A SMALL SOLID BODY WITH LARGE DENSITY IN A PLANAR
FLUID IS NEGLIGIBLE

JIAO HE AND DRAGOS IFTIMIE

ABSTRACT. In this article, we consider a small rigid body moving in a viscous fluid filling
the whole R%. We assume that the diameter of the rigid body goes to 0, that the initial
velocity has bounded energy and that the density of the rigid body goes to infinity. We
prove that the rigid body has no influence on the limit equation by showing convergence
of the solutions towards a solution of the Navier-Stokes equations in the full plane R?.

1. INTRODUCTION

In this paper, we consider a fluid-solid system consisting in a small smooth rigid body
€. of size € evolving in a viscous fluid filling the whole of R2. Our aim is to determine the
limit of this coupled system when the size of the rigid body € goes to 0.

Let us describe now the fluid solid system of equations. To do that, we need to introduce
some notation. We denote by u., respectively p., the velocity, respectively the pressure,
of the fluid; they are defined on R? \ €2, the exterior of the smooth rigid body .. The
evolution of the rigid body Q.(t) is described by h., the position of its center of mass, and
by 6., the angle of rotation of the rigid body compared with the initial position. We have
that

0.0 =10+ (Ggely) oo ) (0.0 - (0.

The velocity of the fluid verifies the incompressible Navier-Stokes equations in the ex-

terior of the rigid body:

(1) 8;5+UE-VUE—VAUE+V]75:O, divus =0 fort>Oandx€]R2\QE(t).

On the boundary of the rigid body we assume no-slip boundary conditions:

(2) us(t, ) = hi(t) + 0L(t)(z — ho(t)): for t > 0 and = € IQ(2).
Moreover, the velocity is assumed to vanish at infinity:
(3) | 1|im ue(t,x) =0 for t > 0.

Tr|—00

Now we write down the equations of motion of the solid body. Let us denote by m.
the mass of the solid and by J. the momentum of inertia of the solid. We also denote by
o (ue, pe) the stress tensor of the fluid:

o(ue,pe) = 2vD(ue) — pels
where I is the identity matrix and D(u.) is the deformation tensor
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Then the solid body .(t) evolves according to Newton’s balance law for linear and
angular momenta:

(4) mehl(t) = —/ o(ue,pe)ne fort >0,
89 (t)
and
(5) 100 == [ (oluepIne) - (@~ ho)* for o> 0.
29 (1)

Above n. denotes the unit normal to 92 which points to the interior of the rigid body
Q., the orthogonal x* is defined by 2+ = (—w2,21) and o (ue, p.)n. denotes the matrix
o (ue, pe) applied to the vector n..

One can obtain energy estimates for this system of equations. If we formally multiply
the equation of u. by u., do some integrations by parts using also the equations of motion
of the rigid body, we get the following energy estimate:

t
(6) Nlue()1Z2(m\0.y + melhe ()] + J|0L(1)[ + 4v /0 1D (ue) | 72@\0.)
< e (0)[1Z2(gea. ) + melhL(0)* + J102(0)[2.

To solve the system of equations (1)-(5), we need to impose the initial data. For the
fluid part of the system we need to impose the initial velocity u.(0,z). The two equations
describing the evolution of the rigid body are second-order in time, so we need to know
he(0), hZ(0), 0:(0) and 62(0). The system of equations being translation invariant, we can
assume without loss of generality that the initial position of the center of mass of the rigid
body is in the origin: h-(0) = 0. Moreover, from the definition of the angle of rotation 6,
we obviously have that 6.(0) = 0. So we only need to impose u.(0,z), hZ(0) and 6.(0).
The initial velocity will be assumed to be square integrable only. As such, its trace on the
boundary is not well-defined. Only its normal trace is defined thanks to the divergence
free condition. Therefore, we need to impose the following compatibility condition on the
initial velocity:

(7) ue(0,2) - ne = [BL(0) + 0.(0)(z — h=(0))"] - n. on AQ(0).

In conclusion, to solve the system of equations (1)—(5), we need to impose that u. (0, z)
L?(R?%\ ©.(0)), that divue(0,z) = 0 in R? \ Q.(0) and the compatibility condition (7).
There is no condition required on hA.(0) and 6.(0) while h.(0) = 0 and 6-(0) = 0.

To state the classical result of existence and uniqueness of solutions of (1)—(5), it is
practical to extend the velocity field u. inside the rigid body as follows:

ue(t, ) if z € R?\ Q.(¢)

®) et = {h;<t> OO (@~ he(t) T if x € Qe(1).

The conditions imposed on the initial data ensure that . (0, x) belongs to L?(R?) and
is divergence free in R2.

