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ABSTRACT

This paper concerns the mathematical justification of a macroscopic
Baer—Nunziato PDE bifluid system with a physical relaxation term that is
linked to the two viscosities and the two pressure laws of the two compress-
ible phases of the fluid which may be different. This is achieved using an
homogenization approach in a periodic framework from a mesoscopic PDE
description of two immiscible compressible viscous fluids with interfaces
and no mass transfer. Our result extends the work in Bresch D, Hillairet M.
[Note on the derivation of multi-component flow systems. Proc Am Math
Soc. 2015;143:3429-3443] by allowing to consider different pressure laws
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for each component introducing an order parameter. This paper is comple-
mentary to the recent work [Bresch D, Burtea C, Lagoutiére F. Mathemat-
ical justification of a compressible bi-fluid system with different pressure
laws: a semi-discrete approach and numerical illustrations. Submitted 2021]
which focuses on a semi-discretized approach and numerical illustrations.
These two papers correspond to the extended versions of the document
arXiv:2012.06497.
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1. Preface

Andro Mikeli¢ was a world-renowned specialist in homogenization and flows in porous media. Andro
was one of the first to invite D. Bresch to Lyon to discuss fluid mechanics and homogenization while
sharing a good time for diners when D. Bresch was fresh out of his PhD thesis: these moments of
sharing counted a lot in his way of seeing science and he never hesitated to interview Andro for his
encyclopedic knowledge in homogenization and porous media. Andro Mikelic was full professor at
ICJ Université Claude Bernard (Lyon) where this work has been done when C. Burtea was post-doc
with E Lagoutiére (also at ICJ) and D. Bresch (CNRS, Univ. Savoie Mont Blanc). For the authors, this
is an honor and a real pleasure to write a paper on homogenization for compressible viscous fluids in
the memory of our friend and colleague Andro.

2. Introduction

In this paper, we propose to present the rigorous mathematical justification, in a one space dimension
domain €, of a single velocity two-phase flow model with two different pressure laws. We consider
1-periodic initial data without loss of generality and denote the domain = T! = (0, 1). This work
follows a methodology proposed in a paper by the first author with M. Hillairet (see [1]) on the

CONTACT Didier Bresch @ didier.Bresch@univ-smb.fr
This paper is dedicated to the memory of our friend and colleague Andro Mikeli¢.
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justification of a one velocity Baer-Nunziato type models, with a joint pressure to both phases. We
recall that this classical model for multi-phase flows has been derived in [2]. A generalization to
consider two possible different pressure laws asks for new existence results of solutions d la Hoff
(intermediate regularity) on compressible Navier-Stokes with pressure depending on two quanti-
ties: one satisfying an advective equation and the other a transport equation. It is then necessary to
introduce a homogenization parameter and to justify a two-scale asymptotic towards an underlying
kinetic model. We obtain the two-phase limit model from the characterization of the defect measures
satisfying this kinetic equation under initial hypothesis using a good control of the space deriva-
tive of the velocity even if the other unknowns are only bounded. Note that other possible formal
derivation of multiphase flow models (including two-velocity models) exists for instance derivation
by least action principle (see [3]), averaging approach in the spirit of Shii-Hibiki and Drew Passman
(see [4,5]).

More precisely, we perform homogenization in one space dimension starting with two compress-
ible fluids (each with its own pressure law and constant viscosity) governed by the Navier-Stokes
equations separated by an interface. Assuming continuity of the velocity and continuity of the stress
at the interface, we can write the system as a single system with a pressure depending on an order
parameter function advected by the flow that is used to distinguish the different fluid phases and
depending on the density. This provides a pressure law depending on two quantities. Note that our
method presented here has been extended recently in [6,7] to cover physical situations taken into
account surface tension quantities. We also refer the reader to our recent paper [8] where we tackle
the question of obtaining a bi-fluid PDEs-model from an ODEs mesoscopic description.

By considering that the mixture of these fluids is the limit of situations where the fluids are sepa-
rated by interfaces (multi-fluid approach at the mesoscopic scale) butat ¢ = 1/ scale more and more
fine, we obtain a system satisfied by the limit n — o0, for which we have a formula to calculate the
pressure of the mixture, as well as an equation for the volume fraction of each component with a com-
pletely justified relaxation term including the difference of phasic pressures. We focus in this note on
the two-component case but the result generalizes to the multi-component case. These results render
mathematically rigorous the formal computations that can be found for example in [9-12] by avoid-
ing formal closure hypothesis for the relaxation term. In some sense, deriving one-velocity multi-fluid
systems turns them into a homogenization problem for a mono-fluid equation with oscillating-
concentrated initial data. The derivation of systems with highly oscillating-concentrated density has
been first studied in the one dimension in space case by W. E. [13], D. Serre [14] in parallel with A.A.
Amosovand A.A. Zlotinkov [15] for instance. Recently, P. Plotnikov and I. Sokolowski [16] on the one
hand and D. Bresch and M. Hillairet [1,17] on the other hand have investigated the multi-dimension
in space case. More precisely, the first authors consider compressible Navier-Stokes equations with
constant viscosities with rapidly oscillating boundary data. Working on global weak solution in the
spirit of Leray, using Young measures theory, it is possible to derive kinetic equations (see Lions
et al. [18] for an introduction on kinetic equations) which encode the mixing dynamic. However,
as explained in [1,17,19-21], multifluid systems are interpreted as reduced systems satisfied by par-
ticular Young measure (namely convex combinations of a finite number of Dirac masses) solutions of
the homogenized compressible Navier-Stokes equation. Proving propagation of the number of Dirac
masses in Young measure solutions to this homogenized equation is then the key point to derive the
multi-fluid system with new relaxation terms. This requires to work with solutions with intermediate
regularity (see D. Hoff [22] and B. Desjardins [23] for the definition) namely with initial density in
L*®(2) and initial velocity in H!(€2). The macroscopic model is derived by sending the number # to
infinity and computing a limit system. Letting # go to infinity, we mathematically justify the following
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system in the periodic setting:

oo
Opfl— + O [y
Or(a+p+) + 0y (@xpru) =0, (1)
3 (pu) + Ox (pu?) — (e Oxtt) + Oxper = 0,
ayta- =1, p=oarpyt+ap,

where

_ Mg 1 — o pr(p)p— +a_p_(p-) 1+
Heff = —————————, Deff = (2)
Op b + Oy apph— +o_ g
with s = p1(x) and s — p_(x) two given monotone pressure laws that may be different for each

component satisfying

1
Pt € C'([0,400)) such that p+£(0) =0 and ays’=7 1 — by < Piis) < a—s”i_1 + by (3)
+

for some constant y4+ > 1 and a4 > 0, by > 0 and 4 two positive given constant viscosities that
may be different for each component and where the stress o and o_ are given through the formula:

o+ = —U+0xu + p+(p+). 4)

This paper is divided into three main parts: (1) statement of the main result, (2) well-posedness of
a bifluid system, (3) derivation of the Baer-Nunziato system (1)-(4) with relaxation term. In some
sense, we rigorously derive a relaxation system of the usual inviscid Baer-Nunziato with the alge-
braic closure equilibrium by taking into account the viscosity effect, the novelty being to take care of
the dependency with respect to two scalar unknowns. To derive (1), we follow the lines introduced
by Bresch and Hillairet [17]: global well-posedness of the initial system and then homogenization
process with characterization of the Young measures family.

Remark 2.1: Note that formally, if 44 and p_ tend to zero in (1) we get the Kapila inviscid
Baer-Nunziato system with the algebraic closure equilibrium

p+ (o) =p—(p-),
9o + 0x (pu) = 0,
0t (pu) + Oy (,0”2) + xp+(p+) =0,
or +a_ =1, p=oappyrt+toa_p_.

(5)

See for instance the recent work [24].

This paper is organized into three main parts. In Section 2, we present the statement of the main
result. In Section 3, we investigate a model which is a bifluid system to prove global existence and
uniqueness of solution a la Hoff. Then in Section 4, we explain the link of a mixture system at
mesoscale with the system studied on the second part and then we perform a homogenization pro-
cess following the methods developed by D. Bresch and M. Hillairet to rigorously justify the bifluid
system (1) with a relaxation term link to the two viscosities and the two pressure laws.

