT.. Taking the inner product in L*(€.)? of (1.2) with the vector A and applying the

10



Green formula (2.17), we obtain

d
— u~Adx—|—/ u-Vu-Adr = 0.
dt Ja. .

Integrating the term st u-Vu - Adx by parts and using the facts that div « = 0 in {2, and

that u - N = 0 on the boundary I'y U I';, we easily check that

/ uw-Vu-Adr = 0,

£

and thus that, for any ¢t > 0,

/ u(t,z) - Adx =0,
Qe

which means that the condition (H) is positively invariant under the semiflow generated
by the Navier-Stokes equations (1.2) provided that the forcing term verifies the (Hy) hy-
pothesis.

Remark 2.1. The conditions (H) and (Hf) can be made more explicit by considering three
typical cases:

(a) There are no constants ay, as (with a? + a3 # 0) such that a;0;g + as99 = 0; in
this case the hypotheses (H) and (Hy) are empty.

(b) The function g is constant; in this case a; and ay are arbitrary and (H) becomes
fQE u1(0,2) do = fﬂg u(0, ) dz = 0.

(c) The function g is not constant but there exist constants a;, as (with a?+a3 # 0) such
that a;01g+a20,g = 0. In this case we note that every pair of constants (a}, a}) such
that a}019 + ay02g = 0 is necessarily a multiple of (a1, as) and therefore (H) reduces
to one condition: a; [, u1(0,x)dr + as [, us(0,2)dr = 0. We also note that in
this case, the function g must necessarily be of the form g(x1,z2) = ¢*(agr1 —aix2)
where g* is a periodic function of class C®.

The aim of the remainder of this section is to prove that hypothesis (H) is sufficient for
our purposes, namely that a Korn inequality holds with positive constants independent of
. Because the constants are independent of ¢, for 0 < ¢ < 1, we will refer to this inequality
as the uniform Korn inequality. We now define the space

H' = {U € H'(Q.)*| U is periodic in 2; and 25, U-N =0on .Uy,
U satisfies the condition (H)} .
We note that the unit outward normal N to I, is given by
(2.1) N = d-Y(—edig, —e0y9,1) ,  where d. = d.(x;) = /1+ €2 |[Vg2.
We remark that the space V. defined in the Introduction is given by
V. = H'n{U € H'(Q.)?| div U = 0} .

We also introduce the bilinear form E(-,-) on H' x H! as follows,

Qe ij Qe

11



We now follow the argument of [41], which is given in the case of a fixed domain, to prove
the following result.

Theorem 2.1 (Uniform Korn Inequality). There exist positive constants ¢y, ¢ such that,
for any € € (0,1],

(2.2) allUlin < BE(UU) < |lUll5 . for any U € H .

Proof. Since E(U,U) < 4||VU||, , the upper bound in (2.2) holds with ¢ = 4. We shall
show the lower bound, by proving first that there exists a positive constant ¢ such that,
for e € (0,1], U € H!,

(2.3) c|VU|7. < E(U,U) .

Integrating the expression fﬂg 0;U; 0;U; dx twice by parts and using the fact that U - N
vanishes on the boundary I'y U T';, we obtain that

3
(2.4) E(U,U) = 2||VU|% + 2/ (divU)*dr+2) / U; 8;U; N; do, .
Qe i,j=1 Ie
In the expression above, we also used the fact that U3 = N; = Ny = 0 on 'y to deduce
that U; 0;U; N; vanishes on I'y. Next, since U is tangent to the boundary, we have that

(2.5) Us(zn,eg(xn)) = eoig(wn)Ur(xn, eg9(xn)) + €029(xn)Us(zh, £9(xh)) -

The above equality only holds on the boundary I'.. This implies that we can differentiate it
only with respect to the horizontal variables. Differentiating the term Us(xp, eg(z)), given
in (2.5), with respect to x; and multiplying the resulting expression by U;, for i = 1,2, we
get

2
Z[UZ&Ug + 682-gU183U3](xh, €g<£li'h)) =
i=1

(2.6)

2

Z Ui(xn, eg(zn))0i [01g(xn)Ur(zn, eg(xn)) + €02g(xn) Uz(n, €g(2n))] -
i=1
We note that, due to the equality (2.5), the left-hand side member of the previous equality

can be written as
2

(27) Z[UZ&U?, + €aigUi83U3}<$h, €g(xh)) = [U181U3 + U282U3 + U383U3](.Ih, €g($h)) .
i=1

Computing explicitly the derivatives of the right-hand side member of the equality (2.6)

and using several times the equality (2.5) (in the same way as in the equality (2.7)), we

deduce from (2.6) and (2.7), the following equality,

(2.8)
(U101U3 + UsdoUs+U305Us) (w, £g () = 2601059 UrUs + £20190sg (Us 03Uy + U 03Us)
+ 5819 (U181U1 -+ U282U1) + 5829 (Ug@gUg + U101U2) + E@%g U12

+ 039 Uy + £*(019) U105U1 + £2(0a9)* U2(93U2] (zh,e9(zn)) -

12



We now want to compute the integral term Zij:1 ng U;0;U;N;(x) do,. Replacing the
term Zj’:l U;0;Us(xp,e9(zy)) (respectively Us(xp,eg(xp))) by its expression given in (2.8)
(respectively in (2.5)) and using the explicit values of N; (see (2.1)), we readily obtain that

3
e e Ye

1,7=1

where d. = /14 2|Vg|2. We deduce from (2.4) and (2.9) that

1
IVUIE: < SEQU.D) +clge [ (U2 +U3)do,

€

where ¢(g) is a positive constant depending only on g. We set § = %@.

To prove the inequality (2.3), we are now going to show that there exists a positive
constant K (independent of ¢) such that, for 0 < e <1,

(2.10) g/ (U 4+ U3)do, <6||VU||7.+KEU,U), forallUeH".
Ie

According to the proof of Lemma 4 of [41], we already know that the inequality (2.10)
holds for some positive constant K,.. However, this constant K. could depend on . Here
we prove by contradiction that this constant does not tend to infinity when e goes to zero.
If (2.10) does not hold with a constant K independent of e, then, for each n € N, there
exist €, > 0 and a vector U} € H' such that

n / (U2 ) + (U2)?)dow > 6|V |20 + nE(UZ,U) |
T

&n

and €, converges to zero when n goes to infinity. Replacing the vector U by

Ve = U ([ (i WP)ae)

€n

we claim that, for each n € N, there exist ¢, > 0 and a vector U,, € H' such that
(2.11)

er > 8|VUPs +nE(U, U) | / (Una)? + (Una)?) (2 £9) /1 T E[VgPdan = 1.
TQ

In order to study the limit of the sequence U, when n goes to infinity, we perform a
change of variables which transforms the domain €. into the fixed domain @) = €2;. More
precisely, we set y3 = e a3 and

Un(z1,22,23) = Upn(y1,y2,€Y3) = Un(Y1,%2,y3) , forall (y1,v2,y3) € Q.
This implies that

oU, ou oU, 10w
n_ S fori=1,2, and S = -2
ox; oy; ore 4 Al Oxs € Oys

13



We introduce the “scaled” operator V. = (aiyl, 8%2,5_18%3) together with the “scaled”
bilinear form

3 1 2
du} Ou; ou? ou;
E.(u',u?) = / (5—51,3_1 4otz I 1) (e7%8 —— 4 i d ) dy
) o8 ”21 dy; 9y dy; Iy
where 0,3 is the Kronecker symbol. The properties (2.11) then become
1 2 5Hv5nan”%2(f21 _'_ nEEn(;&’/n7 ;&’/n) 9

/ ((ns)? + (Tn)?) (v, 9) /T 2V GP dg =
’]TQ

We deduce from the above relations that Vi, is bounded in L?(£2;). We next decompose
Uni, © = 1,2, into the sum of his total mean value and a vector with vanishing total mean
value, that is, we write w, ; = W, ; + ¢,;, where ¢, ; = le Uni(y) dy. Since the vector w,,; is

(2.12)

uniformly bounded in H'(£2;), its trace on T’y is uniformly bounded in L*(T;). Therefore
the second property in (2.12) shows that ¢,;, ¢ = 1,2, is uniformly bounded in n and e.
Moreover, u, 3 vanishes on the lower part of the boundary I'y. Therefore, u,, is bounded in
H'(€y). This implies that there exists a subsequence, which we relabel as 1, such that ,
converges weakly to ¥ in (H'(Q))3. The inequality relation in (2.12) implies in particular
that

aun 1 8Un3 1
||L (@) < % —|| ||L 2(0) < 7n

We deduce from (2.13) that the limit v is independent of y3, that is, ¥ belongs to (H'(T?))3.
The boundary condition u, 3(z1,x2,0) = 0 implies that, at the limit, v3(z1, 22,0) = 0 and
thus that v(y1,v2) = (v1(y1,92),0(y1,92),0). Using the property (2.13) together with the
fact that @, 3(y1,y2,0) =0, we at once show that

1, - C

En 7 T = vn’

where C' is a positive constant independent of n and ¢,,. The boundary condition satisfied
by u, on I'y assumes the form

1 N
;un,s(yl, Y2, (Y1, ¥2)) —019(y1, Y2)Un1 (Y1, Y2, (Y1, Y2))

n

(2.13) —||

(2.14)

—029(y1, y2)tn2 (Y1, y2, 9 (Y1, 92)) = 0,
from which we deduce, together with (2.14) that at the limit,

(2.15) O g(y1, y2)v1 (Y1, y2) + O2g(y1, y2)02(y1,42) = 0 .

From the property E. (tn,u,) < %, we also deduce that F(v,v) = 0. Therefore, since v
satisfies the “boundary condition” (2.15), there exist constants a;, as such that a;0,9 +
as0g = 0 and © = (aq,a,0). But the condition (H) implies that a,v; + asvs = 0, which
yields v = 0. The equality relation in (2.12) together with the strong convergence of w,
towards ¥ in L*(I'y) imply that [, (0 +0%)dy, = 1, which contradicts the fact that v = 0.
We thus have proved the inequality (2.3).
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It remains to prove that there exist a positive constant ¢ such that, for 0 < ¢ < 1, for
any U € H!,

(2.16) U3 < E(U,U) .

To show this inequality, one uses the same type of argument by contradiction as above.
As here the contradiction argument is easier and does not contain any novel feature, we
do not present the details. O

Remark 2.2. Tt follows from the inequality (2.16) that
c|U|3. < BE(U,U) < 4||VU|3 , for all U € H' .
In other words, the Poincaré inequality holds for any U in H*.
We next give a simple Green formula in connection with the Navier boundary conditions.
This formula has already been given in [41] and [46].

Lemma 2.2. Let @ and u be vectors in H*(2.)> and in H*(.)? respectively. Then one
has the identity:

(2.17) / Aa-ﬂ:—lE(a,ﬂH/ diva divﬂ+/ {Q[D(a)N]-a—divaﬂ-N}.
Q. 2 Q. Q.

Proof. The proof is a simple integration by parts. One writes

/Au U—Z/ 0;(0;u; + Oju;)u; — /adlvuu]
:—Z/ auj—l—aul@uJ%—Z (95, + 8;1;) Ny,

ek
—l—/ divau divﬂ—/ divauw- N
€ 00
1 ~ ~
:—§E(ﬂ,ﬂ)+/ divu divﬂ+/ {2[D(u)N]-E—divuﬂ-N}.
e Qe

g

2.2. The Stokes operator. Since by Theorem 2.1, the bilinear form E(-,-) is a coercive
continuous symmetric bilinear form on the space V., one can show, by using the Lax-
Milgram theorem together with the Riesz representation theorem that there exists a (secto-
rial) self-adjoint positive operator A, : D(A.) — H., where D(A.) ={U € V.| A.U € H.}
such that, for all U € D(A,),

1
(2.18) (AU U2 = éE(U’ U*), foral U eV,,

(see [20], [42] or [43]). This operator A. is called the Stokes operator. We notice that
V. = D(A;/ 2). Since A, is self-adjoint, the following equality holds

(AU, U2 = (AVPU, AYVPU") 2, forany U € D(A,), ,U" € V.,
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and, in particular,

SEU.U) = AU for any U € D(A.)
In [41], the following regularity result has been proved

D(AL) = {U € H¥9)° Ve ; [D(@) Ny, .= 0}
In view of Lemma 2.2 and of this regularity result,

AU = —P. AU, forall U e D(A,) .

This implies in particular that the equality A. = —P.AU can be given as an alternate
definition of the Stokes operator.

2.3. The nonlinear problem. Let f be a forcing term in L°°((0, 00), L*(€).)?) satisfying
the condition (Hf). As in the case of classical boundary conditions, one shows that, for
any ug € V., there exists a unique maximally defined strong local solution u = wu(t) €
C°([0,T),V.) of the equations (1.2)-(1.3) with u(0) = ug, where T = T(ug, f) depends
only on the data ug and f. Furthermore, this solution satisfies

RS LZQOC«O’ T)? D(Aa)) N Hlloc((ov T)> Ha) :

Moreover, u satisfies the equations (1.2) for almost every ¢ in the sense of distributions in
the spatial variable. We remark that u is also a mild solution of the abstract evolutionary
equation associated to (1.2)-(1.3):

Ou+ Au+P.(u-Vu) = P.f, u0) = ug .