Let us denote by p. the density of the rigid body .. We extend p. in the fluid region
R?\ Q. by giving it value 1:

1, zeR%\Q.(1)

pelt =) = {ps, z € Q(t).
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Due to the energy estimates (6), global existence of finite energy solutions of (1)—(5)
have been proved in a variety of settings. The literature is vast, we give here just a few
references dealing with the dimension two: in [2], [7] and [13] the authors consider the
case of one or several rigid bodies moving in a bounded domain filled with a viscous fluid
while in [15] the authors consider a single disk moving in a fluid filling the whole plane.
The existence for the problem we are considering here was not explicitly studied in these
works (because we do not assume the rigid body to be a disk), but more complicated
cases have been considered in the literature: the case of a 2D bounded domain where
collisions with the boundary must be taken into account (see [2], [7] and [13]) and the
case of R? with a rigid body of arbitrary shape (see for example [16] and [14]). From
these results we can extract the following statement about the existence and uniqueness
of solutions of (1)—(5). We use the notation Ry = [0, c0) and emphasize that the endpoint
0 belongs to R;. This is important when we write local spaces in Ry like for instance
L? (Ry) = {f; f square integrable on any interval [0,¢]}. We will give a formulation of

loc

the PDE in terms of the extended velocity ..

Theorem 1. Let u.(0,z) € L?>(R?\Q.(0)) be divergence free and verifying the compatibility
condition (7). We assume that h-(0) = 0 and 0-(0) = 0 and we extend u-(0,x) to u.(0,x)
as in (8). Then u.(0,z) is divergence free and square integrable on R? and there exists a
unique global weak solution (ue, he,0:) of (1)—(5) in the following sense:

e u., he, 0. satisfy

us € L®(Rys LR\ ) 1 L3, (Ras H' (B \ ),

he € Wh(R;R?), 6. € WH(Ry;R);
e if we define u. as in (8) then u. is divergence free with Duc(t,z) = 0 in Q(t)

and the equations of motion are verified in the sense of distributions under the
following form

[T [ @+ o) 2 [T D)D) = [ 500) .0

for any divergence free test function ¢. € H' (R, x R?) compactly supported in
time and such that Dy (t,x) =0 in Q(t);

Moreover, u. satisfies the following energy inequality:

) [arw [ [ p@rs [ pogop vwso

As mentioned before, we are interested in describing the asymptotic behavior of this
fluid-solid system when the diameter of the rigid body 2. goes to 0. There are several
papers dealing with this issue when the rigid body does not move with the fluid. Iftimie,
Lopes Filho and Nussenzveig Lopes [9] have treated the asymptotic behavior of viscous
incompressible 2D flow in the exterior of a small fixed rigid body as the size of the rigid
body becomes very small, see also [1] for the case of the periodic boundary conditions.
Moreover, Lacave [10] considered a two-dimensional viscous fluid in the exterior of a thin
fixed rigid body shrinking to a curve and proved convergence to a solution of the Navier-
Stokes equations in the exterior of a curve.

Although we are dealing here only with viscous fluids, let us mention that the case of
a perfect incompressible fluid governed by the Euler equations also makes sense and the
literature is richer. Let us mention a few results. Iftimie, Lopes Filho and Nussenzveig
Lopes [8] have studied the asymptotic behavior of incompressible, ideal two-dimensional
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flow in the exterior of a small fixed rigid body when the size of the rigid body becomes
very small. Recently, Glass, Lacave and Sueur [4] have studied the case when the solid
body shrinks to a point with fixed mass and circulation and is moving with the fluid.
The same three authors also consider in [5] the case when the body shrinks to a massless
pointwise particle with fixed circulation. In that case, the fluid-solid system converges to
the vortex-wave system. In addition, Glass, Munnier and Sueur [6] considered the case of
a bounded domain.

As far as we know, there is only one result dealing with the case of a small rigid body
moving in a viscous fluid in dimension two. More precisely, Lacave and Takahashi [11]
considered a small moving disk in a two-dimensional viscous incompressible fluid. They
used a fixed-point type argument based on previously known LP — L9 decay estimates of the
linear semigroup associated to the fluid-solid system (see [3]). They proved convergence
towards the solution of the Navier-Stokes equations in R? under the assumption that
the rigid body is a disk of radius €, that the density p. is constant plus some smallness
assumptions on the initial data (including the smallness of the L? norm of the initial fluid
velocity). More precisely, their result is the following.

Theorem 2 ([11]). There exists a constant Ao > 0 such that if
e u(0,2) € L?(R%?\Q.(0)) is divergence free and verifies the compatibility condition
(7);
the rigid body is the disk Q. = D(h.,¢€);
the density p. is assumed to be independent of €;
(0, ) converges weakly in L*(R?) to some uo(z);
we have the following smallness of the initial data

(10) [ (0, 2) || L2®2\0. (0)) + €lRE(0)] + €216L(0)] < Ao

then the global solution . given by Theorem 1 converges weaks in L>®(Ry; L?(R?)) N
L? (Ry; HY(R?)) towards the weak solution of the Navier-Stokes equations in R? with

_loc’
mitial data ug.