3. Statement of the main result

Let us consider two immiscible compressible fluids that are separated by an interface and denote the
quantities with + or — depending on whether we are in the part of fluid + or the part of fluid —. We
introduce a parameter ¢ which takes the value 1 in Q2 and 0 in Q_. We assume the velocity field to



4238 (&) D.BRESCHETAL.

be continuous at the interface so that the velocity field in the part + and the part — are restrictions of
a velocity field u which is defined on the whole space. Denoting Q = Q4 U Q_, we assume that the
color function c is transported by the velocity field of the fluid namely

dic+udyc=0 inQ with c(l—¢)=0 a.e.
Then we assume the following equations with the same velocity u for each component:

3 (pyu) + Ox(py1) — pyZu+ dpr(pr) =0, py + u(pru) =0 inQy
and
r(p—) + 0x(p-1’) — pyFu+p_(p-) =0, p_ +0(p_u) =0 inQ_

where p and p_ are respectively defined in €24 and Q_. The densities p; and p_ are extended by
0 in 2 keeping the same notations p, and p_. Writing the equations satisfied by cp4 and (1 — ¢)p—
and assuming continuity of the stress o4 = —pu 4951 + p+(p+) at interfaces, we can write the full
system in the unified equations:

3r(pu) + 0x(pu’) — dx((cpiy + (1 — O pu—)dxu) + dx(cp+(p) + (1 — )p—(p)) =0,
with
0+ 0x(pu) =0in 2, p =cpt + (1 —0)p-.
In conclusion, we have the following system:

0r¢c + udyc =0withc(l —¢) =0,
dp + dx(pu) = 0, (6)
i (pu) + 0x(pu?) — dx((cpy + (1 — Opu—)0xu) + 0x(cp1(p) + (1 — p—(p-)) =0,

with the initial condition
plt=o = po>  clt=0 = co»  ult=0 = Uo. )
Note that such a system is included in the one studied in Section 3 choosing
u@@) =cuy + L —=op—, plp,c) = py(p)c+ p—_(p)(1 —o).

More precisely in Section 4, we prove the existence Theorem 4.1 with intermediate regularity. Using
this existence result, a multi-phase fluid can be represented by solutions (p, ¢, u) with (p,¢) that
oscillate widely in space. Following the formalism introduced by the first author and M. Hillairet,
we compute a macroscopic system for multiphase fluids by introducing a parameter n encoding the
oscillation scale in the initial data. The scheme we have in mind is to set:

co(x) = co(nx),  pg = co(nx)p4,0(x) + (1 — co(nx)) p—p(x),  uy(x) = uo(x) (8)
where ¢ is a fixed 1-periodic profile and p o, p— ¢ are bounded 1-periodic initial data such that
c0ef0,1, 0<M'<py <M, luollpr 1y < C < 400 9)

Denoting (u") = d;u" + u"d,u", Theorem 4.1 provides a global existence result of a unique solution
(p", ", u") satistying uniformly with respect to n the following bounds on [0, T]:

e The Energy defined for t € (0, T)

1pn(un)2 1 t pl
f 4 / ("Ha(p™) + (1= H_ (o) + / / B D"y
0 0 0 J0
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1 2 1
- /O ol /0 (cBH4 (o) + (1 — cHH-(0]))

where, denoting p a reference density, we have

n

0
Hy(p") = p”ﬁ p(s)/s* ds.

I3
e The bounds on the density p" and the values on ¢”
C(D) ' <p'(t,x) <C(T), '(tx) €{0,1}.

e A first estimate in the spirit of Hoff solutions for t € (0, T)

1 1 t 1 .
3 / (™) (@u™)* + f / p" ()’ < C(T).
0 0 JO

e A second estimate in the spirit of Hoff solutions for t € (0, T)
1 1 .2 1 t pl ; -2
| «k@®pW) + - i () p(c") (Bxu™)” < C(T)
2Jo 2Jo Jo

and some bounds on the velocity

|u HLOO((O,I)X’]Tl) + [ HHl((O,l)le) =CM

and

< C(T)

1
k2 (0u™ (1), 0, u™ (¢
| @ o), e 1) o, S

for all t € [0, T] where « (t) = min{¢, 1}. It remains to let n tend to +00 to show the convergence to
the bifluid system (1)-(4) under assumptions on the initial data sequence. More precisely we prove
the following theorem.

Theorem 3.1: Let us consider p4 and p_ two given monotone pressure laws satisfying (3) and assume
the initial data satisfy (8) and (9). Then there exists a unique global solution (p",c", u") e (o) Of the

compressible Navier-Stokes equations (6) with the initial data (8) satisfying uniformly with respect to n
the bounds given above. Let O be defined by

(O b) = /T b pf (0, ch ) dx

for all b € Co(TL x Rg x R,)) where the indices precise on which variable x,&,n the domains apply.
Assume there exists (010, d— 0, p+,0, P—0) € L%°(T") such that

(©0,b) — (©°,b) = /T (@0 b5 1.0, 1) o gb(3 p-0(,0)) dx

forallb € C.(T. x Re x Ry). Then there exists (oy, c—, py, p—) € L°((0, T) x TY) such that, up to
a subsequence, for all b in C(TL x Rg x R,)

(®", b) =f b(x, p"(t,x),c"(t,x)) dx — (O, b)
T!
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= / (a+ b(x, p4(t,%),1) + a—pb(x, p_(t, %), 0)) dx.
'I[‘l

In particular, up to a subsequence,
p" = oy pt + a_ p_ weakly star in L°((0, T) x T
p(p", c") = aypi(py) + a_p_(p_) weakly star in L°((0, T) x T")
along with
" —~u inHYO,T) x T
and (a4, 00—, p4, p—, u) satisfy (1)-(4) with the initial conditions
Q+|i=0 = ai, P+lt=0 = Pi) Uli=o = ul.

The existence result concerning the sequence of solutions will be a direct consequence of
Theorem 4.1 in Section 4. The homogenization procedure will be justified in Section 5.

Remark 3.1: Let us remark that
1 1

et =77 = @ o
(5) w i

peit = 1 <£> _ 1 <01+P+(,0+) " Ol—P—(,O—))
¢ <;l¢> wl S+ [t e

where (f) = fol f(r)dr with oy the volume fraction of the phase + and o~ =1 — a4 the vol-
ume fraction of the phase —. The first formula is similar to the effective coefficient obtained by E
Murat and L. Tartar in 1971 for oscillating elliptic equation problem in one space dimension namely
Ox (U8 0xuf) = F'(x) with u® (0) = u®(1) = 0. The second expression is similar to the effective term we
will get if we study the equation —d,(u®d,u® — p®) = F'(x) with F regular with 4°(0) = u®(1) =0
and with two oscillating functions ;.* and p®. Namely we calculate
&
ou® = —F % + %

el 2
(e v

4. Global well posedness of a bifluid system

and

and passing to the limit

which gives

In this section, we study the following one-dimensional system:
0+ uoyc =0,
dtp + dx (pu) =0, (10)
0 (pu) + Ox (puZ) — Ox(u(c)dxt) + Oxp = 0,

where p is the density, u the velocity field and ¢ is the mass fraction which denotes the relative weight-
ing for each fluid component associated to a generalized pressure p = p(p, ¢) > 0. This unknown will
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be the order parameter tracking the mixing of the fluid components in the sequel of the paper. We
supplement (10) with periodic initial data (o, po, t9) on (0, 1) for which

co € L®(T") such that 0 < inf ¢y < ¢o(x) a.e.on (0,1);
0o € L(T!) such that 0 < inf pg < po(x) a.e.on (0,1);
00
G (po, co) € L' (T") with G(po, co) = ,00/ p(s, co)/s*ds;
0
Uup € H1 (Tl) .

(11)

Such a system is considered in [25] with density/mass fraction-dependent viscosities. It is also consid-
ered recently in [26,27] with constant viscosity. Note that the mentioned works concern the existence
of global weak solution a la Leray. As recalled in the introduction, we are more interested in solu-
tions with intermediate regularity namely L> bounds on the density/mass fraction and H' bound
on the velocity field. So, we want to establish/generalize the Cauchy theory of Hoft-Desjardins (see
for instance [22,23]) in the case of the classical compressible Navier—Stokes system with constant
viscosity.

Let us start with the hypothesis on the pressure and the viscosity functions that we consider. We
are interested in pressure functions p € C!([0,00) x [m, M]) and viscosity functions u € C!([m, M])
where M = sup| ;) co < +00 and m = inf[g,1) cp > O that verify:

e Hypothesis 1:

P(P> >0, u() = pmin >0 (12)
e Hypothesis 2: for any finite p > 0 we have
o
p/ p(s;c) ds < o0. (13)
0 S
e Hypothesis 3: there exists a constant Cy such that:
p(p;0) = Colp + G(p,0))s (14)
where
0
G(p,0)=p / p(sz,c)ds‘
0 S
e Hypothesis 4:

pdip (p,c) € Ly, ([0,00) x [0,1]). (15)
We are in the position of stating the first result of this paper

Theorem 4.1: Consider a functionp € C*([0,00) x [m, M]) and . € C* ([0, M]) verifying the hypoth-
esis (12)-(15). Also, consider (co, po, Uo) as in (11). Then, there exists a unique weak solution (c, p, u)
with

¢p € C([0,00); L5 (T')),  u e L™ ([0,00); HA(TY)), dyu € L*([0,00) x T').