It is worthwhile to remark that, if f is locally Lipschitz in time with values in L*(€.)3,
the above solution w is a classical solution (in the sense of evolutionary equations), that is,

ue C°(0,T),D(A)) N CH(0,T), He) ,

and u = wu(t) satisfies the equations (1.2) for every ¢ in the sense of distributions in the
spatial variable.

As in the case of classical boundary conditions, the existence result can be proved mainly
in two ways. Since E(-,-) is a positive definite bilinear form, we can apply the classical
Galerkin method (also called Bubnov-Galerkin method), which roughly speaking consists
in approximating the Navier-Stokes equations by a sequence of finite dimensional-problems
and to prove the convergence of the solutions of these approximate problems towards a
solution of the Equations (1.2) (see for example [21], [42], [6] or [39]).

An alternate approach is based on the theory of mild solutions and is formulated in the
context of evolutionary equations. In this approach, one proves the existence of a mild
(also called integral) solution by using the fixed point theorem for strict contractions. This
approach can be found in [9] (see also [39] or [28]). This method is in particular adapted
to the proof of existence of classical solutions.

The uniqueness of strong solutions follows exactly the lines of the proof in the case of
classical boundary conditions.
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3. AUXILIARY ESTIMATES

We remind the reader of the convention described in the Introduction concerning the
norms || - ||z2, || - ||, ete; where L2 = L?(Q.)3, H' = HY(Q.)3, etc. As indicated in the
introduction, the vertical mean value of functions or vector fields plays an important role.
We recall that the mean value operator M, defined in (1.4), acts on the scalar functions
defined on (). and is given by

1 &9
MSO(‘IE}J = _/ @(xh»y?,) dy3a
0

€g
where x, = (21, 23). We remark that, for 1 < p < oo, M : LP(Q.) — LP(£2.) is a bounded
linear operator of norm 1. We remark that M is an orthogonal projection of L*(€.) (for
this property as well as for other properties, see [11], [12], [13]).

Next we introduce the notion of mean value for vectors. If U = (Uy, Uy, Us) belongs to
H., then U is tangent to the boundary and, in particular, Us(xq, x2,0) = 0, which implies
by the Poincaré inequality that |Us||r2 < €||Us||z1. This indicates that taking the vertical
mean value of the third component is not of real interest. Since the third component is

small of order &, we introduce the following mean value operator M} acting on L'(Q.)3:

(3.1) MyU(zp) = (MU, MU,,0) , forall U € L'(2.)* .

In order to keep the amount of new notation to the minimum, we also denote by M), the
operator acting from L'(€.)? into L'(Q.)?, that is My (Z,, Zy) = (M Zy, M Z,,0) for any
Z = (Zy,7Z,) in L'(Q.)?. We remark that, as above, M}, : LP(Q.)? — LP(£.)? is a bounded
linear operator of norm 1. Moreover, we point out that this operator M), is an orthogonal
projection of L*(€).)3.

Unfortunately the operator M) comes with a problem. In general, M,U does not belong
to H., when U is in H.. For this reason, we introduce the following auxiliary mean value
operator M; on L'(€.)? by

(3.2) MU(z) = (MU, MUs, % (MuU)-Vg), forall Ue L' (),

(In Equation (3.2) and elsewhere, we denote by V g the usual gradient (09,029, 039) =
(O19,029,0)). One easily checks that, if U belongs to H., then M;U also belongs to H. (in
particular, M;U is divergence free and tangent to the boundary). We also point out that
this projection is no longer orthogonal unless g is a constant function. Like above, we also
denote by M; the operator acting from L'(.)? into L'(£2.)3, that is

My\(Zy, Z3) = (M Zy, M Zs, % (MnZ)-Vg), forany Z = (Zy,7,) € L'(2:)? .

Remark 3.1. We already noticed that, if U belongs to H., then the divergence of MU
vanishes too. We would also like to point out the following relation between the divergence
of M U and the divergence of gM,U:

1 1
(3.3) div (MU) = div (MyU) + Vg - (MU) = - div (gMU) |
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which implies that
1
div(MU) = —div(gMp,U) =0, forallU € H. .
g

The quantity div(g-) is sometimes called g-divergence. In Section 6 below, we will see that
the limiting problem, when & goes to zero, deals only with two-dimensional vector fields v,
such that the g-divergence of (v, 0) vanishes. This g-divergence also appears in [19] dealing
with the Euler equations in a thin domain like €)..

Throughout this section, v will denote a sufficiently smooth, divergence-free vector field
that satisfies the Navier boundary conditions (1.3). As indicated above, we will decompose
the vector field u as follows

(3.4) u=v+w = Mu+ (I —-M)u, v, = (v1,v2,0) = (Muy, Mus,0) .

As we already noticed, v and w are divergence free, tangent to the boundary and periodic
in x1 and x5. Moreover, v and w satisfy

(3.5) 33u1|FOE 83U1’FOE 83w1|FOE 83u2‘roz 83U2|FOE a3w2‘roz u;;‘roz Ug‘FOE U}g‘FOE 0,
that is v and w verify the Navier boundary conditions on 'y but not necessarily on I';.

In our analysis below, it is convenient to use the following extension to (2. of the exterior
normal to 02 (see (2.1)):

- - 1
o= (o et s 1y )
9V1 42Vl gy/1+2[Vg]* €9\ /1 +e2[Vg?

We will also use the function

~ ( —230:9 —13059 exs|Vgl? )

(36) N =

g\/1+e2|Vg|2 gy/1+ Vg2 g(1+e2|Vg|2 + /1 +£2|Vyg]?)

which is the exterior normal on I, ang interior normal on I'y. The advantage of N compared
to N is that the Lipschitz norm of N is bounded, independently of . More precisely, one
can readily verify that there is a positive constant C', which does not depend on e, such
that the following two sets of inequalities hold, for all € with 0 < & <1,

[Nz~ <€, (N1, No)llze < Ce ) [[VN]|ze < Ce™

3.7

( ) ||V(N1,N2)HL<>O S C y ||61N||Loo S C R H@ZNJHLOO S C€ fOI' Z,j = 1,2 ,
(3.8) (N1, Na)|| g < Ce, | N3l < C, IVEN||= <C forallkeN,
and

(3.9) |O;N || < Ce, i=1,2.

We now recall the following consequence of the Stokes formula

(3.10) / gp(w)d(jx:/ gpdidex+/ N -Vepdx
I Q. 0.
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where the boundary integral on I'. is defined by

(3.11) /go(x)damz/ (zh,29)\/1 + 2|V g|? dxj, = whﬁg
€ T2

N3 xhaEQ

The aim of this section is to prove several inequalities on v and w = (I — Mj)u with
sharp dependence on ¢ of the constants. First, we show how to estimate lower order Sobolev
norms of w in terms of higher order Sobolev norms of w (see Proposition 3.6 below.) Next,
we prove a regularity estimate connecting the H? norm of u with the L? norm of Au
(see Proposition 3.7). We continue with Proposition 3.9 which gives an estimate for the
expression Au — P.Au. We finally end this section with some L” estimates.

We start with a sequence of simple preliminary lemmas. The following lemma is well-
known (see [12], [13] for example). For the reader’s convenience, we quickly recall its
proof.

Lemma 3.1. Let ¢ be a function in H'(Q.) satisfying either o r,=0or Mp=0. Then,
lellzz < ellglliz= 05|z, for alle >0 .
Proof. In both cases, we remark that

/// ©(zh, v3) (28, 0) drpdrs = 0,

xp €T?
0<wz<eg(zn)

which implies that

lell7> = /// o(zh, x3)050(xh, y3) drpdrsdys

IhET2
0<y3<123<€g({£h
< /// *(zn, 3 dxhdxzadyza) ( /// 050 (2, y3)|? dxhdxgdy3)
xp €T? 2, €T2
0<ys<z3<eg(zp) 0<y3z<zz<eg(zp)

<(/ ey i) 5 (f o) Peg(en) das)%

< ellgllz=llollz2 [ sl L2

O
Lemma 3.2. Let ¢ be a function in H'(Q.). Then,
el < IMelle> +ellglli=llOspllLe ,  for alle € (0,1] .
Proof. The proof follows trivially from the previous lemma:
lellzz < [[Mllz + (1 = M)pllee <[[Mellrz +ellgllre=05(1 — M)l 12
= [Megl[r> + ellgl o[ D5l 2
O
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Lemma 3.3. For any ¢ € (0,1] and for any function ¢ € H'(€).), we have
lo(zn, eg(@n)llez < 21Mellr2 + V5 ellgll=|0sll 2, for all e € (0,1] .
Proof. We first remark that

eg(xp) o
lo(zn, eg(zn))|7> = / e90” (zh, £9(xp)) dxy, :// a—(f’f3902($))d$3dxh-
T2 T2 Jo Z3

Using Lemma 3.2 and the Young inequality, we infer from the previous equality that

lolenseg(en)) 2 = / 8%3(:63902(17))d56=||90||i2+2 / £300(2)Dup ) iz

< lleliz2 + 2ellgll el 2105l 2 < 2[lllZ2 + €*[lgll7 10501l 72
<4|Mollz> + 5¢*||gll7 050l 72
which implies the inequality of the lemma. U

Lemma 3.4. There exists a positive constant C', which is independent of €, such that, for
all € € (0,1], for any function ¢ € H*(S.), and for i = 1,2, one has,

l0ipllL: < C||\Myllgr + Cel|0;03¢]| 12 + Ce||Os@||L2 ,  for all e € (0,1] .
Proof. By Lemma 3.2, we obtain,

10l 2 < 1Ml 12 + ellgllLoe]| 00| 12, fori=1,2 and € € (0,1] .
On the other hand, a simple calculation shows that

0;
gg (Mo — o(zh,29))

(3.12) M = 0, My +

so that, by Lemma 3.3,
[MOip| 12 < ClIMepl| g + Cllp(xn, e9)ll2 < ClIM|p + Cel|Os¢]| 12
which completes the proof. Il

Lemma 3.5. There exists a positive constant C', which is independent of € such that, for
all e € (0,1] and for any function o € H*(S).), one has

Mol <llellz, Mol < Cliella,  [[Mollr < Clllge.

Proof. The first relation follows simply by noting that the operator M is nothing else but
the L? orthogonal projection onto the space of functions independent of the third variable.
To prove the second inequality, we use the formula

0ig

My = MOy — (Mgp—go(xh,sg)) , fori=1,2,
g

together with Lemma 3.3. Finally, the statement for the H? norm follows by differentiating
the above relation and using similar arguments. We omit the details. U

Remark 3.2. Lemma 3.5 directly implies that there exists a positive constant C', which is
independent of € such that, for all € € (0,1], for all u € H*(Q.)3, k = 0, 1,2, the vectors
v = Myu, v, = Myu, satisfy,

[l < Cllullas s Noallgs < Cllullgs, for k=0,1,2.
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We can now prove the following proposition.

Proposition 3.6. There exists a positive constant C', which s independent of €, such
that, for all € € (0,1] and for all u that belongs to V., the functions w = (I — M;)u and
w* = (I — Mp)u satisfy,

|w]|z <Cel|Oswl||p2,  for all e € (0,1]

3.13
(3:13) |w*||2 <Cel|Osw*||p2,  foralle € (0,1]

and, if moreover u belongs to H*(2.)* and satisfies the Navier boundary conditions (1.3),
(3.14) Vw2 < Ce||V2wl||z2,  for all e € (0,1] .

Proof. Relation (3.13) follows immediately from Lemma 3.1 since Mw; = Mws = 0 and
wg‘roz wg‘FOE 0. To prove (3.14) we take different cases. First, for i € {1,2}, we have
that dsw; = 0;wz = 0 on I'y so, by Lemma 3.1,

10swil| 2 < ellgllz<|05will 2 and  [|Oyws| L2 < ellgl| e [|OsDhws]| 2.
Next, for i,j € {1,2} we use that Mw; = 0 and Lemma 3.4 to deduce that
105w L2 < Cel|0;05w; |12 + Ce||Osw;| 2 < Cel|0;05wil| 2 + Ce?|| 03wy 2 < Cel|VPw|| 2.

Finally, the estimate for d;3ws follows at once from the above bounds together with the
divergence free condition

||83w3||L2 = ||81w1 + aQUJQHLQ S CE||V21U||L2.
This completes the proof. O
The next result is a regularity type estimate for w.

