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Abstract: This work is devoted to the study of a relaxation limit of the so-called aggregation equation
with a pointy potential in one dimensional space. The aggregation equation is by now widely used to
model the dynamics of a density of individuals attracting each other through a potential. When this
potential is pointy, solutions are known to blow up in final time. For this reason, measure-valued
solutions have been defined. In this paper, we investigate an approximation of such measure-valued
solutions thanks to a relaxation limit in the spirit of Jin and Xin. We study the convergence of this
approximation and give a rigorous estimate of the speed of convergence in one dimension with the
Newtonian potential. We also investigate the numerical discretization of this relaxation limit by
uniformly accurate schemes.

Keywords: Aggregation equation; Relaxation limit; Scalar conservation law; Finite volume scheme.

1. Introduction

The so-called aggregation equation has been widely used to model the dynamics of a population
of individuals in interaction. Let W : R — R, sufficiently smooth, be the interaction potential governing
the population. Then, in one dimension in space, the dynamics of the density of individuals, denoted
by p, is governed by the following equation, for t > 0 and x € R,

aip + 9x(alp]p) =0, with alp] = =W’ xp. 1)

Such equations appear in many applications in population dynamics: For instance to describe the
collective migration of cells by swarming, the motion of bacteria by chemotaxis, the crowd motion, the
flocking of birds, or fishes school see e.g. [1-7]. From a mathematical point of view, these equations
have been widely studied. When the potential W is not smooth enough, it is known that weak solutions
may blow up in finite time [8,9]. Thus, the existence of weak (measure) solutions has been investigated
ine.g. [10,11].
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In this paper, we consider a relaxation limit in the spirit of Jin-Xin [12] of the aggregation equation
in one space dimension on R. It is now well-established that such modifications allow to regularize
the solutions. For a given ¢ > ||a||c, we introduce the system

910 +0x0 =0, (2a)
1

0:0 + czaxp = E(a[p}p —0) (2b)

alp] = —W'xp (20)

This system is complemented with initial data py and oy := a[po]po. It is clear, at least formally, that
when ¢ — 0 the solution p of system (2) converges to the one of the aggregation equation (1) (and
actually it is true only if ¢ > |/a||). We mention that the aggregation equation may also be derived
thanks to a hydrodynamical limit of kinetic equations [6,7,13].

The aim of this work is to study the convergence as ¢ — 0 of the relaxation system (2) towards the
aggregation equation. More precisely, we establish a precise estimate of the speed of convergence, and
we also illustrate with some numerical simulations. These estimates are obtained only in the case of
the Newtonian potential in one dimension W(x) = |x|. Indeed, in this particular case we may link
the aggregation equation to a scalar conservation law [14,15]. The same link holds for the relaxation
system (2): denoting

u(t,x) = % —/_xoop(t,dy), o(t,x) = % —/x o(tdy),

—00

where the notation [ p(t,dy) stands for the integral with respect to the probability measure p(t), then
we verify easily that

u = —W/*p, _axu/

p =
so that afp] = u. Then, integrating (2), we deduce that (u, v) is a solution to
o+ 9,0 =0 (3a)

1/1
2 _trioa
010 + 0 U = . (2u v), (3b)

which is complemented with initial data 1y = % -/ foo po(dy), and vy = % —f foo 00(dy). Clearly, as
e — 0, we expect that the solution of the above system converges to the solution of the following
Burgers equation

1
dsu + Eaxuz =0.

Introducing the quantities @ = v — cu and b = v + cu, (3) is equivalent to the diagonalized system

o= (350 - o
atb+caxb:%(%(bz_ca)2—”§b). (4b)

We will adapt the techniques developed in [16] to obtain convergence estimates for our system.

In order to illustrate this convergence result, numerical discretizations of the relaxation system (2)
are investigated. The schemes we propose are such that they are uniform with respect to ¢, that is they
satisfy the so-called asymptotic preserving (AP) property [17]. Therefore, such schemes in the limit
¢ — 0 must be consistent with the aggregation equation. Numerical simulations of solutions of the
aggregation equation for pointy potentials have been studied by several authors see e.g. [11,13,18-22].
In particular, some authors pay attention to recover the correct behavior of the numerical solutions
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after the blow-up time. To do so, particular attention must be paid to the definition of the product
alp]p when p is a measure.

In this article, we propose two discretizations of the relaxation system which satisfy the AP
property. In a first approach, we propose a simple splitting algorithm where we split the transport
part and the right hand side in system (2). It results in a numerical scheme which is very simple
to implement and for which we verify easily the AP property. The second approach relies on a
well-balanced discretization in the spirit of [20,23]. This scheme is more expensive to implement than
the first scheme, but its numerical solution has less diffusion, as it is illustrated by our numerical
results.

The outline of the paper is the following. In section 2, after recalling some useful notations, we
prove our main result: an estimation of the speed of convergence in the Wasserstein W; distance
with respect to € of the solutions of the relaxation system (2) towards the solution of the aggregation
equation (1) in the case W(x) = 1|x|. The numerical discretization is investigated in section 3. Two
numerical schemes verifying the AP property are proposed. The first scheme is based on a splitting
algorithm, whereas the second scheme relies on a well-balanced discretization. Numerical results and
comparisons are provided in section 4.

2. Convergence result

2.1. Notations

Before stating and proving our main results, we first recall some useful notations and results.
Since we are dealing with conservation laws (in which the total mass is conserved), we will work in
some space of probability measures, namely the Wasserstein space of order p > 1, which is the space
of probability measures with finite order p moment:

Pp(RN) = {]4 nonnegative Borel measure, u(RN) =1, / |x|[Pu(dx) < oo} .

