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Vanishing of the beta function Non Commutative Constructive Theory The parametric representation

Victory on the Landau ghost

Contrary to the initial expectations (Snyders, 1947...) noncommutativity of
space-time does not prevent infinities. φ?4

4 remains just renormalisable, with
still infinitely many primitively divergent graphs. However there is a big
improvement:

in the Moyal plane, the Landau ghost has disappeared!
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Ghost hunting

This result was obtained in steps

One loop: H. Grosse and R. Wulkenhaar,
The beta-function in duality-covariant noncommutative φ4-theory,
Eur. Phys. J. C35 (2004) 277–282, hep-th/0402093

Two and three loops: M. Disertori and V. Rivasseau,
Two and Three Loops Beta Function of Non Commutative Φ4

4 Theory,
Eur. Phys. J. C (2007) hep-th/0610224.

Any loops: M. Disertori, R. Gurau, J. Magnen and V. Rivasseau,
Vanishing of Beta Function of Non Commutative Φ4

4 to all orders,
Phys. Lett. B, (2007) hep-th/0612251
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The flows of λ and Ω

We must now follow two main parameters under renormalization group
flow, namely λ and Ω. At first order one finds

dλi

di
' a(1− Ωi )λ

2
i ,

dΩi

di
' b(1− Ωi )λi ,

whose solution is:

λ

Ω

0.5

1

1.5

2

2.5

3

0 100 200 300 400 500
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What happened

At Ω = 1 (selfdual point) the field strength renormalization compensates
the coupling constant renormalization so that λφ4 remains invariant.

Asymptotic safeness is truly a new unexpected phenomenon in NCQFT!
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The (φ̄ ? φ)?2
4 in the Matrix Base

We consider a slightly different model with complex (charged) fields, which
distinguishes left and right, because the proof is slightly easier to explain.
But it holds also for the real model. The action of the complex model is

S =

∫
φ̄(−∆ + x2 + µ0)φ+

λ

2

∫
φ̄ ? φ ? φ̄ ? φ

We work in the matrix base at Ω = 1 (because the flow for Ω goes
exponentially fast to Ω = 1 in the ultraviolet regime, see above).
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At Ω = 1

S =

∫
φ̄(−∆ + x2 + µ0)φ+

λ

2

∫
φ̄ ? φ ? φ̄ ? φ

= φ̄Xφ+ φX φ̄+ Aφ̄φ+
λ

2
φ̄φφ̄φ X = mδmn

Let Σ denote the amputated 1PI two point function (sum of two point
connected graphs which cannot be cut in two by removing a single line,
with external propagators omitted). The propagator at Ω = 1 is:

Cmn =
1

m + n + A
; G2,mn =

Cmn

1− CmnΣ(m, n)

7
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Death of the ghost

[G2,mn]−1 = m + n + A− Σ(m, n) ≈ (m + n)(1− ∂Σ) + (A− Σ(0, 0))

[G2,mn]−1 = m + n + A− Σ(m, n) ≈ (m + n)(1− ∂Σ) + Aren

One must prove β = 0 at all orders

Theorem: The equation:

Γ4 = λ(1− ∂Σ)2

holds (up to finite terms) at all orders of perturbation in the UV region.

The proof: inspired by the work of G. Benfatto and V. Mastropietro on
the Thirring model.
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The change of variables

Z (η, η̄) =

∫
dφd φ̄ e−(φ̄Xφ+φX φ̄+Aφ̄φ+λ

2
φφ̄φφ̄)+φ̄η+η̄φ

Let U = eıM . One performs the ”left” change of variables:

φ→ φU = φU φ̄→ φ̄U = U†φ̄

which leads to

∂η∂η̄
δ ln Z

δMba
= 0

9
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The Ward identities

One obtains the Ward identities:
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Dyson’s equations

φ φ =

p

φ

φ

φ

φ

φ
φ

G
4

G
4
(1) G

4
(2) G

4
(3)

φ

φ

+ +

φ

φ

φ φ
φ

φ

0

0

0

0

0

0

0

0
m

m

m

m

m

m

m

m

This is a classification of graphs (no combinatoric to check)!

The second term has one ”left tadpole insertion”. It vanishes after
mass renormalization.
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The first term

φ

φ

G
4
(1)

φ

φ

0

0
m

m

G 4
(1)(0,m, 0,m) = λC0mG2(0,m)G2,ins(0, 0; m)
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The first term, II

The Ward identity gives:

G2,ins(0, 0; m) = lim
ζ→0

G2,ins(ζ, 0; m) = lim
ζ→0

G2(0,m)− G2(ζ,m)

ζ

= −∂LG2(0,m)→

G 4
(1)(0,m, 0,m) = λ[G2(0,m)]4

C0m

G2(0,m)
[1− ∂LΣ(0,m)]