Proposition 3.7. There exist a real number g, with 0 < €9 < 1 and a positive constant C,
which is independent of €, such that, for all € € (0,g0), for all u € V. N H?(.)? satisfying
the Navier boundary conditions (1.3), one has

|ullgz < C||Aul|zz + Cllul|lgr ,  for all e € (0, &0)].
Proof. Assume for the moment that |[VZul|7, satisfies
(3.15) IV?ullZ2 < [[Aullz: + Cocllullze + Cllullme Nullm

where Cy and C' are positive constants which do not depend on . One then finds that

lullye < l1AullZs + Coellully + Clulle lullm + ullys
1
< [|Aul|7z + Coellull = + ZIIUIIfHa + Cllull7n -
Now choose gy to satisfy 0 < g9 < 1 and Cyey < 1/4. One then obtains, for 0 < e < g,
1
§||u||§p < [|Aul7e + C lullf,

which implies the proposition.
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It remains to estimate the term || V?u|| 2. We write

3
V22 = 3 /Q DDy - Dy d

i,j=1

3 3
==> | Ou-9oudr+ > [ Nou-00dudo,
Q

ij=1"%%k ij=1" 9%

3 3 3
= Z 8]2u . 0l-2u dx — Z N;0;u - 8?u do, + Z N;0;u - 0;0judo,
ij=1" 8k ij=1" 08 ij=1" 0%k

3

ij=1

where we integrated twice by parts. It therefore suffices to bound the last term that we
decompose as follows

3
Z 8ju . (Nzﬁj — NJ&)@ZU dO'x =2 82u . (N182 - Ng@l)f)lu dO'I
ij=1" 0% 0. .

I

2

+ 2 Z 83’LL3 (Nzag — Ngaz)aﬂ,@ d0'$

i=1 J 0%

-~

I

2
+ 2 Z 0 aguk (Nlag - Ngal)(?,uk dO’x
i,k=1 £

J/

I3
We used above that the expression |, a0, Oju - (N;0; — N;0;)0;u do, is symmetric in ¢ and j,
for ¢ # j; this in turn follows after noticing that N;0; — N;0; is tangent to the boundary
and performing an integration by parts on the boundary. We now estimate separately the
three terms Iy, I, and I3.

Estimate of ;. We return to an integral on ). by using formula (3.10)

]1 :/ 82u . (Nlag - N281)31Ud1VNdx +/ N - V[@gu . (Nlag — Ng@l)alu} dx
Qg QE

3
:/ 82u : (Nlag — N2(91>(91'LL div N dx -+ Z |: N;ﬁk@gu : (Nlag — N231)31u dz
< k=1 L8 _

vV Vv
Ity I12

+ / Nkﬁgu . (8kN182 — 8kN281)81u dx + / Nk;@gu . (N182 — N281)8k81u dx
Qg Qa

/

-~ -~

113 Il4
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Using relations (3.7) we readily estimate
| + 1] < Cllullm[[Vullze and |Lp| < Cel| VZullL

Regarding I, we need to make another integration by parts of the derivatives 0y, 0y
from N;05 — No0; and deduce as above that

[ [14] =| / (N201 — N10o)(NiOou) - Or01udx + / (01 Ny — 09 N1) NOouw - O O1u d|
Qe

Qe

< Cellullm IV*ullz2 + Ce[V?ul 72

Therefore we obtain,

Estimate of I,. To estimate I, we argue as in the proof of Theorem 2.2 by using the fact
that u is tangent to I';, i.e.

us(xp, £9) = eup(zn,e9) - Vg for all zj, € T? ,

where up, = (ug, us,0) denotes the horizontal part of u. For i € {1,2} we differentiate this
equality with respect to x; to deduce that

(3.17) Oug(zn,eg) = eup(xp, e9) - VO;g + €diup(xp,e9) - Vg
+ £20,g Osup(wp, €9) - Vg — €0i90sus(xy, e9) = egF! (u(:vh, £g), g)

where the function
Flu,g) = [Uh -VOig + Oup, - Vg + €0;9 O3up - Vg — dig a3163]971

is defined on .. We just proved that Q;us = ngg(u, g) on I'.. Moreover, according to
(3.5), this equality also holds on I'y, since J;uz vanishes on I'y for i = 1,2. Thus,

L= /8 O (N = Nad)) (s (1,9)) dor
Performing an integration by parts, we go back to an integral on 2. as follows,
I = / {ai [Osus Os(x3F: (u, 9))] — 05[Osus 0 (x3F) (u, 9))] } dz
= / [8,-83u3 Fi(u, g) + 0;03us 1305 F (u, g) — O3us 230, F(u, g)] du.

It now suffices to note that x3 = O(e) and to take into account the expression for F(u, g)
to get,

(3.18) || < Cllullm IV2ullzz + Cellull3e-
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Estimate of I;. It suffices to estimate the term I5; = fan Osuy (N;03 — N30;)0;urdo,
corresponding to £ = 1. Since D(u)N is normal to the boundary I'. and (1,0,c0,¢) is
tangent to this portion of boundary, we deduce that

D(u)N - (1,0,e019) = 0, on I,
This can be expanded as
— 2e01901uy — £029(01us + Oauy ) + Oyus + Ozuy
+e0g [—6819(81U3 + O3uy) — €02g(Oausz + Ozus) + 2(93U3] =0 on I..
We now use the above relation and (3.17) for i = 1 to deduce that
(3.19) Osuy = x3H(u, g) on I,
where
H.(u,9) = —F2(u,g) + { 2019011 + ag(Dyuz + Oy)
+ 019 [2019(01us + O3uy) + €029(Oauz + Ozuz) — 205us] }g_l
It is clear from this formula that
(3.20) [He(u, g)l[> < Cllullgr - and  [|[VHe(u, g)l| 22 < Cllullm2

for some constant C', which is independent of . We now proceed as in the estimate for I
by returning to an integral on {2.. One has that

31 :/ J3uy (Nﬁg - NSai)aiul doy
o[98
:/ ZE3H€ (N,@g - N38,)81’LL1 dO';E
Qe
:/ [81<I3H5 8381-’@1) - (93(1:3[{5 8127,“)] dx

:/ [xgang 838iu1 — ZE383H€ 83’&1 — HE Qzul] dx

Since z3 = O(g), we use (3.20) to obtain

(3.21) Ly < Cllullz(ellullg2 + lull o).

The inequality (3.15) now follows from (3.16), (3.18) and (3.21). O

Let us now observe that the Poincaré inequality holds true with constants independent
of .

Lemma 3.8. There exists a positive constant C, which is independent of €, such that for
every o € H'(Q.) with fﬂa pdr =0, one has

lelle <ClIVellr2,  foralle € (0,1] .
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Proof. The proof is simply a matter of rescaling. Let ¢.(z) = ¢(xp,ex3). Then ¢, is a
function defined on a domain independent of ¢ and has vanishing mean. The standard
Poincaré inequality therefore gives

l@ll2 < Cl[ V|2

for some constant C' independent of €. Expressing this relation in terms of ¢ we obtain

1 1 1
e 2l@lle < Ce2 (|01l 72 + 10200172 + €203l 72) 2.
The conclusion follows. O

We observe next that Awu is tangent to I'y, the flat part of the boundary. If this would
be true on I'. too, then we would get that P.Au = Awu. Since this is not exactly true we
can prove only the following statement:

Proposition 3.9. There exists a positive constant C, which is independent of €, such
that, for all e € (0,1), for any vector u € H. N H*(Q.)? that satisfies the Navier boundary
conditions (1.3), one has

|Au — P Aul|rz < Cllul|gr + Cellul|g2 ,  for alle € (0,1] .

Proof. By the properties of the projection P., we know that there is some scalar function
q such that

(3.22) Au —P.Au = Vq.

We can assume without loss of generality that ¢ has vanishing mean on {2.. Taking the
divergence of this relation and also the scalar product with the exterior normal restricted
to the boundary we see that ¢ verifies the following Neumann problem

(3.23) Ng =0, N - Vq‘msz N - Au}aﬂg.

Now, it so happens that N- Au‘ 0. can be expressed in terms of lower order derivatives of u.

More precisely, the following identity is proved in the course of the proof of [2, Proposition
2

_N-Au=N- [(N x V) x (2N x Z%(N X V)Ni)]

— N [(NxV)x (N xculu) = N(N - (V x curlu))] on the boundary,

which holds for any smooth extension N of the exterior normal inside ). and any vector
field u verifying the Navier boundary conditions. We further note that the following identity
holds true

(N x V) x (N xcurlu) = N(N - (V x curlu)) = (curlu - V)N — curlu(V, - N),

where we denote by V., the vector of tangential derivatives defined by

N263 — N382
VT:NXVZ N381—N183
NlaQ - N2al
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We deduce that the following identity holds on the boundary:
N Au=N-[Vox 2N x 3 wVoN) | = N [(ewrlu- VAN = curlu(V, - N)].

Let us introduce
G(u, N) = (curlu - Vz)N — curlu(V; - N) — V; X (QJV X Zuiv;ﬁi),

where
_ 137283 - 57332
(324) V; =NxV= N381 — Nlag
N182 — Ngal
Since N = N on I' and N = ~N on I'y we deduce that
(3.25) N-Au=N-G(u,N) on €.

We can now go to the estimate of Vq. We integrate by parts, use the Stokes formula
together with relations (3.23) and (3.25) to deduce that

IVg|2. = — / Aqdi + / g N - Vqdo, — / oN - Glu. W) do,
e 00; 00N,

/Edlv(qG( N)) dz—/EG(u,N)-quac%—/eqdiv((}’(u,]v)) dx

J

n T
To estimate J; we simply use the Holder inequality together with relations (3.8) and the
explicit formula for G:

J1 < IVl )G(u, N2 < ClIVal| 2 [ull i
for some constant C' independent of ¢.

The estimate for Jy is more delicate as this term involves second order derivatives of w.
The point is that in G we can find tangential derivatives from V3 applied to components
of N. Looking carefully at the expression (3.24) of V> and at the equality defining G,
we see that the second order derivatives of u are either multiplied by terms of the form
N@ N 1=1,2,7=1,2,3, or by terms of the form N30, N 1 =1,2. Due to the estimates

(3.8) and (3.9), all these factors are of order €. By the explicit formula for N given in (3.6)
we see that these tangential derivatives have uniform norm bounded like O(g). However,
we should pay attention to the fact the derivatives of these tangential derivatives are not
bounded better than O(1). In conclusion, the following analysis can be done in order to
estimate the L? norm of div(G(u, N )). When expanding the expression for div(G(x, N )
two type of terms show up:
e cither all derivatives go on u which means that no derivative is applied to the
tangential derivatives of N; we infer that the L? norm of these terms is bounded by
Cellul| g2.

e or at most one derivative goes on u; in view of (3.8) these terms are bounded by
C|wl| g1
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From this discussion it follows that J; can be bounded by
Jo < lallze[[div(G(u, N)) 2 < Cllgllzz(ellullmz + [Jullm)
<OVl (ellullz> + lullm)

where we used the Poincaré inequality of Lemma 3.8.
Putting together the estimates we have for J; and J,, we infer that

IVallz> < ClIValla(ellullmz + [ullm) ,  for all e € (0,&] -
In view of (3.22) this completes the proof. U
We next recall two auxiliary inequalities, which are very useful in estimating the qua-

dratic form.

Lemma 3.10. There exist positive constants €9 and C' (independent of €) such that, for
any 0 < e < &g, the following inequalities hold. For any ¢ € H(S.) such that either
QO‘FOE 0 or Mo =0,

(3.26) lolls < Cea™2|Vollpa,  forall g with 2 < q < 6.

In particular, for w = (I — My)u and w* = (I — My)u, where u € V., one has,

3 1
w §055_5 Vw 2,
o) il <Ce |Vl
|lw*||pe <Cea™2||Vw*||p2, forallq with 2 < ¢ < 6 .
Moreover, if u € H*(Q2.)> NV, satisfies the Navier boundary conditions, we have,
(3.28) [Vwl|La < C€3_%HwHHz ., forall 2 < qg<6.

Proof. According to Proposition 4.2 and Lemma 6.1 of [12], using the classical Sobolev
inequalities, we can write

(3.29) lells < ClIVellrz

where the constant C is independent of . By interpolation between L?(£2.) and L%(€2.), we
deduce the inequality (3.26) from the inequality (3.29) and from Lemma 3.1. The estimate
(3.27) is an obvious consequence of (3.26).

[t remains to prove the estimate (3.28). We simply write, for i, 5 € {1,2, 3},

31
(330) ||8iwj||[,q S C(“M@ZU}]HDJ + ||(I — M)az"ijLq) S C’(||M(‘91wj||Lq + 9 2 ||w||H2) .
By the two-dimensional Gagliardo-Nirenberg inequality (see [27]) and (3.14), we obtain,

1MOsw; |0 < Cenl| Mg |35 pay | MOy | e,
(3.31) < Cea™ 2| Mdw; |24 | Mdaw, || 1,2
< Cer 2 |wl|ye .

The inequalities (3.30) and (3.31) imply the inequality (3.28). O
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Lemma 3.11. There exist positive constants €g and C', which are independent of €, such
that, for any 0 < e < &, the following estimate holds for w = (I — My)u, where u €
H?(Q.)® N V. satisfies the Navier boundary conditions,

(3.32) W] < Ce2||wl|g -

Proof. To show this estimate, we make a change of variables which transforms the domain
Q. into the domain Q = T3. We set:

w($17I2,$3) = w<ylay2759(yl7y2)y3) = W<y17y27y3) , for all (y1,y2,?/3) eT.