Although they state their result for constant density, presumably the proof can be
adapted to the case where p. > pg for some pg > 0 independent of €. On the other hand,
the hypothesis that €. is a disk seems to be essential in the result of [11]. Indeed, a key
ingredient are the estimates of [3] and the proof of that result relies heavily on the fact that
Q). is a disk because it uses explicit formulae valid only for the case of a disk. Moreover, it
is also hard to see how the smallness condition (10) could be removed in their argument.
Indeed, they use a fixed point argument and that requires smallness at some point. Let
us observe that in [11] the authors also obtain uniform bounds in € for the velocity of
the disk. Therefore, they can prove that the center of mass of the disk converges to some
trajectory. However, nothing can be said about this limit trajectory.

Here, we improve the result of [11] in two respects. First, the rigid body does not need
to be a disk. It does not even need to be shrinking homothetically to a point like in [11].
We only assume that the diameter of the rigid body goes to 0. Second, we require no
smallness assumption on the initial fluid velocity u.(0,z). On the other hand, we need to
assume that the density of the rigid body goes to infinity and we are not able to prove
uniform bounds on the motion of the rigid body as in [11]. More precisely, we will prove
the following result.

Theorem 3. We assume the hypothesis of Theorem 1 and moreover
e Q. (0) C D(0,¢);



e the mass me of the rigid body verifies that

(11) — 00 ase —0;

e u.(0,z) is bounded independently of € in L*(R*\:(0)) and \/m:h.(0) and v/J-6.(0)
are bounded independently of ;
o u.(0,2) converges weakly in L*(R?) to some ug(z) where u-(0,x) is constructed
as in (8).
Let (ug, he,0c) be the global solution of the system (1)—(5) given by Theorem 1. Then .
converges weaks in L°(Ry; L>(R?))N L2 (Ry; HY(R?)) as € — 0 towards the solution of

loc
the Navier-Stokes equations in R? with initial data ug.

It will be clear from the proof that the convergence of . is stronger than stated. For
instance, we shall prove that u. converges strongly in leOC (see Section 4).

Let us remark that if the measure of Q. is of order &2 (something which is true if the
rigid body shrinks homothetically to a point, i.e. if .(0) is ¢ times a fixed rigid body)
then the hypothesis (11) means that the density p. of the rigid body goes to oo as e — 0.

Observe next that the boundedness of u.(0,z) in L?(R? \ ©.(0)) and the boundedness
of \/mzh.(0) and v/J-0.(0) imply the boundedness of \/p. (0, z)u.(0,z) in L*(R?). Since
pe — 0o this implies that . (0, z) is bounded in L?(R?). Therefore, the weak convergence
of u:(0,x) to up(x) is not really a new hypothesis.

Moreover, the boundedness of +/p-(0,x)tu:(0,7) in L?(R?) and the energy inequality
(9) imply that \/p.. is bounded independently of ¢ in the space L®(Ry;L?*(R?)) N
L% (Ry; HY(R?)). Using again that p. — oo we deduce that . is also bounded indepen-
dently of £ in L>®(R4; L2(R?)) N L (Ry; H'(R?)). And this is all we need to prove the
convergence of U, towards a solution of the Navier-Stokes equations in R?. Our proof does
not require that u. verifies the boundary conditions on €., nor do we need that Du. =0
in Q.. We only need the above mentioned boundedness of . and the fact that it verifies
the Navier-Stokes equations (without any boundary condition) in the exterior of the disk
D(h.(t),e). We state next a more general result.

Theorem 4. Let v. be a time-dependent divergence free vector field defined on Ry x R?
belonging to the space

(12) L®(Ry; L*(R?)) N Li,o(Rys H(R?) N Oy (Ry; Lipo(R? \ D(he(1), €)))

loc loc

and let he € WH°(R;R?). Assume moreover that

e v. is bounded independently of € in the above space;
e v.(0,2) converges weakly in L? as ¢ — 0 to some vo(z); -
o v, verifies the Navier-Stokes equations in the exterior of the disk D(he(t),€):

(13)  Owe — VAV +v: - Voo = =V in the set {(t,z) ; t >0 and |z — ho(t)| > €}

for some m;
e the velocity of the center of the disk verifies that e|h(t)] — 0 in LS (Ry) when
e — 0.

Let v be the unique solution of the Navier-Stokes equations in R? with initial data vg.
Then v. converges to v as € — 0 weaks in the space L= (Ry; L*(R?)) N L3 (Ry; HY(R?)).

loc

Theorem 4 with v. = u. implies Theorem 3. Indeed, we already observed above that
ue has all the properties required from v. in Theorem 4. And the hypothesis made on
the mass of the rigid body, see relation (11), in Theorem 3 implies that e|hL(t)] — 0 in
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Le (Ry) when ¢ — 0. This can be easily seen from the energy estimate (6). Indeed, the
hypothesis of Theorem 3 implies that the right-hand side of (6) is bounded uniformly in e
s0 y/mch is uniformly bounded in ¢ and ¢. The fact that Z§ — oo and the boundedness
of \/mzh, implies that eh. — 0 as ¢ — 0 uniformly in time.