This space is endowed with the Wasserstein distance defined by (see e.g. [24,25])

1/p
W,(u,v) = inf — x|Py(dx,d , 5
p(p,v) ﬂye}r(ly,v){/y x|Py(dx y)} (5)

where T'(j, v) is the set of measures on RN x RN with marginals y and v, i.e.

T(u,v) = {7 € Py(RVxRN); ¥ € Co(RN),/@ ¢(yo)r(dyo, dyr) = /RN ¢(yo)p(dyo),

/sz ¢(y1)r(dyo, dy1) = /RN C(yl)v(dyl)},

with Co(RN) the set of continuous functions on RN that vanish at infinity. From a simple minimization
argument, we know that in the definition of W, the infimum is actually a minimum. A map that
realizes the minimum in the definition (5) of W), is called an optimal transport plan, the set of which is
denoted by I'o(p, v).

In the one-dimensional framework, we may simplify these definitions. Indeed any probability
measure y on the real line R can be described in term of its cumulative distribution function F,(x) =
#((—o0,x)) which is a right-continuous and nondecreasing function with F,(—oco) = 0 and F,(+0c0) =
1. Then we can define the generalized inverse Fﬂ_l of F, (or monotone rearrangement of y) by
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Fy’1 (z) := inf{x € R/F,(x) > z}, it is a right-continuous and nondecreasing function as well, defined
on [0, 1]. We have for every nonnegative Borel map ¢,

! -1
[ e@miax) = [ e @) az.

In particular, € P,(R) if and only if 1 1€ LP(0,1). Moreover, in the one-dimensional setting, there
exists a unique optimal transport plan realizing the minimum in (5). More precisely, if 4 and v belong
to Pp(R), with monotone rearrangements F,’ Land F; !, then Ty(p,v) = {(F; LE; 1)#L(0/1)} where
LL(o,1) is the restriction of the Lebesgue measure on (0,1). Thus we have the explicit expression of the
Wasserstein distance (see [24,26,27])

1/
Wyt = ([ @ - B @I ) ©

and the map p — F/ !is an isometry between P,(R) and the convex subset of (essentially)
nondecreasing functions of L? (0, 1).

2.2. Convergence estimates

Let us first consider the limit ¢ — 0 for the system (3). Compactness methods have been used in
[28] to get Lllo . convergence in space. However, in order to pass to the aggregation equation, one may
want global L! convergence, which we prove in the following theorem, along the lines of Katsoulakis
and Tzavaras [16]:

2
Theorem 1. Let ug € L* NBV(R), ¢ > ||lug||r~ and set vy = %0 There exists a constant C > 0 such that,
for any e > 0, denoting by (u®,v®) the solution to (3) with initial data (1o, vo), the following estimate holds:

VT >0,  |[u(T) —us(T)||;1 < CTV (up)(VeT +e),

where u is the entropy solution to the Burgers equation with initial datum uy.

Proof. Denote (4, b®) the solution to (4), and G(a,b) = % (bz;c“)z - %b.

So as to obtain entropy inequalities on (a%, b®), we need monotonicity properties on G. One can
check that G(a%, b®) is decreasing with respect to a° and b* if the so-called subcharacteristic condition
|uf| < c holds. Up to a slight modification of the nonlinear term f(u®) = @ in (3), which does not
affect the value of (a°, b°):

2

u .
ol 5 i < g,
2
u .

fluy =42, i — ol < u < o],
I

ol — 95 i gl <,

the choice ¢ > ||ug|| L~ ensures that the subcharacteristic condition and the bound ||u®(t)||1~ < ||ug]| L
hold for all time.

Now, obtaining entropy inequalities on (a%, b®) consists in making a comparison with constant
state solutions to (4). Namely, letting m = ||ug||r~ (% — c), M = ||up|| e (% + c) and

h(a) = a+2c® — 2cV/c2 + 2a, we have G(k, h(k)) = 0 for all k € [m, M], and therefore (k, h(k)) is a
solution to (4). Thus the following system holds:
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31 (a° — k) — cdn(af — k) = %(G(as, b) - Gk h(K))), (7a)
946 — h(k)) + (b — (k) = - (G(a, 1) — Glk (K)) ). (7b)

Multiplying (7a) by sgn(a® — k), (7b) by sgn(b® — h(k)) and summing yields:

1
A (|a€ — k| + |b¢ — h(k) |) — cOy (|a€ — k| — bt — h(k)|) == ( sgn(af —k) + sgn(b* — h(k))) x
€
(G(aS, be) — G(k,h(k))).
Hence, using the monotonicity of G we get the following entropy inequalities on (a¢, b°):
0 (Ja° — k| + |b° = (k)| ) = cd (Ia" — K| = b~ h(k)] ) <. ®)

We now turn to proving entropy inequalities on u®. Straightforward computations yield the existence

of a constant C > 0 such that, for all a,b € [m, M|, one has |h(a) — b| < C|G(a, b)|. We therefore work

h(a®)—a*

on the variable w® := =5~ in the first place. Let k € [ — |Jug|| 1, |[10]| 1], and k € [m, M] such that

= W We have:

1 1
= x| = o= (1h(a%) = (k)| + [a° K|} = o (|a° —K| + |6 = h(k)| +7}), ©)

where r{ = |h(a®) — h(k)| — |b° — h(k)| verifies |r{| < |h(a®) — b®| < C|G(a® b®)|. Thus, we are left to
control |G(a¢, b%)|. To do so, we formally differentiate this quantity and use (4):