Moreover, for any T > 0, there exists a constant C(T) that depends only on the norms of the initial data
and T such that the following uniform bounds hold true:

1 2 1 t pl 1 2 1
/ﬂ+/ G(p,c>+//u(c>(axu)25/ M+[ G (p0>c0).» (16)
0o 2 0 0 Jo 0o 2 0
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1nf co(x) <c(t,x) < sup co(x), (17)
x€ x€[0,1]
C(DH™ <ptx) <C(D), (18)
1 t 1
; fo (O B + /0 /O pi < C(T), (19)
1 1 1 t 1
3 /0 K () pir® + 3 /0 /0 K () () (3xi)* < C(T), (20)
lull oo 0,1y x Ty + Ul 0,1 <1y < C(T), (21)
1! 2@ua(t), 0xu(®) | 12 100 r1yy < C (D) (22)

forallt € [0, T] where k (t) = min{t, 1}.

Local-in-time existence and uniqueness of classical solutions to (10), with a blow-up criterion,
follow from a standard Lagrangian transformation. To extend these solutions into Hoff-Desjardins
solutions, the most important part is to prove that they satisfy uniform estimates related to
Hoff-Desjardins’ regularity. This yields existence of Hoff-Desjardins solutions for smooth initial data.
For initial data with bounded initial density/mass fraction and H! initial velocity field, a compact-
ness argument then shows that a sequence of solutions for regularized initial data converges to the
expected solutions. In this paper, we skip the proof of the classical solutions to the system with reg-
ular initial data. We focus on the uniform estimates related to Hoff-Desjardins regularity and to the
stability result allowing to relax the regularity of the initial data.

4.1. The proof of Theorem thm4.1

This section is devoted to the proof of the existence result. It is divided into eight parts. From the
first part to the sixth part, we focus on the uniform estimates on classical solutions in the sense
of Hoff-Desjardins’ regularity. In the remaining parts, we prove a stability result allowing to relax
the regularity of the initial data and we also provide a uniqueness result of solutions. Through-
out the section, the functions p € C([0,00) x [0,M]) and p € C1 ([0, M]) are given and verify
Hypothesis (12)-(15).

4.1.1. A-priori estimates
In this section, we suppose that we are given a positive T > 0 and a triplet (c, p, u) regular enough
such that the computations make sense.

Proposition 4.1: Consider (c, p, u) a classical solution to the system (10) with initial data (co, po, Uo)
verifying the lower bounds of (11). Then there exists a constant C(T) which depends only on
16 gy 00l zoo (ys 111/ poll oo (my» and T such that the following uniform bounds hold true:

1
/—+/ G(p,c)+f/u<c)<axu>2 /”“ 0 /cho,co), (23)

mf co(x) <c(t,x) < sup co(x), (24)
xe x€[0,1]
C( ' <ptx) <C(D), (25)
1 t pl
L / 1(©) Bt + / / pil < C(T), (26)
2Jo 0Jo

1 1 D 1 t 1 )
—/ K (t) pu +—//K(l‘)u(6) (Ox)” < C(T), (27)
2 Jo 2Jo Jo



APPLICABLE ANALYSIS (&) 4243

el oo 0,1y x Ty + Ul E1 (0,1 <1y < C(T), (28)
[ic!2 @ru(8), 351 | g gigoeryy < C (D) (29)

forallt € [0, T] where k() = min{¢, 1}.

The objective of the next sections is to prove the above proposition. For conciseness, we introduce
in the following computations the symbol C to denote a universal constant. It may vary from line to
line.

4.1.2. Conservation of mass and energy estimate (23)
First of all, let us observe that integrating over [0, 1] the equation satisfied by p leads to

1 1
/ o (t,x)dx = / 0o (x) dx.
0 0

We denote by M the total mass of the fluid:

) 1 1
M, "= / po(x) = / p (t,%) dx. (30)
0 0

Next, let
H:[0,00) x [m,M] - R

be a C!-function. Multiplying the first equation of (10) with 3,H(p, c), the second equation of (10)
with 9, H(p, ¢) and adding up the results we get that

3H + udH + pd; Hou = 0, (31)
which also writes
0:H + 0,(uH) + (p01H — H)d,u = 0. (32)

Next, multiplying the second equation of (10) with u?/2, the last equation with u, adding up the
resulting identities and using (32) we are lead to

d 1 |u|2 1
5 (” +G<p,c>)+/ 1(c)|dxul* = 0, (33)
tJo 2 0
where
0
Gpo=p [ L5%s
0 §

Thus after time integration of (33) we get that

1 2 2 1
E(t):=/0 p';" +/O G(p,c>+/fu(c>|axu| / poluol” +/0 Glpnco).  (34)

In what follows, we denote

12 1
def. pou
Ey ;/ 2 +/ G (05 €0) (35)
o 2 0

The above computations show the validity of estimate (23).
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4.1.3. Thel?(0, T;L%(T"))-control on the velocity

Following the arguments introduced by P.-L. Lions in [28] we may recover an L?(0, T; L*(T'))-control
on the velocity with the help of the energy inequality (34). For the sake of completeness, let us
reproduce here the arguments leading to such an inequality. First, we write that

u(t,x) —u(t,y) = /x oyu (t,z) dz,
y

so that integrating in y yields

1 1 X
u(t, x) —f u(t,y)dy:f / oxu (t,z) dzdy.
0 0 Jy

Let us multiply the above relation with p (¢, x), integrate it with respect to x and recall the mass
conservation relation (30) to conclude that:

1 1 1 1 1 px
f ou(t,x)dx — [ po(x)dxf u(t,x)dx = f (p (t,x) f / oxu (t,2) dzdy) dx.
0 0 0 0 0o Jy

From the above relation, we get that

1 1 1 1 px
/ u(t,x)dx = L/ pu(t,x)dx + L'/ 0 (t,x)f / Oxu (t,z) dzdy | dx. (36)
0 My Jo My Jo 0o Jy

With straightforward arguments to bound the right-hand side of this inequality with (23), we
conclude that for all t € [0, T}, it holds true that:

t 1 2 _ t 1
,x)dx Cl|— Ey.
/O (-/O u(t X) > = <M0 * Mmin) °

Of course, as one has that

1
lu Mgy < C <'/ u(t,x)dx‘ + ||8xu||L2(T1))
0

one obtains that

llull? < c( T + ! )E
u 3 = — 0
L12(0.T:HY) M Mmin

and using the embedding H!(T) < L>(R) we get that
1

— T 1 2
”u”Ll(O’T;LOO(R)) < ﬁ”u”LZ(O)T;Lm(T)) < C TEQ _M + . (37)
0 Mmin
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4.1.4. The Lagrangian variable
Let us consider the flow generated by u:

t
X[(x)=x+/ u(t,X; (x))dt Vt>0 VxeR (38)
0
and observe that
0X; t X,
— @ =14+ Ou(r,X; (%) (x)dz.
ox 0 ox

Hence, we get

aXt ( t t
—(x) = exp —/ Oxu (T, X¢ (x))df> > exp (—/ 10xu (T, )l oo df) > 0.
0x 0 0

Thus, X; is a local C!-diffeomorphism for any ¢ € [0, T]. Next, with the help of (37), we write that for
any t € [0, T] we have

[Xe(x) — x| < llullpio,rse00R))

sﬁﬁ(Mi+ ! )2. (39)
0

M min

Consequently, one has

Iim X;(x) =+*oc0 Vtel0,T].
x—+00

Consequently the application X; realizes a C!-diffeomorphism on R for arbitrary ¢ € [0, T]. We note
that since u is 1-periodic, we also have

Xix+k)=Xi(x)+k, VxeR, VkelZ.

In the next section, we make use of the following variant of the Reynolds transport theorem which
we leave as an exercise to the reader.