The idea of the proof of Theorem 4 is completely different from the proof given in [11].
We multiply (13) with a cut-off vanishing on the disk D(h.(t),e) constructed in a very
particular manner. We then pass to the limit with classical compactness methods. The
difficulty here is that the cut-off function itself depends on the time, so time-derivative
estimates of v. are not so easy to obtain. Also, passing to the limit in the terms 0;v and
Awv is not obvious: the first is difficult because the time derivative is hard to control and
the second one is difficult because the cut-off introduces negative powers of € in this term.

The plan of the paper is the following. In the following section we introduce some
notation and prove some preliminary results. In Section 3 we construct the special cut-off
near the rigid body. The required temporal estimates are proved in Section 4. Finally, we
pass to the limit in Section 5.

2. NOTATION AND PRELIMINARY RESULTS

We use the classical notation C™ for functions with m continuous derivatives and H™
the Sobolev space of functions with m square-integrable weak derivatives. The notation
O}y stands for functions in C™ with bounded derivatives up to order m. All function
spaces and norms are considered to be taken on R? in the z variable unless otherwise
specified. We define Cg%, to be the space of smooth, compactly supported and divergence
free vector fields on R%. The derivatives are always taken with respect to the variable
x unless otherwise specified. The double dot product of two matrices M = (m;;) and
N = (n;;) denotes the quantity M : N =}, .m;jn;j. We denote by C a generic universal
constant whose value can change from one line to another.

Let ¢ € C}(Ry; C§5). We define the stream function 1 of ¢ by

(z—y)"
vie) = [ el

It is well-known that ¢ € C}(Ry;C®) and V419 = ¢. The stream function ¢ given
above is characterized by two facts. One is that V¢ = ¢ and another one is that it
vanishes at infinity. But in our case, the vanishing at infinity is not important since we
will use compactly supported test functions. On the other hand, it is useful to have the
stream function small in the neighborhood of the rigid body. We define now a modified
stream function, denoted by 1., which vanishes at the center of the disk D(h.(t),¢):

(14) Pe(t, @) = P(t, x) — P(t, he(t)).

Observe that even if ¢ is constant in time, the modified stream function still depends on
the time through h.. We collect some properties of the modified stream function in the
following lemma.

Lemma 1. The modified stream function 1. has the following properties:

(1) We have that 1. € WH2(R,; C®) and V. = ¢
(i) For allt,R >0 and x € R? we have that

(15) 1% (t; ) Lo (D(ho (), R)) < Rl (t; ) || Lo
6



and

(16) 1063)e (¢, )l oo (D(he (1), R)) < RIIOkp(t, ) |zoe + L ()]t )| o
with the remark that the last relation holds true only almost everywhere in time.
Proof. Clearly V11, = V¢ = ¢. Since h. € WhH®(R,) and ¢ € CH(R4;C™) we
immediately see that 1. € W1°(R; C*) which proves (i).
By the mean value theorem
(A7) [ (t, z)| = [p(t, 2) = P(t, he(t))] < & = he(O[VY(E, )L = |2 = he(®)[l@(E, )| Lo

Relation (15) follows. To prove (16) we recall that h. is Lipschitz in time so it is almost
everywhere differentiable in time. Let ¢ be a time where h. is differentiable. We write

e (t, 2) = De(P(t, x) — (L, he(t)))
= 0pp(t,x) — Onp(t, he(t)) — hL(t) - Vi (¢, he(2))

SO

106)e (t, )| oo (D (ke (1), R)) < N0 (t, ) — Dutp(t, he(8)) || Loo (D he (1), R)) + |1h(B)IV(E, )| oo
< R||9:V(t, )|z + [RL(E)|le(t, )|l oo
= R||Owp(t, )z + [0 (t, )| oo

This completes the proof of the lemma. ([l

We will need to define a cut-off function near the rigid body with L? norm of the
gradient as small as possible. This will be done in the next section. For the moment, let
us recall that the function that minimizes the L? norm of the gradient, that vanishes for
|z| = A and is equal to 1 for |z| = B is harmonic. So it is given by the explicit formula

0 if |[z] < A
fap iR [0,1], fap(z)=mEERA e 4 <10 < B
1 if |z| > B.

This special cut-off has the following properties.

Lemma 2. We have that fap € Wt Moreover,

Ianl@) = 1 = mA2 (2 = = L)
A.B L2 2In’a  2In’a  Ina’’
2
2 4
IVFaslie =
and
) 9 B 4
HWV fA,BHL?(A<|x|<B) T Ina

_ B
where o = 7.
Proof. The Lipschitz character of f4 p is obvious once we remark that f4 p is smooth for
|z| # A and |x| # B and continuous across |z| = A and |z| = B.
7



Next, we have that

In|z| —In B2
fA,BfE—12 =/ 1d$+/ — | dzx
| () 172 )< A A<lz|<p! InB —In A

B2 /
_ In? |y| dy
(InB —1n A)? A/B<y|<1 ol

2 o ! 2
=71A (1+1n2a/1/aln r27‘dr)
).

