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Abstract

This article concerns the mathematical justification of an averaged system of partial differential
equations governing the evolution of a two-phase mixture of compressible ideal fluids, with viscosity and
without conductivity, in space dimension 1 with periodic boundary conditions. The derivation is done by
some homogenization procedure. The originality and the difficulty of the paper consists in the fact that
both the density and temperature are allowed to oscillate (because of the absence of heat conduction), so
that the limiting model is a six-equations, two-pressures, two-temperatures model. The key point is to
show the strong convergence of the stress tensor in L2((0, T )×(0, 1)). The main difficulties are to obtain
uniform estimates in spite of the presence of oscillating coefficients in the energy equation. It requires
to look at solutions with low regularity for the density and the temperature.

1 Introduction

The mathematical justification of multiphase averaged models by homogenization in compressible fluid
mechanics depends on the framework in which the type of solutions is sought. In recent works, it has been
shown in the barotropic case that an appropriate framework is the one of the so-called Hoff-Desjardins
solutions (see [Des97], [Hof98]); it allows to obtain multiphase systems close to those described by formal
approaches in classical references like [IH06], [DP99].

The procedure we adopt in the present paper is described in the barotropic case as follows: – In a first
step, we introduce and study a model which reflects the physics at a mesoscale. This model differs from
the classical one-phase one by the presence of a color function, i.e. the characteristic function of one of the
phases, which labels each fluid particle and allows to prescribe different viscosity coefficients and pressure
laws in the two phases. In this context we prove the existence of solutions à la Hoff, global in time. –
In a second step, we study the behavior of solutions constructed from highly oscillating initial data. We
show that the limit is described by an averaged system which features a kinetic equation for the family of
Young measures associated with the sequence of densities and temperatures. – In the last step, it remains
to prove that if the family of Young measures is initially a linear combination of two Dirac masses (related
to the two densities and temperatures of the components) then this persists in time. Using such a property,
it is then possible to get a system governing the two-phase compressible mixture, system similar to the
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Baer-Nunziato system: see [BN86] for the presentation of this mixture theory. The interested reader is
referred to [BBL22] in the continuous setting and [BBL23] in the semi-discrete case, for the barotropic
case. We also refer to the recent contributions [HMS22; HMS23] for barotropic compressible fluids in the
presence of surface tension between the phases.

An important remark is that if the viscosity coefficients tend to zero in the obtained two-phase compress-
ible system, we formally get the usual two-phase averaged system with the pressure equilibrium constraint.
Note that if we are only concerned with the macroscopic model without specifying the family of Young
measures, it suffices to consider global weak solutions à la Leray (see the book [NS04] for an introduction to
this type of solutions for compressible barotropic fluids): see for instance [Hil07], [PS12], [AZ96a]. However
in the latter case we do not have enough information for the solutions in order to justify Baer-Nunziato
type averaged models.

Concerning the compressible heat-conducting Navier-Stokes equations, it has been discussed for ideal
gases in the recent paper [Hil19] (see also [AZ96b] and [AZ97] for well-posedness studies of macroscopic
averaged systems). Note that in dimension 1, with initial data close to an equilibrium, heat conduction and
viscosity provide, in small time, H1 bound in space on the temperature and the velocity field and L∞ bound
occurs on the density if initially. It is therefore possible to follow the same procedure explained previously
in the barotropic case (but for small time). The present paper concerns the compressible Navier-Stokes
equations with an energy equation but without heat conduction (a physical justification of the absence
of thermal conduction can be found in [Kap+01], in which it is explained that in some situations the
conductivity coefficient is much smaller than the viscosity one even if this last one is small). Assuming
no thermal conduction implies that similar behaviors on the density and on the temperature may occur,
namely oscillations and concentrations. Here we propose to investigate this problem, in one dimension in
space, following the procedure explained here above.

Performing a formal viscosity limit in the proposed two-phase compressible averaged system with tem-
perature, it is interesting to note that we get a two-phase averaged system with algebraic constraint on
the entropies, see [Lag00], [DL07] and [ACK02] (in these last three references the mixture models are in-
tended to treat mixed cells at the numerical level only, whereas the components are assumed to be pure
at the continuous level, justifying the term "diffuse interface"). Note that the relaxation limit we perform
formally assumes regular solutions, which is not the case in these references. It would be really interesting
to study the viscous shock limit: For references about this topic, see for example [BC99], [CC03], [AS03]
and references therein.

The paper will be organized as follows. First, in Section 2, we present the modeling of the mesoscopic
two-phase unmixed equations and the formal derivation of the associated two-phase averaged system. We
also formally discuss the weak limit relaxation (as the viscosity coefficient tends to 0) of the two-phase av-
eraged system to an original algebraic equilibrium law concerning the associated pressures and an evolution
equation for the specific entropies. Then, in Sections 3 and 4, we present the global existence and unique-
ness results for the compressible mesoscopic unmixed system assuming the initial intermediate regularity
ρ0, θ0 ∈ L∞, ρ0 far from the vacuum, and u0 ∈ H1. To get such an existence and uniqueness result, we
develop, in Section 4.1, the necessary energy estimates and uniform bounds starting from the local existence
of strong solutions in [Li20] by writing an equation on the stress tensor taking care of oscillating coefficients.
A stability result will enable us, smoothing the initial data, to obtain an existence result for Hoff solutions
from those of Li. In a fourth part, Section 5, we use the uniform bounds obtained previously to present
some convergence properties when we consider highly oscillating data related to a color function cε0 and
therefore ρε0 and θε0 on the initial density and temperature profile. The original point is to prove a strong
convergence in L2((0, T ) × Ω) of the stress tensor σ with the lower and upper bounds on the density and
temperature: see Proposition 4.4 that is important at this stage. This allows to perform a homogenization
procedure: constructing a solution of the two-phase averaged system we have in mind, formally, we can
introduce Young measures and justify the formal derivation on the basis of a uniqueness result related to the
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associate kinetic equation. In the last section, Section 6, we provide numerical illustrations for the reader’s
convenience, comparing the solution of the mesoscopic unmixed phases equations with highly oscillating
data to the solution of the macroscopic averaged two-phase system.

2 Modeling and Formal Derivation

In this section we start by presenting the Navier-Stokes equations with temperature for a fluid. Then we
show how to write a system with two phases separated by interfaces in a mesoscopic model valid on the
whole domain, where the presence of interfaces is taken into account through a color function. We will
consider in all the paper no conduction in the temperature equation. Then introducing a sequence of highly
oscillating unknowns depending on a parameter ε and assuming some convergences we present how to derive
formally a macroscopic averaged system.

2.1 Compressible Navier–Stokes equations with temperature

To begin with, let us recall the Navier–Stokes equations for a Newtonian compressible non barotropic fluid,
in one dimension, by adopting a Eulerian point of view (see for example [NS04] for more details). The
quantities involved in describing such a fluid are the density ρ, the velocity u, the pressure p, the internal
energy e and the temperature θ. We consider viscous fluids, and we denote µ > 0 the constant viscosity.
The Cauchy stress tensor σ takes into account the forces of pressure and friction due to viscosity, via the
relationship

σ = µ∂xu− p.

The total energy E is the sum of kinetic |u|2/2 and internal energy e namely

E =
u2

2
+ e.

Navier-Stokes equations can then be written in a conservative form as follows
∂tρ+ ∂x(ρu) = 0

∂t(ρu) + ∂x(ρu
2) = ∂xσ

∂t(ρE) + ∂x(ρEu) = ∂x(σu).

(2.1a)

(2.1b)
(2.1c)

The continuity equation (2.1a) expresses the conservation of mass. The momentum equation (2.1b) is
simply the fundamental principle of dynamics. Finally, (2.1c) expresses the total energy equation in a
conservative form which implies the conservation of total energy. Note that we do not take into account
heat conductivity. To close these equations, we need some relationships between e, θ and p, ρ, θ. We
suppose that e and θ are linearly dependent:

e = cv θ

where cv > 0 is a constant (the specific heat). Finally, we suppose that p is a function of ρ and θ. We will
consider perfect gases, so we have

p = Rρθ where R = (γ − 1) cv

with γ > 1 is a constant (the heat capacity ratio). Multiplying (2.1b) by u/2 then substracting the result
to (2.1c), we obtain an equation for the internal energy

∂t(ρe) + ∂x(ρeu) = σ∂xu.
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2.2 Mesoscopic unmixed phases equations

Let us consider a mixing of two compressible fluids, called + and − in a domain Ω. At a given time t > 0,
fluid + is present in the domain Ω+(t), and fluid − in the domain Ω−(t), with

Ω+(t) ∪ Ω−(t) = Ω, Ω+(t) ∩ Ω−(t) = ∅. (2.2)

They satisfy the Navier-Stokes equations
∂tρ+ + ∂x(ρ+u+) = 0

∂t(ρ+u+) + ∂x(ρ+u
2
+) = ∂xσ+

∂t(ρ+E+) + ∂x(ρ+E+u+) = ∂x(σ+u+)

(2.3a)

(2.3b)
(2.3c)

with
E+ = u2+/2 + e+, σ+ = µ+∂xu+ − p+, p+ = R+ρ+θ+, e+ = cv+ θ+

on the domain Ω+, and 
∂tρ− + ∂x(ρ−u−) = 0

∂t(ρ−u−) + ∂x(ρ−u
2
−) = ∂xσ−

∂t(ρ−E−) + ∂x(ρ−E−u−) = ∂x(σ−u−)

(2.4a)

(2.4b)
(2.4c)

with
E− = u2−/2 + e−, σ− = µ−∂xu− − p−, p− = R−ρ−θ−, e− = cv− θ−

on the domain Ω−, where µ+, µ−, γ+, γ−, cv+, cv− are positive constants, γ+ > 1 and γ− > 1.
We assume now that both fluids move at the same speed u = u+ = u− (a natural assumption in order to

satisfy (2.2)), and that the Cauchy stress is continuous at the interfaces, a physically reasonable assumption
given the principle of reciprocal actions. For the moment, the model is assumed to be mesoscopic, in the
sense that the torus is broken down into a succession of slices of the two different components.

Remark 2.1. Later on, we will consider highly oscillating initial data related to a color function in a periodic
domain Ω = T. More precisely, for a partition Ωε

+,0 ∪ Ωε
−,0 = Ω such that the connecting components of

Ωε
±,0 have a size of the order of ε, we will define cε0 = 1Ωε

+,0
. The approach is to make ε tend towards 0

in order to obtain a macroscopic mixture, where we no longer consider two unmixed fluids separated by
interfaces at small scale but just one as an averaged system at large scale. If we assume ρ+,0 and ρ−,0

constant, then denoting ρε0 = ρ+,0c
ε
0 + ρ−,0(1− cε0), we will assume that ρε weak star converges in L∞(0, 1)

to α0ρ+,0 + (1− α0)ρ−,0 = ⟨νt,x, Id⟩ where νt,x = (1− α0)δρ−,0 + α0δρ+,0 . This will be typically the initial
data that we will consider with ρ−,0 and ρ+,0 depending on the large scale (t, x). □

To begin with, we would like to write (2.3) and (2.4) as a single Navier-Stokes equation before performing
an averaging procedure. The idea is a natural one: proceeding in this way, the fact that the system models
a mixture will only be seen through its initial conditions. The hope is that this will lead to the study
of Navier-Stokes with spatially variable viscosity and pressure law, for specific initial conditions. As in
[BBL22], we define c as

∀(t, x) ∈ [0, T ]× Ω, c(t, x) = 1Ω+(t)(x).

Thanks to this function, which we will call the color function, we can easily define the density ρ and the
temperature θ of the mesoscopic fluid by

ρ = cρ+ + (1− c)ρ−, θ = cθ+ + (1− c)θ−.
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Moreover, we define µ, γ, R and cv by

µ(c) = cµ+ + (1− c)µ−, γ(c) = cγ+ + (1− c)γ−, R(c) = cR+ + (1− c)R−, cv(c) = c cv++(1− c) cv− .

The equations (2.3) and (2.4) can be rewritten, thanks to the assumptions of continuity at the interfaces
on u and σ: 

∂tρ+ ∂x(ρu) = 0

∂t(ρu) + ∂x(ρu
2) = ∂xσ

∂t(ρE) + ∂x(ρEu) = ∂x(σu)

(2.5a)

(2.5b)
(2.5c)

with
E = u2/2 + e, σ = µ(c)∂xu− p(c, ρ, θ), p(c, ρ, θ) = R(c)ρθ, e = cv(c)θ.

In order to close the system, we need to follow the interfaces between phases + and −. This requires
considering an equation for c. In our study we consider c to be transported by the velocity u namely

∂tc+ u∂xc = 0 (2.6)

which simply expresses the fact that a particle does not change its nature over time. Using the mass
equation and that we will look for non vanishing density ρ, it may be written in a conservative form

∂t(ρc) + ∂x(ρuc) = 0 (2.7)

Let us observe that from (2.6), we can write

∂t(c(1− c)) + u∂x(c(1− c)) = 0

and therefore
c ∈ {0, 1}

if it holds initially. From (2.5c) and (2.5b) we deduce

∂t(ρe) + ∂x(ρeu) = σ∂xu.

Note that equations (2.5a)–(2.5c) and (2.7) are considered with the initial conditions

ρ|t=0 = ρ0, (ρc)|t=t0 = ρ0c0, (ρu)|t=t0 = ρ0u0, (ρE)|t=t0 = ρ0E0, (2.8)

with E = u2/2+cv(c)θ. Note that the initial conditions will be chosen later on compatible to the mesoscopic
unmixed phases system.

2.3 Macroscopic averaged equations: Formal derivation

Proposition 2.1. Let us assume that σε and uε strongly converges to σ and u in L2(0, T ;L2(T)). Moreover
let us consider that there exists α± ∈ [0, 1], ρ± ∈ [ρ, ρ], θ± ∈ [θ, θ] some measurable functions in time and
space (where 0 < ρ < ρ, 0 < θ < θ are some constants) such that, for all continuous β : [0, 1]×[ρ, ρ]×[θ, θ] →
R, defining a set of probability measures νεt,x (see Theorem 3.3) such that

⟨νεt,x, β⟩ = β(cε, ρε, θε).