Remark 4.1: For [0, T] consider X; the C!-diffeomorphism from R to R defined by (38) and fix a
point a € R. Then, for any function f for which the integrals appearing below are defined, we have
that

d X®

Xi(x)
5| feyd= / 8f (ty) dy + f (6, Xe(x)) u(t, X (x))

X (x)
= / f (ty) dy + f (t, X¢(x)) u(t, X¢(x)) — f(t, @)u(t, a) + f(t, a)u(t, a)

Xt (x)
/ {0f + 0x(fw) } () dy + f (1, @) ut, ).
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4.1.5. L°°-estimate for the density and concentration
First, let us write that the equation of the concentration function ¢ is equivalent to

c (t) Xt(x)) = CO(x),
which implies that

0<m= inf cy(x) <c(t,x) < sup co(x) =M < +o0, (40)
x€[0,1] x€[0,1]

and we conclude that (24) is also valid. Next, using the result of Remark 4.1, we write that for all
y e [0,1]:

d

X¢(x) Xi(x) 5 5
E/ (pw)(t,z)dz = / {0:(pw) + 0x(pu*)} (t,2)dz + pu’(t,y)
y Yy

Xi(x)

= [ (w00 - ap) () + it
y

= (u(co(x)0xu(t, X¢(x)) — p(p(t, X¢(x)), co(x)))

— (r(ecty)du(t,y) — plp(t,y), c(t,y) + pu(t,y).

Integrating with respect to y gives us
d 1 ,Xi(x)
5/ / (pu)(t,2)dzdy = (1(co(x))dxua(t, X¢(x)) — p(p (1, X¢(x)), co(x)))
0 Jy

1
- /0 {(1(cty)dcu(t,y) — plo(ty), c(t, ) + pu*(t,y)} dy

= ((co(x)du(t, X;(x)) — p(p(t, X¢(x)), co(x)))
1 1
—/0 wu(e)(t, y)oxu(t, y) dy+/0 {p(o(ty)sct,) + pu(ty)} dy

Using the hypothesis (12) along with the fact that

d
T log p (¢, X;(x)) = —dxu(t, X;(x))
we infer that

1

u(co(x))

d I pXi(x) d
5/Ofy (ou)(t, z)dzdy + alogp(t,Xt(x))

1

= —M(CO(X))p(p(t,Xt(x)),Co(X))

1 1 5
+ @l fo {p(o(t,y), c(t, ) + pu(t,y) — d;pu(c)(t, )} dy.

Note that the last term comes from the term fol w(c)(t, y)oxu(t, y) dy, integrating by parts and using
the equation 04 (¢) + u dxt(c) = 0. Thus we have that

1 1 Xt(x) 1 1 X
t,X —_— t,z)dzdy — ——— t,z)dzd
o( t(x))exP(M(Co(x))/o /y (pu)(t, z)dzdy u(CO(x))/o /y (pouo)(t,2)dz y)
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= po(x) eXP( e (x)) / p(p (T, X (%), CO(x)))

/0 /0 {plp(x,y),c(x, ) + pi?(z,y) — B () (1,y) } dydf) . (4D

P (M(Co ™)

Using (12) and (14), we get that

1 t el
M(Co(x))./o /0 {p(o(T.p), (T, )) + pu(T,y) — (o) (1)} dyde
Co+2 1 1
< (Eo + Mo )( 0+ 2)t + ) / wico(y) dy, (42)

ﬂmm

exp( ,u(co(x))/p('o(r X7 (%)), Co(x))) <1

Moreover, due to the periodicity of pu, for any t > 0 we have that (with [-] denoting the integer part)

Xi(x)

1
(pu)(t, dzdy| (IX,]] + 1) < / oul (t,2)dz < (1X,(0)| +2)v/2MoBo.  (43)
0

Putting together (42) and (43) gives us

p(t, X4 (x))

X 2)/2MyE
S,Oo(x)eXP<(| (Ol +2)v2MEo | | QD / (Co()/))d)’/u(co(x))>

M min Mmin

and consequently, for x € [0,1] :

3/2MyE Cot 1
p(tx) < po(X; ' (x)) exp (¢ + (o + Mo)—— + fo M(CO(y))dy/u(Co(x))>- (44)

Thus, for any T > 0 we have an upper bound Cr for the density p. It turns out that we may use it along
with the identity (41) and estimates (42), (43) to derive a lower bound for p. Indeed we observe that

t pl
/0/0 {P(o(@.p),c(z.)) + pu(z, )} dydz = 0

and that
B 32MyE t !
p(t,%) = po(X; (%) exp <— - sup  plsi,s2) — / u(c)(tw)dy/u(co(x))),
min Mmin [0,C7]x[m,M] 0

(45)
where Cr is an upper bound for p(f,x) on [0, T]. Thus we obtain that p is bounded and bounded
away from vacuum from the estimates (44) and (45) and using the property on . From now on, we
will just use that there exists a constant C(T') such that

()™ < p(t,x) < C(T) (46)

This shows the validity of estimate (25).
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4.1.6. Energy estimates ‘a la Hoff’
L*-estimates of ~dyu. In this section, we aim at deriving higher order estimates for the velocity. We
take inspiration in the techniques introduced by Hoff in [22]. In the following, we will denote
U= Uy + uodyu,
which allows us to rewrite the first equation as

,Ol:l — Oy (u(c)dxu) + 8xp =0. (47)

Using the equation satisfied by p(c), we observe that

1 1
—/ U 0x(p(c)Oxu) = —/ (ur 4 udxu) (1 (c)) Ox)
0 0

1d !

rd 2, 1! 3
=5q% u(c)(axu) + 2/0 m(c) (Oxu)”. (48)

Next, we see that

1 1
/ Udxp = utaxp—i—/ U U D = / paxtu—i-/ UdxUxp
0

1 1
=—— p8Xu+/ 8xu8tp+/ U0 UdxP
df 0 0 0

d 1 1
= d Paxu - / Palp(pyc)(axu)z, (49)
0

where we have used the identity (31) with p instead of H. Thus if we multiply Equation (47) with i
and we integrate in space, then, taking in consideration the identities (48) and (49), we end up with

1 1d ! 1
/ pi + Ed_/ 1 (c) (xu)? — —/ poxu = ——/ () (3xt)® + / p31p(0, ) (9xu)?,
0 t 0

which gives us after time integration

A1(c,p,u)(t)dif§/0 1) (Dx1)” + //Pu

1
= /0 1(co) (Bxt)? — / P (00 c0) Do

1
+ / pou— - / / 1(c) (xu)” + / / pdip(p,c)(Bxw)®.  (50)
0 0 JO 0 JO

In the computations that follow, we will use the notation A (¢) instead of A; (¢, p, u)(t). Let us observe
that for all t > 0, we have that

1 1 1 1 1
/ Pou < / P+ / 11(0) (3,)*
0 Mmin Jo 4 Jo

2
1 1
( sup p(nc)) +3 /0 1(c) (Dxu)? (51)

=<

Mmin \[0,Cr]x[m,M]
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2
1 1
< sup )4 ('L', C) + _Al (t) (52)
Hmin \ [0,C7]x [m,M] 4

Moreover, we have that

t 1 1
//palp(p,C)(axu)zs sup  7d1p(7,¢) Eo. (53)
0 JO

Mmin [0,Cr]x [m,M]

We write the remaining term as

1 t 1 1 t 1 1 t 1
—= / / [1(c) (dxu)® = = / / (Ox)* (—1(0)dsu + p) — = / f p (du)?
2Jo Jo 2Jo Jo 2Jo Jo
t 1
<2 [ [ @ (uoap). (54)
0 0

To treat the remaining term of (54), we reproduce the computations at the beginning of Section 4.1.3
remarking that d,(u(c)dxu — p) = pit. We obtain that, for any x € [0, 1] :

1 1 X
(1(0)dxu — p) (t,x)—/o (M(C)(t,y)axu(t,y)—p(t,y))dy=/0 / pu(t,z)dzdy,
y

and using Cauchy’s inequality along with hypothesis (14), there holds:

1 1 2
<M ( / pit2> . (55)
Loo(T) 0

1
H () oxu — p(p,¢)) — /0 ((c)dxu — p(p,c))

Consequently, there holds

11
< MZAZ (t). (56)
15(T)

1
Hu(c)axu —p(p.0) — /0 (1£(Ddxt — p(p, )

On the other hand, we have (with an obvious meaning for the symbol (tmax)

t 1

f / |

0 0

t 1
< f ( f |axu|2)

0 0
t 1
+ f / (Ol
0 0

t
< / 1924l o ey + <umax+
0

1
fo (st — p(p )

2

2 topl 1 1
+co// |axu|2</ p+/ G(p,c>>
0 0 0 0

Co (M, E
o(Mo + O)>E0.

