Renormalization Theory, IV

Vincent Rivasseau

LPT Orsay

Lyon, September 2008



Lyon, September 2008, Lyon, September 2008 Vincent Rivasseau, LPT Orsay
Vanishing of the beta function Non Commutative Constructive Theory The parametric representation

Victory on the Landau ghost



Lyon, September 2008, Lyon, September 2008 Vincent Rivasseau, LPT Orsay
Vanishing of the beta function Non Commutative Constructive Theory The parametric representation

Victory on the Landau ghost
Contrary to the initial expectations (Snyders, 1947...) noncommutativity of
space-time does not prevent infinities. ¢;* remains just renormalisable, with
still infinitely many primitively divergent graphs. However there is a big
improvement:
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Victory on the Landau ghost

Contrary to the initial expectations (Snyders, 1947...) noncommutativity of
space-time does not prevent infinities. ¢;* remains just renormalisable, with
still infinitely many primitively divergent graphs. However there is a big
improvement:

in the Moyal plane, the Landau ghost has disappeared!
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Ghost hunting

This result was obtained in steps

@ One loop: H. Grosse and R. Wulkenhaar,
The beta-function in duality-covariant noncommutative ¢*-theory,

Eur. Phys. J. C35 (2004) 277-282, hep-th/0402093
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Ghost hunting

This result was obtained in steps

@ One loop: H. Grosse and R. Wulkenhaar,
The beta-function in duality-covariant noncommutative ¢*-theory,
Eur. Phys. J. C35 (2004) 277-282, hep-th/0402093

@ Two and three loops: M. Disertori and V. Rivasseau,
Two and Three Loops Beta Function of Non Commutative ®3 Theory,
Eur. Phys. J. C (2007) hep-th/0610224.

@ Any loops: M. Disertori, R. Gurau, J. Magnen and V. Rivasseau,
Vanishing of Beta Function of Non Commutative ®7 to all orders,
Phys. Lett. B, (2007) hep-th/0612251
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We must now follow two main parameters under renormalization group
flow, namely A and Q. At first order one finds
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The flows of )\ and Q2

We must now follow two main parameters under renormalization group
flow, namely A and Q. At first order one finds

i Q;
dA ~a(l— Q)N | L,

i i

~ b(1 — Q)i ,

whose solution is:
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The flows of )\ and Q2

We must now follow two main parameters under renormalization group
flow, namely A and Q. At first order one finds

d\; dQ;
T~a(l-Q)N Sl ~b(1-Q)N
i di
whose solution is:
2.5 // A
15///
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At Q =1 (selfdual point) the field strength renormalization compensates
the coupling constant renormalization so that A¢* remains invariant.
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What happened

At Q =1 (selfdual point) the field strength renormalization compensates
the coupling constant renormalization so that A¢* remains invariant.

Asymptotic safeness is truly a new unexpected phenomenon in NCQFT!
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The (¢ x ¢);? in the Matrix Base

We consider a slightly different model with complex (charged) fields, which
distinguishes left and right, because the proof is slightly easier to explain.
But it holds also for the real model. The action of the complex model is

5= /czs AR+ )+ 2 /¢*¢*¢*¢
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The (¢ x ¢);? in the Matrix Base

We consider a slightly different model with complex (charged) fields, which
distinguishes left and right, because the proof is slightly easier to explain.
But it holds also for the real model. The action of the complex model is

5= /¢ AR+ )+ 2 /¢*¢*¢*¢

We work in the matrix base at Q = 1 (because the flow for Q goes
exponentially fast to Q2 = 1 in the ultraviolet regime, see above).
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At Q=1

S = /5(—A+X2+Mo)¢+%/$*¢*$*q§

_ _ I
= ¢X¢+¢X¢+A¢¢+§¢¢¢¢ X = mdmp
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At Q=1

s = [a-a4xsmors [Groxies
_ _ _ A- -
= ¢Xo+oXo+AdP+ SPppp X = momn

Let X denote the amputated 1Pl two point function (sum of two point
connected graphs which cannot be cut in two by removing a single line,
with external propagators omitted). The propagator at Q =1 is:

1 (@

= s A T T (mn)



Lyon, September 2008, Lyon, September 2008 Vincent Rivasseau, LPT Orsay
Vanishing of the beta function Non Commutative Constructive Theory The parametric representation

Death of the ghost

[627,,1,,]_1 =m+n+A—X(mn)~(m+n)(l-0%)+ (A—2(0,0))