Using the classical anisotropic Agmon inequality on the fixed domain € (see [44], [3]), we

may write,
(3.33)
1/4
L2(Q)>

3

ow *W
1/4
lwll ey = [1W [0y < el Wi (|W|L2(Q) 5

L2(Q) ‘ 8%2'

dy;

j=1
We next go back to the variable domain 2.. We notice that
ow ow  *w 5 5 0%w
S =95 ay = E0 g
dys Ors = Oys Oxs
whereas, for j = 1, 2, we have,
ow  Ow dg Ow
ayj 8xj 8xj 8903
IPW  Pw o dg Pw 5829 ow 2 dg 2 0*w
oy N ox? Oxj Ox;0xs O3 Oy dx;” Ox3
Using the formulas (3.34) and (3.35), we deduce from the inequality (3.33) that
(3.36)

(3.34)

(3.35)

% 310 9 a2w s
'U}”HQ(QE) ”wHLQ(QE) +8H8_x3HLQ(QE) + e HWHLQ(QE) )
3

_1 1
[ < Ce2lwlfaq,,
The inequality (3.36) and Proposition 3.6 at once imply that
[wllz=on < & wllaz@.) -
which proves the lemma. O

We continue with a simple estimate on v = Mju, where v € H?*(.)*> N V.. We recall
that v, = Myu denotes the horizontal part of v.

Lemma 3.12. There exist positive constants eq and C' such that, for any 0 < € < g, the
following estimate holds for any v = Myu, where u € H*(Q.)> N V.

1 1 1 1 1 1
(3.37) [ollzs < Cetllonllfallonll and  [[Vollee < Ce™flonl| g l[onll 7

Proof. We observe first that |v| < Clv,|. Therefore, by the two-dimensional Gagliardo-
Nirenberg inequality we infer that

1 1 1 1 1 1 1
[o]lzs < Cetllonllaery < Cetllonll oo lvnll 7 g2y < Ce™ [onllLallonll -
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The proof of the second inequality of (3.37), which uses |Vo| < C(|vn| + |Vhunl), follows
in the same way. U

4. ESTIMATES FOR THE TRILINEAR TERM

The various estimates and lemmas of the previous sections allow us to give the needed
estimates concerning the trilinear term | [, u-Vu U dz| where u € H?((.)’NV. is a solution
of the Navier-Stokes equations (1.2) which satisfies the Navier boundary conditions (1.3).
In particular, the main objective of this section is to derive a “good” estimate of the term
| Jo. v - Vuudz| (see Proposition 4.3), where

(4.1) u=v+w, with v=»Mu, w=I—-DM).

We recall that vy, = Mjv denotes the horizontal part of v (see (3.4)).

We point out that we get a good estimate of the cubic term |st u - Vuudzx| by de-
composing the vector u into v + w and by using the smallness properties of w as well
as the fact that v depends only on the horizontal variable x,. Here the decomposition
u = v + w is more convenient than the decomposition u = Muu + (I — Mj)u, since v
and w are divergence free and tangent to the boundary. Both properties are widely used
in the computations below involving numerous integrations by parts. We begin with the
following straightforward result.

Proposition 4.1. There exist positive constants g and C' such that, for 0 < e < g, for
any U € L*(Q.)3, any U* € H'(2.)3, and any w = (I — My)u with u € D(A.), we have,

(4.2) | i w- VU Udz| < CeV2| U g ||w|m2l|Ullgz ,  for all e € (0, ]
Proof. Applyzng the Holder inequality and Lemma 3.11, we may write,
| g w- VU Udz| < [Jwlpe (VU2 Ulz2 < V20 | [[wll 2| U]l 2
which proves the inequality (4.2). O

Now we want to estimate the term | fﬂs (v - Vu)Audz|. Integrating this term by parts,
we obtain,

(4.3) / (v-Vu)Audr = —Z/ v; 0;0Ku; O dx—Z/ Okv; Ojuj Ou; do

irj,k ivjik
+ Z/ V; ('Z-uj (9kuJNk dO’x .
i3,k Toul's
We claim that the first term in the right hand side of (4.3) vanishes. Indeed, integrating
by parts, using the facts that v- N = 0 on I' and that the divergence of v vanishes in {2,

we obtain that
1
Z/QE v; 0;0ku; Opu; doe = —52/98 8ivi(akuj')2 de = 0.

i7j7k i7j7k
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Thus (4.3) reduces to the equality

(4.4) / (v-Vu)Audr = — Z Okv; Ojuj Ogu; dx + By |
£ i7j7k QE
where
(45) BO = Z/ U; (9iuj aku]Nk dO’x .
i,k ToUl'e

We now estimate each term in the right hand side of (4.4) as follows. Using the decompo-
sition (4.1), we obtain

2
Z / E)kvi 8,~uj 8kUj dr = Z / 8kvz~ 8ivj 8kvj dx + / (631}3)3 dx
Q. Qe Qe

4,5,k i,5,k=1

2 2
+ Z o 8kv3 831)3 8kv3 dx + Z / &wi aﬂ)g 8kv3 dx
k=1 € €

ik=1
+ Z/ 6kvi (&wj Okvj + ain 8kwj> dzx
1,7,k €
+ Z 8kvi aiwj 8kwj dz
ik e
=B+ By + Bs+ By + Bs + B .

Next, it is straightforward to verify from the definition of v that the integrands from B,
Bz and By can be bounded pointwise by C(|vy||Vv|* + €|Vv|?). Consequently, by using
Lemma 3.12 and the Holder inequality, we find

|Bs| + | Bs| + |Bs| < C/ (lon] + e[ VoD|Vo* < Cllvnllzz +ellvllm) IVl Ls
Qe

< Ce™V2lunl|ellonllzn llvnllrz + Ce2 Jlvnllzp llonll = |

for 0 < e < &p.
The estimate of the term Bs also follows from Lemma 3.12, the Holder inequality, and
(3.14):

(4.8)  [Bs| < ClIVlZallVwllz < Cfonlmn [[onlla wllme . for all € € (0, &) -
We next estimate the term Bg. According to (3.28) (with ¢ = 4), we may write

(49)  |Bel < Cllollm IVwle < C=2lloll ], for all e € (0,2]

The estimate of the term Bj is given in the next proposition.

Proposition 4.2. There exist positive constants €y and C, where C' does not depend on €,
such that, for 0 < e < gy and any v = Myu with v € H*(Q.)> NV, we have,

2
(4.10) | > [ O 05 0pvydx| < CePllunllze onll onllm . for all e € (0,0] .
Q

i k=1"
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Proof. To prove (4.10), we note that the integrand does not depend on x3 and therefore,

2

2
Z Oxv; Ojv; Opv; da = Z / €9 Okv; 0;v; Opv; dz,
’]I‘2

i7j7k:1 QE ’L,],kzl

But, since div(gvy,) = 0 and thus div(v,) = —(1/g)vn - Vg (see (3.3)), an easy computation
shows that,

2
Z / £9 Ov; 005 O dxy, = / eg div(vp,) [((92'01)2 + (O1v9)? + (01v1)?
T2 T2

i k=1

(4.11) + (Dav2)? + Doy D1 — vy 322}2} dxy,

. / cun - Vg [(@1)? + (Br02)” + (0y0n)
T2
+ <82U2)2 + 82’1}1 81?}2 - 81?]1 82?]2:| dxh

We infer from (4.11) and the two-dimensional Gagliardo-Nirenberg inequality (see [27])
that

2
> [ Ok 0, Oy da < Cellvnl|2crz) | Vonll7s ey
(4.12) i 9

< 0571/2th“L2 lonll e [Jvnl 22

which completes the proof of Proposition 4.2. O

Since we have estimated the terms B;, i = 1,2, 3,4, 5, 6, it remains to bound the integral
term By defined in (4.5):

Bo = Z/ V; &uj 8ku]Nk dO’x .
ik ToUTe
Note that the term ), ik fFo v; O;uj Opu; Ny, do,, vanishes, due to the Navier boundary con-

ditions on the boundary I'y. Moreover, on the boundary part I'., Ny coincides with Nk.
Furthermore, in view of (3.11), on I'. we have the equality do, = /1 + £2|Vg|? dxy. For
the sake of conciseness, we will use the notation

dfh = \/1 + 82\Vg(xh)|2 dIh

in the sequel. Since the quantity /1 + £2|Vg|? is of order of one, when ¢ is small, we
see that dxj, is quite similar to dzj, and will be treated likewise. Next, according to the
equalities (3.17) and (3.19), we have,

Ozu; = l’gHg , Ojug = ngEj , onl,, forj=12,
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where H? = HY(u, g) and F? = FJ(u, g) satisfy the estimates (3.20). In view of the remarks
above, one has that

(4.13)
BO Z / V; 0; i U 8kuij) | dih
i,5,k T2
— Z / (vzﬁujﬁku]Nk) - da:h—l— Z / (v Oyuj x3 H? Ng)} :gd'fh
i£3,j.k23 Y T? i#£3,j#3
—i—Z/ v; {E3F 85U3N3 e dxh+2/ ajgg_lvh-Vgaguj 8kujﬁk)’xszegd.%h
1#3

=Bo1 + Boz + Boz + Bos.

To estimate the term By, we note that v; 0;u; 8kuj]vk vanishes for x3 = 0 and write:

By = / / v; 83 8u] 8ku]Nk) dxs dxy,

1#3,5,k#3

- / / v; 0051 Opu; Ny, ds dF,

1#3,7,k#3

+ / / v; O, 8k83u]]\7k dxs dTy,
1#3,5,k#3

+ / / (% 0; iU 8kuj (%,Nk dl‘g dIh
1#3,5,k#3
= Boi1 + Boi2 + Bois -

To estimate the term By, we remark that Nk, for k # 3, is of order € and we use Lemma
3.5, (3.28) and (3.37) to obtain, for 0 < ¢ < &,

|Bon| < Cellv]|pallull gz [Vl s
< ¥ onll e llonl Tl (1 Vol o + /ol 2) < O full gl
Proceeding exactly in the same way for the term B2, we obtain the estimate
(4.14) | Bo11| + |Boi2| < C’E%||u||H1Hquqg , forall e € (0,e] .
We next estimate the term By;3. We note that

€g »
B013 = Z / / V; (@w] 8k11j + 87;7)]' ak'w])agNk dilj’3 d%h

1#3,5,k#3
(415) + / / U; 0; i W ak;w]agNk diL’g d{Eh
1#3,7,k#3
+ / / v; 0;v; O, 3Ny, dxs di, .
1#3,7,k#3
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Applying Lemma 3.10, we at once get, for 0 < ¢ < g,
Z / / U,8w] 8kwj(93Nk de‘g d.l’h| <C||UHL2||VU)”L4
(4.16) 1753 kA3
< O o]l 2 lullFe -

As argued in the passage from (4.11) to (4.12), and using (3.37), we get the following
estimate

(4.17) // 01 003 D03 Dy N i dn | < Ce|[onlzz [lonllan lonlee -
27£3jk;£3

Next, from Lemma 3.5, (3.14) and (3.37), we get

/ / v; 8w] Okv; + Opv; 8kw])83dex3 dzy| < Clv||pa||Vo||pa||w]| g

(4.18) 2;63; k#3
< C 2 lonll 2 onll ol e lwllze < CeY2 i lfulli -

The relations (4.14), (4.15), (4.16), (4.17) and (4.18) imply that

(4.19) [Bor| < C(e |l [[ullzrz + &2 onll 2 llonll s lonll2) -

We next estimate the term By from (4.13). We first write Bos as
eg s
BO2 = Z / / (93 (Ui (9in I’gHgNg) d.ﬁﬂg dgh
1#3,5#3
= / / T3v; 883u]H3N3+8uJ 83H]N3—|-8UJH] 83N3> d!Eg dJTh
1#3,j#3

(4.20) / / v; Oyu,; HY N3 dxs dx),
1753 i3 T2
= Boo1 + Bpaa.

Since 23 < Ce, N3 < C, and 93N3 < Ce, we obtain, by using the estimates (3.20),
(4.21) |Boot| < Cellonllz Nulla lullzz < Ce™2[|vall a2 Jullmr llull g -

To estimate Bggy we observe from the explicit formula for H? that |H?| < C(|u] + |Vul)
pointwise, so by using (3.27), (3.28) and (3.37), we find

Byl < C / fonl(uf? + [VuP)
Qe

(4.22) < Clloallzz(lul3s + [ Vull?s)
< Cllonllzz(vl3s + IV0l3a + [lwllFe + [ Vw3
< Cllonllze (72 [vallar lonll 2 + €2 [w]|%2)
The relations (4.20), (4.21) and (4.22) then imply that

(4.23) |Boo| < Ce'llullmn l[ullf + C™2[lonl 2 Nonll lJvnllar -
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The term Bys from (4.13) is entirely similar to Byy so the same estimate holds true for
Bys. It remains to estimate the term Byy. We first write:

€g B
Boa = Z /11‘2 /0 s (x3g_lvh - Vg O3u akUij) drs dzy,
j.k
€g _
= Z /2 g oy, - Vg/ 2303 (@guj 5kUij) dzrs dT),
gk 7T 0

€g .
+ E / g_lvh . Vg/ 83uj akUij d(ﬂg d%h
ik T 0

= Bo41 + Boaa.