Mmin

From the last relations, we deduce that for any ¢ > 0, there holds:

1 t 1
3 / / (xw)? (—p ()5 + p(p, 0))
0 0

1
(n(e)dxu — p(p,c)) — /O (n(e)dxu — p(p, )

1/f 5
< - [ loxullpzp
2 Jo (T) Lo (T)
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1 t
w5

t
Co(Mp + Eop)
<(-L 41 /naxuniz@ﬁ imax + ——2 20 ) By + eMoA, (8.
16¢ 0 M min

P(,O,C))‘

Thus, taking eMy = we see that

. / / (0,1 (—pdy1 + p)
2Jo Jo

Co(My + Ep) M, t 1
< (umax + u) Eo + (TO + 1) / Bl fa ) + A1 (). (57)
0

Mmin

Thus denoting by

2
1 ! 1 1
Cor = = f ((dxug)? — / P (po» co) dxuig + sup  P(7,0)
2 Jo 0 HMmin \ [0,Cr]x[m,M]

Co(Mp + Eo)) E
Mmin

1
+

sup  Top(T,0) Ep + <Mmax +
Mmin [0,Cr]x [m,M]

and using the identity (50) along with the estimates (52), (53), (56), (57), we gather that

t
A1 () = 2Cs7 + (Mo +2) / ol

SZCz,T+(M0+2)/ H\/W |

M min

)Al (7)dr.

LX(T

Owing to Gronwall’s lemma, we then obtain that for all t € [0, T] :

AL (t) < 2Co 1 exp (MEO) (58)

M min

This shows the validity of estimate (26). Using now (55), we have for all ¢
() dxull ooy < NIpliree(Ty + Il () dxtt — pllpiery + Mo/ A1(2)

< Vlmaxllv/ 1 0 € Oxull 2y + 2l|pllzoe(T) + v Mo/ A1 (D).
Integrating in time, and applying (58) this yields:

T 2
A ||3x”||Lo<>(T2)

5 2(Mp +2)
MUmaxEo + 2 sup p(Gs1,82)° T+ 2MoTCyrexp| —Ep . (59)
[0,C7]x [m,M] Mmin

l'Ll’nll’l

Higher order estimates with time weights. In this part, we aim at obtaining estimate for the L?-norm of
dxit. This will be useful to recover regularity properties of u. The idea is to apply the operator 9; + udy
to the velocity’s equation:

(0¢ + udy) (/014) — (0 + u0dy) 0x (1 (c) Oxu) + (8t8xp + uaxxp) =0

and to test it with min{1, t}i. We begin by observing that

/1(.). /1 P 1/‘1 di’
u), u = u” + = —_
0 pUs Opt 2 Opdt
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Observe that

! . v . 1 . 1! .
/ udy (o) i = —/ pudy (uu) = —/ deupit® + —/ (pu) ir*.
0 0 0 2 Jo

Summing the above two relations yields

1 1 1
. . 1 d .2 .2
(0 + udy) (pWu = - — pu — Oxupu”. (60)

Next, we take a look at the second term
1
— / (3¢ + u0x) 5 (1 (c)dx1t)) 1
0

1 ! 3 1 1 !
_1 f B (Byi)? — 2 / 1) By i+ f Do (0) By it (61)
2 Jo 2 Jo 2 Jo

Let us observe that
1 1 1
/ (3th + uaﬁxp)u = _/ ptaxu +/ uaixp”
0 0 0
1 1 1
= / udypyit + f 01p(p, €)dxudyit + / udZ pit
0 0 0
1 1
= —/ aqu)xpll—i—/ p1p(p, €)Oxudxit
0 0

1 1
1
= / deupit’ + = / 11(0) it (3x11)?
0

0
1 1 1
=5 [ Balivuo+ [ ptp(o. 08 (62)
0 0
where we have used the equation of the velocity to replace
—3xP = ,Oil — Ox (1 (c)dxna).
We sum up the relations (60), (61) and (62) to obtain that

1d !

1 1 1 1
—— | pit+ / u(c) (3yi)* = — f PI1P(p, ) dxudyit + f 14(c) it (D) .

Multiplying with « (t) and integrating in time lead to

def. 1 ! ) 1 [t! .2
Az (¢, p,u) () = E/ K (1) pu” + E/ / K (c) (dxue)
0 0 Jo

min(1,t) 1 t 1 t pl
:/ / puZ—/ f Kpalp(p,c)axuf)xit—i-/ / i 1 (€) Oyt (Oxu)? . (63)
0 0 0 JO 0 JO
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In the computations that follow, we will use the notation A;(#) instead of A, (c, p, u)(t). Obviously
using (58) we have that

min(1,t) 1 M, 2
/ / ,Oitz < 2C,rexp <ME0) , (64)
0 0

min

for all t € [0, T]. Next, using Cauchy’s inequality we have that

t 1
//Kpalp(p’c)axuaxu
0 Jo
1 1
t el 5\ 2 t rl \?
< swp ralpu,c)(/ / (axu>> (/ / w(c)|axu|>
[0,Cr]x [m,M] 0 Jo Mmin o Jo

2
< { sup To1p (T,C)}

[0,Cr]x[m,M]

0 4 }LAZ ). (65)

min

Finally, using again (58), we arrive at

/ f w(c)axu(axu>2<— / f K () (Bxi)* + 24max / / (xu)*

4u
—Az(t)+ max/ ”axu”Loo(’ﬂ‘) SUP / wu(c)[0x ul
0

I A

IA

ZAz (t) + G315 (66)

with C3r depending on initial data and T only. In view of the three estimates established
above, (64), (65) and (66) we gather that

My + 2)E,
3 0 + 4C, 7 exp <(02—)0> +2Cs 1. (67)

min min

2
Ay (b)) < sup To1p (T,¢)
(1,0)€[0,Cr]x[0,1]

Thus, estimate (27) holds true. Combining estimate (55) with the bound on A, (t) we get that

1
1 1 2
K ()2 |nosu — p|;0c < Mg </ 0,01'42) + Co (My + Ep)
0

< V/MoAs(t) + Co (Mo + Eo) + 0/ thmaxA1 (8).

In view of the uniform bounds for the density and concentration function, there exists a constant
C(T) such that
1
K ()2 [uoxu@®) e < C(T), (68)

forany t € [0, T].

Uniform bounds for the time derivative of the solution. In this part, we show how to use the bounds
of A1(c, p,u) and A; (¢, p, u) to get information for the time derivative of the solution. Analyzing the
estimates (34), (58), (67) and (46) we get that

1oy 1 P L .
/ —+/ G(P,C)+/ / M(C)(axu)2+—/ M(C)(axu)z-i-/ / pir?
0o 2 0 o Jo 2 Jo o Jo
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1 t 1
+lf K<t>pu2+3/ / € (1) (o) (3si)® < C(T)
2 Jo 2 Jo Jo

forany t € [0, T] and
C(D)™ < p(t,x) < C(T)

for some constant C(T) that depends on the initial data and on T.
Thus we get that

u e LY (LA(Th)) (69)
along with
deu € L (LA(TY) N LA(LA(TY). (70)
Next, let us note that

1
(¢ + udyu)? > E(aw)z — (udyu)?

and consequently

1 1 1 ) 1
3 / (8u)* < C(T) / pit? + 2 ||l 2o 100 (T)) / (0xu)”.
0 0 0

By time integration, we obtain that

s t ol t ool
o / / (B)? < C(T) / f pil 42 f / ()’
2 Jo Jo 0o Jo o Jo

< C(DA (1) + 22— D g

Hmin
Thus we obtain that
du € LA(L*(T")) (71)
As a consequence of (69), (70) and of (71), we obtain the uniform bound

ueH ((0,1) x TY). (72)

Moreover, we also have that

€O (o oo [ i 2 ()
T 0 ( t”) _C( ) 0 kpu +2”u”LE}°(L°°(T)) 0 K( xu)

2
< C(T)A2(t) + —— l[tll oo ooy A1 (D
Mmin T
Thus for all £ > 0 we have that
du € L((t, T); (LA(TY)).

Next, we write that

. . . 1, .
it ) ey < Witz Wsidlizgry < VED o3, - Witz

< am | ol

2 S
LZ(T) + ”axullLZ(’]I‘)
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thus we get that

T T 1 T 1
| cotietg e [ [ xwpits [ [ co@r
0 0 0 0 0

= (T'+ C(M)A2(c, p,u)(T) = C(T).

Using the uniform bounds for u € Ly (L*(TY)) and d,u € Ly (L*(T')), we get a uniform bound for
win L®((0,1) x TY). Using the fact that & = u; 4+ ud,u along with the estimate (68) we get that

T
| € © 10l gy e < c .
0
Gathering the information of this section yields estimates (28) and (29).

4.1.7. Stability of a sequence of solutions
Using the estimates established in the preceding sections, we are in the position of proving the
following stability result.