Assuming
⟨νεt,x, β⟩ ⇀

ε→0
⟨νt,x, β⟩ in L2([0, T ]× T)
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where
νt,x = α+δ(1,ρ+,θ+) + α−δ(0,ρ−,θ−),

namely
β(cε, ρε, θε) ⇀

ε→0
α+β(1, ρ+, θ+) + α−β(0, ρ−, θ−) in L2([0, T ]× T), (2.9)

then 

∂tα± + u∂xα± =
α+α−

α−µ+ + α+µ−
(σ∓ − σ±)

∂t(α±ρ±) + ∂x(α±ρ±u) = 0

∂t(ρu) + ∂x(ρu
2) = ∂xσ with ρ = α+ρ+ + α−ρ−

∂t(α±ρ±e±) + ∂x(α±ρ±e±u) =
α+α−

α−µ+ + α+µ−
σ(σ∓ − σ±) + α±σ∂xu

(2.10a)

(2.10b)

(2.10c)

(2.10d)

where e± = cv± θ± and
σ± = µ±∂xu− p±

with p± = R±ρ±θ±, and with the homogenized stress tensor σ given by

σ =
α+/µ+

α+/µ+ + α−/µ−
σ+ +

α−/µ−
α+/µ+ + α−/µ−

σ−.

Remark 2.2. Note that σ may be written as σ = µeff∂xu− peff , where

µeff =
1

α+/µ+ + α−/µ−
, peff =

α+p+/µ+ + α−p−/µ−
α+/µ+ + α−/µ−

.

Remark 2.3. For obtaining the set of equations at the macroscopic scale, it is related to averaging proce-
dure. To do so, we need to consider an averaging operator E[·] (see for instance [PG21] using expectation
on a simple Stochastic model). In our case, E(b(c, ρ, θ)) = α+b(1, ρ+, θ+) + α−b(0, ρ−, θ−).

Proof. We will only give the proofs of the system "+". For "−" we just have to replace c by 1−c, remarking
that, taking β(c, ρ, θ) = 1 in (2.9), we have

α+ + α− = 1.

We will denote β(cε, ρε, θε) =: βε in the following. The main idea is to choose appropriate nonlinear
functions localized around the + phase playing with property that the triple (1, ρ+, θ+) never cross the triple
(0, ρ−, θ−). Of course calculations are formal in this subsection but important for readers to understand
where the macroscopic averaged equations may come from.

• To begin with, recall σε = µε∂xu
ε − pε, we write

0 = ∂tc
ε + uε∂xc

ε = ∂tc
ε + ∂x(c

εuε)− cε∂xu
ε = ∂tc

ε + ∂x(c
εuε)− cε

σε + pε

µε

and passing to the limit, using (2.9) with β(c, ρ, θ) = c, β(c, ρ, θ) = c/µ(c) then β(c, ρ, θ) = c p(c, ρ, θ)/µ(c)
and the strong convergence on σε and uε, we get

∂tα+ + ∂x(α+u)−
α+

µ+
(σ + p+) = 0

which we can rewrite as
∂tα+ + u∂xα+ =

α+

µ+
(σ − σ+).
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• To prove (2.10b) we just pass to the limit the equality

∂t(c
ερε) + ∂x(c

ερεuε) = 0

using (2.9) with β(c, ρ, θ) = cρ and the strong convergence on uε.

• Starting from the equality

∂t(cv(c
ε)ρεθε) + ∂x(cv(c

ε)ρεθεuε) = σε∂xu
ε

we rewrite the right–hand side as

σε∂xu
ε = σε

σε + pε

µε

and passing to the limit using (2.9) with β(c, ρ, θ) = cv(c)ρθ, β(c, ρ, θ) = 1/µ(c) then β(c, ρ, θ) =
p(c, ρ, θ)/µ(c), and the strong of σε and uε, we get

cv+ ∂t(α+ρ+θ+) + cv+ ∂x(α+ρ+θ+u) =
α+

µ+
σ2 + α+

p+
µ+

σ

which we can rewrite

∂t(α+ρ+e+) + ∂x(α+ρ+e+u) =
α+

µ+
σ(σ − σ+) + α+σ∂xu.

We obtain the following averaged system
∂tα± + u∂xα± =

α±
µ±

(σ − σ±)

∂t(α±ρ±) + ∂x(α±ρ±u) = 0

∂t(α±ρ±e±) + ∂x(α±ρ±e±u) =
α±
µ±

σ(σ − σ±) + α±σ∂xu

(2.11a)

(2.11b)

(2.11c)

Note that we can pass to the limit in the momentum equation and find directly

∂t(ρu) + ∂x(ρu
2) = ∂xσ (2.12)

where ρ = α+ρ+ + α−ρ−. We need now to find the expression of σ. Even if σε converges strongly to σ
in L2([0, T ]× Ω), the expression of the limit Cauchy stress is not clear. Indeed, passing to the limit in

σε = µ(cε)∂xu
ε − p(cε, ρε, θε) (2.13)

is not immediate because of the nonlinearity of p and the fact that ∂xuε converges only weakly. However,
following the classic idea of homogenization observed by S. Spagnolo and F. Murat, L. Tartar (see for
example [Spa67], [CD00] Theorem 5.5 and [MT85]), we rewrite (2.13)

∂xu
ε =

1

µ(cε)
σε +

p(cε, ρε, θε)

µ(cε)
.

Using now the strong convergence of σε, we get

∂xu =
(α+

µ+
+
α+

µ+

)
σ +

(α+p+
µ+

+
α−p−
µ−

)
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and therefore, with the notations of the proposition,

σ = µeff∂xu− peff .

In particular, σ can be seen as a convex combination of σ+ and σ− observing that:

σ =
1

α+/µ+ + α−/µ−
(∂xu− α+p+/µ+ − α−p−/µ−)

=
1

α+/µ+ + α−/µ−
(α+(∂xu− p+/µ+) + α−(∂xu− p−/µ−))

=
α+/µ+

α+/µ+ + α−/µ−
σ+ +

α−/µ−
α+/µ+ + α−/µ−

σ−.

Thus we can rewrite (2.11),(2.12) as (2.10).

Proposition 2.2. Let the assumptions of Proposition 2.1 be satisfied. Then the entropies s± given by

s± = cv± ln(θ±)−R± ln(ρ±) (2.14)

satisfy

α±ρ±θ±Dts± =
α∓µ±α+α−

(α−µ+ + α+µ−)2
(σ∓ − σ±)

2 +
2α+α−

α−µ+ + α+µ−
(σ∓ − σ±)µ±∂xu+ α±µ±(∂xu)

2

Proof. Starting with the formula (2.14), we get

α±ρ±θ±Dts± = α±ρ± cv±Dtθ± −R±θ±α±Dtρ±. (2.15)

We now recall that

0 = ∂t(α±ρ±) + ∂x(α±ρ±u) = α±Dtρ± + ρ±(Dtα± + α±∂xu)

thus
α±Dtρ± = − α+α−

α−µ+ + α+µ−
ρ±(σ∓ − σ±)− α±ρ±∂xu

and therefore, using also (2.10d), (2.15) reads

α±ρ±θ±Dts± =
α+α−

α−µ+ + α+µ−
σ(σ∓ − σ±) + α±σ∂xu+R±θ±

(
α+α−

α−µ+ + α+µ−
ρ±(σ∓ − σ±) + α±ρ±∂xu

)
= (σ + p±)

(
α+α−

α−µ+ + α+µ−
(σ∓ − σ±) + α±∂xu

)
.

Now we remind with the definition of σ± and σ that

σ + p± = σ − σ± + µ±∂xu =
α∓µ±

α+µ− + α−µ+
(σ∓ − σ±) + µ±∂xu

thus we conclude the proof.

Corollary 2.1. Let us now assume that µ± is of order η with η > 0 a small parameter. Assume that all
the unknowns may be developed in Taylor series with respect to η. Then at the main order

p0+ = p0− and α0
+ρ

0
+θ

0
+Dts

0
+ = α0

−ρ
0
−θ

0
−Dts

0
− = 0.
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Proof. Let us start with the entropies equations (2.14). Looking at order −1 and order 0 with respect to
η, we can prove the corollary. First observe that the more singular quantity with respect to the viscosity
coefficients is the first term in the right-hand side of (2.14). Thus we get

σ0− = σ0+

which reads p0− = p0+. Then looking at order 0, we conclude since

(σ− − σ+)
2 = O(η2).

Remark 2.4. We can write equations α0
±ρ

0
±θ

0
±Dts

0
± = 0 as Dts

0
± = 0 assuming α0

±ρ
0
±θ

0
± does not vanish,

see [Lag00].

Remark 2.5. In the barotropic case this problem has been addressed in the recent paper [BCT23] for the
case of regular solutions close to equilibrium.

3 Formal statement of the main results

We first define the functional framework in which we will consider the solutions of equations (2.5)-(2.6) on a
time interval (0, T ) fixed (in a periodic setting in space chosen to be (0, 1) later-on) which can be called the
Hoff framework. To construct such solutions, we regularize initial data (with a family of approximations
of the identity indexed by the parameter n) and use the existence of solutions provided by [Li20] to have
in hand a sequence of regular solutions. We can prove that such a sequence satisfies a certain number of
estimates uniformly with respect to the regularization. These estimates that define the class of solutions
usually called à la Hoff. This class of solutions is somehow intermediate between the class of bounded
energy weak solutions (see D. Bresch, P-E. Jabin, F. Wang [BJW23], and references cited therein) and
regular solutions as constructed by Kazhikhov and Shelukhin [KS77], but here in the case without heat-
conductivity. In particular it allows to consider discontinuous densities but the velocity is sufficiently regular
so as to trace the evolution of these discontinuities. We refer to [Hof86; Hof87; Hof93; Hof98] for Hoff’s
earlier work on compressible fluids one–phase flows. Of course, it suffices then to pass to the limit to obtain
the desired solution (weak nonlinear stability procedure). We then prove uniqueness of the limit in the Hoff
class of solutions to get a convergence on the whole sequence. It should be noted that while the results
given in the following are valid in the presence of a color function, they are interesting in their own right
in the study of Navier-Stokes with temperature and without thermal conductivity.

Since µ is not a constant but a discontinuous function, the simplest way to give meaning to "weak
solution" of (2.5a)–(2.5c) and (2.7) with initial conditions (2.8) is the following:

Definition 3.1. The quadruplet (c, ρ, θ, u) ∈ L∞(0, T, L∞(T)) × L∞(0, T, L1(T))2 × L1(0, T,W 1,1(T)) is
called "weak solution" of (2.5a)–(2.5c) and (2.7) if (2.5a)–(2.5c) and (2.7) are satisfied in a distribution
sense and the initial data (2.8) in a weak sense.

Remark 3.1. Concerning two-phase mixtures, a relevant subclass of initial data is given by

ρε0 = cε0ρ+,0 + (1− cε0)ρ−,0

with cε0 highly oscillating and ρ±,0 non oscillating functions. Thus ρε0 will start to oscillate faster and faster
as ε tends towards 0 in the averaging process. So we cannot ask more than a uniform bound in L∞([0, T ]×T)
for ρ. That’s the same for the temperature θ because we do not take into account heat conductivity. Since
the velocity u is assumed to be common to both fluids, it’s legitimate to take u0 ∈ H1(T), then we can
expect to obtain greater regularity on u.
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Let’s forget the color function for a moment. Navier-Stokes solutions (ρ, θ, u) in L∞ × L∞ × H1 as
described above are of intermediate regularity between strong solutions (where ρ, θ, u are regular) and
Leray solutions (where ρ, θ, u are not very regular). Navier-Stokes equations have been studied in this
framework, in the barotropic case and in 2 and 3 dimensions by D. Hoff [Hof93] for small data and by B.
Desjardins [Des97] in short time. D. Hoff also deals with the 1D case in [Hof98], globally in time without
size restriction on the initial data. His results are extended in [BBL22] and [BBL23] taking into account
the color function. In the next section, we will give some energy estimates for our problem, essentially by
mixing and improving some results from [Li20], [BBL22] and [BBL23].

We introduce here the framework of solutions "à la Hoff" for Navier-Stokes with temperature and
without conductivity, with transported coefficients.

Definition 3.2. Let (c0, ρ0, θ0, u0) ∈ L∞(T)3 ×H1(T). Then (c, ρ, θ, u) is called a solution "à la Hoff" on
[0, T ] of (2.5a)–(2.5c) and (2.7) with initial conditions (2.8) if there exists positive constants
ρ, ρ, θ, θ, C1, C2, C3, C4, C5, C6, which may depend on T , such that

• (c, ρ, θ, u) is a weak solution of (2.5a)–(2.5c) and (2.7) with initial conditions (2.8) in the sense of
Definition 3.1

• (c, ρ, θ, u) verifies the following bounds:

ρ ≤ ρ ≤ ρ a.e. in [0, T ]× T, (3.1)

θ ≤ θ ≤ θ a.e. in [0, T ]× T, (3.2)∫ 1

0
σ2 +

∫ t

0

∫ 1

0
(∂xσ)

2 ≤ C1,

∫ T

0
∥σ∥2∞ ≤ C2, (3.3)

sup
[0,T ]

∫ 1

0
(∂xu)

2 ≤ C3, sup
[0,T ]

∥u∥2∞ ≤ C3,

∫ T

0
∥∂xu∥2∞ ≤ C4,

∫ T

0

∫ 1

0
(∂tu)

2 ≤ C5, (3.4)

sup
0≤t≤T

min(1, t)

∫ 1

0
(∂xσ)

2 +

∫ T

0
min(1, s)

∫ 1

0
σ̇2 ≤ C6. (3.5)

If T may be chosen arbitrarily large we will use the term global solution "à la Hoff". A sequence of solutions
"à la Hoff" indexed by n is called "uniformly bounded" with respect to n if it checks all previous bounds
uniformly.