9¢|G(a,b%)| = <ata€8aG(a£, b®) + 0:b°0, G(af, bs)) sgn(G(af, b%)),

% (9:G (a7, b%) +3,G (e, 5°) ) G (a°, b°)| - c sgn(G(a", b)) (0:°0u G (a°, b) + D60, G (a°, 1) )

IA

1
~ sup (a,,c+abc)|c(a€,b£)|+c sup (|aaG|+|abc|)(|axa€|+|axb€|).
€ 2 2

(m,M] [m,M]

Integrating in space gives:
d A
G @B 2 < =216, ) |1 + B(TV (a0) + TV (1)),

where A = —supy,, 2 (0,G +9,G) and B = ¢ sup[m,M]z(\aaG| + |90, G|) are positive constants which
do not depend on € nor on time. A Gronwall lemma then gives:

|Gt (8), ()l < €(TV(a0) + TV (k) )e, (10)

70 where we still denote C = B/ A a constant independent of time and of €.

2
Besides, since, G(a,i(a)) = 0, one has 3 (h(“z);a) = 1(h(a) 4 a) and therefore:

sgn(w® — k) (“";)2 - "22) - % sgn(h(f) — h(k) — (af — k)) (h(ag) +af — (h(k) + k)),

_ %(m(f) —h(k)| ~ la* ~ K,

= 2 (Ib—h(o) — la* — K +13), (1)
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with |r5| < C|G(af, b)|. Differentiating (9) in time and (11) in space, and using (8) thus yields:

(wf)?  x? 1
ot|w® — k| 4 9y sgn(w® — k) ( D) < > (atri + caxri). (12)

Then, we estimate ||u(t) — w*(t)||;1 using Kuznetsov’s doubling of variables technique (see e.g. [29]
for scalar conservation laws with viscosity and [30] for a more general formalism) in order to combine
(12) with Kruzkov inequalities on the entropy solution u, that read:

O|lu — k| + 9y sgn(u —x) (f(u) — f(x)) <O. (13)

Writing respectively (13) at point (s, x) for k = w*(t,y) and (12) at point (¢,y) for x = u(s, x), we get:

dlu(s, x) — wF (£, )| + dx sgn(u(s, x) — w(t,y)) (”(S'zx)z - (wg(’;y ))2) <0, (14a)
€ 2 2
A (1,9) = s, )| + By sy (t) = (s, ) (G M) < 2 (k0,0 + o)
(14b)

o

Now, let w,(t) = Ly (ﬁ) and Qﬁ(x) = %Q (%) be two mollyfing kernels. Setting g(s,t,x,y) =
wea(s — 1)Qp(x — y) and testing (14a) and (14b) against g(+, ¢, -, ¥) Lo ] and g(s, -, x, -) Lo ) respectively,
and integrating over [0, T] x R, we get on the one hand:

] 258t tx ks, %) = (t,)] ds dx e dy

+ /// 0xg(s,t,x,y) sgn(u(s, x) — w(t,y)) <u(s,2x)2 - (wg(;’y))z) ds dx dt dy

- // (T, t,x,y)|u(T,x) —w'(t,y)| dx dt dy + // g(0,t,x,y)|u(0,x) —w(t,y)| dx dt dy > 0,
(15)

and on the other hand:
J]]] 2:ststx ket (t,y) — u(s, )] ds dx dt dy
+ /// 9yg(s,t,x,y) sgn(w(t,y) — u(s, x)) <(w£(t2'y))2 - u(s,zx)2> ds dx dt dy
~ [J] 86 T ) (T, ) = (s, )] ds dxd dy + ] g(5,0,2,y) | (0,) — (s, x)| ds dx dy
> % (/// 0:g(s,t,x,y)ri(t,y) dsdx dt dy +c //// dyg(s,t,x,y)ry(t,y) ds dx dt dy

- // g(s, T,x,y)r{(T,y) ds dx dy + // g(s,0,x,¥)r{(0,y) ds dx dy) =: RHS. (16)

Now, since | - | is even, and dsg = —0;g and dyg = —dyg, we deduce by adding (15) and (16):

— // (T, t,x,y)|u(T,x) —w*(t,y)| dx dt dy + // 2(0,t,x,¥)|u(0,x) — w(t,y)| dx dt dy

— // g(s, T,x,y)|u(s,x) —w*(T,y)| ds dx dy + // 2(s,0,x,y)|u(s,x) —w(0,y)| ds dx dy > RHS.
17)
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Then, we write:

[u(T) —w*(T)[| 2 = // wa (T = 1) Qp(x = y)[u(T,y) — w*(T,y)| dx dt dy

+ [[] wsls =TI (x = (T, y) — w'(T,y)| ds dx dy,
=L+ (18)

A triangle inequality gives for I;:
L < // W (T = )Qp(x — ) [u(T,y) — u(T,x)| dx dt dy
+ // wo (T —t)Qp(x —y)|u(T,x) — w(t,y)| dx dt dy

. ) o
+/// wa(T = 1)Qp(x — y)[w(t,y) — w*(T,y)| dx dt dy
=T+ T+ T3.

with T} < CB- TV (up), the second term T, appearing in (17) and for the last one we write:
T £ £
T</Q X — / w T—t/w t,y) —w(T, dy dt dx,
35 [, Qr—y) | wnlT—8) | Jwt(ty) —wi(T,y)| dy

and then we use the fact that w* is uniformely Lipschitz in L!(R) with respect to e. Indeed, one has

owt = W with h'(a%) — 1 being uniformely bounded with respect to ¢ as a° stays in the

compact set [, M] for all time. In addition, estimating ||d;a°(t)||;1 can be done reusing (4) and (10):
1
19ra*(8) 11 < clloxa(B)l|r + ZI1G(a*(8), b°(£)) | < C(TV(ao) + TV (bo))-

with C > 0 still independent of time and of e. Hence |0;w®(t)|[;1 < C(TV(ag) + TV (bp)) and
T3 <aC(TV(ag) + TV(bp)). All in all, we get for I;:

L < // wa(T = 1)Qp(x —y)[u(T,x) —w(t,y)| dx dt dy + CB - TV (ug) +aC (TV(ag) + TV (bo)) -
And, similarly, for I,:
L < // wals — T)Qp(x — y)|u(s, x) — w*(T, )| ds dx dy + C(a + B)TV (ug).