Theorem 4.2: Let us consider (c", p", u™) a sequence of weak solutions of (10) with the initial data

I e L®(ThH,0 < 1nf 1nf co < sup sup ¢ (x) < 00
n xETl
py € L™ (TY) such thatO < inf 1nf Py < sup sup pj < 00
n

n xeT!
1

G(pf>c) € LYTY; supf G (pf>cf) < oo

0
u € H' (1Y), sup |l 1 < oo
n

such that

i — co strongly in L*(T"),

Py — po strongly in L2(Th,

ull = ug weakly in H' (T")
Furthermore, we suppose that there exists a constant M € (0,00) so that the sequence of solutions
(c", p", u™), satisfies the following uniform bounds:

1 ng,n\2 n
/Op (;‘) +/ (o) //u(c”)(a u? < /pO(”") +fOG(p6“,c8), (73)

0< 1nf 1nf o (x) < (1, x) < sup sup ¢ (x) < +00, (74)
n xeT!

M < p"(t,x) <M, (75)

1 1 t 1

-/ (e (3u™)? +/ / p" (" < M, (76)

2Jo 0 Jo

1 1 1 t 1 2

5 / e (1) p"("? + / / K (B (o) (3:i")" < M, (77)

2Jo 2Jo Jo

” u" ||L00((o,1)x1r1) + ” u" “Hl((o,l)le) =M, (78)

| @@, 0.0 (1) (79)

<
L2(0,T;L(Th))
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forallt € [0, T] where k (t) = min{t, 1}. Then up to an extraction (c", p", u™) tends to a triplet (c, p, u)
which is a solution of the system (10) on [0, T with initial data (co, po, o). Moreover (c, p, u) verifies
the bounds (23)-(29).

Proof: The proof of this statement is rather classical and as such we give just a few details. Using the
Arzela-Ascoli theorem, we have that

u" — wuniformly on [0, T] x [0,1].

Let us consider X}’ the flow corresponding to u":

t
X} (x) = x+/ u"(t, X! (x))dz.
0

Of course, we have that

axy
dx

t

(x) = exp (—/ axu”(r,Xﬁ(x))dr) > exp (—ﬁM).
0

We note that

X7 () — X" ()] <

t t
/ u"(r, X} (x))dr —/ u" (7, X7 (x))dt
0 0

t t
+ ‘f u"(t, X7 (x))dt —/ u™ (T, X7 (x))dt
0 0

t
=T H”n —u” ||L°°([0,T]><']I") +/(; ” O (T, ‘)”Loomr) ‘X?(x) - X;ﬂ(x)|

which implies that

T
|th () — X¢" (x)| =T ” u' —u" ||L°°([0,T]><’IF1) €xXp </0 ””n(f’ ')“Loo(T))
< CODT [|u" —u™ ||L°°([O,T]><’]I"
for all (t,x) € [0, T] x R. The conclusion is that
X} (x) = X (x) uniformly on [0, T] x [0,1].
Next, from the a-priori bounds on p,,, we get the existence of a p € L ((0, T) x T!) such that
p" = pin L*((0,T) x T N L™ ((0,T) x T').
Mixing the strong convergence of u with the weak convergence of p,, it is not hard to see that
9t + 9x(pu) = 0.
Let us observe that this entails

{ (P™M? + 3 (P u™) + (p™)2d,u™ = 0,
P + 0x(p*u) + p*0xu =0

and thus by subtracting the above equation and integrating over (0, 1) we get that

d 1 1 1
% / ((p™?* —p*) < / P2 (U™ — dyu) + / ((p™? — pHdeu".
0 0 0
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We integrate in time and we find that

1 1 T 1 T 1
/ ((p"™? = pH(1) < / (o> — pg) + / / P* (U™ — dyu) + / f ((p™? — pHd.u"
0 0 0 0 0 0

forallt € [0, T]. We arbitrarily fixe > 0 and using the uniform bounds on (3,u™),, € L*((0, T) x T*)
and the fact that p? € L2((0, T) x T*), we may find . such that

1
/ p*(dxu™ — dyu) < &/T
0

for all n > n,. Therefore, via Gronwall’s lemma we get that

1 1 T
/0 ((p"? = pH(t) < ( /O (o) = pd) +e> exp ( /O ||8xu”||Loo>
1
< (/0 (P = pd) + 8) exp (ﬁM) :

for all n > n,. We perform a time integration in the above relation to obtain that

T 1 1
/ / (") —p) =T (/ ((p0)> — p) + s) exp (ﬁM) .
0 0 0

After some obvious manipulation, we conclude that

T 1 T 1

lim / / (o™? =f / p?

n=ooJo Jo 0 Jo
which combined with the weak convergence of p” towards p in L2((0,T) x T1) leads to the
conclusion that

p" — p strongly in L*((0,T) x TY)
and, modulo a subsequence
p" = p

almost everywhere on (0, T) x T!. Moreover, the same type of argument allows to conclude that

p" — p strongly in L‘%O(LZ(TI)).

A similar conclusion holds for the sequence (c"),,: there exists c € L>((0, T) x T') such that up to a
subsequence we have that

" — cweakly in L ((0, T) x T') and
" — cae.on (0,T) x TL

The fact that p(p”, ¢") is uniformly bounded in L*°((0, T) x T') along with the continuity of p and
the convergence properties of (p”, ¢*), enable us to conclude that

p (p”, c") — p(p,c) weakly in L™ ((0, T) x ']1‘1).

The expected uniform bounds for (p,c, u) yield also from classical pointwise/weak convergence
arguments. |
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4.1.8. Uniqueness of solutions
The aim of this section is to prove the uniqueness part of Theorem 4.1. To accomplish this task, we
work in Lagrangian coordinates. This framework has the advantage of decoupling the hyperbolic part
of the equation from the parabolic part. We are left with a more complicated equation but which, on
short times, is not far from being parabolic. In what remains of this section, we consider two solutions
(pi> ¢i» ;) of (10) on (0, T) satisfying estimates claimed in Theorem 4.1. We note that the involved
constant C(T) may be chosen independent of the solution.

The 1D Navier-Stokes system in Lagrangian coordinates. In this part, we derive the Lagrangian
formulation of the system (10). To do so, let us recall that for arbitrary classical solution (p, ¢, 1)
to (10) (such as the one chosen above) the flow of u is defined by

X o
{ 5 (60 = utX (50), (80)
X (0,x) = x.

Moreover, as was proved in Section 4.1.4, for each t € (0, T), X(¢, ) is a diffeomorphism from R to
R. We emphasize that for the sake of clarity when dealing with its partial derivatives, in the rest of the
section we will denote the flow of u by X(t, x). As u is 1 —periodic, it is easy to see that

Xtx+1)=X(tx)+1
For any function v : [0,00) x T!— R, we denote by ¥ the function defined as
v(t,x):=v(tX(tx))
Then, we also have

vit,x+ 1) =v(t,X(tx+1)=v(t,X(tx)+ 1)
=v(t,X(t,x) =v(tx).

In the following lines, we aim at rewriting system (10) in the variables (¢, g, &1). First of all, as ¢ is
transported by the flow, we have that

2—f (t,x) = 0. (81)

Next, we see that
t

t
X(t,x):x—i—/ u(t,X(t,x)) =x+f u(t,x)dr,
0 0

and thus
X Lo
—(t,x) =1 +/ 0xtt (1,x) dt.
8x 0
It follows that
- ~ 0X
0y (t,x) = 0xv (t, %) x (t,x) (82)
x
and that

1
1+ [y 8¢t (t,x) dt

~ 0X

0y (£,2) = —— (607 0 (6,x) = 0P (,) . (83)
x

Let us investigate the equation for p. We observe that

- - ~ " ~ 1 5
0= pr (£, %) + p (t, %) Oxu(t, x) = O (8, %) + p(t, x) o - Oxu (£,x),
1+ [y 0xit (z,x) dr
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which leads to

t
0= (1 + / 0x1t (T,%) d‘L’) 0t + Oyt (£, x) p(t, x)
0

t
% ((1 +/0 0xtt (T,%) dr) ,6) =0. (84)

Finally, using (83) along with (84), we may rewrite the equation of the velocity as

and we obtain that

_ ax\ ' -
o (x) 01t — Oy ((a) ne) 8xu> + Oxp (,o,c) =0. (85)

Putting together Equations (81), (84) and (85) we deduce that the system (10) can be written in
Lagrangian coordinates as

9:c =0,

d /0X (t.%) 5 0

— |\ — X =y

dt \ ox P

ax\ !
00 (X) 8;01 — 3y ((a_x> w(©) 3y a) + dp (p,¢) =0, (86)

t
X (t,x) :x—i—/ u(t,x)dr.
0

Let us also derive some useful inequalities. Of course, we have that
(D™ < p(tx) < C(D).