Our first main result is a global existence and uniqueness result that reads

Theorem 3.1. For any (c0, ρ0, θ0, u0) ∈ L∞(T)3 ×H1(T) such that there exist ρ0, ρ0, θ0, θ0, C0 > 0 with

c0 ∈ [0, 1], ρ0 ≤ ρ0 ≤ ρ0, θ0 ≤ θ0 ≤ θ0, ∥u0∥H1 ≤ C0, (3.6)

there exists a unique global solution "à la Hoff" of (2.5a)–(2.5c) and (2.7) with initial conditions (2.8).
Moreover, the bounds in (3.1)–(3.5) can be chosen so as to depend only on µ±, γ±, cv±, T and ρ0, ρ0, θ0, θ0, C0.

The idea of the proof is the following: Jinkai Li proved an existence result in [Li20] for smooth initial
data (without color function, but it is clear that this proof can be adapted in the present case for a smooth
color function). Thus, there is existence for regularized initial data, then we use the stability result Theorem
4.1 to construct a unique solution à la Hoff.
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The next result concerns the limiting behavior of a sequence of solutions "à la Hoff" emanating from
a sequence of uniformly bounded initial data. More precisely, for all ε > 0 consider

(cε0, ρ
ε
0, θ

ε
0, u

ε
0) ∈ L∞(T)3 ×H1(T)

verifying (3.6) with some bounds uniform in ε, and suppose that{
cε0, ρ

ε
0, θ

ε
0 ⇀
ε→0

c0, ρ0, θ0 weakly– ⋆ in L∞(T),
uε0 ⇀

ε→0
u0 in H1(T). (3.7)

In particular, there could be, and for the situation that is relevant to mixtures of fluids there are, points
x ∈ T where the associated sequence of values (cε0(x), ρ

ε
0(x), θ

ε
0(x)) oscillates around (c0(x), ρ0(x), θ0(x)).

Fix T > 0 and for all ε > 0, consider (cε, ρε, θε, uε) the solution "à la Hoff" of (2.5) with initial data
(cε0, ρ

ε
0, θ

ε
0, u

ε
0). The oscillations initially present in the initial data are then propagated in time (no smoothing

effect is to be expected since the subsystem of PDEs verified by cε, ρε and θε is hyperbolic) which creates
an instability: even if the sequence of solutions (cε, ρε, θε, uε) converges weakly-⋆ to some limiting functions
(c, ρ, θ, u) the later are not, in general, weak solutions for (2.5) with initial data (c0, ρ0, θ0, u0). Of course,
this is due to the presence of nonlinearities which, roughly speaking, do not commute with weak convergence.
Nevertheless, we can still describe the limiting system by introducing the Young measures associated to
(cε, ρε, θε). This mathematical entity contains all the information regarding the oscillations of the initial
sequence. In the context of 1D compressible fluids it has been observed since the 90s (see D. Serre [Ser91],
W. E [E92], Amosov and Zlotnik [AZ96c] for barotropic flows or Amosov and Zlotnik [AZ01], M. Hillairet
[Hil19] for heat conducting fluids) that an evolution equation can be written for this object.

We recall that we are concerned with heat non-conducting fluids and as such the temperature is os-
cillating. It is this aspect that is crucial in order to obtain a "two-temperature"-system in the limit. We
formalize the previous discussion in the following:

Theorem 3.2. Let T > 0 be fixed. Consider a sequence of uniformly bounded initial conditions (cε0, ρ
ε
0, θ

ε
0, u

ε
0),

(c0, ρ0, θ0, u0) ∈ L∞(T)3×H1(T) verifying (3.6) with bounds uniform in ε and (3.7). For all ε > 0, consider
(cε, ρε, θε, uε) the solution "à la Hoff" of of (2.5a)–(2.5c) and (2.7) with initial data (cε0, ρ

ε
0, θ

ε
0, u

ε
0). Then,

there exists some (c, ρ, θ) ∈ L∞([0, T ]× T)3, σ ∈ L∞(0, T, L2(T)) and u ∈ H1([0, T ]× T) such that

cε, ρε, θε ⇀
ε→0

c, ρ, θ weakly − ⋆ in L∞([0, T ]× T), (3.8)

uε ⇀
ε→0

u weakly in H1([0, T ]× T), (3.9)

uε −→
ε→0

u in L2(0, T, L2(T)), (3.10)

σε −→
ε→0

σ in L2(0, T, L2(T)). (3.11)

Moreover there exists constants ρ, ρ, θ, θ > 0 such that1:

∀(t, x) ∈ [0, T ]× T, 0 ≤ c(t, x) ≤ 1, ρ ≤ ρ(t, x) ≤ ρ, θ ≤ θ(t, x) ≤ θ. (3.12)

1We omit the time dependency of the constants in order to ease the reading. It is clear that a global version of this result
can be formulated albeit some technical details.
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Finally, there exists2 ν ∈
(
L1 ((0, T )× T) , C (K)

)′ such that

∂tρ+ ∂x (ρu) = 0,

∂tc+ ∂x (cu) =

〈
ν,

c

µ (c)

〉
σ +

〈
ν,
cp (c, ρ, θ)

µ (c)

〉
,

∂t(ρu) + ∂x(ρu
2)− ∂xσ = 0,

∂t (ρ ⟨ν, cv θ⟩) + ∂x (⟨ν, ρ cv θ⟩u) = σ∂xu,〈
ν,

1

µ (c)

〉
σ = ∂xu−

〈
ν,
cp (c, ρ, θ)

µ (c)

〉
,

(3.13)

Moreover we justify that ν satisfies a kinetic equation which with (3.13) form a closed system. Namely
we prove the following theorem

Theorem 3.3. Let K = [0, 1]× [ρ, ρ]× [θ, θ]. For ε > 0, we define as
νε : [0, T ]× T → P(K), (t, x) 7→ νεt,x
∀(t, x) ∈ [0, T ]× T, ∀β ∈ C(K),

〈
νεt,x,β

〉
= β(cε(t, x), ρε(t, x), θε(t, x))

∀x ∈ T, νε0,x = cε0(x)δ(1,ρ+,0(x),θ+,0(x)) + (1− cε0(x))δ(0,ρ−,0(x),θ−,0(x)).

By slightly abusing the notations, we will also denote by νε ∈ C(0, T,M(T×K)) the application{
νε : [0, T ] → M (T×K)

∀(β, ψ) ∈ C(K)× C (T) , ⟨νε, β × ψ⟩ :=
∫ 1
0 β (ρ

ε (t, x) , cε (t, x) , θε (t, x))ψ (x) dx

Then, there exists ν ∈ C(0, T,M(T×K)) ∩
(
L1 ((0, T )× T) , C (K)

)′ such that

νε −→
ε→0

ν in C(0, T,M(T×K)) ∩
(
L1 ((0, T )× T) , C (K)

)′
,

which verifies the following equation: ∂tνt,x + ∂x(uνt,x)−
σ + p

µ
νt,x − ∂ρ

(
ρ(σ + p)

µ
νt,x

)
+ ∂θ

(
σ(σ + p)

cv µρ
νt,x

)
= 0,

lim
t→0

⟨νt,x, β⟩ = lim
ε→0

〈
νε0,x, β

〉
, ∀β ∈ C(K).

(3.14)

Some observations are necessary in order to clarify some aspects of the above theorem:

Remark 3.2. A delicate point in the analysis is to obtain the L2
t,x-convergence of the sequence (σε)ε>0,

(3.11). This point is crucial in order to be able to prove that the Young measures verify the equation (3.3),
contrary to the barotropic case, where a bound in L2(0, T,H1(T)) was sufficient, using some compensated
compactness lemma.

Remark 3.3. Note that νε is weakly-measurable as for each β ∈ C(K), (t, x) 7→ ⟨νεt,x, β⟩ ∈ L∞([0, T ]×T).
The function ν : [0, T ] × T → P(K), (t, x) 7→ νt,x is weakly measurable as a limit of weakly measurable
functions.

Remark 3.4. As K is compact, each β ∈ C(K) is uniformly bounded. In particular, up to a subsequence,
β(cε, ρε, θε) converges weakly−⋆ in L∞([0, T ]×T) to a certain β(c, ρ, θ). As (C(K), ∥ · ∥∞) is separable, we
have

∀β ∈ C(K), β(cε, ρε, θε) ⇀
ε→0

β(c, ρ, θ) in L2([0, T ]× T),

2(L1 ((0, T )× T) , C (K)
)′ represents the dual of L1((0, T )× T, C (K)).
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modulo the extraction of a subsequence. By uniqueness of the limit, we obtain

∀β ∈ C(K), ⟨νt,x, β⟩ = β(c, ρ, θ).

Thus, the family of Young measures νt,x characterizes all weak limits of functions of (cε, ρε, θε) which is
exactly what we used to write the equations for c, u and σ.

It turns out that system (3.13) is too general for our purposes: indeed, as explained in the Section 2
(see also [BH15; BH19; BBL22; BBL23]) when considering mixtures of two compressible fluids, (cε, ρε, θε)
will oscillate between two states (α±, ρ±, θ±) corresponding to the characteristics of the two components
of the mixtures which we denote + respectively −. Of course, as explained earlier, α± is interpreted as
the volume fraction of the component ±. Mathematically, this is translated by asking the family of Young
measures (3.3) to be at any time a convex combination of Dirac masses:

νt,x = α+ (t, x) δ(1,ρ+(t,x),θ+(t,x)) + α− (t, x) δ(0,ρ−(t,x),θ−(t,x)). (3.15)

In view of the previous remark, this amounts to saying that

β(c, ρ, θ) = α+ (t, x)β (1, ρ+ (t, x) , θ+ (t, x)) + α− (t, x)β (0, ρ− (t, x) , θ− (t, x)) . (3.16)

This is precisely what was asked in (2.9). Of course, using (3.16) in system (3.13) we are able to interpret
the terms 〈

ν,
1

µ (c)

〉
,

〈
ν,

c

µ (c)

〉
,

〈
ν,
cp (c, ρ, θ)

µ (c)

〉
with respect to (α±, ρ±, θ±) and as such to obtain a closed system of partial differential equations for
(α±, ρ±, θ±, u) namely the macroscopic averaged system. It turns out that the structure (3.15) i.e. convex
combination of Dirac masses is propagated in time from the initial data:

Theorem 3.4. Assume the same hypothesis and notations as in Theorem 3.3. Moreover, assume the
existence of (α+,0, ρ±,0, θ±,0) ∈ L∞ (T) such that

ν0,x = α+,0 (x) δ(1,ρ+,0(x),θ+,0(x)) + (1− α+,0 (x)) δ(0,ρ−,0(x),θ−,0(x)).

Then there exists some α±, ρ±, θ± ∈ L∞([0, T ]× T)3 such that

νt,x = α+ (t, x) δ(1,ρ+(t,x),θ+(t,x)) + α− (t, x) δ(0,ρ−(t,x),θ−(t,x)).

These functions can be characterized with respect to the sequence (cε, ρε, θε, uε) solution "à la Hoff" of (2.5)
with initial data (cε0, ρ

ε
0, θ

ε
0, u

ε
0) :

cε −→
ε→0

α+, (1− cε) −→
ε→0

α− weakly- ⋆ in L∞([0, T ]× T),

cερε, cεθε −→
ε→0

α+ρ+, α+θ+ weakly- ⋆ in L∞([0, T ]× T) ,

(1− cε)ρε, (1− cε)θε −→
ε→0

α−ρ−, α−θ− weakly- ⋆ in L∞([0, T ]× T) ,

uε ⇀
ε→0

u in H1([0, T ]× T),

uε −→
ε→0

u in L2(0, T, L2(T)),

The functions (α±, ρ±, θ±, u) verify the system (2.10).

The proof of Theorem 3.4 follows the ideas introduced in [BH19]:

13



• We show that given u = u (t, x), σ = σ(t, x) having the regularity announced in Definition (3.2), the
equation (3.14) has at most one solution;

• In a second step we construct a solution that verifies (3.14) and using uniqueness, we conclude.

Theorem 3.4 allows us to characterize the terms〈
ν,

1

µ (c)

〉
,

〈
ν,

c

µ (c)

〉
,

〈
ν,
cp (c, ρ, θ)

µ (c)

〉
,

to obtain finally the macroscopic averaged system (2.10).

4 Global solution and uniqueness for Navier-Stokes with low regularity
temperature

4.1 Energy estimates and bounds

To justify the formal computations that follow, we assume that (c, ρ, u, θ) is smooth, and that ρ > 0, θ > 0.
The existence of such solutions is granted by the result of J. Li [Li20], with minor modifications. We first
present some notations and properties of operators. Then we present the conservation of mass and total
energy and conclude with some bounds including an upper bound on the density and a lower bound on the
temperature. We then present a key point in our paper which is a bound on the stress tensor σ, following
an idea from J. Li that had to be adapted to the presence of the color function c. We can then give a bound
on ρθ and conclude with the lower bound for the density ρ and the upper bound for the temperature θ.
The constants we will define in this section depend on µ±, γ±, cv± and T . For readability reasons, these
dependencies will be implicit.

4.1.1 Notations and properties of operators

Under the assumption ∂xu ∈ L1(0, T, L∞(T)), u is Lipschitz continuous in space and the Eulerian and
Lagrangian points of view are morally equivalent. We will often be switching back and forth in what
follows, and this subsection gives some elementary tools in order to make this transition as efficient as
possible.

1) The operator Dt: Recall the notation Dt(f) = ḟ = ∂tf+u∂xf of the total derivative of f . This definition
comes naturally, since defining X(t, s, x) as the solution of{

∀(t, x) ∈ [0, T ]× T, ∂tX(t, s, x) = u(t,X(t, s, x))

∀x ∈ T, X(s, s, x) = x

we get
d

dt
f(t,X(t, s, x)) = (Dtf)(t,X(t, s, x)).