=71A? +

a? 1 1
2Ina  2In’a hna

= 7TA2(
From the definition of f4 g, we compute for A < |z| < B

V2

X

= _— " and V2 -
Vias |z]? In o and V= fa,p| |z]? In «v
So
1 1 27
A -
r In” o A<|z|<B |z|2 Ino
and
2 1 47
z|V? 2 = / —dr=—.
1] fA,BHL?(A<|x\<B) %o Jacia|<n |22 Ina
This completes the proof of the lemma. ([l

3. CUT-OFF NEAR THE RIGID BODY

We begin now the proof of Theorem 4. It suffices to prove the following statement.

Proposition 1. For all finite times T' > 0 there exists a subsequence ve, which converges
weak* in L>°(0,T; L?) N L*(0,T; H') towards a solution v € L>(0,T; L?) N L?*(0,T; H')
of the Navier-Stokes equations on [0,T) x R? with initial data v.

Indeed, let us assume that Proposition 1 is proved. We know that the Navier-Stokes
equations in dimension two have a unique global solution v in the space L™ (R, ;L?) N
L?(Ry; HY), see for example [12]. The solution v from Proposition 1 is necessarily the
restriction to [0, 7] of this unique global solution. Since we have uniqueness of the limit,
we deduce that the whole sequence v. converges weakx in L>°(0,T;L?) N L?(0,T; H")
towards v. Since T is arbitrary, Theorem 4 follows.

The rest of this paper is devoted to the proof of Proposition 1. Let T" > 0 be fixed.
From now on the time ¢ is assumed to belong to the interval [0, 7]. The constant K will
denote a constant which depends only on v and

sup ||Us||L°°(0,T;L2)mL2(0,T;H1)
0<e<1
and whose value may change from one line to another. In particular, the constant K does
not depend on .

By hypothesis we know that

(18) lim sup e|hL(¢)| = 0.
e—0 (0,77
8



We assume that ¢ < 1/100 and we choose «. such that
1
(19) 100 <. < -, lima.=o00 and limea.(1+ |h.(t)])=0
€ e—0 e—0

uniformly in ¢ € [0, T]. The existence of such an «. follows from (18). Indeed, we could
choose for instance

1
Qe = max(lOO, )
sup /€ + ¢|hL(t)|
[0,7]
We construct in the following lemma a special cut-off function f. near the disk D(hc(t), )
such that f.(z) =0 for all |z| < e and f.(x) =1 for all |z]| > ca..
Lemma 3. There exists a smooth cut-off function f- € C*°(R?;[0,1]) such that
(i) f. vanishes in the neighborhood of the disk D(0,¢) and f- =1 for |z| > cae;
(ii) there exists a universal constant C' such that

fellom =1 19l < o, Nol V2l o < S and 1 = e < OFoe-
Proof. From Lemma 2 we observe that the function

0 if |[z| <€

fo=fecar = % if e < |z] < ea.

1 if |z| > ea.

satisfies
IFllm =1 190 < e [0V ecprccn) € e
and
IFe = 1llze < O

so it has all the required properties except smoothness. More precisely, f; is not smooth
across |z| = ¢ and |z| = ea.. To obtain a smooth function f; from f. we need to cut-off
in the neighborhood of these two circles.

Let g € C§°(R%;[0,1]) be such that g(z) = 0 for |z| < 2 and g(x) = 1 for |x| > 4. We

define
1oy Ty J0 fzl <2
g€($)—g(€)—{17 |x| > 4e

and

8x 1, |z| < 5=
2 ’ 4
) =1— -
9z () g(eas) {O, || > £5=.

With the help of all the auxiliary functions above, we define a new function

1, |z > 5=
_ L+ g2(f: —1), 5= <la] < %=
fe=1+g2(9:f =1) = fer de < |a] < 9§
9:fe 2e < |z| < 4e
0, |z| < 2e.




Clearly f. satisfies (i) and is smooth across |z| = ¢ and |z| = eag, so it remains to prove
(ii). From the definition of f., we immediately see that ||f:||z~ = 1. To simplify the
write-up, we use the notation LP(a,b) = LP(a < |z| < b). Clearly g} and g2 are uniformly
bounded in L> and Vg! and Vg? are uniformly bounded in L2. Using these observations
we estimate

[V fellz2 < ”V(gglﬁ)”m(%,%) + vaa”m(%,%) + ||V(952(J?a - 1))”L2(%,%)
S C(IVFellpz + £l oo (2eae) + 1 fe = 1 oo 2oz 0z )

4 2

C C
~ VIna, Inag
C

<
~ VIna,

where we used the bounds

~ In(|z|/¢e) C
Hng1'f>°(25A~€) = H In o, HLOO(2e,4a) = In o,
and
7 In(|z|/(eac)) C
e = locege sgey = 17, 0 Mliqege 290y < 1

Similarly, using in addition that H|:z|Vg§H 100 and }|\33|V29§H 12 are bounded indepen-
dently of € for ¢ = 1, 2, we can estimate

o192l < Nl 627 s - D02
+ H‘x|v2(9§(]?e -1)) HLQ(E%,E%)

< OV o + 19 Fellzz + 1 Fll ety + 17 — Ll z0e 2 )

_ ¢ ¢
~ Vlna, Ina.
C

< .
~ Vina,

Finally,
Ife = U2 < llgefe = o @ea) + Ife = Ulzz2we zaey + 192 (fe = Dll2ene soe) + 11 220y <20)
< C(Ife = Uz + 11 22 () <ae))
<O e | £)

In o,
€0

<C

~ "lna.