[Gomn] P =m+n+A—X(m,n)~(m+n)(1—0%)+ Aren

@ One must prove # = 0 at all orders
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[627,,,,,]_1 =m+n+A—X(mn)~(m+n)(l-0%)+ (A—2(0,0))

[Gomn] P =m+n+A—X(m,n)~(m+n)(1—0%)+ Aren

@ One must prove # = 0 at all orders
@ Theorem: The equation:

My = \(1—-0%)?

holds (up to finite terms) at all orders of perturbation in the UV region.
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Death of the ghost

[627,,,,,]_1 =m+n+A—%X(mn)~(m+n)(l—-0%X)+ (A—%(0,0))

[Gomn] P =m+n+A—X(m,n)~(m+n)(1—0%)+ Aren
@ One must prove # = 0 at all orders
@ Theorem: The equation:
My = A\(1—0x%)?

holds (up to finite terms) at all orders of perturbation in the UV region.

@ The proof: inspired by the work of G. Benfatto and V. Mastropietro on
the Thirring model.
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The change of variables

Z(n,n) = / dodo o~ (BXS+dXI+AGH+ 3 6G6F)+n-+ild
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The change of variables

Z(n,n) = / dodo o~ (BXS+6XG+Add+% $ddF)+ I+l

Let U = e'™. One performs the "left” change of variables:
oo’ =0U ¢—4=U"
which leads to

3,78-5|nz _0

! 5Mba
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The Ward identities

One obtains the Ward identities:

0. 0
alp bu

(a-b) oL ° _
b7V blv
B D

10
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Dyson’s equations

@ This is a classification of graphs (no combinatoric to check)!

@ The second term has one "left tadpole insertion”. It vanishes after
mass renormalization.

11
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The first term

4
G(l)

G(1y(0, m,0,m) = AComG(0, m) G (0, 0; m)

12
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The first term, I

13
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Vanishing of the beta function Non Commutative Constructive Theory

The first term, I

The Ward identity gives:

G27,-,,s(0,0; m) = gh—n?o GZ,ins(Cvo; m) = CI'_n)qO G2(0, m) E Ga(¢, m)

= —0.Gy(0,m) —
Gy(0,m,0,m) = X[Ga(0, m)]* 2(C8:" )[1—8LZ(0 ,m)]

13
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The third term

) A
= b -oCE

is obtained by opening the face p of Gé’;’are = Com Zp G,i’sbare(p, 0; m,0, m)

14
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The third term

/GJ
D " 0 = o
-0 ~-CE
is obtained by opening the face p of Gé’;’are = Com Zp G,i’sbare(p, 0; m,0, m)

But in the renormalized theory we must add the missing mass counterterm.

Gé’) = C()m Z GIZ;S(O7 p; m, 07 m) - COm(CTmissing)G4(0, m, 07 m)
p

14



Lyon, September 2008, Lyon, September 2008 Vincent Rivasseau, LPT Orsay
Vanishing of the beta function Non Commutative Constructive Theory The parametric representation

The third term

is obtained by opening the face p of Gé’;’are = Com Zp G,i’sbare(p, 0; m,0, m)

But in the renormalized theory we must add the missing mass counterterm.

Gé’) = Com Z GIZ;S(O7 p; m, 07 m) - COm(CTmissing)G4(0, m, 07 m)
p

But one has CT pjssing = ¥R(0,0) = £(0,0) — T*, hence one concludes:

1 9%(0,0)
G»(0,0) 1 — 9%(0,0)

G(3(0,m, 0, m) = —ComG*(0, m, 0, m)

14
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Death of the ghost

One puts G(43) on the left side of Dyson’s equation:

1 9%(0,0)
G»(0,0) 1 — 9%(0,0)

= AGa(0. m)* o {1~ O (0, )

G4(07 m,O, m)(1+ Com )

and using Com = 1/(m + Aren); G2(0, m) = 1/[m(1 — OX) + Aren] one gets:

m
m ~+ Aren

G4
1-—0%

(1-0% + MaZ) = \[Go]*(1 — 9%)(1 —

)%
m + Aren )

hence, since red terms are equal, amputating gives [, = A(1 — 0X)? hence

5 =0l

15
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Non Commutative Constructive Field Theory
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@ As discussed extensively, ¢;* has no Landau ghost
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Non Commutative Constructive Field Theory

@ As discussed extensively, ¢;* has no Landau ghost

"

@ ¢;* cannot be treated through the "classsical”, "a la
Glimm-Jaffe-Spencer” cluster expansions (roughly because the
interaction is non-local).