We notice that in By, the terms corresponding to kK = 3 are of the same size as By,
whereas the terms corresponding to k = 1,2 are even smaller than the terms in By (they
are of the order of magnitude of |By;| x €). For this reason, By can be bounded like
By, and we do not repeat the arguments. Likewise, the integrand in By can be bounded
pointwise by C|v|,|Vu|?, so the same estimates as in (4.22) can be performed for this term.

In the next proposition, we summarize all the estimates that we just have performed.
Due to (4.4), (4.6) and (4.13), we have to take into account the estimates (4.7), (4.8), (4.9),
(4.10), (4.19), (4.23), and Lemma 3.5 to obtain the following result.

Proposition 4.3. There exist positive constants €y and C, where C' does not depend on €,
such that, for 0 < e < eq, for any u € D(A.), with v = Myu, we have,

| [ (v Vu)Audz| < C2|ullg |[ullge (1wl g2 + e Yullzz) . foralle € (0,e) .
Qe

5. GLOBAL EXISTENCE OF STRONG SOLUTIONS

Our main goal in this section is to prove Theorem 1.1. More precisely, we want to show
that there exist positive constants ¢y, kg, k1, Ko and K; such that, if 0 < e < g,

lu(O)Fn < mie™, Jon(0)]Z2 < g
1B < K2, M2y < K2,
then the Navier-Stokes equations (1.2) have a unique global strong solution u = u(t) with
w e CO([0,00), V2) N L([0,00), Vo) N L2, (0, 00), HA(R.)) N Hb((0,00), H.)

We notice that, since f = P. f+Vq and that we can replace Vp by Vp+ V¢ in the equation
(1.2), we may assume without loss of generality that f = P.f.

For simplicity, we assume in the sequel that the viscosity v is equal to one. Except for
some straightforward changes in the notation, the same argument applies for any positive
v (of course, some of the constants will depend on v). The constant C' denotes a generic
constant independent of ¢ whose value may change from one line to another. All other
constants are fixed once and for all.

(5.1)

In this section, v = wu(t) will denote the unique, maximally defined, strong solution
of (1.2), with initial data ug € V. and forcing term f, satisfying the conditions (5.1).
According to Section 2.3, there exists a time T' < +oo such that u is a strong solution of
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(1.2) on the time interval [0,7"). Our purpose is to show that 7" is actually equal to +oo.
Assume by contradiction that T' < +o0.

In the proof below, we again need to write the vector u as a sum of two vectors, one of
them depending only on the horizontal variable x; and the other one satisfying a Poincaré
type inequality. In Section 4, it was convenient to choose the decomposition v = Mju +
(I — My)u = v + w. In this section, the decomposition

u = Myu+ (I — Mp)u = v, +w*
seems to be more appropriate, since Mj, is an orthogonal projection in L*().).

By taking the scalar product in L?*(€2.) of (1.2) with u and applying the Green formula

(2.17), we obtain,

(%U7U)L2 + %E<U,U) = (f, U)Lz .

Since u belongs to L*((0,7T),V.) N H'((0,T),V/), by Lemma 1.2 of Chapter 3 of [42], we
deduce from the above equality that

1d 1
(52) S llulls + 5B u) = (fu)ss

As Mj, is an orthogonal projection on L?(€.)
(fsw)pe = ((I = Mp) f, (I — Mp)u) 2 + (Mpf, Mpu) e -

By using the Korn inequality (2.2), Lemma 3.5, and Proposition 3.6, we deduce from the
equation (5.2) that there exists a constant C, which does not depend on ¢, such that , for
0 <e <1, we have

1d C

e + Sl <1~ M7, (T~ M) + (Mo f, M)
<||w*[[e2[(I = Mn) fllzz + llonllzz || Mnf|| 2
< Clellullm I(I = Mp) fllz2 + l|ull 2| Maf| 2] -

By using the Young inequality, we find that there exists a positive constant c¢;, independent
of €, such that, for 0 < a < ¢/8, and, for 0 < e <1,

3 one has

d Co
(5:3) Fllelze +allelie + S llullin < e (IMafllze + %M1 12z) -

Multiplying (5.3) by exp(as) and integrating the result between 0 and ¢, we obtain, for
te|0,7),

) [z + 5/0 exp(a(s — 1))[[u(s)|[f ds < exp(—at)|lu(0)[7.

C —Q
+ 5(1 —ec t)(||th||2Loo(L2) + €2||f||%°°(L2))'

We next take the scalar product of the equations (1.2) with A.u = —P.Au. We point
out that AY?u and %A;/Qu belong to L?((0,T),V.) and to L*((0,T), V) respectively, and
thus, by (2.18) and by Lemma 1.2 of Chapter 3 of [42], we have

d d
§EE(U7U) = EHA;/ZLLH%Q = Q(EU;A&OL? .
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Taking the scalar product in L*(Q.) of (1.2) with —P.Au, applying the Green formula
(2.17), and taking into account the above equality, we obtain,

1d
(5.5) ZEE(U’ u) + |P.Au(t)|2, = / (u-Vu)P.Auder — [ f-P.Audx .
€ QE
Writing the decomposition
/ (u-Vu)P.Audr = / (v-Vu)P.Audx + / (w - Vu)P.Audz

£

and applying Proposition 4.1 together with the Young inequality, we obtain

| (u- Vu)P.Audr| < | (v- Vu)P-Audz| + —H]P’ Aul|7s + Ccellul|3 w3 -

Therefore, (5.5) and the Young inequality imply that

or also, by Proposition 3.9,

1. u0) + (8Ol <] [ (0 VoRauds] + Cellu(O)ln Ol

(5.6) 4dt
+ Cllu®)lFn + C*llu®)Fe + 21 f ()17 -
[t remains to estimate the term | fQE (v- Vu)P.Audz|. Using the decomposition

/ (v-Vu)P.Audr = / (v-Vu)(P, — Id)Audx + / (v-Vu)Audzx ,

€

and applying Propositions 3.9 and 4.3, we get

/ (v- Vu)P.Audz < ClloVul 2 (|lullm + ellullg2) + |/ (v- Vu)Audz|
Qe

€

< C(I\WuHLz (ull e + ellullzz) + "2 lull lulle (Jull 2= + 8’1HuHL2)> :

Writing again Vu = Vv+ Vw, applying Lemmas 3.10 and 3.12, and using the interpolation
inequality
1 1 1 1
[olla < Clvllzallvlife < Cllullzallullfe

we obtain,

lvVul g2 ([l el )
3_1
(5.7) < Clollza (IVollzs + 572wl m2) (lullzr + ellullz2)

IN

_1 1 1
Cle 2 llullzellullmz + lulzallull fallullzmz) (lulla + ellulls:) -
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The estimates (5.6) to (5.7) imply that, for 0 < e < g,

1d 3
1 Pl ) + Sl Au@lze <20 flze + Cllull + O [lullz:

(58) + O [l [Jull e + Cellul 3 [[ul e
/2y 113/2 _
+ Cllull 2 Nl lull s + C™ul 2 lfull il e -
Using the Young inequality several times, we at once infer from Proposition 3.7 and the

above estimate (5.8), that there exist positive constants 3y, Cp and C, which are indepen-
dent of €, such that, for 0 < ¢ < ¢,

d
(5.9) < B(u,u) + (fo — Coelfullm — Coellullin — Coe®) ullfe

< C (Il + 113 + el el + ezl )

To prove global existence of the solution u, we argue by contradiction. We assume that

g < \/2%)0 and that, for 0 < ¢ < gg, the initial data ug satisfy the following condition

(5.10) X > ()l + Cocllu0) s + i

Next, we assume that there exists a time 7 > 0 such that,

% > Coe'|Ju(t) || g + Coellu(t)||?s + Coe®,  for all t € [0,Tp) , and
(5.11) g
2 = Coe (Tl + CoelluTo) s + Coe?

and show that this leads to a contradiction.
Using the inequality (2.2), we deduce from (5.9) and (5.11) that, for 0 < ¢ < gy and
t €0, Ty],

Bo
4
< C (Il + 1132 + e el ol + el ullys )

(5.12) iE(u, u) + BE(u,u) +

= a3

where

. /Co Do

is fixed once and for all. We observe that relation (5.4) holds true with a = .
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Multiplying (5.12) by exp(f8s), integrating the result between 0 and ¢, we obtain, for
t € [0, Tyl

Bu(t).ult) + 5 [ exp(als =)o) ds

< exp(— 1) E(u(0), u(0)) + %(1 A .

(5.13) .
+ C/O exp(B(s — 1)) Ju(s) |7 (L + e [Ju(s)l|72) ds

e / exp(B(s — £))|u(s)]z2 [luls) % ds -

We deduce from (5.13) and from the Korn inequality (2.2) that, for ¢ € [0, Tp],

sup Ju(s) < C[JuO) s + 17 sz
se|0,

t
+ [ exp(8s = Do) (1 4+ =7 us) ) ds
0
t
+ sup ||U(S)||H1/ exp(B(s — 1)) [lu(s)]| 22 [[uls) || dS] -
s€[0,t] 0
This estimate together with (5.4) for a = 8 imply, for ¢ € [0, Tp],
S%IJﬂlW(S)H?p < O lu(O)1Fs + 1 fl 7o)+ Hluollze + e I Mufll T2y + €2l Fll oo 22
se|0,

+ sup [u(s)lla ([u(O) 122 + 1M fl o0 12 +63Hf||?£oo(m))]

s€[0,t]
Finally, using the Young inequality, we get, for 0 < e < gy and ¢ € [0, Ty,

(5.14) 8[31}])““(75”@11 < Cl[HU(O)H%l +u(O)Z2 + 11 7o) + 17w 22)

_ _ def
+e M luollze + T I Mufl oo 22y + IMuflgooz2y + N flzoe ey | = Bie),

for some constant C; > 1 independent of . In particular, one has that ||u(Ty)|| g < Ro.
It is now clear that if, for 0 < & < ey, Ro(e) is such that

(5.15) % > Coe'?Ry(e) 4+ CoeRo(e)* 4 Coe?,

then this contradicts the statement (5.11). On the other hand, we remark that, due to
Proposition 3.6, there exists a positive constant C' such that

(5.16) [u(0)[1Z2 < [lon(0)[IZ2 + Ce*[[u(O)[Fn -
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The definition of Ry given in (5.14) as well as the property (5.16) show that, under the
hypothesis (5.1), Ry(¢)? can be bounded as follows, for 0 < & < &,
Ro(e)? <y (e*l(mf + Ky + K7+ Kg) + K+ K§ +e K + 3 (k1 + K9) + s%?)

def
= Ri(e),

(5.17)

for some positive constant Cs independent of €. One notices that one can choose the positive
numbers kg, k1, Ko, K1 small enough (and independent of €) so that, for 0 < & < &,

(5.18) % > Coe'/?Ry(e) + CoeRyi(2)? + Cye? .

For such a choice of constants, the assumption (5.1) implies the inequalities (5.10) and
(5.15). We have thus proved that, under the conditions (5.1), the Navier-Stokes equations
(1.2) admit a unique globally defined strong solution u(t) € C°([0, +00), V.).

In what follows, we assume that €y, kg, k1, Ko and K; satisfy the condition (5.18), for
0 < e < ¢gp. Now that we have proved the global existence of strong solutions of the Navier-
Stokes equations (1.2), we want to estimate the size of ||u(t)||g: when t is going to infinity.
We choose data satisfying the conditions (5.1) and we set r§ = ||vp(0)||72 + £2C||u(0) |3
From (5.4), we at once deduce that there exists a time 79 = 79(7), depending on ry, such
that, for ¢t > 73, we have,

(5.19) ()22 +%/0 (exp B(s — ) [[u(s) ][5 ds < CR*

where
R? = || My fl|7or2y + NI — Mp) fll7oe 12y -

Multiplying the inequality (5.12) by exp 8t and integrating from T to ¢, where 70 < T < ¢,
we obtain

E(u(t), u(t)) < exp(=p(t = T)E(T), u(T)) + CH7 (1 — e D) fl[Tere)
(5.20) +C/T (exp B(s — t))[[u(s) 1 (1 + lluls) ]2 [[u(s) ] ) ds

4272 [ (exp s = )l (s s

T

We set T' = 7y. According to (5.20), there exists 71 > 79 depending on r; where 11 = ||ug|| g1
such that, for t > 7y + 7,

lu(®)IF < C||f||%oo<m)+€‘10/ (exp B(s — 1)) Juls) |72 [Ju(s) |3 ds
(5.21) ™

+C [ (exp (s = ) (14 fulo)12 [l ds -

70

Due to (5.11) and (5.19), we deduce from (5.21), that, for t > 79 + 74,
(5.22) [u@®)lFn < Cllfl7ozz) + Ce™' R+ OR? + CR 255 .
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We note that the term R3e~/23, can be written as
R 123, < R« '+ CR*.