The total derivative verifies the classical equalities of a derivative

Dt(fg) = Dt(f)g + fDt(g)

and
Dt(φ ◦ f) = Dt(f)φ

′(f) (4.1)
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if φ : R → R. In particular,
Dt(cf) = cDt(f). (4.2)

Moreover, ∫ 1

0
ρDt(f) =

d

dt

∫ 1

0
ρf. (4.3)

2) The operator I. We define an operator I, inverting Dt, by

I(f) =

∫ t

0
f(s,X(s, t, x))ds

in order to get
Dt(I(f)) = f, I(Dt(f)) = f − f0(X(0, t, x)). (4.4)

Moreover, we have
I(cf) = cI(f). (4.5)

3) A switching formula: In the calculations that follow, we may need to switch the symbols Dt and ∂x. We
use the formula

∂xDt(f)−Dt(∂xf) = (∂xf)(∂xu) (4.6)

4) The operator ∂−1
x : We define the operator ∂−1

x on the space of zero-mean-space functions by

∂−1
x f =

∫ 1

0

∫ x

y
f(z)dzdy

in order to get
∂x∂

−1
x f = f

∂−1
x ∂xf = f −

∫ 1

0
f.

Moreover, we have
|∂−1

x f | ≤ ∥f∥1. (4.7)

Note that

Dt∂
−1
x f = ∂−1

x (∂tf + ∂x(uf)) +

∫ 1

0
uf. (4.8)

4.1.2 Conservative quantities and bounds related to ρ, θ, ρθ and σ.

1) New formulation of the system: From the system (2.5) we deduce the equalities:


ċ = 0

ρ̇ = −ρ∂xu
ρu̇ = ∂xσ

ρė = σ∂xu

(4.9a)
(4.9b)
(4.9c)
(4.9d)

2) Conservation of mass and total energy: Integrating in space (2.5a) gives us conservation of total mass:

M(t) :=

∫ 1

0
ρ =

∫ 1

0
ρ0 = M0 .
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Moreover, integrating in space (2.5c) gives conservation of total energy:

E(t) :=
∫ 1

0
ρE =

∫ 1

0
ρ0E0 = E0 .

Remark that
M0 ≤ ρ0, E0 ≤ ρ0(Rmaxθ0 + C2

0/2).

We deduce ∫ 1

0
p =

∫ 1

0
(γ − 1)ρe ≤ (γmax − 1) E0, (4.10)∫ 1

0

ρu2

2
≤ E0 . (4.11)

Finally, using Cauchy-Schwartz inequality,

∫ 1

0
|ρu| =

√
2

∫ 1

0

√
ρ
√
ρ
|u|√
2
≤

√
2

√∫ 1

0
ρ

√∫ 1

0

ρu2

2
≤
√
2M0 E0. (4.12)

Remark that, if v is a constant, the change of unknowns

(c(t, x), ρ(t, x), u(t, x), E(t, x)) → (c(t, x− vt), ρ(t, x− vt), u(t, x− vt) + v,E(t, x− vt))

does not change the problem (it is the Galilean invariance principle). Choosing

v = − 1

M0

∫ 1

0
ρ0u0

we can suppose ∫ 1

0
ρ0u0 = 0

then, integrating (2.5b) in space ∫ 1

0
ρu =

∫ 1

0
ρ0u0 = 0. (4.13)

Proposition 4.1. There exists some H1 = H1(M0, E0) > 0 such that

|I(σ)| ≤ H1 (4.14)

Proof. Let’s apply ∂−1
x to (2.5b):

∂−1
x ∂t(ρu) + ∂−1

x ∂x(ρu
2) = ∂−1

x ∂xσ = σ −
∫ 1

0
σ.

By (4.8) we get

Dt(∂
−1
x (ρu))−

∫ 1

0
ρu2 = σ −

∫ 1

0
σ.

Applying I and using (4.4) we obtain

I(σ)(t, x) = ∂−1
x (ρu)(t, x)− ∂−1

x (ρ0u0)(X(0, t, x))−
∫ t

0

∫ 1

0
ρu2 +

∫ t

0

∫ 1

0
σ.
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Therefore, by (4.7), (4.12), (4.11) and (4.10),

|I(σ)| ≤ 2
√

2M0 E0 + T E0+T (γmax − 1) E0+

∣∣∣∣∫ t

0

∫ 1

0
µ∂xu

∣∣∣∣ . (4.15)

Moreover, by (2.6)∣∣∣∣∫ t

0

∫ 1

0
µ∂xu

∣∣∣∣ = ∣∣∣∣−∫ t

0

∫ 1

0
u∂xµ

∣∣∣∣ = ∣∣∣∣∫ t

0

d

dt

∫ 1

0
µ

∣∣∣∣ = ∣∣∣∣∫ 1

0
µ(t)−

∫ 1

0
µ0(t)

∣∣∣∣ ≤ µmax. (4.16)

Finally, by (4.15) and (4.16) we get the result.

Proposition 4.2. There exists some ρ = ρ(ρ0, E0) > 0 such that

ρ ≤ ρ a.e.. (4.17)

Proof. Using (4.2) then (4.9b) we get

Dt(µ ln(ρ)) = µDt(ln(ρ)) = −µ∂xu = −σ − p

then, applying I, using (4.4) and the fact that I(p) ≥ 0,

µ ln(ρ) = µ0(X(0, t, x)) ln(ρ0(X(0, t, x)))− I(σ)− I(p)

≤ µmax| ln(ρ0)|+ |I(σ)|
≤ µmax| ln(ρ0)|+H1.

Dividing by µ then taking the exponential we get

ρ ≤ ρ0 exp

(
µmax +H1

µmin

)
, (4.18)

hence the result.

Proposition 4.3. There exists some θ = θ(θ0, ρ0, E0) > 0 such that

θ ≥ θ a.e.. (4.19)

Proof. Using (4.9d), we have

µρė = σ(µ∂xu) = σ2 + σp = (σ + p/2)2 − p2/4 ≥ −p2/4

so

θ̇ ≥ − R2
maxρθ

2

4µmin cvmin
.

Then dividing by −θ2 and using (4.1)

Dt

(
1

θ

)
≤ R2

maxρ

4µmin cvmin
.

Applying I and using (4.4) we obtain

1

θ
≤ 1

θ0(X(0, t, x))
+ t

R2
maxρ

4µmin cvmin
≤ 1

θ0
+ T

R2
maxρ

4µmin cvmin
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hence the result, denoting

θ :=
1

1/θ0 + T
R2

maxρ

4µmin cvmin

> 0.

Proposition 4.4. Assuming that smooth solutions of the system occur with (4.17) and estimates in sub-
section 4.19 satisfied. Then σ satisfies the equation

σ̇ = µ∂x

(
∂xσ

ρ

)
− γσ∂xu.

Moreover, there exists some C1 = C1(ρ0, θ0, C0) > 0 and C2 = C2(ρ0, θ0, C0) > 0 such that

sup
[0,T ]

∫ 1

0
σ2 +

∫ T

0

∫ 1

0
(∂xσ)

2 ≤ C1, (4.20)

∫ T

0
∥σ∥2∞ ≤ C2. (4.21)

Proof. Using (4.9) we get

σ̇ = µDt(∂xu)−RDt(ρθ)

= µ∂xu̇− µ(∂xu)
2 −Rρ̇θ −Rρθ̇

= µ∂x

(
∂xσ

ρ

)
− µ(∂xu)

2 +R(∂xu)ρθ − (γ − 1)σ∂xu

= µ∂x

(
∂xσ

ρ

)
− γσ∂xu. (4.22)

Thus if β : R → R is C1,

Dt(β(σ)) = σ̇β′(σ) = µ∂x

(
∂xσ

ρ

)
β′(σ)− γ(σ∂xu)β

′(σ)

hence, dividing by µ,

∂t

(
β(σ)

µ

)
+ ∂x

(
u
β(σ)

µ

)
− ∂x

(
∂xσ

ρ

)
β′(σ) =

∂xu

µ
(β(σ)− γσβ′(σ)) (4.23)

Choosing β(x) = (x)+
2
/2 in (4.23) (where (x)+ = max(0, x)), then integrating in space, using the fact that

(∂xσ)(∂x(σ)
+) = (∂x(σ)

+)2,

we get
d

dt

∫ 1

0

(σ)+
2

2µ
+

∫ 1

0

(∂x(σ)
+)2

ρ
=
∂xu

µ

(
1

2
− γ

)
σ2+ (4.24)

But
(∂xu)1σ≥0 =

σ + p

µ
1σ≥0 ≥ 0.

18



So (4.24) gives
d

dt

∫ 1

0

(σ)+
2

2µ
+

∫ 1

0

(∂x(σ)
+)2

2ρ
≤ 0

hence ∫ 1

0

(σ)+
2

2µ
+

∫ T

0

∫ 1

0

(∂x(σ)
+)2

ρ
≤
∫ 1

0

(σ0)
+2

2µ0
≤
∫ 1

0

σ20
2µ0

.

Finally, using the equality |σ| = 2(σ)+ − σ, we get∫ 1

0
|σ| ≤ µmax

∫ 1

0

|σ|
µ

= µmax

∫ 1

0

2(σ)+

µ
− µmax

∫ 1

0

σ

µ
. (4.25)

But

−µmax

∫ 1

0

σ

µ
= −µmax

∫ 1

0
∂xu+ µmax

∫ 1

0

p

µ
≤ µmax

µmin

∫ 1

0
p ≤ µmax

µmin
(γmax − 1) E0 .

so by Young’s inequality, (4.25) gives∫ 1

0
|σ| ≤

∫ 1

0

(σ)+
2

2µ
+

∫ 1

0

2

µ
+
µmax

µmin
(γmax − 1) E0

hence by (4.25) ∫ 1

0
|σ| ≤

∫ 1

0

σ20
2µ

+
2

µmin
+
µmax

µmin
(γmax − 1) E0 =: H2. (4.26)

Evaluating (4.23) with β(x) = x2/2, then integrating in space, we get

d

dt

∫ 1

0

σ2

2µ
+

∫ 1

0

(∂xσ)
2

ρ
=

∫ 1

0

∂xu

µ

(
1

2
− γ

)
σ2

=

∫ 1

0

1
2 − γ

µ
σ3 +

∫ 1

0

1
2 − γ

µ2
σ2p

≤
∫ 1

0

1

µ2

(
γ − 1

2

)
|σ|σ2

≤ H2

µ2min

(
γmax −

1

2

)
∥σ∥2∞ =: H3∥σ∥2∞. (4.27)

Using now the Gagliardo-Nirenberg

∥σ∥2∞ ≤ ∥σ∥22 + 2∥σ∥2∥∂xσ∥2 (4.28)

we get by Young’s inequality

H3∥σ∥2∞ = H3

∫ 1

0
σ2 + 2H3

(∫ 1

0
σ2
)1/2(∫ 1

0
(∂xσ)

2

)1/2

≤ 2µmax(H3 + 2H2
3ρ)

∫ 1

0

σ2

2µ
+

1

2

∫ 1

0

(∂xσ)
2

ρ

then (4.27) gives

d

dt

∫ 1

0

σ2

2µ
+

1

2

∫ 1

0

(∂xσ)
2

ρ
≤ 2µmax(H3 + 2H2

3ρ)

∫ 1

0

σ2

2µ
.
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Hence, by Grönwall’s lemma,∫ 1

0

σ2

2µ
+

1

2

∫ t

0

∫ 1

0

(∂xσ)
2

ρ
≤ exp(2µmax(H3 + 2H2

3ρ)T )

∫ 1

0

σ20
2µ0

.

As µ ≥ µmin and ρ ≤ ρ, we get (4.20). Therefore, by the inclusions of Sobolev, there exists some C2 > 0
such that (4.21) holds.

Roughly speaking, (4.20) is the first Hoff energy get in [BBL22] in the barotrope case. Indeed, by (4.9c),

ρu̇2 =
(∂xσ)

2

ρ
and σ2 = (µ∂xu− p)2 looks like (∂xu)

2.

Proposition 4.5. There exists some p = p(ρ0, θ0, C0) > 0 such that

p ≤ p a.e.. (4.29)

Proof. From (4.9b) and (4.9d) we deduce

µ cvDt(ρθ) = µρ̇ cv θ + µ cv ρθ̇ = − cv ρθ(µ∂xu) + σ(µ∂xu)

= − cv ρθσ − cv ρθp+ σ2 + σp

= − cvR(ρθ)
2 + cv(γ − 2)ρθσ + σ2

= − cvR

(
ρθ − γ − 2

2R
σ

)2

+

(
1 +

(γ − 2)2

4(γ − 1)

)
σ2

≤
(
1 +

(γ − 2)2max

4(γmin − 1)

)
∥σ∥2∞

hence, denoting

H4 :=
1

µmin cvmin

(
1 +

(γ − 2)2max

4(γmin − 1)

)
,

Dt(ρθ) ≤ H4∥σ∥2∞.

Multiplying by R, using (4.2), then applying I and using (4.4), (4.5) we get

p = Rρθ ≤ R(H1(X(0, t, x)))ρ0(X(0, t, x))θ0(X(0, t, x)) +RmaxH4

∫ t

0
∥σ∥2∞

then from (4.21)
p ≤ Rmaxρ0θ0 +RmaxH4C2. (4.30)

Proposition 4.6. There exists some ρ = ρ(ρ0, ρ0, θ0, C0) > 0 and θ = θ(ρ0, ρ0, θ0, C0) > 0 such that

ρ ≥ ρ a.e., (4.31)

θ ≤ θ a.e.. (4.32)
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Proof. Using (4.14) and (4.30), and imitating the computations of 3) we obtain

µ ln(ρ) = µ0(X(0, t, x)) ln(ρ0(X(0, t, x)))− I(σ)− I(p)

≥ −µmax| ln(ρ0)| −H1 − Tp.

So, dividing by µ then applying the exponential function, we get (4.31). Thanks to (4.30) and (4.31), it is
obvious to obtain (4.32).