Back to (18), we obtain:

[(T) = w (Tl < // wa()Qp(x — y)|u(0,x) — w(t,y)| dx dt dy (19)
+ // wa (8)Qp(x —y)|u(s,x) —w(0,y)| ds dx dy — RHS (20)
+aC (TV(ag) + TV (bg)) + Cla+ B)TV (up). (21)

But using a triangle inequality, one can show that:

// (Uu((t)Q‘B(x —y)|uo(x) —w*(t,y)| dx dt dy < CB- TV (up) + aC (TV (ag) + TV (by)),

and similarly:

// wa(8)Qp(x —y)|u(s, x) —w(0,y)| ds dx dy < C(a + B)TV (up).
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We then bound from above the term RHS using inequality ||75(¢)||;1 < C(TV(ag) + TV (bp)) € for

i=1,2:
%////w/ <S;t> Qp(x —y)ri(t,y) dsdx dt dy—i—%////wa(s—t)()’(x—y)rg(t,y) ds

dx dt dy — // .wa(s = T)Qp(x —y)ri(T,y) ds dx dy + // wa(5)Qg(x —y)r1(0,y) ds dx dy/|,

‘RHS

_1
T 2¢

T T
<C (a +5+ 1) (TV(ap) + TV (bp)) e.

Finally, we get:

() = (D) < C (4 1) (TV(a0) + TV(00) e Clact )TV () + aC (TV) + TV (b)),

which, after optimizing the values of « and B and noticing that TV (ag), TV (by) < C- TV (up), gives:
[(T) = w™(T) |11 < CTV (uo)(VeT +¢),

and this inequality, along with |h(a) — b| < C|G(a,b)| and (10) gives in turn the result. [J

Denoting p = —dyu, the convergence of uf(t) towards u(t) in L!(R) ensures that p(t) is a
probability measure. Indeed, since for all ¢ > 0, p* = —d,u® is a nonnegative distribution, so is p.
The Riesz-Markov theorem then ensures that p can be represented by a nonnegative Borel measure.
Besides, for a.e. t > 0, u*(t) is a nonincreasing function taking values in [0, 1] and hence converges
to a certain limit when x goes to +co. The same holds true for the limit function u(t). But, since
ué(t) — u(t) € LY(R), then uf(t, x) — u(t, x) must vanish as x goes to +oo. Therefore the total mass of
p(t)is 1.

Then, passing to the relaxation system (2) for the aggregation equation (1) can be done by using
(6) with p = 1. As a consequence, Theorem 1 translates as follows for the aggregation:

Theorem 2. Let pg € P2(R), ¢ > 1/2 and set op = a[po)po. There exists a constant C > 0 such that, for any
e > 0, denoting (%, 0¢) the solution to (2) with initial data (pg, 0y), one has :

vT >0, Wi (p(T),p"(T)) < C(VeT +e¢),
where p € C([0, +00), P2(IR)) is the unique solution (1) with initial datum p.

3. Numerical discretization

From now on, we denote At the time step and we introduce a Cartesian mesh of size Ax. We
denote t" = nAt forn € Nand x; = jAx for j € Z. In this section, we extend our framework and
consider the aggregation equation (1) with arbitrary pointy potentials W, which satisfy the following
conditions:

(i) Wisevenand W(0) =0,

(i) We CH(R\{0}),

(iii) W is A-convex, i.e. there exists A € R such that W(x) — /\% is convex,
(iv) W is ac-lipschitz continuous for some a,, > 0.

In this framework, the convergence of p® towards p for a slightly different problem has also been
studied in [7]. Adapting the argument, the convergence still holds provided the subcharacteristic
condition ¢ > a4 is verified. However, for such general potentials, the authors were not able to obtain
the estimates of the speed of convergence as stated in Theorem 2.
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In this section, we propose some numerical schemes able to capture the limit ¢ — 0, that is
satisfying the so-called asymptotic preserving (AP) property. We consider two approaches, the first
one based on a splitting algorithm, the second one based on a well-balanced discretisation.

3.1. A splitting algorithm

A first simple approach to discretize system (2) is to use a splitting method. Such a method is
known to be convergent and easy to implement but introduces numerical diffusion.
Notice that the system (2) rewrites, with y = 0 — cp, v = 0 + ¢cp, as:

S e CORED 2
= 0[5 (5) - 15). e

The idea of the method is to solve in a first step on (", t" + At) the system
om = (o[ (F1) - 1)
1 — —
o= (o[ () -,

1
with initial data (ji("), v(£")) = (4",v"). We obtain ;2 = p(#" + At,x;) and v} 2 = v(#" + At, x;).
Notice that this system may be solved explicitely. Indeed, by adding and subtracting the two equations,
we deduce after an integration

.

Vl+% T’l+% _ . n
Vi TTH =Y TR (23a)
L = ety a VBT (VD) iy (23b)
V] ] - ]/l] ] 2C 2C '

Then, in a second step, we discretize by a classical finite volume upwind scheme the system

o — coxp =0, 0V + co,v = 0.