Finally, the above inequality as well as (5.22) imply that there exists a positive constant
Cj5 such that, for 0 < e < gg, for t > 79 + 7,

(5.23) lu@in < Cs(ll 7wz +e RY .

We thus have proved that there exist a bounded set B. = By.(0,R), where R?> =
Cg(||f||2m(L2) +e7'R*) and a positive time T} such that, for 0 < ¢ < g, for any initial data
ug in V;, satisfying the conditions (5.1), the solution u(t) of (1.2) with u(0) = ug enters
into the ball B, at a time ¢t < T} and stays there for any later time. We emphasize that the
radius Ry of this ball B, depends only on f and not of the size of the initial data wug. In
other terms, we have shown that B. is an absorbing set for the solutions wu(t) whose initial
data satisfy (5.1). In particular, if f = 0, the solution u(t) converges to zero when ¢ goes
to infinity.

For later use in the next section, we also need the following theorem, which gives a more
precise estimate of ||u(t)||z2 and ||u(t)|| g1, when the size of the initial data and the forcing
term is smaller.

Theorem 5.1. Let 6;(g) > 0 and da(e) > 0 be two functions which converge to 0, when
goes to 0 and let ko, k3, Ko, K3 be positive constants. There exists €1 > 0 small enough
so that, for any 0 < & < ey, if the initial data u(0) and the forcing term f = f. satisfy the
following conditions,

[u(0) 71
£V Eoe (22)

k501(e)e om0z < k30a(e)

K5oi(e)e™ , (IMuflleqz) < K3da(e)

then the strong solution u(t) of (1.2) exists globally and the following estimates hold, for
O<e<e andt >0,

(5.24)

IN A

lu(®)[Z: < K(d2(2) +201(e))

5.25 t
(5.25) /0 u(s)||3n ds < K(t+1)(da2(e) 4+ ed1(g))
and
lu@®)||7n < K*(e7'1(e) +e7'83(¢))
(5.26)

t

/ lu(s) |2 ds < K*(1+ 1) (e 61() + e 62(2) + 6a(e))
0

where K and K* are positive constants independent of €.

Proof. Since 6;1(g) and da(¢) go to 0 when e converges to 0, there exists £, > 0 so that,
for 0 < ¢ < gy, the conditions (5.24) imply the hypotheses (5.1) and (5.18), and thus the
solution of (1.2) exists globally. The estimates (5.25) are a direct consequence of (5.3),
(5.4) and (5.16). The first inequality in (5.26) is a direct consequence of (5.14), (5.16) and
the hypotheses (5.24). Integrating the inequality (5.12) between 0 and ¢, arguing as above,
but using the second estimate of (5.25) instead of the first one, we at once get the second
estimate in (5.26). O
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When d5(¢) is of order &, which is the case when v(0) is bounded in L?(T?) and when
M, f converges to some function fy in L?(T?), we obtain the following improved inequality,
as a consequence of Theorem 5.1.

Corollary 5.2. Assume that the hypotheses of Theorem 5.1 hold and that d2(g) = O(e).
Then, for 0 < e < &y, the strong solution u(t) of (1.2) exists globally and the following
estimates hold, fort > 0,

(5.27) ()2 < Re /0 lu(s)|2 ds < Re(t+1) |
and
(5.28) /|| 9 ds < K*(t+1)(e'0,(€) + &)

where K and K* are positive constants independent of €.

Proof. The estimates (5.27) are an immediate consequence of (5.25).
The proof of the inequality (5.28) is standard. We reproduce it here since we want to
make precise the dependency on €. Taking the inner product in H. of the equations (1.2)

with % using the Green formula (2.17), we obtain, for ¢ > 0,
3., du 1d du
2 .+-—FE < |l F@)l7 / —dz| .
(5.29) = Ollze + 7= E(ul®), ut)) < [f(O)llz + | Qeuvudt 7|

In order to estimate the last term in the right-hand side of the above inequality, we write
was u= Muu+ (I — My)u = v, +w*, which gives

du du duy, du
Vu— dz = *Vu— d Vu,—d Vuw*— dz .
/qu udt x /st udt a:—l—/QEUh Vp, It :1:+/sth w i X

Using the above equality as well as the estimates (3.27), (3.28), (3.32), (3.37) we obtain

du . du du
| / uVumr da| < Jlo* o= fullin 15 s + fonllos [V [l = 22
dv
o+ Cllonlza [ Vnvnlza I ez
dt
and also
(5.30)
du N 1/2 1/2
|/Q wVu da| < O sl |15l + Clenll 2 Nenl T e 151 15
_ dv
+ Ce 2 onll 2 ol ol 1= lze -

The estimates (5.29) and (5.30) imply, for ¢ > 0,

(5.31)
1. du 9 1d 9 9 9 9
Sl Ollze + 7= E(u(®), u(t)) <IfOlz: + Cellullz [lullz + Cllvallcz [Joallm llelz

+Ceonllzz llonllzn oz -
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Integrating the inequality (5.31) from 0 to ¢, applying the inequality (2.2) and taking into
account the estimates satisfied by the initial data and the forcing term, we get, for any
t >0,

(5.32

t) du 9 Co 2 « 2 2 —1 ! 2 2
||%(S)”L2 d3+§||u(t)||H1 <(cpkz +2tK3)0i(e)e” + Ce i |w(s)| 72 lu(s) |l ds
0
t
+C/O [on ()l 22 [|on(s) |z lu(s)|7 ds

t
+Ce™ /O lvn ()2 llon ()l on(s)ll = ds -

Remarking that

/Ollvh(S)HLz [vn () 1z llon(s) a2 ds < /0 (lon ()12 llon(s) 22 + lon(s)l[5) ds -

and using the estimates (5.26) and (5.27), we deduce finally from (5.32) that, for ¢t > 0,

todu C ~. _
J NGO ds+ Sy < K0+ 000 +2)

which proves the estimate (5.28). O

6. THE LIMIT PROBLEM

In order to simplify the notations, we assume in the whole section, without loss of

generality, that v = 1. Also, we will identify in the classical way the hyperplane y3 = 0 in
R3 with R?; that is, if v* is the three-components vector (v}, v3,0), we still denote by the
same letter v* the two-components vector (vj,v3).
As we indicated in the Introduction, the forcing term f = f., in the Navier-Stokes equations
(1.2), can depend on . So the following natural question arises: when M, f converges to
a two-dimensional forcing term fy(z1,x2), do the solutions of the equations (1.2) converge
to those of a limit system defined on T2?. The aim of this section is to prove that this
is actually true. We begin by determining the limit equations and by introducing the
functional frame of this new equation.

6.1. Description of the limit equations. We begin with some remarks and additional
notations. We recall that if v is any smooth enough two-dimensional vector field defined on
T2, its divergence is denoted by divy, v = 91v; + Oav,. Likewise, for any function ¢ defined
on T?, V¢ is the two-dimensional vector (91, o).

In order to define the limit equation of the divergence equation, we first recall (see Remark
3.1) that, if U € VL, then

1 1
div MU = —divg(MU;, MUs,,0) = Edivhg(MUlaMU2) =0.
g

This property shows that, in the limit system, the usual condition of vanishing divergence
shall be replaced by the vanishing of divy(g-).
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Moreover, we notice that, if £ = ¢(zy,x9) is any L'(T?) function, depending only on

(21,22), then
et / Uz, 22) dv = / 9(x1, 22)l(21, 2) dovydsy
Qe T2

The above equality indicates that, when we consider the two-dimensional limit problem
on T?, we should consider weighted Sobolev spaces with the weight g. For this reason,
we denote by LZ(T?) (respectively H,(T?)) the space L*(T?) (respectively H'(T?)) in the
definition of which the measure dxdxs is replaced by g(x1, z2)dz dzy. For the same reason,
we introduce the following scalar products, defined, for any smooth enough two-dimensional
vectors fields v and v, by

2

(0,0), = /T gvTdudry , By(0,0) = > (05 + 9;0;, 005 + 0,0),4 -

ij=1

We further notice that if f satisfies the condition (Hy), then the following corresponding
condition holds for M, f:

(H}) forallt>0, a1/ g(xp) (M f1)(t, xp,) doy, + (12/ g(xp) (M fo)(t, xp) dxp, =0,
T2 T2

for all constants aq, as such that a;019 + as0,9 = 0.

Moreover, if My, f. converges in L>((0,00), L*(T?)?) to a two-dimensional forcing term
fo where fy belongs to L>((0,00); L2(T?)* and if f satisfies the condition (Hy), then fq
satisfies the condition (H%).

In the same way, if ug satisfies the condition (H), then Mjuy fulfills the corresponding
condition

(H9) a4 /11‘2 g(xzp)(Mug)1(xp) dzp, + ag /1r2 g(xp)(Mug)2(xp) dzp, =0

for all constants ai, as such that a;0,g + a20,9 = 0.

The above discussion shows that the spaces corresponding to V. and H. in the limit case
are the following ones:

Vo = {v e H,(T?)?|v is periodic in (21, ), divy, gv = 0, v satisfies the condition (H)} .
Below, we shall also use the following space

Hy = {v e L3(T?)?|v is periodic in (21, 22), divy gv = 0, v satisfies the condition (H?)} .

From now on, we assume that M}, f. converges to the two-dimensional vector field fy in
L>=((0,00); L*(T?)?) and that

(6.1) 1M (f2) = follZoe 2(r)) < d3(e)

where 03(¢) is a positive function of € which goes to 0 when e goes to 0.
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In order to determine easily the limit equation, we turn to the variational form of the
equations (1.2), which consists in finding u € C°([0,T); V.), where T' > 0, such that,
(6.2)

1
(Opu, u™) + §E(u,u*) + (u- Vu,u*) = (f.,u*), for all u* € L*((0,7);V.), u(0) = ug .

Let v* be any (smooth enough) two-dimensional vector field in V; independent of . If
we replace u* in the above equality by Mv* = (v* Liy*.Vyg) (see (3.2)), use the boundary
conditions, let € go to zero and make the Ansatz that the limit equations do not depend
on 3, we obtain the limit variational problem, which consists in finding v° € C°([0,T); V{)
such that,

1
(6.3) (9", v")y + §Eg(v v*) +2(g7 (1)019 + 1v9029), g (Vi O1g + v30a9))g

+ (- Vo v*), = (fo,v"),, forall v* € L*((0,7); Vo), v°(0) = Muu(0) .

We shall show below that the solution v%(¢) of the equation (6.3) is indeed the limit of
Myu(t), when e goes to zero.

Using the fact that gv° and gv* are divergence-free and making a few calculations analog
to the ones made in (2.17), we see that the above variational equation leads to the following
Navier-Stokes type equations. Find v° € C°([0,T), Vy) satisfying the equations

" ——Za (902°) + — 0i(gVng) +v° - Vo' = fo—Vap,
=1 g =1
61)
divy gv° = 0,
0’t _Ug

We now introduce the projection Py : L2(T?)* — L2(T?)?, which is the orthogonal pro-
jection in L2(T?)* onto the subspace of vector fields v satisfying divy gv = 0 (notice that
this space is the orthogonal space in Lf](?l"?)2 of the set of all two-dimensional gradient
vectors). Applying this Leray projector in the above equation, we obtain the following
reduced Navier-Stokes type equations:

2 2
1 1
o’ — 5 > i(gon” Q(E Y 00i(gVag)) +Py(v” - Vit®) = Pyfy .
(6.5) =t i

divy gv =0,

0‘ _,0
U |,_o= Vo -

Before comparing the solutions of the Navier-Stokes equations (1.2)-(1.3) with those of
the limit equations (6.4) or (6.5), we will do some comments of the 2D Navier-Stokes type
equations (6.4). These equations have the same properties as the classical 2D Navier-Stokes
equations. First, we notice that the mapping

1
SEy(v*, ™) +2(g7 (0019 4+ v50a9), g (v O1g + 137 a9))4

(U*,U**) c ‘/02 — GQ(U*,U**) — 2
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defines a self-adjoint bilinear form on V. Because of the condition (HY), the quadratic
form ay(v*,v*) is positive definite and there exists a positive constant ¢4, such that

(6.6) ag(v*,0") > callv |3y

where

o7 = 072 + w07 25
The inequality (6.6) can either be proved directly, or as a direct consequence of (2.2).
Indeed, with every v* € Vj, one associates the vector Mjv* = (vf, v, %v* - Vg), which
belongs to the space H!. We remark that

* % 1 * * : 1 * 2
(6.7) eay(v*,v*) = EE(MW , Myv™) — ;/E (%@‘(EU -Vyg)) dx .

Applying thus the inequality (2.2) to M;v*, taking into account that the second term in
the right hand side of (6.7) is of order €* and choosing ¢ small enough, we get

1
a,(v',0") 2 LB M) -SG5y 2 Ciel (1 - Cie?)
which at once implies (6.6), for € > 0 small enough.