13



Lyon, September 2008, Lyon, September 2008 Vincent Rivasseau, LPT Orsay

Vanishing of the beta function Non Commutative Constructive Theory The parametric representation

The first term, II

The Ward identity gives:

G2,ins(0, 0; m) = lim
ζ→0

G2,ins(ζ, 0; m) = lim
ζ→0

G2(0,m)− G2(ζ,m)

ζ

= −∂LG2(0,m)→

G 4
(1)(0,m, 0,m) = λ[G2(0,m)]4

C0m

G2(0,m)
[1− ∂LΣ(0,m)]

13



Lyon, September 2008, Lyon, September 2008 Vincent Rivasseau, LPT Orsay

Vanishing of the beta function Non Commutative Constructive Theory The parametric representation

The third term

p

φ
φ

φ

φ

0

0m

m

=
pp

1PI 1PI CTlost

is obtained by opening the face p of G 4,bare
(3) = C0m

∑
p G 4,bare

ins (p, 0; m, 0,m)

But in the renormalized theory we must add the missing mass counterterm.

G 4
(3) = C0m

∑
p

G 4
ins(0, p; m, 0,m)− C0m(CTmissing )G 4(0,m, 0,m)

But one has CTmissing = ΣR(0, 0) = Σ(0, 0)− T L, hence one concludes:

G 4
(3)(0,m, 0,m) = −C0mG 4(0,m, 0,m)

1

G2(0, 0)

∂Σ(0, 0)

1− ∂Σ(0, 0)

14
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Death of the ghost

One puts G 4
(3) on the left side of Dyson’s equation:

G 4(0,m, 0,m)(1 + C0m
1

G2(0, 0)

∂Σ(0, 0)

1− ∂Σ(0, 0)
)

= λ[G2(0,m)]4
C0m

G2(0,m)
[1− ∂LΣ(0,m)]

and using C0m = 1/(m + Aren); G2(0,m) = 1/[m(1− ∂Σ) + Aren] one gets:

G 4

1− ∂Σ
(1− ∂Σ +

Aren

m + Aren
∂Σ) = λ[G2]4(1− ∂Σ)(1− m

m + Aren
∂Σ)

hence, since red terms are equal, amputating gives Γ4 = λ(1− ∂Σ)2 hence
β = 0!

15
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Non Commutative Constructive Field Theory

As discussed extensively, φ?4
4 has no Landau ghost

φ?4
4 cannot be treated through the ”classsical”, ”à la

Glimm-Jaffe-Spencer” cluster expansions (roughly because the
interaction is non-local).

The loop-vertices expansion solves this problem.

16



Lyon, September 2008, Lyon, September 2008 Vincent Rivasseau, LPT Orsay

Vanishing of the beta function Non Commutative Constructive Theory The parametric representation

Non Commutative Constructive Field Theory

As discussed extensively, φ?4
4 has no Landau ghost

φ?4
4 cannot be treated through the ”classsical”, ”à la
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Sketch of proof: constructive matrix model

Consider the matrix model

dν(Φ) =
1

Z (λ,N)
e−

λ
N

TrΦ?ΦΦ?Φdµ(Φ)

where dµ is the usual GUE measure.
We can rewrite it with an intermediate matrix field σ as

Z (λ,N) =

∫
dµGUE (σR)e

− Tr log(1⊗1+i
q

λ
N

1⊗σR)

H =
√

λ
N 1⊗ σR is self-adjoint!

17
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Loop vertices and trees

We define the loop vertex V by

V = − Tr log(1⊗ 1 + 1⊗ iH),

Expand the exponential as
∑

n
V n

n! . Then apply the ”swiss knife” forest
formula to get

Theorem

log Z (λ,N) =
∞∑

n=1

∑
T

{∏
`∈T

[ ∫ 1

0
dh`

∑
i`,j`,k`,l`

]}∫
dνT ({σv}, {h})

{∏
`∈T

[
δi`l`δj`k`

δ

δσ
v(`)
i`,j`

δ

δσ
v ′(`)
k`,l`

]}∏
v

Vv
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Uniform Borel Summability

Theorem
The previous series is absolutely convergent for λ small enough and Borel
summable uniformly in N.

Sketch of Proof Left indices provide a particular cyclic order at each loop
vertex. The σ field acts only on right indices, hence left indices are
conserved, and there is a single global N factor per loop vertex coming from
the trace over the left index. But there is a single trace over right indices
corresponding to turning around the tree with of a product of resolvents
bounded by 1!
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Example

An example of a particular tree on loop vertices:
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The parametric representation

There exists a compact formula for the amplitude of an amputated graph
G , called the parametric representation.

After Fourier transform we get in space-time dimension D (omitting the
trivial external propagators):

AG (p) =δ(
∑

p)

∫ ∞
0

e−VG (p,α)/UG (α)

UG (α)D/2

∏
l

(e−m2αl dαl) .

where UG and VG are the first and second ”Kirchoff-Symanzik”
polynomials.