That is
n+3 At nt] n+3
F‘;Hl =u; *+tc Ax (.“]Hz —H; ) (242)
+3  AF L nt] +3
V]ml _ V]fl ) AX(V” z _ ]” Z) (24b)

Coming back to the variables p and o, we obtain

nty _ n n,—Ax/¢e non _ ,—At/e
vt =cpy Hoje i+ ajop(1— e,
1
‘u7+2 — —Cp;-l +0.jne—Ax/e +a;lp;l(1 _e—At/S)I
with a;’ — Y W/(xj — x;)pj. Then, the splitting algorithm reads
k#j
1 At + ] }’l+l }"l+l
+1_ n
p;/l - p;,l ZAx(y]"'lz + ]’l] : 71/]'—12)

_ 1At ot —At/e —At/e n n n n n n n
=pj - Eﬂ(( b1 ojy)e +(1—e )@ 10i1 —aj_1pj1) — c(pfq — 20; +Pj—1)>/

(25)
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and
1 At
o = G e O — 20 e

c At n n n.n n n —At/e n n

T oax ((afﬂpl‘rl — 2050 +ajqpj 1)1 e ) = clpja — Pj—1)>

At
= a]’ﬂe*At/S_'_a P ( *At/€> + ;Ax( ot 20 +0, ) —At/e (26)

c At B

+ 3 ax (@hapfr =200 +aapf 1) (1= &) — (ol = p)).

Lemma 1. For any e > 0, if both the CFL condition 2t < 1 and the subcharacteristic condition ¢ > ae, hold,
then the splitting scheme (23)—~(24) is L'-stable:

wmeN, ¥ () < X (el ).
jE€Z =

Proof. We have:
n n _ ,—At/e at
n+y 1 —At/e LL] _ i 1—e _ Ly
Wi —2<e (1—|—C)—|—1 pt] 5 1 - v,
—At/e al a’l a?
”'*‘%f_l_e A n 1 —At/s( _ 1 a n
v = : <1+C)yj+2 e 1 C)+1+C v

1
Under the condition ¢ > 4, in the expression of y;lJr ?, the coefficient in front of y? is nonnegative and

1
the one in front of v! is nonpositive. Similarly, in V;H_ 2, the coefficient of u is nonpositive and the one
in front of 1/]’.1 is nonnegative. Taking the absolute value and adding up therefore yields:

nti n+l
]/l] 2 + ’1/] 2

n
Uj.

It remains to remark that, provided the CFL condition CAA; < 1is verified, (24) gives:

1 1 .
].EZZ(|W+1|+ \Vf+1|) < (1—(:5) EZZ ( s Jn+z > +%: GZ T +(§]€ZZ e,
1 1
< (1—ﬁ)/§(|u]r+|v )+ T b
<Y (1 +11).
jez
101 O
102 Note that similar schemes have also been studied in [31] and proved convergent at rate VAx.

Let us now verify the AP property. When ¢ — 0, we verify that the equation on p (25) converges
to the following Rusanov discretization of (1) (see [21] for numerical simulations using the Rusanov

scheme):
1 At cAt
1
P]"+ =0 = EB (“?HP?H - “?—19?—1) + oy i1 = 207 +01), (272)
2 W/ (x; — xy) Ok - (27b)

k#j
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This limiting scheme provides a consistant discretization of (1). Indeed, similar scheme has been
extensively studied in [11] using compactness arguments and the following convergence result has
been proved:

Lemma 2. Assume pg € P(R) and that the stabzlzty conditions ¢ At <1landc > ae are satisfied. Let T > 0

and suppose we initialize the scheme (27) with pj Ax po( ;) where C; = [x Xi_1,Xp, ) Then, denoting pax
the reconstruction given by the scheme (27), that is:

pr Z Z P] t” tn+1

neNjeZ

then pay converges weakly in the sense of measures on [0, T] x R towards the solution p of equation (1) as Ax
goes to 0.

It has been also proved in [32] that the scheme (27) converges at rate v/ Ax.

3.2. Well-balanced discretization

Although the splitting method provides a simple way to obtain a discretization which is uniform
with respect to the parameter ¢, the resulting scheme has strong numerical diffusion and may not have
good large time behaviour. Then, well-balanced schemes have been introduced. A scheme is said to be
well-balanced when it conserves equilibria. The method proposed in this section comes from [20].

Let us assume that for some n € N the approximation (y;?, 1/]’7)]-62 of (u(t",x;),v(t",xj))icz

solution of (22) is known. We construct an approximation at time #"*1 using a finite volume upwind

discretization of (22), with the discretization of the source terms Hy ;, Hy ; to be prescribed right
afterwards:
At At
V7+1 = ‘M] + C (‘I“l]+1 ‘Z/l] ) +— H;Z,] (283)
At At
n+l _ . n _ n.
vt =y — e (vj' —vit )+ Hy; (28b)

In order to preserve equilibria, we set :

n 7i/"f _ _ [V H (V—H\ HFV
Huj = ax [, HEV) dx, H(”’V)_”{ 2c K 2c ) 2 @9

j—1

where (I, V) solve the stationary system with incoming boundary conditions, on (x;_1, x;):

i = H(E,) (302)
€OV = %H (7,7) (30b)
H(xj) = uj, v(xj_1) = viy. (30c)

And, in the same fashion, H; = A f "V H(ji,7) dx, where (fi,7) is the solution of the stationary

system on (x;, Xj41):