16
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Non Commutative Constructive Field Theory

@ As discussed extensively, ¢;* has no Landau ghost

@ ¢;* cannot be treated through the "classsical”, "a la

Glimm-Jaffe-Spencer” cluster expansions (roughly because the
interaction is non-local).

@ The loop-vertices expansion solves this problem.

16
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Sketch of proof: constructive matrix model
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Sketch of proof: constructive matrix model

Consider the matrix model

1 _A * *
dl/((b) = me N Lo q>d/1/(q>)

where dy is the usual GUE measure.

17
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Sketch of proof: constructive matrix model

Consider the matrix model

1 _A * *
dl/((b) = me N Lo d>d,u(¢)

where dy is the usual GUE measure.
We can rewrite it with an intermediate matrix field o as

Z()\, N) = /dMGUE(UR)e_ Trlog(1®1+,'\/%1®gf?)

17
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Sketch of proof: constructive matrix model

Consider the matrix model

1 _A * *
dl/((b) = me N Lo d>d,u(¢)

where dy is the usual GUE measure.
We can rewrite it with an intermediate matrix field o as

Z()\, N) = /dMGUE(UR)e_ Trlog(1®1+,'\/%1®gf?)

H=\/A1@0R is self-adjoint!

17
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Loop vertices and trees
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Loop vertices and trees
We define the loop vertex V' by

V=—Trlog(1®1+1®iH),

18
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Loop vertices and trees
We define the loop vertex V' by

V=—Trlog(1®1+1® iH),

Expand the exponential as )~ V2 Then apply the " swiss knife” forest
formula to get

Theorem

IogZ()\N:i {ZT/Oth Z

n=1 ig:jeskesle

{ I Biasin 5y 5} TT

V(Z
leT 60—/@ Je 50—/{4 Iy

1} [ avrttoy. ta

18
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Uniform Borel Summability
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Uniform Borel Summability

Theorem
The previous series is absolutely convergent for A small enough and Borel
summable uniformly in N.

19
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Uniform Borel Summability

Theorem
The previous series is absolutely convergent for A small enough and Borel
summable uniformly in N.

Sketch of Proof Left indices provide a particular cyclic order at each loop
vertex. The o field acts only on right indices, hence left indices are
conserved, and there is a single global N factor per loop vertex coming from
the trace over the left index. But there is a single trace over right indices
corresponding to turning around the tree with of a product of resolvents
bounded by 1!

19
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Example
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Example

An example of a particular tree on loop vertices:

20
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Example

An example of a particular tree on loop vertices:

20



Lyon, September 2008, Lyon, September 2008 Vincent Rivasseau, LPT Orsay
Vanishing of the beta function Non Commutative Constructive Theory The parametric representation

The parametric representation
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The parametric representation

There exists a compact formula for the amplitude of an amputated graph
G, called the parametric representation.

21
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The parametric representation

There exists a compact formula for the amplitude of an amputated graph
G, called the parametric representation.

After Fourier transform we get in space-time dimension D (omitting the
trivial external propagators):

oo erG(pva)/UG(a)

Actp) =0 | S [Ttedar)

21
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The parametric representation

There exists a compact formula for the amplitude of an amputated graph
G, called the parametric representation.

After Fourier transform we get in space-time dimension D (omitting the
trivial external propagators):
e Va(p,a)/Ug(a)

o(p) =003 p) /o  Ug(a)P2 r,[<e""2“'da/> .

where Ug and Vg are the first and second " Kirchoff-Symanzik”
polynomials.

21
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The parametric representation

There exists a compact formula for the amplitude of an amputated graph
G, called the parametric representation.

After Fourier transform we get in space-time dimension D (omitting the
trivial external propagators):
oo o—Vg(p,a)/Ug(a)

Ac(p) =53 ) | et Ll 4.

0

where Ug and Vg are the first and second " Kirchoff-Symanzik”
polynomials.

Remark that space-time has disappeared and the dimension D is now a
parameter.