This completes the proof of the lemma. O

The function f. is a cut-off in the neighborhood of the disk D(0,¢). We define now a
cut-off in the neighborhood of the disk D(h.(t),e) by setting

Ne(t,x) = fe(z — he(t)).
Lemma 3 immediately implies that 7. has the following properties:

Lemma 4. We have that
10



() 1. € W (Ry5C55,); B
(ii) ne vanishes in the neighborhood of the disk D(h:(t),e) and n. = 1 for |x —he(t)| >

£qe;
(iii) there exists a universal constant C such that
C C

20 =1 |V < [z = he(t)| V2 < ——
@) Il =1 9l < e o= ROV < e

and

EQle

21 —1 <C .
(21) e = 12 < €20

Given a test function ¢ € Cl} (R4;CF%) we construct a test function ¢, on the set
|z — he(t)| > € by setting
(22) pe = V- (n:4:)
where 1), was defined in Section 2 (see relation (14)). We state some properties of p. in

the following lemma:

Lemma 5. The test function p. has the following properties:
(i) g € WHe(Ry;Cg%,) and is supported in the set |x — he(t)] > ¢;
(i) @ — ¢ strongly in L>(0,T; H') as ¢ — 0;
(iii) there exists a universal constant C' such that
(23) ozl oo 0,711y < Cllpll oo 0,7 13)-

Proof. Since 7. and 1, are W1 in time and smooth in space, so is ¢.. The compact

support in z of . in the set |z — h.(t)| > € follows from the compact support of ¢ and

the localization properties of 7.. Obviously ¢. is also divergence free so claim (i) follows.
Recalling that V4. = ¢ we write

e =0 = VE(e) = 0 = VIt + 0V e — o = Vi + (n: — .
Using the bound (15) and recalling that V. is supported in D(h.(t),ca:) we can
estimate
lee — elirz < ll(ne = Dellrz + [ Vnete | 12
< Ime = Ulzallellzoe + IVnell 2 19e | oo (D(he (1) 200 )
< e = Ul z2llpllzoe + eael|Vnell g2 |l Lo
= llpllzee (lne — Iz + eael| Vel £2)-
Taking the supremum on [0, 7] and using (19), (20) and (21) we deduce that

EQ e—0
24 — o2y < C o — 0.
(24) e — iz (0,T;02) = \/ln—asH‘PHL ([0,T]xR2)

Next,
IV (e =)z = IV (0 — 1)e) | 2
< IVVE el 2 + OVl 2 Vel oo + 11 = L 22| V20 [ 2o
We bound the first term on the right-hand side using (17) and (20):
IVV- el 2 < Cllollzee][le = he (1) V1| 1 <

11
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Recalling that V14, = ¢ and using again Lemma 4 we infer that

C
IV(pe = @)l < \/hl—aHsOIILoo + ClIViel| 2 llpll oo + [1ne = U2 IVepll oo
&€

C
< — o0
= m”‘p”wlv

Combining this bound with (24) implies that

e—0

lee = elliioram < Z=lellio ) 0.
In addition, we obtain that there exists a universal constant C' > 0 such that
el oo 0,751y < Cllpllnoe (0,1 5 AW 100) -
Using the Sobolev embedding H3 < W1 completes the proof of the lemma. U
We end this section with an estimate on the H~! norm of the time-derivative of (..

Lemma 6. Let w be an H' vector field. There exists a universal constant C > 0 such
that for all times t > 0 where h. is differentiable we have that

2 2
[, @upete o) - dup(t, @) de| < Cff curluw] g2 (= SCTUPITS

e Bt )

Proof. Let t be a time where h, is differentiable. We use (22) to write
/2 w(z) - (Oppe(t, @) — Opp(t, x))da = /2 w - 3tvl((775 — 1)1)
R R
= —/ curlw 9, ((n: — 1))
R2
= / curl w On:1): — / curlw (n: — 1)0p1pe.
R2 R2

Clearly
Ome = Oy(fe(x — he(t))) = =hi(t) - Vfe(z — he(t))

is supported in the set {|z — h.(t)| < ca.}. We can therefore bound

‘/ curl w On1b| < C|hL(E)| | curl w||V fe(z — he(t))|]|]
RQ

|x—he(t)|<eae

< CIRL ()| eurlwl| 2|V fell 2 l1vel| oo (D (he (8).20))

T eurl ]
&€

where we used (15) and Lemma 3.
Similarly, n. — 1 is supported in the set {|z — h-(t)| < ea.} so we can use (16) and (21)
to deduce that

’ Curlw — 1)0wpe| < || curlw]| g2 [Ine — 1| £2]|0sbe || oo (D(he () o))

eq
< Op—lleurlw| g2 (eac |0l oo + [P (@) lll] )
nao.