1
— COxfi = EH(ﬁ'ﬁ) (31a)
cxfi = - H(fi, ) (31b)

A(xj) = 7";’1+1’ 7(x;) = 1/]”/ (31c)
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Reporting equations (30b) and (31a) into the discretization of the source term, we get H! i= as(V(x) —

vj_1) and H;,j = - (y;z — fi(x;)). Hence, one may rewrite the scheme (28) as:
At
it = e ((xg) — wy) (32a)
A
v CA%(U;? — (). (32b)

Remark that the stationary system

1 1
—COxp = EH(y,v), COxV = EH(y,v), (33)
is equivalent to
1
0x0 =0, 200 = - (alplp — o). (34)
. 4 H+v . .
Therefore, denoting i1 = "5 and i1 =5 which are constant respectively on (x;, xj,1) and

(xj_l,x]-), one has:

fi(xj) = 20'].+% —vi, v(xj) = 2(7]«7%

— W (35)

Thus, it turns out that the scheme can be rewritten only in terms of the discretized unknowns and of

Ty
At 2cAt
H = e B ) Ty (36
At 2cAt
n+l _ . n n n
Vit = e (i) oo (36b)
Or equivalently:
At
P =0 = Ay~ ) o)
0—?"*‘1:0'“—0&(20”*0" 1—0;_ 1) (37b)
j ] Ax" Itz Tim2”

However, solving the stationary systems (30) and (31) involves the resolution of a nonlinear and
nonlocal ODE. Instead, we propose an approximation in the spirit of [20].
We replace the nonlinear term in (30a)—(30b) by a}’,‘ 1 %, where a;? , stands for a fixed and
—2 -2
consistent discretization of a {%] on the interval (x]«,l, xj), to be specified afterwards. Similarly,

v—fi
2c

following, we detail the construction for the problem (30a)—(30b) on (x i1 xj).
Obviously, the definition of a;’ 1 should be taken with care [11,20]. In [32], the authors showed
-2

we will replace the nonlinear term in (31a)—(31b) by a7+1 . with a7+1 defined accordingly. In the
2 2

that, when discretizing the product a[p]p, if a[p] and p were not evaluated at the same point, then the
resulting scheme produces the wrong dynamics. To take this into account, we will split p into one
contribution coming from the left and one contribution coming from the right, i.e. we set p = p; + pr
and ¢ = o, + og where p; (Ax) = 0 and pr(0) = 0. This implies that p(Ax) = pr(Ax) and p(0) =
pr(0).

More precisely, we solve the two following boundary value problem, on (0, Ax),

ec?—pL=ay ) pL—0,  pL(A¥) =0, (38a)
d
sczﬁpR = a;?_%,RpR — OR, pr(0) =0, (38b)
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We may solve explicitely these linear systems and, since p; (0) = p(0) and pr(Ax) = p(Ax), obtain the
relations
o = p(0)x” or = p(Ax)x" | . (39)

=3

with

i1 _
K" = 2k K" = d . (40)

n n
%,L)+, Kiig ™ —(a],_%’R),, when e — 0, (41)

where we denote 2, = max(0,4) > 0 and a— = max(0, —a) > 0 the positive and negative negative
part of a. Using the boundary conditions in (30), we have:

vl —7(0) v(Ax) —uf
p0) = 5—= plax) = ——L. (42)

with (39) and the fact that ¢ = o7 + oy is constant on [0, Ax], we get the following 2 x 2 system on the
unknowns 7(0), 7(Ax):

ul +7(Ax) = 7(0) + vy, (43a)
n
W+ v(Ax) = k! k! (43b)

Solving this system yields:

7 n [ 2 2O i—3.R
n(0) = Vi1 m 7 Wi 7 — (44a)
c—K +x Jc—x«" + «’
R Tj-3L j=3R - Tj-3L
K" c+x",  +x",
= _ . n j—3lL _n j—3.R -3k
v(Ax) =vil, R i e (44b)
jm2R - j=3lL j=3R =gl
From which we deduce with (42)
1 ((e—rly vy &8 o
P;l 1p = p(0) = - ]+zrn (45a)
—3 c c+x K
: j~LL T Nim3R
K (c+x '
1 [ %-3,L7i-1 =3 LT
n by 2/ 2
Pl 1 g =p(Ax) =~ 7 (45b)
j—2R c c+x K
2 + 1L T K-4R
and with (39)
v K — ut”
_ 1l Fiti-LR
T, 1:=0,+og=p0" 1 k" +0o", «" = 2 2 46
R W p e I (46)
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(the above quantities are well-defined since x” >0and «" | < 0). Injecting into (37), it gives the
q L R ] g g

. =3 =3
following scheme
K" — ¥ K"
it (1 B cAt> i At T LR j+%,Lvn  2cAt j+1R i (47a)
i Ax )71 Ax c—«" K" I Ax c—«" K" i+t
j+3.R + j+3.L j+3.R * j+3.L
n
nel _ (1 cAt\ cAtC+Kj 7R+K] LL o, 2cAt Kj—%,L . (47b)
Vi T ax ) Axc—x" | +x" | T Ax c—x" i Vi1
jm2R gl =R gl
where the coefficients K 1R 2T defined in (40). Equivalently for the variable (p, o) the scheme reads
vi? o —ult K vkt — ”K’?
ptl = pn At [ 77T L Hin1Si 1R - %,L Mt (48a)
] I Ax c—«" + " c— r T K
+hR T L J 2R gL
Vi Y K" V.‘K’?
S :U”—cﬁ gt j+1L P‘;+1 j+3R 1 "1 T (48b)
i I T Ax ] c—x", +x" c—x" —|—K”1 ’
3R L j=3R 3L

where we recall that y” = (7]” - cp” and 1/]” = U]” + cp”.