Thus one gets that

-1 ~ 1
o _ <3i< (t,x)) _ptx) (D) (87)

inf pg ~ \ ax po(x) — suppy

The proof of the uniqueness part of Theorem 4.1. Let us consider two solutions (c;, p;, 4;), i € {1,2}
generated by the same initial data:

0¢Ci + ujoxc; = 0,
0tpi + Ox (piui) =0,
3 (piwi) + dx (piu?) — Bx(1e(ci)dxtsi) + dxp; = 0,

(cile=0» Pilt=0» Uilt=0) = (o> P0» Uo) -

(88)

Considering the flows generated by u;

t
Xi(t,x) = x+ / u; (1, X (x))dr
0

and denoting with tilde

i’/l' (t’ X) =V (ta Xi (t> X))
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for v € {c, p, u} we get that

0:¢;i =0
X!

| =—0i) =0,
0x

i ox\T' -
POt — [0y <¥> 1(@) dxiti | + dxp (pin &) = 0,

t
X;(t,x) =x+/ u; (t,x)dr.
0

Remarking that . (¢;) = (¢2), we have that

0981 — 9(pu(c1)0x81) = 0x8F1 + 0x0F,

t t
SFi=p (K (/ 3xﬂ1) 005 Co> —-p <K </ 3xﬂ2> 005 Co> ,
0 0

¢ ¢
8Fy = pu(c))L (/ 3x511) Oxtty — p(C1)L (/ 3x172) Oxlin.
0 0

1 S
K(s)=——, L(s)=——.
© 145 © 145

We multiply (89) with §# and integrate over T'. Using Cauchy’s inequality, we obtain that

where

where

1d ! ~.2 . Mmin ! ~\\2
55/0 po(8u) +Tf0 (3x(5”)) <

1

M min

1
/ SF) + (5F)2.
0

Let us estimate the L?-norm of §F; and §F,. We begin with by noticing that

' t ) 0,
([ o) ([ )=
0 0 0x X (8, %) 05 X (£, X)
so that we may write

t t
SF1 () =p (K (/0 3xf¢1> Poaco) —p <K </{; 3xfl2) ,00,60)

|fi 0,00
0.X1 (6 )0, X2 (5 x)

< sup 01p(7, o)
re[C(T)~L,C(D)]

Using inequality (87), we get that

1 1 c(ry [t !
/(aFl)zft—( )/ / (8,81)>.
Mmin Jo Mmin Jo Jo
Next, we have that

t t
5Fy = p(@)L ( / axfu) deiin — w(@)L ( / am) ity
0 0

(89)

(90)

(91)
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t t t
— 1@ (K ( | axal) K ( | axaz)) iy + n @)L ( | axaz) (0.5
0 0 0

Thus, using again the inequality (87), we get that

1 1 t 1 t
f (8F2)* < ptmaxC (T) (t / Ry f (8:81)” + fmaxt f it | oy / (ax8a>2).
0 0 0 0 0

(92)
Putting together the inequalities (91), (92) and integrating in time, we get that

1 ! Mmin t ! 2
- / po(8i)% + —= / / (3c(8))” <0
2 Jo 8 Jo Jo

for any t € [0, To] with T sufficiently small. Thus we get a local uniqueness property. Reiterating this
process gives us the two solutions coincide on their whole domain of definition.

5. Definition of the mesoscopic system and derivation of the homogenized
compressible bifluid system

In this section, we justify mathematically the derivation of the Baer-Nunziato model with physical
relaxation term at the macroscopic level from the mesoscopic description that we have proposed in
Section 2.

5.1. Homogenization procedure and main result

From now on, we consider a sequence of initial data (pof, ), uy) that satisfy:

py € L (T') with0 < inf pf (x) < pff (x) < sup p§ (x) <M < 400,
n,xeT! n,x€T!
g (1—cy) =0 ae on T! with ¢ € [0,1],
1 (93)
/ (chp+ () + (A = c)p—(p)) <M,
0

ug € H' (T') such that |ug||,, <M

with M > 0 independent of n. We note that these assumptions are satisfied in particular for initial
configurations as depicted in (8). The bounds (93) allow us to conclude that there exists (oo, co, tg) €
L®(TY) x L®(TY) x H'(T!) such that

Py = poin L (T') — wx, ¢ — coinL® (T') — wx, uf — ugin H' (T").
Furthermore, given n € N* the initial data (o, g, 1) enters the scope of Theorem 4.1. So, we can

associate to this initial data a solution (p”, ¢!, u") to (6). Moreover, this sequence satisfies the following
uniform bounds on any interval [0, T] independent of n:

1 n/,n\2 1 t pl
/ P +/ (G(p", M) +u// (Bu™?* < C, (94)
0 2 0 0 Jo

C(D)™ <p"(t,x) <C(D), (95)

m 1 t pl t 1 )
> / (0™ + / f p" (") + f / | (udu — p™"|” < C(T), (96)
0 0 Jo 0 JO
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1 1 7 t 1 2

—/ K () p"(@")? + —/ / K (1) (3x1'4") <=Cc, (97)
2 Jo 2Jo Jo

” u" ||L°°((0,1)><']T1) + ” u" HHl((o,l)le) = C(D), (98)

K2 (1) | @ (1), 0" (1)) || ;oo < C(T). (99)
Using the uniform bounds of (94)-(29), we conclude that

p" = p, p(p™c) =TI in L°RLP(TY)) — wx,

u" — uin L2 (R; HY(TY)), (100)

o™= udu" — p(p", ") = o := pdu — IMin L* (R H (TY)).
As explained previously, the density p" and the parameter ¢” are expected to oscillate widely in space.
For this reason, it is hopeless to obtain stronger convergence on these sequences than in a weak L?-
setting. On the other hand, we need to recover some properties of the sequence p(p", ¢") to compute
a limit system satisfied by (p, u, o). To this end, we associate to the sequence (p”, ¢"),cn a sequence
of measures on the space TL x R¢ x R, (here R¢ must be understood as the range of the p” while

R,, is the range of the ¢”). Namely, given n > 0 and ¢ > 0, we consider the Young measure ©” on
T. x Re¢ x R, as defined by

(©" (¢),b) : dezf‘/ b(x p" (tx),c" (%) dx, VbeCo (TixRe x Ry) (101)
'H‘l

We have the following proposition:

Proposition 5.1: For fixed n € N there holds
@" € C,y([0,00); M4 (TLxRe x R;)) (102)
with
Supp(@"()) C TL x [C(H)™',C(®)] x [0,1] (©",1)=1. Vt>0, (103)

where C(t) is given by (95).

Proof: The second identity (103) being obvious we only discuss (102). First, we note that, by
definition ®", is continuous in b for the topology of L' (TL; C(Re x R,)). Consequently, a stan-
dard density argument entails that we only need to prove that t — (®"(¢), b) is continuous when
b € C(TLxRg). For this, we write that

[(@" (t),b) — (0" (5),b)| < 1320l /Tl |o" (%) — p" (s,)|dx, Y (t5) € [0,00)?,
and the fact that p” € C([0,00), L'(T!)) allows to conclude. [ |

Once these Young measures are constructed, the rigorous justification of system (1)-(4) reduces
to the following theorem:
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Theorem 5.1: Up to the extraction of a subsequence, we have ®" — ® in C,,([0, 00); M4 (TL x R x
R,)) where © satisfies

1 1
0:0® + 0, (u®) — ——9 + ,M)OL) — —— (0 + , MO =0 104
¢ (u®) o ((0& +&pE,m)O=) e (o +p (& m) (104)
with (u, o) as defined in (100). Moreover, if there exists (ct4.0, 0— g, p+.0, P—0) € L°(T?) such that

(©(0),b) = /T (@ 0(0)b (%, 04000, 1) + — 0 ()b (x, p—0(x),0))dx, Vb e C(T} x Rg x Ry)

(105)
then there exists (ay,a—, p1, p—) € [Lp.([0,00); L°(T)) N C([0, 00); LY(T)]* such that, for any t >
0 we have

(O(),b) = /w (o4 (£, )b (%, p1,0(x), 1) + a— 0 (x)b (x, p—0(x),0))dx, Vb e C(TL x Re x Ry).

(106)
Furthermore, (o, a—, p4, p—) together with u satisfy (1)-(4).

What remains of this section is devoted to the proof of this Theorem which will give the proof of
the main theorem of the paper.

5.2. Proof of Theorem 5.1

We naturally divide the proof of Theorem 5.1 into two parts. First, we prove that the limiting Young
measures verify the Equation (104) while in a second time we will prove that if at initial time ® have
the special structure (105), this structure propagates, i.e. (106) for all time t > 0. This property will
go along with the fact that the quantities (@4, o—, p, p—) satisfy (1) with u. We work on a truncated
interval [0, T]. Since T is arbitrary, the result holds on [0, c0).