Proposition 4.7. There exists some C3 = C3(ρ0, ρ0, θ0, C0) > 0, C4 = C4(ρ0, ρ0, θ0, C0) > 0, C5 =

C5(ρ0, ρ0, θ0, C0) > 0 such that

sup
[0,T ]

∫ 1

0
(∂xu)

2 ≤ C3, (4.33)

|u|2 ≤ C3 a.e., (4.34)∫ T

0
∥∂xu∥2∞ ≤ C4, (4.35)∫ T

0

∫ 1

0
(∂tu)

2 ≤ C5. (4.36)

Proof. Writing
∂xu =

σ + p

µ

and using Proposition 4.4, 4.5, we obtain immediatly (4.33) and (4.35). Moreover, writing for all x, y ∈ T

u(x) = u(y) +

∫ x

y
∂zu (4.37)

then multiplying by ρ(y) and integrating on the torus, we get from (4.13)

M0u(x) =

∫ 1

0
ρ(y)

∫ x

y
∂xu (4.38)

hence

|u(x)| ≤
∫ 1

0
|∂xu| ≤ C

1/2
3 . (4.39)

Finally, we have

∂tu =
∂xσ

ρ
− u∂xu. (4.40)

Then, taking the square, integrating on [0, T ]× T and using some Young’s inequality, we obtain∫ T

0

∫ 1

0
(∂tu)

2 ≤ 2

∫ T

0

∫ 1

0

(∂xσ)
2

ρ2
+ 2

∫ T

0
∥u∥2∞

∫ 1

0
(∂xu)

2 (4.41)

≤ 2

ρ2
C1 + 2TC2

3 . (4.42)
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Next, we follow D. Hoff’s idea by introducing the weight function κ(t) = min(1, t) which cancels at
t = 0. Let’s briefly explain the principle: if f is a semi-norm of space, let us compare the calculations∫ t

0
f ′ = f(t)− f(0) (4.43)

and ∫ t

0
κf ′ = κ(t)f(t)−

∫ min(1,t)

0
f. (4.44)

In (4.43), having a bound on f(0) requires more regularity in the initial conditions. This term does not
appear in (4.44), and the

∫ min(1,t)
0 f term that does appear has every chance of being bounded by the

estimate obtained earlier, if κ′ doesn’t explode.

Proposition 4.8. There exists some C6 = C6(ρ0, ρ0, θ0, C0) > 0 such that

sup
0≤t≤T

κ(t)

∫ 1

0
(∂xσ)

2 +

∫ t

0
κ

∫ 1

0
σ̇2 ≤ C6.

Proof. Multiplying (4.22) by σ̇/µ, we get

σ̇2

µ
= ∂x

(
∂xσ

ρ

)
σ̇ − γ

µ
σσ̇∂xu.

then integrating in space gives us∫ 1

0

σ̇2

µ
= −

∫ 1

0
(∂xσ)

∂xσ̇

ρ
−
∫ 1

0

γ

µ
σσ̇∂xu. (4.45)

But using (4.6),

Dt

(
∂xσ

ρ

)
=
Dt(∂xσ)ρ−Dt(ρ)∂xσ

ρ2
=
Dt(∂xσ) + (∂xu)∂xσ

ρ
=
∂xσ̇

ρ

so by (4.3) ∫ 1

0
(∂xσ)

∂xσ̇

ρ
=

∫ 1

0
ρ
∂xσ

ρ
Dt

(
∂xσ

ρ

)
=

1

2

∫ 1

0
ρDt

([
∂xσ

ρ

]2)
=

1

2

d

dt

∫ 1

0

(∂xσ)
2

ρ

and we can rewrite (4.45) as

1

2

d

dt

∫ 1

0

(∂xσ)
2

ρ
+

∫ 1

0

σ̇2

µ
= −

∫ 1

0

γ

µ
σσ̇∂xu.

By Young’s inequality we obtain for a certain constant H5 > 0

1

2

d

dt

∫ 1

0

(∂xσ)
2

ρ
+

∫ 1

0

σ̇2

µ
≤ H5∥∂xu∥2∞(t)

∫ 1

0
σ2 +

1

2

∫ 1

0

σ̇2

µ

so using (4.20)
d

dt

∫ 1

0

(∂xσ)
2

ρ
+

∫ 1

0

σ̇2

µ
≤ 2H5∥∂xu∥2∞(t)

∫ 1

0
σ2 ≤ 2C1H5∥∂xu∥2∞.

and finally, multiplying by κ(t) and integrating in time, by (4.44) we get

κ(t)

∫ 1

0

(∂xσ)
2

ρ
+

∫ t

0
κ

∫ 1

0

σ̇2

µ
≤ 2C1H5

∫ t

0
κ∥∂xu∥2∞ +

∫ min(1,t)

0

∫ 1

0

(∂xσ)
2

ρ

≤ 2C1C4H5 + C1/ρ,

hence the result.
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4.2 Smooth solutions and stability

Theorem 4.1. Let (cn, ρn, θn, un) some solutions "à la Hoff" of (2.5a)–(2.5c) and (2.7) with initial condi-
tions (cn0 , ρ

n
0 , θ

n
0 , u

n
0 ). Suppose moreover that this sequence is uniformly bounded, and that there exists some

(c0, ρ0, θ0, u0) ∈ L∞(T)3 ×H1(T) such that

cn0 , ρ
n
0 , θ

n
0 −→

n→∞
c0, ρ0, θ0 in L2(T)

un0 ⇀
n→∞

u0 in H1(T).

Then, up to a subsequence, (cn, ρn, θn, un) converges strongly in L2(0, T, L2(T))3×L2(0, T,H1(T)) to some
solution "à la Hoff" of (2.5a)–(2.5c) and (2.7) with initial conditions (c0, ρ0, θ0, u0).

Proof. Using uniform bounds (4.17), (4.32), (4.33), after extracting, there exists some
(c, ρ, θ, u) ∈ L2(0, T, L2(T))3 × L2(0, T,H1(T)) such that

cn, ρn, θn ⇀
n→+∞

c, ρ, θ in L2(0, T, L2(T)) (4.46)

un ⇀
n→+∞

u in L2(0, T,H1(T)). (4.47)

Passing to the limit, we obtain immediatly (3.1)-(3.4). It remains to show the strong convergence and that
(c, ρ, θ, u) is a solution of (2.5) in the weak sense.

Step 1: Let’s show that
Xn −→

n→∞
X in C([0, T ]2 × T). (4.48)

Writing

Xn(s, t, x) = x+

∫ s

t
un(τ,Xn(τ, t, x))dτ,

X(s, t, x) = x+

∫ s

t
u(τ,X(τ, t, x))dτ

we get

|Xn(s, t, x)−X(s, t, x)| ≤
∫ s

t
|un(τ,Xn(τ, t, x))− u(τ,X(τ, t, x))|dτ

≤
∫ s

t
|un(τ,Xn(τ, t, x))− un(τ,X(τ, t, x))|dτ +

∫ s

t
|un(τ,X(τ, t, x))− u(τ,X(τ, t, x))|dτ

≤
∫ s

t
∥∂xun(t)∥∞|Xn(τ, t, x)−X(τ, t, x)|dτ +

∫ T

0
∥un − u∥L∞(T)

so using the Grönwall lemma

|Xn(s, t, x)−X(s, t, x)| ≤
(∫ T

0
∥un − u∥L∞(T)

)
exp

∫ s

t
∥∂xun(τ)∥∞dτ

≤
√
Te

√
C4T

(∫ T

0
∥un − u∥2L∞(T)

)1/2

. (4.49)

By (3.4), (un) is Lipschitz in C([0, T ]× T). So by Ascoli’s theorem,

un −→
n→+∞

u in C([0, T ]× T) (4.50)

and (4.49) gives (4.48).
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Step 2: Now we are going to show that
cn −→

n→∞
c in L∞(0, T, L1(T)).

To do that, we will use the equality

cn(t, x) = cn0 (X
n(0, t, x)).

We will shorten X(0, t, x) to X and Xn(0, t, x) to Xn in the following.

We get ∫ 1

0
|cn(t, x)− c0(X)| ≤

∫ 1

0
|cn0 (Xn)− c0(X

n)|+
∫ 1

0
|c0(Xn)− c0(X)|. (4.51)

At this step, that is important to remark that for all s, t ∈ [0, T ] we have the equality∫ 1

0
f(X(s, t, x))dx =

∫ X(s,t,1)

X(s,t,0)
f(y)

ρ(s, y)

ρ(t,X(t, s, y))
dy =

∫ 1

0
f(y)

ρ(s, y)

ρ(t,X(t, s, y))
dy (4.52)

and the same replacing (ρ,X(s, t, x)) by (ρn, Xn(s, t, x)).

Therefore, we infer that∫ 1

0
|cn0 (Xn)− c0(X

n)| =
∫ 1

0
|cn0 (y)− c0(y)|

ρn(s, y)

ρn(t,Xn(t, 0, y))
dy ≤ ρ

ρ

∫ 1

0
|cn0 (y)− c0(y)| −→

n→∞
0. (4.53)

For the second term on the right hand side of (4.51), we mollify c0, considering c0,η ∈ C1([0, 1]) such
that

c0,η −→
η→0

c0 in L1([0, 1]).

We have, using again (4.52)∫ 1

0
|c0(Xn)− c0(X)| ≤

∫ 1

0
|c0(Xn)− c0,η(X

n)|+
∫ 1

0
|c0,η(Xn)− c0,η(X)|+

∫ 1

0
|c0,η(X)− c0(X)|

≤ 2
ρ

ρ

∫ 1

0
|c0 − c0,η|+ ∥∂xc0,η∥∞∥Xn −X∥∞. (4.54)

Let ε > 0. Let’s fix η > 0 such that

2
ρ

ρ

∫ 1

0
|c0 − c0,η| ≤ ε. (4.55)

Then, there exists N ∈ N such that

∀n ≥ N, ∥∂xc0,η∥∞∥Xn −X∥∞ ≤ ε. (4.56)

So, from (4.54)–(4.56),

∀n ≥ N,

∫ 1

0
|c0(Xn)− c0(X)| ≤ 2ε. (4.57)

Finally, (4.53) and (4.57) give by (4.51)

cn −→
n→∞

c0(X) in L∞(0, T, L1(T)). (4.58)

and by uniqueness of the limit, c0(X) = c.
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Step 3: Let σ be the weak limit of σn in L∞(0, T, L2(T))∩L2(0, T,H1(T)). We deduce from the strong conver-
gence of cn that

σ = µ(c)∂xu− p

where p is the weak limit of R(cn)ρnθn.

Remark 4.1. In the following reasoning, the writing "∈ X" is to be understood as "uniformly bounded
in n in X".

We will abbreviate f(cn) as fn for any function f depending on cn. From Proposition 4.4 we get

∂t

(
σn

µn

)
= −∂x

(
un
σn

µn

)
+ ∂x

(
∂xσ

n

ρn

)
− γn − 1

µn
σn∂xu

n. (4.59)

Let’s look at each term of the right hand side of (4.59).

– σn ∈ L∞(0, T, L2(T)), µn, un ∈ L∞([0, T ]× T), so ∂x(σn/µn) ∈ L2(0, T,H−1(T)).
– ∂xσ

n/ρn ∈ L2(0, T, L2(T)), so ∂x(∂xσn/ρn) ∈ L2(0, T,H−1(T)).
– σn ∈ L∞(0, T, L2(T)), ∂xun ∈ L2(0, T, L∞(T)) and (γn − 1)/(µn) ∈ L∞([0, T ]× T), so

−γ
n − 1

µn
σn∂xu

n ∈ L2(0, T, L2(T)).

Finally,

∂t

(
σn

µn

)
∈ L2(0, T,H−1(T)).

Moreover, because cn converges strongly, we have using (3.3)

σn

µn
⇀

n→∞

σ

µ
in L2(0, T, L2(T)).

So, by Aubin-Lions lemma,
σn

µn
−→

n→+∞

σ

µ
in L2(0, T,H−1(T)).

But by (3.3) we have moreover
σn ⇀

n→∞
σ in L2(0, T,H1(T))

hence ∫ T

0

∫ 1

0

(σn)2

µn
=

∫ T

0

〈
σn

µn
, σn
〉

H−1×H1

−→
n→∞

∫ T

0

〈
σ

µ
, σ

〉
=

∫ T

0

∫ 1

0

σ2

µ
. (4.60)

But, as cn converges to c strongly,

σn√
µn

⇀
n→∞

σ
√
µ

in L2(0, T, L2(T)). (4.61)

then using (4.60) and (4.61)
σn√
µn

−→
n→∞

σ
√
µ

in L2(0, T, L2(T)).

Therefore, multiplying by
√
µn and using again the strong convergence of cn we get

σn −→
n→∞

σ in L2(0, T, L2(T)). (4.62)
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Step 4: Using (2.5c), and denoting rn = ρnθn, we get

∂tr
n + ∂x(u

nrn) =
σn∂xu

n

cvn
(4.63)

with
σn = µn∂xu

n −Rnrn. (4.64)

Hence, for all β ∈ C1(R,R):

∂tβ(r
n) + ∂x(u

nβ(rn)) =
σn∂xu

n

cvn
β′(rn) + (β(rn)− rnβ′(rn))∂xu

n

=
(σn)2

µn cvn
β′(rn) +

σn(γn − 1)

µn
rnβ′(rn) + (β(rn)− rnβ′(rn))

σn

µn

+ rn(β(rn)− rnβ′(rn))
Rn

µn
.

Choosing β(x) = x ln(x) in order to have β(x)− xβ′(x) = −x, we get

∂t(r
n ln(rn)) + ∂x(u

nrn ln(rn)) =
(σn)2

µn cvn
(ln(rn) + 1) +

σn(γn − 1)

µn
rn ln(rn) +

σn(γn − 1− cv
n)

µn cvn
rn

− (rn)2
Rn

µn
.

(4.65)

Remark that by (3.1) and (3.2), for all continuous function f :]0,+∞[→ R, f(rn) is bounded in
L∞(0, T, L∞(T)), so there exists such f(r) such that, up to a subsequence,

f(rn) −→
n→∞

f(r) in L∞([0, T ]× T) weak − ⋆.

Note that we can choose some subsequence which does not depend on f . Passing to the limit in (4.65),
and using (4.50), (4.58), and (4.62), we get

∂t(r ln(r)) + ∂x(ur ln(r)) =
σ2

µ cv
(ln(r) + 1) +

σ(γ − 1)

µ
r ln(r) +

σ(γ − 1− cv)

µ cv
r

− r2
R

µ
.