It remains to defme the Veloc1t1es a used in (38) and in (40). We take

-3,L/R

-y W X )op LL/R
7

N\»—l

However, this discretization implies the resolution of a nonlinear problem, since the quantities pZ 11/R
-1,

depends nonlinearly on a LR

Then, we 1mp1ement a fixed point method initialized with a. (0> = a? ; and 4" = al.
=3l = j—3.R ]
Solving, on each cell (x;_1, x;), the system of ODEs (38) with these Values for the Veloc1t1es gives two

sequences (p;l)l ) jez and (p]( ) ) jez- Then, we assign the next value of the velocity to 4’ Q)L R

(0)

- Z W (x; — xp) plil_) LR which allows us to compute new values for the left and right densities

k#j
(P(-Z)%,L)jez and (pﬁ)%,R)fEZ through (38). We iterate until W2(p(L),p(Ll+l)) and Wz(pg),pgﬂ)) pass

-1
n,(i)

below a certain threshold. Notice that the velocities @70 1R always remain bounded by 4. In
-1,

practice, only a few iterations are needed.
The resulting scheme is consistent for any € > 0 and stable under standard stability conditions, as
show the following lemmas.

Lemma 3 (L! stability). Under the CFL condition "At < 1 and the subcharacteristic condition ¢ > ae, there

holds that the sequence (u'',v i ) jn defined by the scheme (47) verifies the following L' stability property:

men, X (Il v)) < X (4 ).

JEZ JEZ

Proof. In each combination of (47), the first coefficient is nonnegative under the CFL condition CAt <1,

and so is the last one since K], 1, 2 >(0and K] LR S < 0. Moreover, under the subcharacteristic Cond1t10n
71
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C > e, it holds that —c < « i1 R +x i1 R < ¢ so the remaining coefficient is nonpositive. Thus,
27 27
applying the triangle inequality and reindexing the sums appropriately,

71
At At i+1,
Z<|y]+1|+|vn+1|) 2(1_C> n| ZCAXC ]+ R+ ;—&- L|]n|

jEZ JEZ ]+ ,L
2cAt j+l,R cAt
_Z Ax ¢ — K" : o |ﬂ]+1|+z< >|V7|
Jj€Z 3R L
cAtC+K+2,R+K]+2, " |+2cAt j+§,L |
j+1 _ n ] ’
iz Ax ¢ — Hz, +K iy Ax ¢ HZ, +x ]+2,
cAt cAt .
3(1—M>;(|V]|+|V> 2|ﬂ]+1|+Ax;\]|
<Y (Il +11).
JEZ

It concludes the proof. [J

Lemma 4 (Consistency for smooth solutions). Assume that, for all j € Z, we have a LIRS

— ké: W/( xj — Xi) 0k LL/R: Then, for any € > 0, the scheme (37) is consistent with (2) provzded that the
]
solutions are smooth enough.

Proof. For j € Z, one has, using Taylor expansions as Ax — 0,

K" . +a”
-3k 11 ]*% j~3.R 2
= |- T2 TTR ) Ax L O(ARR),
c—Kl L 2 4ec2< 2 x+0(8x%)
j=3.R ] 2L
K"y a | +at
j—2.R 1 1 j—3.L j—3.R 5
=t J7an 7R Ax 4 O(AXP).
c—x! K 2 T & <C+ 2 ) x+0(ax)
jm2 R 3L
Thus,
e A e i L+a]r‘llR
_ —’ i n n
U S B 12 ( ( 2 ) (071 F¢pj1)
an iy +an 1

In particular, i1 is clearly consistent with o (#", x i1 ) as long as the solution (p, o) is smooth enough
to perform standard consistency analysis for finite differences. This shows that (37a) is consistent with
9tp + 90 = 0. As for the consistency of (37b) with 90 + c?9xp = %(a[p]p —0), we write:

ol . =20t + 0! ot —p!
+1 Y T j-1 " Py Ax n noy o
0 1+ 01— 20 > +c 7 1o c(ojly +207 +074q)
a o +at al o +a’
j—3.L J=3R, p n j+3.L 3Ry n 2/ n n
+ 5 (0f —oiq) + 2 (041 — o) +c (ijl —Pj11)

+ O(Ax?).

a’ +a" a’ +a +a +a" +a
N i R o RN b 7 Y i e VI R " Tean TR,
5 Pi-1 5 P + 5 Pj+1
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Using Taylor expansions, we have, for smooth solutions o (£", xj,1) — 20 (", x;) + o (t", xj_1) = O(Ax?),
p(t",xj—1) — p(t", xj31) = O(Ax), o(t", x;) — o (t",xj_1) = O(Ax) and ¢ (", xj, 1) — o' (t", x;) = O(Ax).
Along with the bound |a” Yy R| < oo, this implies:

n
p’ll*pn 1 a_lL+a_1R
n__ ] 41 n n noy _ =2, J n
R R Gec? | S0 H 207 +0f) — 7 P
at |\ +a*, _+a’, +a’ a® | +a
-1 ~1R 1L 1R 1L LR
+]2 =2 2]*2 I*3 P?‘f’ I*3 2]+2 p]+1> AX+O(AX)

) are consistent with accuracy O(Ax?) and O(Ax)

P} 1 PJ+1 and c(o7 L+ 20_]n + 0_]n
j). For the remaining terms, let us recall that, with the