The conclusion follows putting together the above relations. O
12



4. TEMPORAL ESTIMATE AND STRONG CONVERGENCE
The aim of this section is to prove the strong convergence of some sub-sequence of v..
More precisely, we will prove the following result.

Lemma 7. There exists a sub-sequence ve, of ve which converges strongly in L?(0,T; L%OC).

To prove this lemma we first show some time-derivative estimates and then use the
Ascoli theorem.

Let p € Cgfa(R2) be a test function which does not depend on the time. Even though ¢
does not depend on ¢, we can still perform the construction of the cut-off . as in Section
3 (see relation (22)) and all the results of that section remain valid. Observe that even
though ¢ does not depend on the time, the modified test function . is time-dependent.

Let us denote by H$ the space of H* divergence free vector fields on R?2. We endow H?
with the H® norm. The dual space of Hy is H;*. We have that (g%, is dense in HJ for
all s € R.

Let ¢t € [0,T] be fixed. We use Lemma 4 and relation (15) to bound

[ ot eutteorde] = | [ o V)

— ‘/2 Ve - (VJ‘nalba + =) dx‘
R

< el Vel 2 el oo (D(he (1) cac)) + lIvell 2 1l oo ol 22
€0

< C\/TTEIIUEIILQIIso!\Lw + [lvellp2 |l 22
< Killo|l g2

for some constant K; independent of € and t. We used above the Sobolev embedding
H? — L, the boundedness of v. in L>(0,T; L?) and relations (19) and (20). We infer
that, for fixed ¢, the map

Coo D0 / ve(t,x) - pe(t,z)dx € R
R2

is linear and continuous for the H? norm. Since the closure of Cpo for the H 2 norm is H2,
the above map can be uniquely extended to a continuous linear mapping from H? to R.
Therefore it can be identified to an element of the dual of H2 which is H, 2. We conclude
that there exists some =.(t) € H, 2 such that

E0.9) = [ wlta) oultn)ds Vo€ 2.
RQ

Above (-,-) denotes the duality bracket between H, 2 and H2 which is the extension of
the usual L? scalar product. In addition, we have that |Z.(¢)|| -2 < K1, so Z belongs to
the space L>(0,T; H;?) and is bounded independently of ¢ in this space.

Because ¢. is compactly supported in {|z — h.(t)| > £} it can be used as test function
in (13). Multiplying (13) by ¢. and integrating in space and time from s to t yields

t t t
/ 8Tv5-cpa—|—l///Vva:Vgoa—l—//va'Vva-gogzo.
s JR2 s JR? s JR2

13



We integrate by parts in time the first term above:

t t
/ Dy - o — / vty ) - oo (b, ) da — / 0e(s,2) - (s, ) da — / / v - Orip
s JR2 R2 R2 s JR2?

t
= <E€(t) - Es(s)7gp> - / / Ve * 67'905-
s JR2
We deduce that

¢ t t
(25)  (B(t) — Zc(s), ) = / / Ve + Or(pe — 1// / V. : Vi — / / Ve - Vg - e
s JR2 s JR2 s JRZ2

We bound first
t t
o [ [ ToesVed <v [ 19090
s JR S

1
< Cv(t — s)2 ol gl Vel L2 (o,1)xr2)
1
< K(t—s)2|¢lus

where we used (23) and the hypothesis that v is bounded in L?(0,T; H').
To estimate the last term in (25) we use the Gagliardo-Nirenberg inequality ||f||z+ <

1 1
CIflI;2lIVfll;2, the boundedness of v. in the space displayed in (12) and relation (23):

t t
‘//Us‘vve'(;@e‘_‘//vs'v%e'vs‘
s JR2 s JR?

t
< / o 24 Vepe 2
S

t
< / e 22| Vol 2 el o
S

1

< C(t = )2 ||vell oo 0,122y [V Ve L2 (0,71 xm2) |2 || 118
1

< K(t —s)zpl s

It remains to estimate the first term on the right-hand side of (25). To do that, we use
Lemma 6. Recalling that ¢ does not depend on the time, we can write

¢ t
Ea )

ve - 0 <C curlwv h -

‘/S /R2 e Orpe| < \/m/s | ellz2lhcllioll

t
EQ
. / | curlve | 21|
S

vIn o,
1 e
< Ot = o)l sup LI el g
8 b

<C

EQe

Due to the hypothesis imposed on ag, see (19), we know that Jinaz SUP[0,7] |hL| goes to

0 as € — 0. In particular it is bounded uniformly in €.
Recalling again the boundedness of v. in the space L?(0,T; H'), we infer from the above
relations that )
[(Ee(t) — Ec(s), )| < K(t — )2l ms
where the constant K does not depend on & and ¢. By density of Cg5, in H, 3 we infer

that [|Z2:(t) — Ec(s)||lg-s < K(t — s)% The functions Z.(t) are therefore equicontinuous
in time with values in H,3. They are also bounded in H, 3 because we already know
14



that they are bounded in H, 2. Since the embedding H =3 — H is compact, the Ascoli
theorem implies that there exists a subsequence =, of = Wthh converges strongly in