(4.66)

But passing to the limit in (4.63) and (4.64), using (4.58), (4.62), (4.50) and (4.47), we get

∂tr + ∂x(ur) =
σ∂xu

cvn

σ = µ∂xu−Rr.

So, by the same reasoning,

∂t(r ln(r)) + ∂x(ur ln(r)) =
σ2

µ cv
(ln(r) + 1) +

σ(γ − 1)

µ
r ln(r) +

σ(γ − 1− cv)

µ cv
r

− r2
R

µ
.

(4.67)

26



Substracting (4.67) from (4.66), then integrating in space and in time, using the fact that

r0 ln(r0) = r0 ln(r0) (4.68)

we obtain ∫ 1

0
r ln(r)− r ln(r) =

∫ t

0

∫ 1

0

σ2

µ cv
(ln(r)− ln(r)) +

∫ t

0

∫ 1

0

σR

µ cv
(r ln(r)− r ln(r))

−
∫ t

0

∫ 1

0

R

µ
(r2 − r2).

(4.69)

The functions s 7→ s ln(s), s 7→ s2 and s 7→ − ln(s) being convex, we have

r ln(r) ≥ r ln(r), r2 ≥ r2, −ln(r) ≥ − ln(r).

Therefore we deduce from (4.69)∫ 1

0
|r ln(r)− r ln(r)| ≤

∫ t

0

∫ 1

0

σR

µ
|r ln(r)− r ln(r)|

≤ Rmax

µmin

∫ t

0
∥σ(s)∥L∞(T)

∫ 1

0
|r ln(r)− r ln(r)|.

So, by (4.68) and Grönwall’s lemma, we get

rn ln rn −→
n→∞

r ln r in L∞(0, T, L1(T)). (4.70)

But by Taylor-Lagrange, for all n ∈ N there exists some ξn ∈] min(r, rn),max(r, rn)[ such that

rn ln rn − r ln r − (1 + ln r)(rn − r) =
1

2ξn
(rn − r)2 ≥ 1

2ρθ
(rn − r)2.

So, integrating in space and in time, then passing to the limit and using (4.70), we get

rn −→
n→∞

r in L2(0, T, L2(T)).

hence
pn −→

n→∞
p in L2(0, T, L2(T)). (4.71)

Step 5: Using the strong convergence of σn and cn, we deduce from (4.71)

∂xu
n −→

n→∞
∂xu in L2(0, T, L2(T)). (4.72)

Using (2.5b) we have
ρnDt(ln ρ

n) = −ρn∂xun (4.73)

so integrating in space then in time,∫ 1

0
ρn ln ρn =

∫ 1

0
ρn0 ln ρ

n
0 −

∫ T

0

∫ 1

0
ρn∂xu

n.

Passing to the limit, using (4.72), (4.46) and the strong convergence of ρn0 ,∫ 1

0
ρ ln ρ =

∫ 1

0
ρ0 ln ρ0 −

∫ T

0

∫ 1

0
ρ∂xu.
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We can now pass to the limit in equality∫ 1

0
(ρn ln(ρn)− ρ ln(ρ)) =

∫ 1

0
(ρn0 ln(ρ

n
0 )− ρ0 ln(ρ0))−

∫ T

0

∫ 1

0
(ρn∂xu

n − ρ∂xu).

But by (4.49) and (4.46), we can pass to the limit in (2.5b) to obtain

∂tρ+ ∂x(ρu) = 0.

So (4.73) is still true, and the same reasoning gives∫ 1

0
ρ ln ρ =

∫ 1

0
ρ0 ln ρ0 −

∫ T

0

∫ 1

0
ρ∂xu.

Therefore, ∫ 1

0
ρn ln ρn −→

n→∞

∫ 1

0
ρ ln ρ

and using Taylor-Lagrange again we obtain

ρn −→
n→∞

ρ in L2(0, T, L2(T)).

4.3 Uniqueness

Theorem 4.2. Let (c0, ρ0, θ0, u0) ∈ L∞(T)3×H1(T) such that there exists some ρ0, ρ0, θ0, θ0 > 0 such that

∀x ∈ T, ρ0 ≤ ρ0(x) ≤ ρ0, θ0 ≤ θ(x) ≤ θ0, 0 ≤ c0(x) ≤ 1.

Then there exists at most one solution "à la Hoff" of (2.5a)–(2.5c) and (2.7) with initial conditions
(c0, ρ0, θ0, u0).

Proof. We choose to switch to Lagrangian coordinates in this proof. For a map f : [0, T ] × T → R, we
denote

∀(t, x) ∈ [0, T ]× T, f̃(t, x) = f(t,X(t, 0, x)).

Using the formula

∂xX(t, 0, x) =
ρ0(x)

ρ(t,X(t, 0, x))

we get
D̃t(f) = ∂tf̃ and ρ0∂̃xf = ρ̃∂xf̃ .

This allows us to move from the Eulerian formulation of (2.5) to the Lagrangian one:

∂tc̃ = 0

ρ0∂t

(
1

ρ̃

)
= ∂xũ

ρ0∂tũ = ∂xσ̃

ρ0c̃v∂tθ̃ = σ̃∂xũ

σ̃ = µ̃
ρ̃

ρ0
∂xũ− R̃ρ̃θ̃.

(4.74a)

(4.74b)

(4.74c)

(4.74d)

(4.74e)
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Thanks to Duhamel’s formula, we can express ρ̃ and θ̃ as functions of ∂xũ. Using (4.74b) and (4.74d), we
obtain

ρ̃ =
ρ0

1 +
∫ t
0 ∂xũ

(4.75)

θ̃ = θ0 exp

(∫ t

0
− R̃

c̃vρ0
ρ̃(∂xũ)ds

)
+

∫ t

0

µ̃

c̃v

ρ̃

ρ0
(∂xũ)

2 exp

(∫ t

s
− R̃

c̃vρ0
ρ̃(∂xũ)dτ

)
ds. (4.76)

Let (c1, ρ1, θ1, u1) and (c2, ρ2, θ2, u2) be two solutions "à la Hoff" of (2.5) with same initial conditions.
Because ∂xu1, ∂xu2 ∈ L1([0, T ], L∞(T)), they are solutions of (4.74) too.

By (4.74a), c̃1 = c̃2. We will denote δf̃ := f̃2− f̃1. All the following constants are noted C, even if they
are different from each other. We get from (4.75)

δρ̃ = − ρ̃1ρ̃2
ρ0

(
ρ0
ρ̃2

− ρ0
ρ̃1

)
= − ρ̃1ρ̃2

ρ0

∫ t

0
∂xδũ

therefore

|δρ̃| ≤ ρ1 · ρ2
ρ0

√
T

(∫ t

0
(∂xδũ)

2

) 1
2

. (4.77)

Now let’s bound the temperature difference. Writing θ̃ =: θ0A1 +A2 in (4.76), we get, using the mean
value theorem

|δA1| ≤
∫ t

0

γmax − 1

ρ0
|δ(ρ̃(∂xũ))| exp

(∫ T

0

γmax − 1

ρ0
ρ∥∂xũ∥∞

)
.

Using the formula
δ(fg) = (δf)g2 + f1(δg)

we get

|δA1| ≤
(
γmax − 1

ρ0

(∫ T

0
∥∂xũ∥∞

)
|δρ̃| + γmax − 1

ρ0
ρ
√
T

(∫ t

0
(∂xδũ)

2

)1/2
)

× exp

(∫ T

0

γmax − 1

ρ0
ρ∥∂xũ∥∞

)
thus

|δA1| ≤ C

(∫ t

0
(∂xδũ)

2

)1/2

. (4.78)

Similarly, we get

δA2 =

∫ t

0

µ̃

c̃vρ̃0
(δρ̃)(∂xũ)

2
2(A1(t)2 −A1(s)2) +

∫ t

0

µ̃

c̃vρ̃0
ρ̃1(∂xδũ)(∂xũ1 + ∂xũ2)(A1(t)2 −A1(s)2)

+

∫ t

0

µ̃

c̃vρ̃0
ρ̃1(∂xũ)

2
1(δA1(t)− δA2(t))
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so using (4.78)

|δA2| ≤ |δρ̃|
∫ T

0

µmax

cvmin ρ0
(∂xũ)

2
2(|A1(t)2|+ |A1(s)2|)

+
2µmax

cvmin ρ0
ρ

(∫ t

0
(∂xδũ)

2

)1/2(∫ T

0
((∂xũ1)

2 + (∂xũ2)
2)(A1(t)

2
2 +A1(s)

2
2)

)1/2

+ 2C

(∫ t

0
(∂xδũ)

2

)1/2
µmax

cvmin ρ0
ρ

∫ T

0
(∂xũ1)

2

≤ C ′
(∫ t

0
(∂xδũ)

2

)1/2

. (4.79)

Therefore, (4.78) and (4.79) give

|δθ̃| ≤ (θ0C + C ′)

(∫ t

0
(∂xδũ)

2

) 1
2

. (4.80)

From (4.74c) we deduce that

ρ0∂tδũ = ∂xδσ̃ = ∂x(µ̃
ρ̃1
ρ0
∂xδũ) + ∂x

(
µ̃
δρ̃

ρ0
∂xũ2 − R̃θ̃1δρ̃− R̃ρ̃2δθ̃

)
.

Multiplying by δũ and integrating by parts, we get

d

dt

∫ 1

0
ρ0(δũ)

2 +

∫ 1

0
µ̃
ρ̃1
ρ0

(∂xδũ)
2 = −

∫ 1

0

(
µ̃
δρ̃

ρ0
∂xũ2 − R̃θ̃1δρ̃− R̃ρ̃2δθ̃

)
∂xδũ

then by Young’s inequality,

d

dt

∫ 1

0
ρ0(δũ)

2 +

∫ 1

0
µ̃
ρ̃1
ρ0

(∂xδũ)
2 ≤ 1

2

∫ 1

0
µ̃
ρ̃1
ρ0

(∂xδũ)
2 +

2ρ0
ρ1µmin

(
µ2max

ρ02
∥∂xũ2∥2∞ +R2

maxθ1
2
)∫ 1

0
(δρ̃)2

+
ρ0

ρ1µmin
R2

maxρ
2
2

∫ 1

0
(δθ̃)2.

Finally, using (4.77) and (4.80), we get

d

dt

∫ 1

0
ρ0(δũ)

2 +
1

2

∫ 1

0
µ̃
ρ̃1
ρ0

(∂xδũ)
2 ≤ C ′′

2
(1 + ∥∂xũ2∥2∞)

∫ t

0

∫ 1

0
µ̃
ρ̃1
ρ0

(∂xδũ)
2. (4.81)

Denoting

y(t) :=

∫ 1

0
ρ0(δũ)

2 +
1

2

∫ t

0

∫ 1

0
µ̃
ρ̃1
ρ0

(∂xδũ)
2

From (4.81) we deduce

y′(t) ≤ C ′′

2
(1 + ∥∂xu2∥∞)y(t).

Since ∥∂xũ2∥L∞ is bounded in L2([0, T ]), we deduce by Grönwall∫ 1

0
ρ0(δũ)

2 +
1

2

∫ T

0

∫ 1

0
µ̃
ρ̃1
ρ0

(∂xδũ)
2 ≤ 0.
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Therefore ũ1 = ũ2. Hence by (4.77) and (4.80), ρ̃1 = ρ̃2 and θ̃1 = θ̃2. Moreover, using the equality

∀(t, x) ∈ [0, T ]× T, X1(t, 0, x) = x+

∫ t

0
u1(s,X1(s, 0, x))ds = x+

∫ t

0
u2(s,X2(s, 0, x)) = X2(t, 0, x)

we get, inverting in space at fixed t > 0

∀(t, x) ∈ [0, T ]× T, X1(0, t, x) = X2(0, t, x).

we have, for f = c, ρ, θ, u:

∀(t, x) ∈ [0, T ]× T, f1(t, x) = f̃1(t,X1(0, t, x)) = f̃2(t,X2(0, t, x)) = f2(t, x).

So (c1, ρ1, θ1, u1) = (c2, ρ2, θ2, u2).

5 Averaging procedure

This section is dedicated to the proof of the convergence of the unknowns (Theorem 3.2), obtaining the
kinetic equation (Theorem 3.3), and then the uniqueness of the solution for the kinetic equation and the
construction of a particular solution, to establish Theorem 3.4.

5.1 Convergence of the unknowns using the uniform bounds

Fix T > 0. Consider a sequence of uniformly bounded initial conditions (cε0, ρ
ε
0, θ

ε
0, u

ε
0)ε, (c0, ρ0, θ0, u0) ∈

L∞(T)3 ×H1(T) verifying (3.6) with uniform bounds and (3.7). For all ε > 0, consider (cε, ρε, θε, uε) the
solution "à la Hoff" of (2.5) with initial data (cε0, ρ

ε
0, θ

ε
0, u

ε
0). Then, the existence of (c, ρ, θ) ∈ L∞([0, T ]×T)3,

σ ∈ L∞(0, T, L2(T)) and u ∈ H1([0, T ] × T) along with relations (3.8) and (3.12) follow immediately by
using the uniform bounds granted by (3.1), (3.2) which are verified by solutions "à la Hoff". From (3.4) we
deduce using Rellich’s theorem that (3.10) holds. The strong convergence of σε is a consequence of (3.5).
Using (3.3), σε is bounded in L∞(0, T, L2(T)). In particular, there exists some σ ∈ L∞(0, T, L2(T)) such
that

σε −→
ε→0

σ in L∞(0, T, L2(T)) weakly − ⋆.

In the following reasoning, the writing "∈ X" is to be understood as "uniformly bounded in ε in X". Let’s
consider the equality

∂t(κσ
ε) = κ∂tσ

ε + κ′σε = κσ̇ε − uεκ∂xσ
ε + κ′σε. (5.1)

• As uε ∈ L∞(0, T, L∞(T)) and ∂xσε ∈ L2(0, T, L2(T)), we get uεκ∂xσε ∈ L2(0, T, L2(T)).

• Similarly, we have σε ∈ L2(0, T, L2(T)), so κ′σε ∈ L2(0, T, L2(T)).