Remark that space-time has disappeared and the dimension D is now a
parameter.
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The Kirchoff-Symanzik polynomials

UG =
∑

T

∏
l 6∈T αl ,

VG =
∑

T2

∏
l 6∈T2

αl(
∑

i∈E(T2) pi )
2 ,

where the first sum is over spanning trees T of G and the second sum is
over ”two-trees” T2, i.e. forests separating the graph in exactly two
connected components E (T2) and F (T2).

A  spanning tree A two-treeA graph
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Tree matrix theorem

The proof relies on Kirchoff’s tree matrix theorem:

Theorem Let A = Aij be an n by n square matrix with
∑

i Aij = 0 ∀j . and
let A11 = Aij , ij 6= 1, then

detA11 =
∑
T

∏
`∈T

A`

where the sum is over rooted trees with root at 1 (oriented away from 1).
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”Noncommutative Polynomials”

(R. Gurau, R. 2006)
Let cl = coth(αl

2 ) = 1/tl and tl = tanh(αl
2 ). Using sinhαl = 2tl/(1− t2

l )
we obtain

AG ,v̄ ({xe}, pv̄ ) = K ′
∫ ∞

0

∏
l

[dαl(1− t2
l )D/2]HUG ,v̄ (t)−D/2e

−
HVG ,v̄ (t,xe ,pv̄ )

HUG ,v̄ (t) ,

where HUG ,v̄ (t) is polynomial in the t variables and HVG ,v̄ (t, xe , pv̄ ) is a
quadratic form in the external variables (xe , pv̄ ) whose coefficients are
polynomials in the t variables.
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HU as a positive sum

The incidence matrix of a ribbon graph contains roughlly speaking twice as
many variables as for an ordinary graph.

HUG ,v̄ (t) =
∑
I ,J

ΩkIJ−2g (PfIJ)2
∏
`∈I

t`
∏
`′∈J

t`′

kIJ = |I |+ |J| − L− F + 1

where PfIJ is the Pfaffian of a certain antisymmetric matrix with integer
entries where lines and columns corresponding to two sets I and J have
been deleted.
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The g = 0 case

HUG ,v̄ (t) =
∑

J bitree

(2/Ω)2g(GJ)
∏
`∈J

t` + subleading terms

where a bitree J is a tree in the dual graph whose complement contains a
tree in the direct graph.
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The general case

In the general case J is a tree in the dual graph plus g additional pairs of
crossing lines but whose complement contains again a tree in the direct
graph.

This representation allows to define dimensional regularization and
renormalisation.
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Canonical Moves for Graphs

There are two ”universal” moves on the species of ordinary graphs

Deleting a line ` (G → G − `, V → V , L→ L− 1)

Contracting a line ` (G → G/`, V → V − 1, L→ L− 1)

But there are three ”universal” moves on the species of ribbon graphs

Deleting a line (V → V , L→ L− 1, F → F , g → g)

Contracting a line (V → V − 1, L→ L− 1, F → F , g → g)

Genus reduction, or deletion of a pair of ”crossing lines” (V → V ,
L→ L− 2, F → F − 1, g → g − 1). This third non trivial move
requires a reshuffling of the other lines.
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Canonical Topological Polynomials

There is a canonical polynomial in two variables on the species of ordinary
graphs, called the Tutte polynomial, completely defined by the two
properties:

if G has l 1PI lines (bridges) and m tadpoles (loops) and no other
edges, then T (G ; x , y) = x l ym

If ` is a line which is neither a 1PI line nor a tadpole, then
T (G ; x , y) = TG−e(x , y) + TG/e(x , y).

The Kirchoff-Symanzik polynomial is a multivariable version of Tutte
polynomial. A tree has only 1PI lines, hence TT (x , 0) = xL = xv−1, and for
a general connected G (without tadpoles) T (x , 0) =

∑
T∈G xv−1, where v

is the number of vertices.
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Canonical Topological Polynomials

There is a canonical polynomial in three variables on the species of ribbon
graphs, called the Bollobas-Riordan, or ”ribbon Tutte” polynomial,
discovered around 2001.

BRG (x , y , z) =
∑
J∈G

xv(G)−c(G)−v(J)+c(J)y l(J)−v(J)+c(J)z2c(J)−F (J)+l(J)−v(J)

c is the number of connected components

v is the number of vertices

l is the number of lines

F is the number of faces

so that for c(J) = 1, one recognizes z2g(J).
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c is the number of connected components

v is the number of vertices

l is the number of lines

F is the number of faces

so that for c(J) = 1, one recognizes z2g(J).
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Canonical Topological Polynomials, II

Our ”noncommutative” polynomials HUG is a particular multivariable
version of the Bollobás-Riordan polynomial.
These universal polynomials are used in graph coloring, knot theory,
matroids....
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