CO([0,T7; Hgh).
Recalling the definition of =; and using Lemma 4 we can write
(E®) =)l = | [ v (Vo + ) da = [ o
=1 [ v (Ve + (e = 1))
< Cllvell 22197 |l 2 19e | oo (e (.0e)) + Cllve 217 = 1 2l o
< Cllvell 2@l poe (e 4+ =251
< Vel||L2||P]| L T o In .
EQle
< C|ve _
< Clleel 2l ==
Hence
— EQr
IZ(t) — ve(®)]| g < Cllve| 2 ——= =% 0

vVIn o,

uniformly in time. Recalling that =, converges strongly in ngél uniformly in time we

infer that v., also converges strongly in L°°(0,T; H, 4). The interpolation inequality

loc
1 4
M2 <1 lg=all - ”15{1 and the boundedness of v, in L?(0,T; H') finally imply that v.,

converges strongly in L3 (0,T; L3 ) < L*(0,T; L2 ). This completes the proof of Lemma

loc
7.

5. PASSING TO THE LIMIT

In this section we complete the proof of Theorem 4. It is now only a matter of putting
together the results proved in the previous sections.

Given the boundedness of v, in L*(0,T; L?)NL?(0,T; H') and Lemma 7, we know that
there exists some v € L*(0,T; L?) N L?(0, T; H') and some sub-sequence g, such that

ve, — v weaks in L>°(0,T; L?)

(26) v, — v weakly in L*(0,T; H')
and
(27) ve, — v strongly in L*(0,T; L2 ).

Let ¢ € C§°([0,T) x R?) be a divergence-free vector field. We construct ¢, as in Section
3, see relation (22). Since ¢, is compactly supported in the set {|z — he, (t)| > e}, we
can use it as test function in (13) written for 5. We multiply (13) by ¢., and integrate
by parts in time and space to obtain that

T T T
- / / 'ng N 875@06]@ + V/ vvék : VSOEIC +/ / Uek N vvé‘k : goé‘k
0 R2 0 R2 0 R2
~ [ 502,00
R2

We will pass to the limit €, — 0 in each of the terms above.
15



First, we know by hypothesis that v, (0) — vy weakly in L% From Lemma 5 we also
have that ¢, (0) — ¢(0) strongly in L?, so

(29) L0020 % [ 00)-0(0)

Next, we also know from Lemma 5 that V., — Vo strongly in L*([0, 7] x R?). Given
that Vv, — Vv weakly in L?([0,T] x R?), see relation (26), we infer that

T
(30) / / Ve, : Vo, Ek%o/ Vv : V.
0o Jr2

The nonlinear term also passes to the limit quite easily. We decompose

T T
/ / Vey, * vak *Pep = / / vvek 2 +/ / Vvsk . (,OEk — QO)
0 JR2 0o Jr2 R2

We know from (27) that v., — v strongly in L?(0,7T; L% ), from (26) that Vv, — Vv

loc

weakly in L?(0,T;L?). Recalling that ¢ is compactly supported and since we obviously
have that ¢ is uniformly bounded in space and time we can pass to the limit in the first
term on the right-hand side:

T ex—0 T
/ /vak-Vfugk-cpk—>/ /U-Vv-go.
0o JRr2 0 JR?

To pass to the limit in the second term we make an integration by parts and use
1 1

the Holder inequality, the Gagliardo-Nirenberg inequality | f[|s < C|f||Z:||Vf]?, and
Lemma 5

‘/ /RQUsk Ve, - (pe, — ¢ ‘_‘/ / Ve, @ Vg, (9061@_90)‘

< /0 ey 21V (e — )12

T
< 0/0 [ver |2 Ve, | 22|V (9e), — ) 22
1
<CTz ”UekHLOO(O,T;L?)H%kHLQ(O,T;Hl)H%k - SOHLoo(o,T;Hl)
er—0
=— 0.

We infer that

T erp—0 T
(31) / / Ve, - Ve, - Qe LA / / v-Vu- .
0 JR2 0o Jr2

The last term we need to pass to the limit is the term with the time-derivative. Thanks
to Lemma 6 we can bound

ELQ
| / / vey - (Oipey — Oup)da] < C / Jenrt o2 (X Ekuatsoum RO (1))

VInag,
|z, (1))

2
Ek aEk Ek‘aék

Y
Inae, " /In Ogy,

1
< CTz|v, HL2(0,T;H1) HSDHWLOO(O,T;LOO) maX(

er—0
=

0
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where we used (19). But we also have that

T er—0 T
/ / Ve, - Orp £ / / v - Opp
0 JR2 0 JRr2

so we can conclude that

(32)

0
/ / Ve, Orpe, T / / v - 0.
R2 R2

Gathering (28), (29), ( ) and (32), we conclude that

/ /sz atSO—l-l// /]RQVU Vgo—i—/ /sz Vu-p= /sz(()).gp(o)

which is the weak formulation of Navier-Stokes equations in R?. This completes the proof
of Proposition 1.
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