• Finally, using (3.5), we get
√
κσ̇ε ∈ L2(0, T, L2(T)). So κσ̇ε ∈ L2(0, T, L2(T)).

Therefore, by (5.1), ∂t(κσε) ∈ L2(0, T, L2(T)). Because κσε ∈ L2(0, T, L2(T)), using the Aubin-Lions
lemma we get

κσε −→
ε→0

κσ in L2(0, T, L2(T)). (5.2)

Let η ∈]0, 1[. Then
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∫ T

0

∫ 1

0
|σε − σ|2 =

∫ η

0

∫ 1

0
|σε − σ|2 +

∫ T

η

∫ 1

0
|σε − σ|2

≤ 2η

(
sup
[0,T ]

∫ 1

0
(σε)2 + sup

[0,T ]

∫ 1

0
σ2

)
+

1

η2

∫ T

η
κ2
∫ 1

0
|σε − σ|2

≤ 4C1η +
1

η2

∫ T

0

∫ 1

0
|κσε − κσ|2. (5.3)

Let us now use (5.2): let ε0 > 0 such that

∀ε ∈]0, ε0[,
∫ T

0

∫ 1

0
|κσε − κσ|2 ≤ η3.

Then from (5.3)

∀ε ∈]0, ε0[,
∫ T

0

∫ 1

0
|σε − σ|2 ≤ (4C1 + 1)η

hence the result. This concludes the proof of (3.11) and with it the first part of Theorem 3.4.
As explained in Remark 3.4, the form (3.13) is obtained using the definition of the Young measures.

5.2 Kinetic equation

In this section we show that the limiting behaviour of the sequence of solutions can be described by the
equation (3.3). We begin with the following

Lemma 5.1. Let νε be defined in Theorem 3.3. Then νε −→
ε→0

ν in C(0, T,M(T×K)).

Proof. All we need is to prove that for all (φ, β) ∈ C(T)× C(K),

⟨νε, φ⊗ β⟩ −→
ε→0

⟨ν, φ⊗ β⟩ in C([0, T ]). (5.4)

where (νε, ν) : [0, T ] → M(T×K)2, t 7→ (νεt , νt). Let φ ∈ C1(T), β ∈ C1(K). Then abbreviating β(cε, ρε, θε)
by βε, we get

Dε
tβ

ε = Dtc
ε∂cβ

ε +Dtρ
ε∂ρβ

ε +Dtθ
ε∂θβ

ε

= −ρε(∂xuε)∂ρβε +
σε∂xu

ε

ρε cvε
∂θβ

ε. (5.5)

In particular, Dε
tβ

ε is bounded in L∞(0, T, L1(T)), uniformly in ε. But

d

dt
⟨νε, φ⊗ β⟩ = d

dt

∫ 1

0
βεφ(x)dx =

∫ 1

0

d

dt
βεφ(x)dx

=

∫ 1

0
(Dε

tβ
ε)φdx−

∫ 1

0
uε(∂xβ

ε)φ

=

∫ 1

0
(Dε

tβ
ε)φdx+

∫ 1

0
βε(∂xu

ε)φdx+

∫ 1

0
βεuεφ′dx.

Thus d
dt⟨ν

ε, φ⊗ β⟩ is bounded in L∞([0, T ]) uniformly in ε. By Ascoli, we obtain (5.4). As C1(T)×C1(K)
is dense in (C(T)× C(K), ∥ · ∥∞), we get the result using a simple density argument.
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Concerning the Young measures associated with the initial data, by construction, we have

νε0,x = cε0(x)δ(1,ρ0,+(x),θ0,+(x)) + (1− cε0(x))δ(0,ρ0,−(x),θ0,−(x)) a.e. x ∈ T,

so taking the limit as ε→ 0,

ν0,x = α0,+(x)δ(1,ρ0,+(x),θ0,+(x)) + α0,−(x)δ(0,ρ0,−(x),θ0,−(x)) a.e. x ∈ T

where α0,+, α0,− are the weak limit of cε0, (1− cε0). Next, let us show how to obtain the equation (3.14). In
order to do this recall that for almost every (t, x) ∈ [0, T ]× T, the measures νt,x ∈ P(K) are characterized
by

∀β ∈ C(K), ⟨νt,x, β⟩ = β(c, ρ, θ),

see Remark 3.4. Let β ∈ C1(K). Imitating computations we did in Section 2.3, starting with (5.5) and
writing Dtβ

ε = ∂tβ
ε + ∂x(u

εβε)− (∂xu
ε)βε, we get

∂tβ
ε + ∂x(u

εβε)− σε + pε

µε
βε + ρε

σε + pε

µε
∂ρβ

ε − σε(σε + pε)

cvε µερε
∂θβ

ε = 0

i.e.

∂tβ
ε + ∂x(u

εβε)− σε
(

β

µ(c)

)ε

−
(
p(c, ρ, θ)β

µ(c)

)ε

+ σε
(
ρ∂ρβ

µ(c)

)ε

+

(
ρp(c, ρ, θ)∂ρβ

µ(c)

)ε

− (σε)2
(

∂θβ

cv(c)µ(c)ρ

)ε

− σε
(
p(c, ρ, θ)∂θβ

cv(c)µ(c)ρ

)ε

= 0.

(5.6)

Using (3.10) and (3.11) we can pass to the limit in (5.6) and obtain

∂tβ + ∂x(uβ)− σ

(
β

µ(c)

)
−
(
p(c, ρ, θ)β

µ(c)

)
+ σ

(
ρ∂ρβ

µ(c)

)
+

(
ρp(c, ρ, θ)∂ρβ

µ(c)

)
− σ2

(
∂θβ

cv(c)µ(c)ρ

)
− σ

(
p(c, ρ, θ)∂θβ

cv(c)µ(c)ρ

)
= 0.

Therefore, νt,x verify the kinetic equation (3.14). This concludes the proof of Theorem 3.3.

5.3 Uniqueness of solutions for the kinetic equation

As explained in Section 3, the proof of Theorem 3.4 is divided into 2 parts:

• In a first step, we show that given u = u (t, x), σ = σ(t, x) having the regularity announced in Definition
3.2, the equation (3.14) has at most one solution;

• in a second step, we construct a solution that verifies (3.14) and using uniqueness we conclude.

We begin by proving uniqueness. We will give two different demonstrations.

First proof. We prove the following somehow general result. The proof follows the lines of Lemma 12 in
[BH15].
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Lemma 5.2. Let d > 1. Let u ∈ L1(0, T, Cc([0, 1] × Rd−1,Rd)), where u(t, x) = (u1(t, x), u2(t, x)) ∈
R× Rd−1, such that

∇u =

(
∂1u1 0
∂1u2 ∇2u2

)
with

∂1u1 ∈ L1(0, T, L∞([0, 1]×Rd−1)), ∂1u2 ∈ L1(0, T, L1([0, 1]×Rd−1)), ∇2u2 ∈ L1(0, T, L∞([0, 1]×Rd−1)).

Let now g ∈ L1(0, T, Cc([0, 1] × Rd−1,R)) such that ∂1g ∈ L1(0, T, L1([0, 1] × Rd−1)) and ∇2g ∈
L1(0, T, L∞([0, 1]× Rd−1)). Let ν ∈ C(0, T,Mc(Rd)) such that

∂tν + div(uν) + gν = 0. (5.7)

Then ν is uniquely determined by ν0.

Proof. We extend u and g to [0, T ]×Rd by periodicity. If φ ∈W 1,1(0, T, C1
c (Rd)), then (usingW 1,1([0, T ]) ↪→

C([0, T ])), ∂tφ+ u · ∇φ− gφ ∈ L1(0, T, C(Rd)). Therefore, by (5.7),

∀t ∈ [0, T ], ∀φ ∈W 1,1(0, T, C1(Rd)), ⟨ν, ∂tφ+ u · ∇φ− gφ⟩ = −⟨νt, φ(t, ·)⟩. (5.8)

Let’s fix t ∈ [0, T ] and ψ ∈ C∞
c (]0, T [×Rd). Our aim is to show that ⟨νt, ψ⟩ = 0 to conclude the proof. We

consider uη and gη some regularizations of u and g in the first space variable only. Denoting φη a solution
of {

∂tφ
η + uη · ∇φη − gηφη = 0 on ]0, t[×Rd

φη(t, ·) = ψ on Rd,

(5.9)

(5.10)

it can be shown that φη ∈W 1,1(0, t, C1(Rd)). Then, (5.8), (5.9) and (5.10) give

⟨ν, (u− uη) · ∇φη + (gη − g)φη⟩ = −⟨νt, ψ⟩.

It remains to show
(uη − u) · ∇φη −→

η→0
0 in L1(0, t, Cc(Rd)) (5.11)

(gη − g)φη −→
η→0

0 in L1(0, t, Cc(Rd)). (5.12)

By the Grönwall lemma, as gη is uniformly bounded in L1(0, t, L∞(Rd)), we obtain from (5.9) the existence
of C > 0 independant of η such that

∀s ∈]0, t[, ∥φη(s, ·)∥L∞ ≤ C. (5.13)

Then, as gη −→
η→0

g in L1(0, t, Cc([0, 1]× Rd−1)), we get (5.12). Applying ∇2 to (5.9), using the fact that

(t∇u∇φ)2 = t∇2u2∇2φ,

we get
∂t∇2φ

η + uη · ∇(∇2φ
η)− (gηId − t∇2u

η
2)∇2φ

η = φη∇2g
η.

As ∇2g
η, gη and ∇2u

η
2 are bounded in L1(0, t, L∞(T)) uniformly in η, then using (5.13) we get by the

Grönwall lemma
∀s ∈]0, t[, ∥∇2φ

η(s, ·)∥∞ ≤ C ′.
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Therefore
∥(uη2 − u2) · ∇2φ

η∥L1(0,T,L∞(Rd)) ≤ C ′∥uη2 − u2∥L1(0,T,Cc([0,1]×Rd−1)) −→
η→0

0

so to obtain (5.11) it’s sufficiant to show

(uη1 − u1)∂1φ
η −→

η→0
0 in L1(0, T, L∞(Rd)). (5.14)

Applying ∂1 to (5.9), we get

∂t∂1φ
η + uη∇∂1φη − (gη − ∂1u

η
1)∂1φ

η = −(∂1u
η
2)∇2φ

η + φη∂1g
η. (5.15)

If gη, ∂1u
η
1 are bounded in L1(0, T, L∞(Rd)) uniformly in η, it’s not the case of ∂1u

η
2 and ∂1g

η. Choosing
gη := g ⋆1 ω

η and uη2 := u2 ⋆1 ω
η, where ωη = η−1ω(η−1·) and ω is a mollifier, we obtain

∂1u
η
2 = u2 ⋆1 ∂1ω

η

hence
∥∂1uη2∥L1(0,T,L∞(Rd)) ≤ ∥u2∥L1(0,T,L∞(Rd))∥ωη∥L1(0,T,L∞(Rd)) ≤

C ′′

η
.

Similarly,

∥∂1gη∥L1(0,T,L∞(Rd)) ≤
C ′′

η
.

Therefore, by Grönwall, (5.15) gives

∀s ∈]0, t[, ∥∂1φε(s, ·)∥L∞(Rd) ≤
C ′′

η
. (5.16)

We choose now uη1 := u1 ⋆1 ω
(η2). Then,

|uη1 − u1|(x) =
∣∣∣∣∫

R
u1(x− y)ω(η2)(y)dy − u(x)

∣∣∣∣ ≤ ∫
R
|u1(x− y)− u1(x)|ω(η2)(y)dy

≤
∫
R

∣∣∣∣∫ x−y

x
|∂1u1(z)|dz

∣∣∣∣ω(η2)(y)dy ≤ ∥∂1u1∥L∞(R)

∫
R
|y|ω(η2)(y)dy

≤ η2∥∂1u1∥L∞(R)

∫
R
|y|ω(y)dy ≤ C ′′′η2.

So
∥uη1 − u1∥L1(0,T,L∞(Rd)) ≤ C ′′′η2 (5.17)

and (5.16), (5.17) give (5.14).

Remark that we cannot directly apply lemma 5.2 with d = 4 with

u =

(
u, 0,

−ρ(σ + p)

µ
,
σ(σ + p)

cv µρ

)
g = −σ + p

µ

because we have not then u,g ∈ L1(0, T, Cc([0, 1],R3)). Introducing χ ∈ C∞
c (R3) such that χ|K = 1, we

have

∀(t, x) ∈ [0, T ]× T, ∀β ∈ C(K), (χβ)(cε(t, x), ρε(t, x), θε(t, x) = β(cε(t, x), ρε(t, x), θε(t, x))
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hence
∀(t, x) ∈ [0, T ]× T, ∀β ∈ C(K), ⟨νεt,x, χβ⟩ = ⟨νεt,x, β⟩

then by uniqueness of the limit
ν = χν.

Therefore
∂tν + div(uχν) + gχν = 0

and χu, χg have the desired regularity.

Second proof It turns out that if the initial velocity is in a higher Lebesgue space, we can recover that
the transport velocity in the kinetic term is L1

tW
1,∞
x , which guarantees uniqueness. More precisely, we have

the following

Proposition 5.1. Suppose that u0 ∈W 1,2+η(T) for some η > 0. Then ∇u ∈ L1(0, T, L∞(R4)).

Proof. We just have to prove that under these conditions,

∂xσ ∈ L1(0, T, L∞(T)), ∂x(σ
2) ∈ L1(0, T, L∞(T)).

Using (4.22), (3.3) and (3.5), we get

κ1/2∂x

(
∂xσ

ρ

)
∈ L2(0, T, L2(T)).

Thus, by the Gagliardo-Nirenberg inequality, and using that ∂xσ ∈ L2(0, T, L2(T)), we get

κ1/4∥σ∥∞ ∈ L∞([0, T ]), κ1/4∥∂xσ∥∞ ∈ L2([0, T ])

In particular, ∫ T

0
∥∂xσ∥∞ =

∫ T

0
κ1/4∥∂xσ∥∞κ−1/4 ≤

(∫ T

0
κ1/2∥∂xσ∥2∞

)1/2(∫ T

0
κ−1/2

)1/2

≤ (T + 1)1/2
(∫ T

0
κ1/2∥∂xσ∥2∞

)1/2

≤ C.