21
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The Kirchoff-Symanzik polynomials
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The Kirchoff-Symanzik polynomials

Us = Yorlligrau,
Ve = ZTg ngn a/(ZieE(B) Pi)2 )

22
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The Kirchoff-Symanzik polynomials

Us = Yorlligrau,
Ve = ZTQ H/gzn a/(ZieE(Tz) Pi)2 )

where the first sum is over spanning trees T of G and the second sum is
over "two-trees’ T, i.e. forests separating the graph in exactly two
connected components E(T3) and F(T3).

22
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The Kirchoff-Symanzik polynomials

Us = Yorlligrau,
Ve = ZTQ H/ngg a/(ZieE(Tz) Pi)2 )

where the first sum is over spanning trees T of G and the second sum is
over "two-trees’ T, i.e. forests separating the graph in exactly two
connected components E(T3) and F(T3).

<) 1

A graph A spanning tree A two-tree

22
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Tree matrix theorem
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Tree matrix theorem

The proof relies on Kirchoff's tree matrix theorem:
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Tree matrix theorem

The proof relies on Kirchoff's tree matrix theorem:

Theorem Let A= Aj; be an n by n square matrix with ) _; Aj = 0 Vj. and
let At = Ay, ij # 1, then

detA™ =Y "] A

T (eT

23
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Tree matrix theorem

The proof relies on Kirchoff's tree matrix theorem:

Theorem Let A= Aj; be an n by n square matrix with ) _; Aj = 0 Vj. and
let At = Ay, ij # 1, then

detA™ =Y "] A

T (eT

where the sum is over rooted trees with root at 1 (oriented away from 1).

23
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" Noncommutative Polynomials”
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" Noncommutative Polynomials”

(R. Gurau, R. 2006)
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”Noncommutative Polynomials”

(R. Gurau, R. 2006)
Let ¢; = coth($!) = 1/t and t; = tanh($!). Using sinh oy = 2t;/(1 — t7)
we obtain

24
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”Noncommutative Polynomials”

(R. Gurau, R. 2006)
Let ¢; = coth($!) = 1/t and t; = tanh($!). Using sinh oy = 2t;/(1 — t7)
we obtain

HV¢ y(txe,py)

A v({xe}, pv)_K’/ H[da/(l £2)0/2]HUG ()P 2e W7

24
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”Noncommutative Polynomials”

(R. Gurau, R. 2006)
Let ¢; = coth($!) = 1/t and t; = tanh($!). Using sinh oy = 2t;/(1 — t7)
we obtain

HV¢ y(txe,py)

AG v({Xe} Pv = / H[da/(l tl D/Z]HU (t) D/2 W7

where HUg (t) is polynomial in the t variables and HV; v(t, X, py) is a
quadratic form in the external variables (xe, py) whose coefficients are
polynomials in the t variables.

24



Lyon, September 2008, Lyon, September 2008 Vincent Rivasseau, LPT Orsay
Vanishing of the beta function Non Commutative Constructive Theory The parametric representation

HU as a positive sum
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The parametric representation

HU as a positive sum

The incidence matrix of a ribbon graph contains roughlly speaking twice as
many variables as for an ordinary graph.

HUGV ZQkU 2% Pf/J 2Htg H tor

Lel ted
k,J=|/y+|Jy—L—F+1

where Pfj; is the Pfaffian of a certain antisymmetric matrix with integer

entries where lines and columns corresponding to two sets / and J have
been deleted.

25
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The g =0 case
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The g = 0 case

HUgo(t) = > (2/Q)%() [ te + subleading terms
J bitree led

where a bitree J is a tree in the dual graph whose complement contains a
tree in the direct graph.

26
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The general case
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The general case

In the general case J is a tree in the dual graph plus g additional pairs of
crossing lines but whose complement contains again a tree in the direct

graph.

27
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Vanishing of the beta function Non Commutative Constructive Theory

The general case

In the general case J is a tree in the dual graph plus g additional pairs of
crossing lines but whose complement contains again a tree in the direct

graph.
This representation allows to define dimensional regularization and

renormalisation.
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Canonical Moves for Graphs

28



Lyon, September 2008, Lyon, September 2008 Vincent Rivasseau, LPT Orsay
Vanishing of the beta function Non Commutative Constructive Theory The parametric representation

Canonical Moves for Graphs

There are two "universal’ moves on the species of ordinary graphs
@ Deletingalinel (G—-G—-¢, V-V, L—-L-1)
o Contracting aline¢ (G — G/¢, V-V -1, L—L-1)
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Canonical Moves for Graphs