Since the bilinear form a,(-,-) is a coercive continuous symmetric bilinear form on the
space Vp, we can claim as in Section 2.2 that there exists a (sectorial) self-adjoint positive
operator Ay on Hy with domain D(Ag) = {v € Vy|Agv € Hp} such that, for all v € D(Ay)

(Apv,v™)y = ay(v,v*), forallv* e V.

One can argue as in the classical regularity proofs to show that D(A4g) = Vo N H%(T?)%. Tt
follows again as in the classical case that the operator Ay is equal to

1 < 1 o
Ag® = —By(- 3 090°) + By (5 D eb0h(9Vng))
=1

i=1

Let fo be a forcing term in L>((0, +-00), L7 (T?)?) satisfying the condition (H%). Again as
in the case of the classical 2D Navier-Stokes equations, one can show, by using a Galerkin
method or the Fujita-Kato method (see [9]) that, for any v°(0) € Hy, the equation (6.4)
has a strong solution vy(t) in C°([0,7), Hy) N L2 ((0,7), Vo N H*(T?)?) N HL _((0,7), Hy),
for a positive time 7. If vy(0) is in Vj, then the solution vy(t) belongs also to C°([0, ), Vp).
The proof of the uniqueness of this classical solution in the class of the weak solutions
follows the lines of the proof for the two-dimensional Navier-Stokes equations. Actually
this unique solution is global in time (that is 7 = +00). As in the classical case, one
also shows that the solutions are locally Lipschitzian functions of the initial data. More
precisely, for any v and v} in Hy (respectively in V;), and for any time 7' > 0, if v°(¢) and
v'(t) denote the solutions of the equations (6.5) with initial data v and v, we have, for
0<t<T,

(6.8) () = o' @)z < C(T, Iwgllzz, lvgllzz)llvg — vollzs

(respectively,

() =" @)y < C(T, Nwgllay, llvglla)llvg — volly ),
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where C(T, [|vg]| 2, lvg [l ) and C(T, [vgll 1, lvg ||z ) are positive functions (of exponential
type) of the size of the initial data and on 7.

Next we quickly recall how to obtain the bounds of the Lf] and H gl—norms of the solution
v°(t) of the equations (6.5) and how to show that the H] norm of v°(t) depends only of
the size of the forcing term fy if ¢ is large enough. Since the proof is classical, we let the
details to the reader. Replacing v* by v%(¢) in (6.3), applying the Korn inequality (6.6)
and remarking that (v° - V,0%,0%), = 0, we show that there exists a positive number ay
such that, for 0 < a < ay,

d .
(6.9) 10 llzz +alle’l; +2 5 10l < Cllag Y2 foll3s

Multiplying (6.9) by exp(as), integrating the result between 0 and ¢, we get, for ¢t > 0,

t
C
[o°(8)135 + = exp(—at) / (exp as)[[*(s)[3y ds <
(6.10) 0

C —a —-1/2
exp(—at)||[v*(0)[[7; + — (1 — ™)l 4 2 foll ez -

Integrating the inequality (6.9) between t — 6 > 0 and ¢, we get, by using (6.10),

t
2 _ _
o) [ (sl ds < 2 (exp(=anlt = ) [ (O)F; + OO+ 5|45 Follwas -
t_

4

Next replacing v* by Agv°(t) in (6.3) and using the appropriate classical Sobolev inequalities
in two-dimensions, we obtain that, for ¢ > 0,

L (00, ) H A D)2 <

2dt 7
1 3
1M fo (@)l 1 A0v® (B)llz + ClIv" @17 0" () a1 | A0l 2

which implies, by the Young inequality, that

d
(6.12)  —ag(0"(6),0°(0) + [ A’ (D125 < 2[Mufo(t)l[z + Cllo"(O)I[Zg 10 ()] -

Integrating the inequality (6.12), applying the Gronwall lemma and using the Korn in-
equality (6.6) as well as the inequalities (6.10), (6.11), we get for 0 <t <1,

1Ol < e (10O + 20l foll=(zz))
(6.13) 20 - 1 5
exp = (I (0) 73 + €O+ ag )1 Ag " follieiz)”

In order to obtain a uniform bound with respect to ¢, when t > 1, we proceed in the
following way. We integrate the inequality (6.12), apply the uniform Gronwall lemma as
well as the Korn inequality (6 6) and we obtain for ¢ > 0,

IO < o / [0°($)12 ds +2(t — ) fol2e )
exp(C / o025 10" ($)]13 ds)
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where § = max(0,¢ — 1) (for a statement of the uniform Gronwall inequality we refer to [7]
or [43]). Using the estimates (6.10) and (6.11), we deduce from the above inequality for
O<t<T,

_ 2 _ —1/2 2
0Ol < (e 2 [esp-a)W O3 + O+ )45 ollimaz))

—1/2
(6.14) X2 foll 2z + C(1+ AT foll? s z2)

1
(o) (t — 9)
2¢;
C4(t — 9)
where # = max(0,t — 1). The estimates (6.13) and (6.14) show that actually the solution

v%(t) of the equations (6.5) is global. Moreover, if t > tq, where t; > 0 depends only on
[0°(0) ]|z, the following estimate holds,

+ exp(—aof)||[v"(0)[|7:]

_ 2 _ _
15 17O < (0 SO PIAT bl p)

_ —1/2
X [2Hf0”%°°(L§) +C(1+agh)) A Y fo”%oo(Lg)] :

Assume now that fy does not depend on the time ¢. In this case, the solution vy(t) of (6.5)
is classical and moreover vy(t) belongs to the space C°((0, +00), D(Ag))NC*((0, 4+00), Ho)N
L>((0,+00), Hy). Also, we can introduce, for every ¢ > 0, the mapping Sy(¢) : v € Hy —
So(t)vy = v°(t) € Hy, where v°(t) is the solution of the Navier-Stokes equations (6.5). The
family So(t), t > 0, defines a dynamical system on H and also on Vj. Since v°(¢) belongs
to C°((0, +00), H?(T?)?), the mapping Sy(t) is compact for ¢ > 0. Moreover, the estimates
(6.15) show that there exists an absorbing set By in both spaces Hy and V. Therefore,
there exists a compact global attractor A that is, there exists a compact set Ay, which is
invariant under Sy(t) (i.e. So(t)Ay = Ap), and which attracts every bounded set of Hy in
the topology of Vj, that is, for every bounded set B € H, and for every positive number
7, there exists a positive time 7 = 7(B,n) > 0 such that, for ¢t > 7,

So(t>B C NVO(AOJT]) )

where Ny, (Ag, n) is the n-neighbourhood of Ay in V. In Section 7, we shall compare the
compact global attractor Ay of the limit equations (6.5) with the compact attractor A, of
the equations (1.2), for ¢ > 0 small enough.

6.2. Convergence properties. We next compare the orbits of the Navier-Stokes equa-
tions (1.2) with those of the limit equations (6.5) on finite time intervals (0,77, under
the conditions (5.1), the hypotheses of Corollary 5.2 as well as under the convergence
hypothesis (6.1) on M}, f.

We recall that, in order to simplify the notation, we have denoted by (-,-)z2 the inner
product in (L*(Q.))3. We also recall that if v* = (v, v3) = My, (v}, v, 0) belongs to Vj,
then the vector M;v* = (v, v3, 20" - Vjg) belongs to V..

Before stating the convergence result, we want to obtain a convenient variational equa-
tion satisfied by M;(u —v°), where u and v° are solutions of the equations (1.2) and (6.5).
A straightforward computation shows that the solution v° of (6.3) satisfies the following
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equality, for any v* € 1},

1
(achUO, MhU*)L2 + 5E(M1’UO, Mﬂ)*) + ((Mlvo) . VMl?JO, Mﬂj*)L2

(616) f07 L2—|—Z/ th)al( *thg)dJZ
5 00V -V -V vtV
+/Ex3( p ngy2 Vg dx+2/ 2200 hg))( p Y dx

Taking the inner product in (LQ(QE)) of the equations (1.2) with M;v*, where v* € Vj and
applying the Green formula (2.17), one shows, after a short computation, that the solution
u(t) of the Navier-Stokes equations (1.2) satisfies the following equality, for any v* € Vj,

1
(achu, Mh’l}*)LQ + §E<M1U, Mﬂ}*) + (u . Vu, Ml’l)*)LQ
v - th

(6.17) :(thaav*)L2+/Q 73 f3( ) dx

1
— / 239" Oyus(v* - Vig) do — §E((I — My)u, Myv™) .

Subtracting (6.16) from (6.17), we get, for any v* € V),
(6.18)

1
(O My, (u — v%), Mpv*) 2 + §E(M1(u — %), Myv*) + (u - Vu — (M0°) - VM0°, Miv*) e

= (M. — fo)sv*)i + / ryfy( Y

) dx — / w39 Qpus(v* - Vi) do

——E((I My)u, Miv®) Z/ 20,(" th)@( 'gvhg)dx

- [ e 1) 4o —Z/ th))(“*'vhg>dcc

9 g

We next show that E((I — M;)u, Myv*) is a small term. As in the previous sections,
we set w = (I — My)u and v = Mju. We notice that dsvf = 0 for i« = 1,2 and that
vy = %311* - Vig. Using these properties together with the fact that w and Mjv* are
divergence-free, we obtain:

E((I — My)u, Myv*) Z/ (05w; + Ow;) (Ovf + Oy da
3,0=1

(619) + 4/ (81w1 + 82202)(81@; + 821);) dx
Qe

2
+2 Z/ (83wl- + aiwg) T3 ai(év* . th) dx
i=1 7S
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In order to estimate the first two terms in the right hand side of the equality (6.19), we
use several times the following equality, valid for any smooth enough functions h(x1, z2, x3)
and [(x1, z5), with Mh = 0. Replacing ¢ by h in the equality (3.12), we at once obtain for

i =1,2 (since Mh vanishes),
dig
(620) aih(l‘l,l'g,l’g) l([L‘l,ZEQ) d[E = — (
Qe Qe

9

)l(l‘l, IQ)h(xla T, gg(‘rh JZQ)) dz .

In the above equality (6.20), we replace h by w; or w; and I(x1,72) by (907 + divj) or
(010 + Ov3). Thus, applying moreover Lemma 3.3, we deduce from the equality (6.19)
that, for any v* € Vj,

(6.21)

2
[B(( = My, M) < C(e D (I0swilze + 10wsllz) ol ) < CellVuwlze ol
=1

We are now able to state the following comparison result.

Theorem 6.1. There exists €3 > 0 such that, if the initial data u(0) and the forcing
term f in (1.2) satisfy the hypotheses of Corollary 5.2 and if moreover My, f. converges to
a function fo € L*(T?) in the sense of (6.1), then we have the following estimates, for
0<e<Leg,

(6.22)  1So(t)Myt(0) — Myut) 2252 < C(L+1)(31(0) + (<) + %) exp(C(t +1)) |
and
(6.23) || M1.S0(t) Mpu(0) — U(t)“%z < Ce(1+1)(61(g) + 03(e) + 52) exp(C(t+1)) .

Proof. The proof of this theorem consists in two steps.

1) Proof of the inequality (6.22).

Let v° denote the function Sy(t)M,u(0). Replacing v* by Myu — v° in (6.18) and taking
into account the estimate (6.21) as well as the Korn inequality (2.2), we derive from the
inequality (6.18) that, for ¢ > 0 and 0 < & < &y, where &, is small enough,

(6.24)
d Co
Ml = ") ONZ2 + S IM(w = )i <CIM(fe = fo)lzm a2y + €l fsllZoez2) + Ma

+N2+52|| 52||Vw||%2 +€4||?JO||?_11 s

at ||L2
where
Nl —| u - Vu— (Ml'U ) VM1UO7M1(U_UO))L2|
v Myu — %) -V
N2_|/ hg (( h p ) hg)dl’|

+|Z/ (et (A = )V gy
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It remains to consider the terms N; and No. We begin by estimating the term No. Applying
the Holder inequality together with a two-dimensional Gagliardo-Nirenberg inequality, we
get,

Nz < O ([[0°]|70 1My (uw = v") [ 2 + [[0° |z 0"l ([ M (w = 0°)| 1)
< CE2(|[0 2 00| (| M1 (u — 0°)| 2
(6.25) 2 NP5 1 e = )21 M (= o) 357)
< C 20 2 00z (M1 (= 0°) [z + (|02 [[0°IZ
+ ol (M (u = )|z | My (u = 0%)[[n) -
We next estimate the term N;. We notice that, due to the orthogonality property between

(I — M)u and any function independent of z3, the term (w - Vv, M;(u — v°)) 2 reduces to
the term

3
Z/ 9~ waw; vz (v — v°) - Vig) da
=1 Qe
and thus we obtain the following equality:
N =|(w-Vw+v-Vw, Mi(u—1°))p2| + [(My(u —0°) - VM0°, My (u —0°)) 2|
(6.26) i -
+ Z/ 9~ " wzw; Qv ((vp — 0°) - Vag) da
i=1 9
Applying the Gagliardo-Nirenberg inequalities (3.27) and (3.28), we estimate the first term
of the right-hand side of (6.26) as follows,
|(w - Vw, My (u = 0°)) 2| < Jwl[pa [[Vewl[pa [ M (u = 0%) 2
< Ce2|wllg fJw]| g2 (M1 (w — )] 2
< Ce’|lwllze + CeHlwlFp [ Mi(u —v")|z2 -
We next estimate the term |(v - Vw, M (u — v°))72|. By the identity (6.20), we obtain