Moreover, we have by the Gagliardo-Nirenberg inequality

∥∂x(σ2)∥2∞ ≤ C∥∂x(σ2)∥2∥∂x(∂x(σ2)/ρ)∥2. (5.18)

But

∂x

(
∂x(σ

2)

ρ

)
= 2σ∂x

(
∂xσ

ρ

)
+

(∂xσ)
2

ρ
= 2σσ̇ +

(
γ − 1

cv
+ 1

)
σ2∂xu+

(∂xσ)
2

ρ

hence ∫ 1

0

(
∂x

(
∂x(σ

2)

ρ

))2

≤ C

∫ 1

0
σ2σ̇2 + C

∫ 1

0
σ4(∂xu)

2 + C

∫ 1

0
(∂xσ)

4.

But ∫ T

0
κ3/2

∫ 1

0
σ2σ̇2 ≤ sup

[0,T ]
(κ1/2∥σ∥2∞)

∫ T

0
κ

∫ 1

0
σ̇2 ≤ C
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∫ T

0
κ3/2

∫ 1

0
σ4(∂xu)

2 ≤ sup
[0,T ]

(κ1/2∥σ∥2∞) sup
[0,T ]

∫ 1

0
(∂xu)

2

∫ T

0
∥σ∥2∞ ≤ C

∫ T

0
κ3/2

∫ 1

0
(∂xσ)

4 ≤ sup
[0,T ]

(κ

∫ 1

0
(∂xσ)

2)

∫ T

0
κ1/2∥∂xσ∥2∞ ≤ C

so ∫ T

0
κ3/2

∫ 1

0

(
∂x

(
∂x(σ

2)

ρ

))2

≤ C. (5.19)

Evaluating (4.23) with β(σ) = |σ|2+η, then integrating in space, we get

d

dt

∫ 1

0

|σ|2+η

µ
+ (2 + η)(1 + η)

∫ 1

0

(∂xσ)
2|σ|η

ρ
≤ C

∫ 1

0
|∂xu||σ|2+η.

Because ∂xu ∈ L1(0, T, L∞(T)) and because σ0 ∈W 1,2+η(T), we can close the inequality to get∫ 1

0

|σ|2+η

µ
+

∫ T

0

∫ 1

0

(∂xσ)
2|σ|η

ρ
≤ C.

Then ∫ T

0
κ1/2−η/4

∫ 1

0
(∂xσ)

2σ2 ≤ sup
[0,T ]

(κ1/4∥σ∥∞)2−η

∫ T

0

∫ 1

0
(∂xσ)

2|σ|η ≤ C. (5.20)

Using (5.18), (5.19) and (5.20) we get∫ T

0
κ1−η/8∥∂x(σ2)∥2∞ ≤ C

∫ T

0
κ1/4−η/8∥∂x(σ2)∥2κ3/4∥∂x(∂x(σ2)/ρ)∥2

≤ C2

2

∫ T

0
κ1/2−η/4

∫ 1

0
(∂xσ)

2σ2 +
C2

2

∫ T

0
κ3/2

∫ 1

0

(
∂x(σ

2)

ρ

)2

≤ C ′.

Therefore ∫ T

0
∥∂x(σ2)∥∞ =

∫ T

0
κ−1/2+η/16κ1/2−η/16∥∂x(σ2)∥∞

≤
(∫ T

0
κ−1+η/8

)1/2(∫ T

0
κ1−η/8∥∂x(σ2)∥2∞

)1/2

≤ C ′′.

5.4 Construction of a particular solution and conclusion

The objective of this section is to construct a particular solution for the kinetic equation. Using the
uniqueness of solutions for the former we will identify on the one hand νt,x, the family of Young measures
associated to the sequence of solutions à la Hoff and on the other hand the particular solution that we will
construct below.
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Remark that (2.11) can be formally rewritten as

∂tα± + ∂x(α±u) =
α±
µ±

σ + α±
γ± − 1

µ±
ρ±θ±

α±(∂tρ± + u∂xρ±) = α±

(
−ρ±
µ±

σ − ρ±(γ± − 1)ρ±θ±
µ±

)
α±(∂t(ρ±θ±) + u∂x(ρ±θ±)) = α±

(
σ2

cv± µ±
+
γ± − 2

cv± µ±
ρ±θ±σ − γ± − 1

cv± µ±
(ρ±θ±)

2

)
.

(5.21a)

(5.21b)

(5.21c)

Moreover, because ∂xu ∈ L1(0, T, L∞(T)), it can be shown that (2.11) and (5.21) are equivalent.

Lemma 5.3. Given u and σ as in the theorem 3.2, the equation∂th+ u∂xh =
σ2

cv± µ±
+
γ± − 2

cv± µ±
hσ − γ± − 1

cv± µ±
h2

h(0, ·) = ρ±,0θ±,0

(5.22a)

(5.22b)

has a unique global solution h in L∞(0, T, L∞(T)). Moreover, there exists some c > 0 such that

∀(t, x) ∈ [0, T ]× T, h(t, x) ≥ c.

Proof. Let’s denote C :=
(∫ T

0 ∥σ∥2∞
) 1

2 . To begin with, let’s introduce the function Φ1 : L
1(0, T, L∞(T)) →

L∞(0, T, L∞(T)), z 7→ h which associate to a data z the solution of{
∂th+ u∂xh = z

h(0, ·) = ρ±,0θ±,0.

It can be shown that this function is well defined and 1-Lipschitz. In particular we have

∀h ∈ L∞(0, T, L∞(T)), ∥Φ1(h)∥∞ ≤ ∥ρ±,0θ±,0∥∞ +

∫ T

0
∥z∥∞.

Let’s define now

Φ2 :

∣∣∣∣∣∣
L∞(0, T, L∞(T)) → L1(0, T, L∞(T)

h 7→ σ2

cv± µ±
+
γ± − 2

cv± µ±
hσ − γ± − 1

cv± µ±
h2

.

We obtain the inequality

∀h ∈ L∞(0, T, L∞(T)),
∫ T

0
∥Φ2(h)∥∞ ≤ C2

cv± µ±
+
√
T∥h∥∞

|γ± − 2|
cv± µ±

C + T∥h∥2∞
γ± − 1

cv± µ±
.

So we get

∥Φ1(Φ2(h))∥∞ ≤ ∥ρ±,0θ±,0∥∞ +
C2

cv± µ±
+
√
T∥h∥∞

|γ± − 2|
cv± µ±

C + T∥h∥2∞
γ± − 1

cv± µ±
.

To have
Φ1 ◦ Φ2(B(0,M)) ⊂ B(0,M)

for a certain M > 0, we just have to assure

∥ρ±,0θ±,0∥∞ +
C2

cv± µ±
+
√
TM

|γ± − 2|
cv± µ±

C + TM2 γ± − 1

cv± µ±
≤M

38



which is verified assuming for instance

M ≥ ∥ρ±,0θ±,0∥∞ +
C2

cv± µ±
+

|γ± − 2|
cv± µ±

C +
γ± − 1

cv± µ±
, T ≤ 1

M2
.

We deduce from that

∀h1, h2 ∈ L∞(0, T, L∞(T)),
∫ T

0
∥Φ2(h2)− Φ2(h1)∥∞ ≤ ∥h2 − h1∥∞

(√
T
|γ± − 2|
cv± µ±

C + 2TM
γ± − 1

cv± µ±

)
and so

∀h1, h2 ∈ L∞(0, T, L∞(T)), ∥Φ1(Φ2(h2))−Φ1(Φ2(h1))∥∞ ≤ ∥h2−h1∥∞
(√

T
|γ± − 2|
cv± µ±

C + 2TM
γ± − 1

cv± µ±

)
.

To obtain the contraction property of Φ1 ◦ Φ2, we just have to take

T < min

(
1,

cv± µ±
|γ± − 2|C + 2M(γ± − 1)

)2

.

So, using the Banach fixed-point theorem, we find the existence and uniqueness of a solution h to (5.22)
with initial condition ρ±,0θ±,0, if T is smaller than a certain T0 > 0. This T0 depends on the initial data
only through ∥ρ±,0θ±,0∥∞, in an non-decreasing manner. So in order to use a bootstrap argument to have
existence and uniqueness of a global solution, we just have to find a uniform bound on ∥h∥∞.

From (5.21c) we get
d

dt
h̃ ≤ σ̃2

cv± µ±
+
γ± − 2

cv± µ±
h̃σ̃

hence

h̃ ≤ ρ±,0θ±,0 exp

(
γ± − 2

cv± µ±

∫ t

0
σ̃

)
+

∫ t

0

σ̃2

cv± µ±
exp

(
γ± − 2

cv± µ±

∫ t

s
σ̃

)
ds

≤
(
∥ρ±,0θ±,0∥∞ +

C2

cv± µ±

)
exp

(
|γ± − 2|
cv± µ±

√
TC

)
.

To finish with, let’s show the existence of a c > 0 such that

(∀t ∈ [0, t0], h̃(t) > 0) =⇒ h̃(t0) > c.

Rewriting (5.21c)

∂th+ u∂xh =
1

cv± µ±

(
σ +

γ± − 2

2
h

)2

− 1

cv± µ±

((
γ± − 2

2

)2

+ γ± − 1

)
h2

and denoting

β =
1

cv± µ±

((
γ± − 2

2

)2

+ γ± − 1

)
we obtain

d

dt
h̃ ≥ −βh̃2.
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Dividing by h̃2, we get
d

dt

(
1

h̃

)
≤ β

hence

h̃(t) ≥ h̃(0)

1 + Tβh̃(0)
≥ inf ρ±,0θ±,0

1 + Tβ inf ρ±,0θ±,0
:= c.

Proposition 5.2. Given u, σ and (α±,0, ρ±,0, θ±,0) as in the theorem 3.2, The system (5.21) has at least
one global solution (α±, ρ±, θ±) ∈ (L∞(0, T, L∞(T)))3.

Proof. Any equation of the type {
∂tb+ u∂xb = cb

b(0, ·) = b0{
∂tb

′ + u∂xb
′ = c′b′

b′(0, ·) = b′0

with b0, b′0 ∈ L∞(0, T, L∞(T)) and c0, c′0, u ∈ L1(0, T, L∞(T)) has a unique global solution in L∞(0, T, L∞(T)).
So, the system of equations 

∂tf + ∂x(fu) = f

(
σ

µ±
+
γ± − 1

µ±
h

)
∂tg + u∂xg = g

(
σ

µ±
− γ± − 1

µ±
h

)
with initial data (α±,0, ρ±,0) has a unique solution. Moreover,

g̃ = ρ±,0 exp

(
1

µ±

∫ t

0
σ − γ± − 1

µ±

∫ t

0
h

)
≥ inf ρ±,0 exp

(
− 1

µ±

√
TC − γ± − 1

µ±
T∥h∥∞

)
.

Denoting now α± = f , ρ± = g, θ± = h/g, we have built the desired solution.

Uniqueness of the Kinetic equation and conclusion It is cumbersome yet straightforward to verify
that by construction, the familly of measures ν̃ defined by

ν̃t,x := α+(t, x)δ(1,ρ+(t,x),θ+(t,x)) + α−(t, x)δ(0,ρ−(t,x),θ−(t,x))

are a solution of (3.14). By uniqueness, we have that

ν̃t,x = νt,x.

This concludes the proof of Theorem 3.4.

6 Numerical illustrations

In order to illustrate our results, we consider a discretization of the equation systems mesoscopic (2.5)-(2.6)
and macroscopic (2.10) that is a quite straightforward extension of the one described more precisely in
[BBL23]. We consider a moving-mesh scheme, such that, in the mesoscopic case, each cell is occupied
by a pure fluid. To observe the oscillations that the change of phase produce, we consider only J = 100
meshes, thus a discretization of the torus T (periodic boundary conditions with period 1) on the order of
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ε = 1/J = 0.01. This is not a problem in general, as convergence seems to be very rapid. However, in a
few illustrations we take J = 1000 to observe continuity and shock properties of certain solutions. Let us
take

µ+ = 0.1, γ+ = 2, cv+ = 1

and
µ− = 0.2, γ− = 3, cv− = 1.

We choose as periodic initial conditions for all x ∈ T and therefore on (0, 1):

u0(x) = 0

and
α+
0 (x) = 1/2 if x ∈ [0.25, 0.75] and 1 elsewhere

ρ+0 (x) = 2 if x ∈ [0.25, 0.75] and 0.2 elsewhere

θ+0 (x) = 2 if x ∈ [0.25, 0.75] and 0.2 elsewhere

and
α−
0 (x) = 1/2 if x ∈ [0.25, 0.75] and 0 elsewhere

ρ−0 (x) = 1 if x ∈ [0.25, 0.75] and 0.2 elsewhere

θ−0 (x) = 1 if x ∈ [0.25, 0.75] and 0.2 elsewhere.

Solutions marked with an epsilon are mesoscopic solutions, the others are macroscopic solutions.
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Pressure
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Cauchy stress
σ− σ σ+

σε
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These numerical results appear as an illustration of the mathematical results proven here above in the
sense that the macroscopic densities, temperatures and pressures appear as envelopes for the mesoscopic
ones, and both macroscopic and mesoscopic velocities coincide well. In order to "quantify" this, we propose
an experimental estimation of the convergence order between the mesoscopic and macroscopic velocity and
volume fraction α+. In order to compare the mesoscopic and macroscopic volume fraction α+ we evaluate
the local mean value (between two consecutive cells) of the mesoscopic one. See Figure 1. The order of
convergence at the final time with respect to 1/J (that is also here related to the length of pure zones) seems
to be 1 in the L∞ norm in space for the velocity (that is continuous with respect to the space variable),
and in the L1 norm for the volume fraction (that is not continuous).

An interesting feature of these solutions is that they exhibit discontinuities for densities, pressures,
volume fractions and temperatures, and that the amplitude of these discontinuities seems to decrease
exponentially in time, which is reminiscent from [Hof86] in the isentropic (barotropic) case.
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Figure 1: Error with respect to the number of cells J
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