5.2.1. The equation verified by the limiting measure
Let us consider b(x, &, 1) € Cg (']T}C x Rg x er))' For all N > 0, we write

def.
p™N(t) 1 = oy * p"(t)

where wy is a mollifier depending on the parameter N. For ¢ € [0, T] and p € [1, 00), we have that

limy—s oo [ 2™N () = 0" (®) | o1y = 0.

limy - o “pn’N —p" (o)< = O (107)
Let us apply wn to the second transport equation in (6) and write that
3 p™N + o (,o”’Nu") =ry (,o", u”) , (108)
where ry (0", u") := 9y ((wn * p")u") — I (wn * (p"u™)) satisfies (see [29, Lemma IL.1]):
]\,h_{noo [ (o", u") ||L2([0,T]x1r1) =0 (109)
Similarly, with the first transport equation of (6), we obtain
AN + 19, N = (e, u") — N + (o), (110)

with ry satisfying also (109). We multiply (108) with 9,b(x, p™N Ny and (110) with
33b(x, p™N, Ny and we write that

3:b(x, p™N, ™M) + 3, (u"b(x, o™N, c”’N)) —u"b (x, N, c”’N)
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+ ("N oab (x, p"N, ) = b (x, o™, ) B
=ry (p™ ") B2b(x, p™N, PN) + (", uh)dsb(x, p™N, M)

— [CN’”Bxu” — (c&xu)N’"] 33b(x, p™N, ™M),

Remark 5.1: Let us mention that by 9;b(x, o™, M), 3,b(x, p™N, ) we understand the derivative
with respect to time/space of the function

(£, x) = b(x, p"N(t,x), "' (£, %))

while when using numbers 9;b(t, x, o), k € {1, 3} represents the derivative of b with respect to its
kth variable computed in (x, p"N (1, x), (1, x)).

Moreover, in order to take advantage of the compactness properties of the effective flux, see (100),
0" = ()" — p(p", ")
we rewrite the above equation as

atb(x, pn,N, CH,N) + ax (Mnb(x, pn,N) Cn,N)) _ unalb(x,pn,N)Cn,N)

(pn’Nazb(x,,On’N, Cn,N) _ b(x, pn,N’Cn,N)) o

* p(c™)

(pn’Nazb(x,,On’N, Cn) _ b(x,pn’N, Cn,N))p (pn’cn)

* u(c™)
=y (0" ") B2b(x, o™, N + (e u")dsb(x, o™, )
= [eM" 0" — (B 830 (x, p™, ). (11D
Owing to (107), we get that up to the extraction of a subsequence, we have
(p™N, "Ny > (p", ") ae. [0, T] x T,
(™N(T),*N(T) = (p™(T), ¢"(T)) ae. T, (112)
(0™ (0, M"(0)) — (p"(0),¢"(0)) ae. T'.

Hence, by applying dominated convergence argument, we obtain that the left-hand side of (111)
converges in D' ((0, T) x T!) to

0:b(x, p", c™) + 0y (u”b(x, o", c”)) —u"01b(x, p", ")

+ (p"02b(x, p", ") — b(x, p", ) o

1
n(c)
_l’_

1
L . b ) )

As for the right-hand side, we apply (109) together with the regularity d,u™ € L?°((0, T) x T") to
yield that

. a N, _
Jim N — (o)™ (.1 = 0-
This entails that

0:b(x, p", c™) + 0y (u”b(x, o", c”)) —u"01b(x, p", ")
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+ (,O”E)Zb(x, oM — b(x, p", c”)) o =0,

1
(e

or, using the definition of the sequences of measures ®", i.e. (101)

n nn Eo” Sp(é,n)) n> (6” P(E,n)) "
9,0" + 8, (u"O™) — 2 422>l [ — + 222 )@ =0.
10"+, (16") E((M(n)+ n(n) M(U)+ w(n)

With the first statement, we obtain that, whatever b € C}(T! x Rg x R,), the quantity ;b(x, p", c")
is bounded in L>(0, T; H~!(T")). By a standard Arzela-Ascoli argument, applying that ®" have
uniformly finite mass, we obtain that (©", b) is precompact in C([0, T]). We can then use that ©"
have compact support (uniformly in N) to extract a limit for a denumerable set of b and com-
bine with a density argument to obtain that ®" converge (up to the extraction of a subsequence)
in C, ([0, oo);./\/l+(71‘)1€ x Rg x Ry)).

We are now in position to pass to the limit n — oo in this last equation. For this, we note that 9,1,
is bounded in L((0, T) x T!) so that by a classical Ascoli-Arzela argument we have that (up to the
extraction of a subsequence) u, converges to u in L2((0, T); C(T")). Consequently

O"u" — OuinD'((0,T) x T! x Rg x Ry).

Concerning the remaining terms, the only difficulty lies in passing to the limit in the product
o"®N. For this, we note that 9,p" is bounded in L ((0, T); H~'(T')) while " is bounded in
L*((0, T); H'(T")). By a classical compensated compactness argument (see also [1, Lemma 10]) we
have then that

T 1 1
lim / ;“(t)/ ———— (0" (%), 33b(x, p"(x), " (%)) — b(x, p"(x), " (x))) 0" (¢, x)dxdt
n=>o0 Jo 0 H(c"(x)

T 1 1
=/ C(t)/ ——— (p(x), 33b(x, p(x), c(x)) — b(x, p(x), c(x))) 0> (¢, x)dxdt
0 0o M(c(x))

whatever the test function b € CY(TL x R¢ x R,)) and ¢ € C°(0, T). We obtain that ® satis-
fies (104). This concludes the first part of Theorem 5.1.

5.2.2. Characterization of the limiting measure

The objective of this section is to prove the second part of Theorem 5.1. We follow the approach from
[17] and construct explicit solutions to the limit system (1). Afterwards, using the uniqueness result
we may identify the limit measure with the particular one we have constructed. At first, we note that
the limiting velocity field has the regularity:

u € C([0, THL*(TH) N L*(0, T; WH(TH)).
Consequently, classical arguments for semilinear hyperbolic problems yield that, given

(00—0, 040, P—0, P10) € LP(THRY)
such that

0 < min(a— 0, @40, P—0, O+,0) @—o+oyp =1,
there exists a unique solution (a_, o, p_, p1) € L®((0, T) x T') N C([0, T; L} (TY)) to

oo
oot +udyoy = —————(0x — 0x),
Ol + O [y

0t(p+) + Ox (pxu) =0,
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where

0+ = —+0xu + p1(0+).

We note that the solution is a priori defined only locally. But, by uniqueness, the solution satisfies
0 < min(a—, a4, p—,p4+) a— +oay =1.

Furthermore, using the Lagrangian coordinates we see that

t
0 < px (£, X¢(x)) = p+,0 (x) exp (—/(; 3xu> . (113)

And, since we have uniform bounds for ||0,u|| I we may extend to global ones. At this

(OT5L(Th)
point, we define an alternative measure on T! x R x R, by the following formulae:

(6 @®),b): < f a_ (%) b(x, p_(t, %), 0) + oy (, %) b(x, p (£, ), Ddx.
’]1‘1

We observe that, for all ¢ € [0, T], the measure O(¢) has compact support in T} x R¢ x R, and that,
given the system satisfied by (o, a4, p—, p+), the measure © verify the following equations:

] to Sp@,n)) ) ( o p(E,n))—
00+ 9, (u®) — 9 —_— 1) —+—— )6 =0. 114
0% 8 (1O E((u(nﬁ w(m Lo (114)

Moreover, we have that
}LI%(@ t),b) = /11‘1 (a— 0 (%) b(x, p—0(x),0) + a4 0 (x) b (x, p1(x),1))dx = (©(0), ).

Let us fix C(T) > 1 such that © and © have both support in T! x [0, C(T)] x [0,1] on [0, 1].
Considering x a compactly supported smooth function

x :R —[0,1] suchthat x =1on [0,max(C(T),1)] (115)

we can write that ©® and ® are both solutions to

0 ® + 0y (u @) — 0 ((s—g + ép(ém)) X ) x () 5))

wn(n) wu(m)
_< o pEw

—&x ® =0, 116
) M(n))(x(é) Ex'©)x 0 (116)

(®)=0,b) = /T (@0 () b6, p- 03,00 + 4 (0 b (5, 1 (6), 1)l

Let us observe the equation is a transport equation with a velocity field V = (Vy, V3, V3) with

Vl (t: X5 “;:) 7’}) = M(t, x)) VZ((t) X S) T]) = _[(G(t) x) + P(’l, 5))//’«(77)]’3)( (U)X (%-) and V3(t) X, 5: 77) =
0. Such velocity field is in L' (0, T5 (L>°(T"))?) and therefore the solution is unique namely © (t) =
©(t). This concludes the proof of Theorem 3.
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