There are two "universal’ moves on the species of ordinary graphs
@ Deletingalinel (G—-G—-¢, V-V, L—-L-1)
o Contracting aline¢ (G — G/¢, V-V -1, L—L-1)
But there are three "universal” moves on the species of ribbon graphs
o Deletingaline(V—-V,L—-L-1F—F, g—g)
o Contracting aline(V—-V -1, L—-L—-1F—F, g—g)

@ Genus reduction, or deletion of a pair of "crossing lines” (V — V,
L—-L—-2 F—F—1 g— g—1). This third non trivial move
requires a reshuffling of the other lines.
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Canonical Topological Polynomials

There is a canonical polynomial in two variables on the species of ordinary
graphs, called the Tutte polynomial, completely defined by the two
properties:
@ if G has / 1PI lines (bridges) and m tadpoles (loops) and no other
edges, then 7(G;x,y) = x' y™
@ If / is a line which is neither a 1PI line nor a tadpole, then
T(G;x,y) =Te—e(x,y) + Tg/e(x, y)-
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Canonical Topological Polynomials

There is a canonical polynomial in two variables on the species of ordinary
graphs, called the Tutte polynomial, completely defined by the two
properties:

@ if G has / 1PI lines (bridges) and m tadpoles (loops) and no other
edges, then 7(G;x,y) = x' y™

@ If / is a line which is neither a 1PI line nor a tadpole, then
T(Gix,y) = To—e(x,¥) + Tg/e(x, )

The Kirchoff-Symanzik polynomial is a multivariable version of Tutte
polynomial. A tree has only 1Pl lines, hence 77(x,0) = xt = x"_l, and for
a general connected G (without tadpoles) 7(x,0) = > ;. x“ ", where v
is the number of vertices.
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Canonical Topological Polynomials

There is a canonical polynomial in three variables on the species of ribbon
graphs, called the Bollobas-Riordan, or "ribbon Tutte” polynomial,
discovered around 2001.

Z xV (J)+c(J)yI(J)—v(J)+c(J)Z2c(J)—F(J)+I(J)—v(J)
JeG

BRG(x,y,z
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Canonical Topological Polynomials

There is a canonical polynomial in three variables on the species of ribbon
graphs, called the Bollobas-Riordan, or "ribbon Tutte” polynomial,
discovered around 2001.

Z xV (J)+c(J)yI(J)—v(J)+c(J)Z2c(J)—F(J)+I(J)—v(J)
JeG

BRG(x,y,z

@ c is the number of connected components
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Canonical Topological Polynomials

There is a canonical polynomial in three variables on the species of ribbon
graphs, called the Bollobas-Riordan, or "ribbon Tutte” polynomial,
discovered around 2001.

BRg(x, y, 2 ZX G)=v()+eld) () =v(I)+e()) 2e()=F)+(J)=v(J)

JeG

@ c is the number of connected components

@ v is the number of vertices

30



Lyon, September 2008, Lyon, September 2008 Vincent Rivasseau, LPT Orsay
Vanishing of the beta function Non Commutative Constructive Theory The parametric representation

Canonical Topological Polynomials

There is a canonical polynomial in three variables on the species of ribbon
graphs, called the Bollobas-Riordan, or "ribbon Tutte” polynomial,
discovered around 2001.

Z xV (J)+c(J)yI(J)—v(J)+c(J)Z2c(J)—F(J)+I(J)—v(J)
JeG

BRG(x,y,z

@ c is the number of connected components
@ v is the number of vertices

@ [ is the number of lines
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Canonical Topological Polynomials

There is a canonical polynomial in three variables on the species of ribbon
graphs, called the Bollobas-Riordan, or "ribbon Tutte” polynomial,
discovered around 2001.

BRe(x, v,z ZX )=V +e(d) 1) =v(d)+ed) 2e()=FU)+I()=v(J)
JeG

@ c is the number of connected components
@ v is the number of vertices
@ / is the number of lines

@ F is the number of faces

so that for ¢(J) = 1, one recognizes z%8(J).
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Canonical Topological Polynomials, Il
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Canonical Topological Polynomials, Il

Our "noncommutative” polynomials HUg is a particular multivariable
version of the Bollobas-Riordan polynomial.
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Canonical Topological Polynomials, Il

Our "noncommutative” polynomials HUg is a particular multivariable
version of the Bollobas-Riordan polynomial.

These universal polynomials are used in graph coloring, knot theory,
matroids....
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