Clearly, cI—*—
respectively w1th —cdxp(t", x;) and deo (", x

notations of (42):
WL RO gy - oy -
Pi-iL 2c N c o PR T 2c N c
‘u’? o 1= o
Hence Pt Pi1r = c R i / +p771 —|—p]’?. Since o (t",x;_1) — o(t",x;) = O(Ax),
and assuming that:
a” 2 W'( 1
] i L/R Pr—1,L/R
k#j
12 we deduce that ”],1 LT ”],1 g is consistent with alp(t")](xj-1) + a[p(t")](xj) with accuracy O(Ax).
") = (ot x) = alo(t)] (o (E", 37)),

s Itfollows thato, 1 +0;_1 — Z(Tj is consistent with —dyp(t", x;)
. O

s again with accuracy O(Ax), and this concludes the proof
The stability conditions in Lemma 3 are independent on ¢, we recover in the limit ¢ — 0, using

(41), the scheme of [20]:
n n n n n n n n
nil At Vj (ﬂ]+%,L)+ + ]/l]Jr] (a]'+%/R)* Vj*l(a]',llL)'i’ + ]/l] (ajf%,R)i
L e R S Ry ) PO (T N (#92)
j+3.R +3L —3.R j=3L
n n n n n n n n
w1 _gn At (o @)+ F Gy )= vy e i ) 49b
G T T A | c+(a" , )+ ) c+ (a" + (a" , (49D)
AR T T 3R T Tt

which is stable under the conditions CAt < 1and ¢ > 4. Notice that with the notation in (46), equation

(49a) may be rewritten

At
+1
;T =pf — (p]+ @)+ =0 g (81 )= = p]

145

I N\*N

4. Numerical experiments

146 We present some numerical illustrations for the two schemes described in the previous section. In
‘ |, we also consider the smooth potential W(x) = %-.

16 05+ 3605,

1z addition to the potential W(x) =
Numerical tests are Conducted on the domain [—1, 1] with the inital data py

00 = a[po]po and both schemes are initialized with

1
0 __
P = ax(C) o=
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Figure 1 shows that both schemes recover the correct dynamics in the limit ¢ — 0: for the potential
W(x) = ‘zl , one can compute the exact velocity of both Dirac masses for the aggregation equation (1)
and see that they should be located respectively in x = —0.2 and x = 0.2 in final time T = 1.2.

This test is set up with ¢ = 1077, on a cartesian mesh of [—1,1] with 1500 cells, ¢ = 1 and the CFL

cﬁ = 0.9. Both schemes (27) and (49) display the correct velocity for the Dirac masses, but one can

notlce that the Rusanov scheme (27) shows more numerical diffusion. Note that both schemes being
written in conservation form, they preserve the total mass of p, which is also verified numerically.

0.5 A

0.4 4

0.3

0.2 1

0.14

103 S S ———————— | S S — 01 | S S E—

— Initial datum
WB scheme

0.10 A L
----- Splitting scheme

0.05 A
° 0004 M £ I
—0.05 A

—0.10 A

T T T T T
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6

Figure 1. Dynamics of two Dirac masses for the potential W(x) = % intime T = 1.2.

We then investigate the order of convergence when Ax goes to 0 with ¢ fixed, in Wasserstein
distance Wj (the numerical results are the same for W»).

After performing tests for several values of ¢, it appears that the convergence rate does not depend
on the size of e. Therefore, as an example, we propose simulations in final time T = 0.5, with the same
intial data and stability parameters as above, and with ¢ = 2 x 10~ for Figure 2 and with ¢ = 102 for
Figure 3.

For a fixed value of ¢, both schemes seem to converge with order 1/2 with respect to Ax for the
smooth potential W(x) = "72 (see Figure 2) whereas they seem of order 1 for the potential W(x) = %
(see Figure 3). This can be explained as both schemes possess some numerical diffusion which is
somehow counterbalanced by the aggregation phenomenon in the case of a pointy potential, as already
observed in [21]. Due to the link with the Burgers equation, this superconvergence phenomenon is
directly linked to the results of Després [33] which should be rigorously extended to our case (the mere
extension to the upwind scheme of [11] for the aggregation is not straightforward).
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| = WB scheme
Splitting scheme

—— Slope 1

—— Slope 1/2

Wasserstein error

-6
Space step size

-4

18 of 21

Figure 2. Order of convergence of the splitting scheme and the well-balanced scheme for the smooth

. 2
potential W(x) = %-.

| —% WB scheme
Splitting scheme

—— Slope 1

| — Slope 1/2

Wasserstein error
|
o

-6
Space step size

-4

Figure 3. Order of convergence of the splitting scheme and the well-balanced scheme for the pointy

potential W(x) = %‘

Finally, we also verify the well-balanced property of the scheme (48) by computing the W; distance

between the approximated solution at time T = 0.5 and the stationary solution of (2) given by:

p(t x) = po(x) ==

1 2

4ec?

)
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The test is conducted with e = 2 x 10~#, with the exact boundary conditions given by the above
formula, and for several values of Ax. As we show in Figure 4, the scheme (48) preserves well the
above equilibrium for any Ax (although we have replaced the resolution of the systems (30) and
(31) with linear systems, see (38)), while, for the splitting scheme, we recover the linear convergence
towards pp which is, in this case, the exact solution.

—— WB scheme
0.0175 A Splitting scheme

0.0150 A
0.0125 A
0.0100 A

0.0075 A

W1(pax(T) — po)

0.0050 A

0.0025 A

0.0000 A

0.0000 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0175 0.0200
Ax

Figure 4. Distance to the equilibrium for the splitting scheme and the well-balanced scheme and for

the pointy potential W(x) = %‘
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