Z/ v; Ow; (M (u—0° Z/ ag )(i( My (u—0°));) (zn)w;(zh, eg(xh)) dz

4,j=1 4,j=1

Thus we can write

(v - Vw, My (u— ")) Z/ 8g )(vi( My (u — 0°));) (zp)w;i(wh, 2g(zp)) do

2,7=1

5> [ vt (en ) Vig)de
=1 €

3
+ Z/ w39 (v Vig)Ow; (M (u — %)) da
j=1 79

In order to estimate the first term in the right hand side of the above equality, we apply
Lemma 3.3 and the two-dimensional Gagliardo-Nirenberg inequality. To bound the two
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other terms in the right hand side of the above equality, we simply use the Holder inequality
and again the two-dimensional Gagliardo-Nirenberg inequality. We thus get

(v - Vo, My(u = 0°)) 2| < Celfvnlza [|[My(u = 0°) | za [Jw]] e

1/2 1/2 1/2 1/2
< CeYV2||un 1357 lonll 102 1M (u — o) |57 || Ma (= o) || 22w e

Likewise, using again the two-dimensional Gagliardo-Nirenberg inequality and applying
Lemma 3.10, we obtain

3
|Z/ g~ w5w; 0vs ((vw — ") - Vig) da| < Clellonllzas wllrz + & [lonllm wl|cs)
i=1 €

x || M (u = ") s

1 1
< C(llonll 22 llonll Fn w2 + 2 llonlln [wll o)

1/2 1/2
X (| My (u — 0O) 157 | M (u — o) || 117

Finally, we estimate the term |(M;(u —v%) - VM0°, M;(u —v°))2|. As above, we use the
Holder inequality and a two-dimensional Gagliardo-Nirenberg inequality to get

(6.27)
(M (u—°) - VM°, My (u—0°)) 2| < CeV2(|0°|| gz || My (u — 0°) |34
<O ey | My (w — 0°) || 2 || M1 (w — 0°) || 11

We thus have estimated all the terms contained in N; and N,. Using several times the
Young inequality, we deduce from the estimates (6.24), (6.25), and the inequalities (6.26)
to (6.27) that, for ¢t > 0,

(6.28)
d Co
el Mn(u = O))1Z + o 1M (u — O < ClIMa(fe = follim 2y + 2 fall T2y
+e 002 10013 + e lo” e (|0l 7n
+e 03 + 2 (lullfze + *lonllFn lwlFn
Oug

ot

+e JwllF 1M (u = o) 122

H o | M1 (1 = o) 2] -

+e 712 + ellvnllze [lonllm lwlzn

Integrating the inequality (6.28) from 0 to ¢ and taking into account the estimates given in
Theorem 5.1 and in Corollary 5.2, we obtain, for 0 < ¢ < e3 and ¢ > 0, where £3 is chosen
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small enough,

(6.29)
1M1 (u = °)($)]12: +%0/0 1My (u = ") ()| ds < Cle(1+1)(d1(e) + d3(e) +€7)

t
i /0 e luls) [ 1M (w — v7)(5) [ 12ds

t
+/O [V° ()1 oo 1M (1 = %) () [ L2 dls] -

Finally, applying the Gronwall inequality, we deduce from the inequality (6.29), from
Theorem 5.1 and the estimate (6.11) that, for 0 < e <e3 and t > 0,

[(Myw = ") (|72 < C(L+1)(01(e) + 05(e) + *) exp(C(t + 1))

which implies the inequality (6.22).
2) Proof of the inequality (6.23). We remark that

(6.30) My So(t) Myu(0) — u(t) = My (So(t) Myu(0) — Myu(t)) + (I — My)u(t) .

According to Proposition 3.6 and to Theorem 5.1, the vector w(t) = (I — M;)u(t) satisfies
the following inequality

(6.31) w72 < Ce(d1(e) + %)
The estimate (6.23) is then a direct consequence of (6.22), (6.30), and (6.31). O

We conclude this section by remarking that Theorem 1.2 follows directly from Theorem
6.1 together with the Lipschitz dependency (6.8) of the solutions of the equations (6.5).

7. LOCAL ATTRACTOR

Like in [33], [34] and [3], we are now going to introduce a (local) attractor and show
that this (local) attractor is actually the compact global attractor of all weak Leray-Hopf
solutions. Without loss of generality, we suppose that the viscosity v is equal to 1. To
simplify the statements, we assume in this section that the forcing term f = f. does
not depend on the time variable and satisfies the conditions (5.1). We also suppose that
0 < ¢ < &9 and that the constants given in (5.1) satisfy the condition (5.18) as well as the
following additional property

(7.1) —(K§ + K7) < rp

where the constant ¢; is given in (5.3). According to Theorem 1.1, for any ug satisfying
the conditions (5.1) and for 0 < & < &y, there exists a unique global strong solution
u(t) = S-(t)up € C°J0,400),V.) of the Navier-Stokes equations (1.2). Actually, as f.
is independent of the time variable ¢, the solution u is also a classical solution of the
Navier-Stokes equations (1.2) and belongs to the space C°([0, +00), V2)NC((0, +00), H.)N
C°((0,+00), D(A,)).
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We next define the sets

B = {UO € V | ||U0||H1 < KZ1€_1/2 , ||Mhu0||L2 < /{0},
Us BOa
t>0

Due to Theorem 1.1, the set B. is bounded in V. and the nonlinear semiflow S () is well-
defined on B.. Moreover, B, is positively invariant under S.(¢), for t > 0. As in the case of
the Navier-Stokes equations with classical boundary conditions, for any uy € B., S(t)uo
belongs to C°((0, +00), D(A.)). Since D(A.) is compactly embedded in V., for ¢ > 0, the
map S.(t) is compact from V. into itself, for ¢ > 0. Thus, the w-limit set of B,

A=Y sa(t)zaf

T>0t>T1

is a well-defined, nonempty, compact set and attracts B, (see [10], Chapter 2). The set A,
is the compact global attractor of the restriction of S.(t) to B..

Furthermore, by the properties (5.19) and (5.23), the attractor satisfies the following
inclusion

(7.2) A: C By (0.CR) N By, (0, Cal |y + " RYY) .
where R? = || Myf[[3: + /(T — M) |

We next show, like in [33], [34] and [3], that A. is the global attractor of the weak
Leray-Hopf solutions of (1.2). We begin by recalling the definition of these weak solutions.

We denote by CY([0,T7]; H.) the subspace of L>((0,T); H.) consisting of all functions
which are weakly continuous, that is, for each h € H., the mapping t — (u(t),h) is
continuous.

A weak Leray-Hopf solution u(t) on the time interval [0,7] is a function u(.) in the
space L2 ((0,7);V-) N L>((0,T); H.) N C°([0,T); H.), with du € L} .((0,T); V), such
that u(0) = ug holds in the weak sense, the equation

t t 3 t
(u(t) —u(to),u*)Lz—l—%/ E(u,u") ds—l—/ (Zujaju,u*)p ds = /to (foyu®)p2ds

to to j=1
is satisfied, for all t > ¢ty > 0 and v* € V_, and the energy inequality

3 | B ds < SO+ [ ()

1
. —||u(t)|?
3 el |

holds for almost all ¢ and almost all ¢, with 0 < ¢y < t and also for ¢y = 0 (see for example
[21], [42], [6] or also [39)]).

Since E(-,-) is a positive bilinear coercive form (see Section 2 for further details), by
using a Galerkin method, we can argue, exactly as in [21], [42] or [6], to show that, for any
uy € H., the Navier-Stokes equations (1.2) admit a weak Leray-Hopf global solution u(t)
n [0, +00). We also notice that u(t) € V. for t € F!, where FI C [0,T] is a measurable
set of full measure.
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In their paper of 1987, Foiag and Temam ([8]) introduced the set J. of all weak Leray-
Hopf solutions existing in (—oo, +00) and bounded in L>((—o0, +00); H.. This set is not
empty since it contains A.. Foiag and Temam ([8]) also showed that this set J. is compact
in HY°* and that, for any weak Leray-Hopf solution u(¢) in (0, 400), u(t) — J. in H@e*
as t — 4oo. In [38], Sell proved that this set J. is an attractor. We next show that
J. = A., for 0 < € < g3, where €3 > 0 is small enough. We use the same arguments as in
[42, Theorem 3.12, Chap.3|, [33], [34] and [3].

Theorem 7.1. Assume that the conditions (7.1) and (5.1) hold, and that f. € L*(.)3
satisfies (5.1). Then, there exist a positive number €3 < g9 and, for any r > 0, for any
0 <e <es, atimeT(e,r) >0 such that, for any weak Leray-Hopf solution u(t) of (1.2),
with [|[u(0)||| 2 < r, there is a positive time t;, 0 < t; < T'(e,r) so that u(t) € B, fort > t,.
In particular, u(t) is a classical solution of (1.2), fort > t; and J. = A..

Proof. Let u(t) be weak Leray-Hopf solution of the equations (1.2). Arguing as in Section
3 (see (5.3)), we deduce from the energy inequality (7.3) and from the Korn inequality
(2.2), that, for t > 0, for 0 < & < e,

I 2 2c
£ ] M) ds < ) + T (1ML + 20T = ML)
and therefore we have,
(7.4) n lu(s)||zds < —(K§+eKy), foralt>T(er),
0 €o

where
2r?

o1 (K2 4+ e2K3) -
The estimate (7.4) and the property (7.1) imply that,

T(e,r) =

3c
/ Ju(s)|| 3 ds < —1(K2+ eK?) < ki, forallt>T(er),

We can choose 3 > 0, with &5 < &5 such that 2 (K§ + e3K7) < #7e5 . Thus, we have, for
0<e<Leg,

1 t
E/ |u(s)||Fn ds < min(kje™" ,k3), forallt>T(er) .
0

Therefore, there exists a subset Fy C [0,7(e, )] of positive measure such that

lu(®)[F < min(sie™" k)
Since Fi©") is a set of full measure in [0, T(c,r)], it follows that Fu =" N Fy # 0. Let t;
be a point in this intersection. We deduce now from Theorem 1.1 and from the uniqueness
of classical solutions in the class of strong solutions that u(t) is a classical solution of (1.2)
for ¢t > t; and that u(t) belongs to B, for t > t;. It also at once follows that J. = A.. O

We remark that, since A, is the global attractor for all weak solutions, it is also the

global attractor for all the globally defined strong solutions, including those that satisfy the
conditions (1.5). Moreover, A, is a local attractor in V.. Indeed, by using the compactness
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of A, and the Lipschitz dependence of the solutions with respect to the initial data, one
classically shows that there exists a neighbourhood N, of A. in V., so that, for all initial
data in this neighbourhood N, the strong solutions exist on (0, +00). Then the proof of
Theorem 7.1 implies that actually these strong solutions are attracted by A.. This implies
that A, attracts the neighbourhood N, and thus A, is a local attractor in V.

It remains to compare the attractor A, with the global attractor Ay, when € > 0 is small
enough and when f. converges to fy in some sense.

Theorem 7.2. Assume that the forcing term f. satisfies the hypotheses of Corollary 5.2
and that My, f. converges to a limit function fy € L*(T?)? in the sense of (6.1), then the sets
My, A, are upper-semicontinuous with respect to € in the L*(T?)?-topology and the attractors
A. are also upper-semicontinuous with respect to € in the L*(.)3-topology. More precisely,
for any n > 0, there exists €4 > 0 such that, for 0 < e < gy,

MypAc. C Npzeropz(Aoyn) , Ae C Nz (M Ao, %)
where Nx(B,r) denotes the r-neighbourhood of B in the space X.

Proof. We first remark that, since f. satisfies the hypotheses of Corollary 5.2, we deduce
from the property (7.2) that

Ag C BL2(Q£)3(O,K€1/2) N BH1(95)3 (0,?5_1/251(5)1/2) 5 Mh.Ag C BLQ(T2)2<O,K) 5

where K is a constant independent of g
Since Ay attracts the ball Bpaere)2(0, K) in L*(T?)?, for any n > 0, there exists a time
To = To(n) such that, for ¢ > 7,

(75) S()(t)MhAE C NLQ(TQ)Q(AO,g) .

We next deduce from the first estimate in Theorem 6.1 that, there exists €4 > 0 such that,

for 0 < e < g4, for all u(0) € A,
(7.6) S0(70) Mia(0) = Miu(7o)|[e) < 3 -
We at once deduce from the properties (7.5) and (7.6) that M;S.(79)A: C Ni2(r2)2 (Ao, 1)
Since \A. is invariant by the action of S.(7p), it implies that M, A. C Np2(r2y2(Ag, 7). The
second assertion of the theorem is proved in the same way and is left to the reader.
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