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Abstract

This article concerns the mathematical justification of an averaged system of partial differential
equations governing the evolution of a two-phase mixture of compressible ideal fluids, with viscosity and
without conductivity, in space dimension 1 with periodic boundary conditions. The derivation is done by
some homogenization procedure. The originality and the difficulty of the paper consists in the fact that
both the density and temperature are allowed to oscillate (because of the absence of heat conduction), so
that the limiting model is a siz-equations, two-pressures, two-temperatures model. The key point is to
show the strong convergence of the stress tensor in L((0,7) x (0,1)). The main difficulties are to obtain
uniform estimates in spite of the presence of oscillating coefficients in the energy equation. It requires
to look at solutions with low regularity for the density and the temperature.

1 Introduction

The mathematical justification of multiphase averaged models by homogenization in compressible fluid
mechanics depends on the framework in which the type of solutions is sought. In recent works, it has been
shown in the barotropic case that an appropriate framework is the one of the so-called Hoff-Desjardins
solutions (see |Des97|, [Hof98]); it allows to obtain multiphase systems close to those described by formal
approaches in classical references like [IHO06|, [DP99|.

The procedure we adopt in the present paper is described in the barotropic case as follows: — In a first
step, we introduce and study a model which reflects the physics at a mesoscale. This model differs from
the classical one-phase one by the presence of a color function, i.e. the characteristic function of one of the
phases, which labels each fluid particle and allows to prescribe different viscosity coefficients and pressure
laws in the two phases. In this context we prove the existence of solutions & la Hoff, global in time. —
In a second step, we study the behavior of solutions constructed from highly oscillating initial data. We
show that the limit is described by an averaged system which features a kinetic equation for the family of
Young measures associated with the sequence of densities and temperatures. — In the last step, it remains
to prove that if the family of Young measures is initially a linear combination of two Dirac masses (related
to the two densities and temperatures of the components) then this persists in time. Using such a property,
it is then possible to get a system governing the two-phase compressible mixture, system similar to the
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Baer-Nunziato system: see |[BN86| for the presentation of this mixture theory. The interested reader is
referred to |[BBL22| in the continuous setting and |[BBL23| in the semi-discrete case, for the barotropic
case. We also refer to the recent contributions [HMS22; HMS23| for barotropic compressible fluids in the
presence of surface tension between the phases.

An important remark is that if the viscosity coefficients tend to zero in the obtained two-phase compress-
ible system, we formally get the usual two-phase averaged system with the pressure equilibrium constraint.
Note that if we are only concerned with the macroscopic model without specifying the family of Young
measures, it suffices to consider global weak solutions a la Leray (see the book [NS04] for an introduction to
this type of solutions for compressible barotropic fluids): see for instance [Hil07|, [PS12|, [AZ96a]. However
in the latter case we do not have enough information for the solutions in order to justify Baer-Nunziato
type averaged models.

Concerning the compressible heat-conducting Navier-Stokes equations, it has been discussed for ideal
gases in the recent paper |Hill9| (see also [AZ96b| and |AZ97] for well-posedness studies of macroscopic
averaged systems). Note that in dimension 1, with initial data close to an equilibrium, heat conduction and
viscosity provide, in small time, H! bound in space on the temperature and the velocity field and L> bound
occurs on the density if initially. It is therefore possible to follow the same procedure explained previously
in the barotropic case (but for small time). The present paper concerns the compressible Navier-Stokes
equations with an energy equation but without heat conduction (a physical justification of the absence
of thermal conduction can be found in |[Kap+01], in which it is explained that in some situations the
conductivity coefficient is much smaller than the viscosity one even if this last one is small). Assuming
no thermal conduction implies that similar behaviors on the density and on the temperature may occur,
namely oscillations and concentrations. Here we propose to investigate this problem, in one dimension in
space, following the procedure explained here above.

Performing a formal viscosity limit in the proposed two-phase compressible averaged system with tem-
perature, it is interesting to note that we get a two-phase averaged system with algebraic constraint on
the entropies, see |Lag00|, [DL07] and [ACKO02| (in these last three references the mixture models are in-
tended to treat mixed cells at the numerical level only, whereas the components are assumed to be pure
at the continuous level, justifying the term "diffuse interface"). Note that the relaxation limit we perform
formally assumes regular solutions, which is not the case in these references. It would be really interesting
to study the viscous shock limit: For references about this topic, see for example |[BC99|, [CCO03|, |[ASO3]|
and references therein.

The paper will be organized as follows. First, in Section [2] we present the modeling of the mesoscopic
two-phase unmixed equations and the formal derivation of the associated two-phase averaged system. We
also formally discuss the weak limit relaxation (as the viscosity coefficient tends to 0) of the two-phase av-
eraged system to an original algebraic equilibrium law concerning the associated pressures and an evolution
equation for the specific entropies. Then, in Sections [3| and ] we present the global existence and unique-
ness results for the compressible mesoscopic unmixed system assuming the initial intermediate regularity
po,0p € L™, po far from the vacuum, and ug € H'. To get such an existence and uniqueness result, we
develop, in Section the necessary energy estimates and uniform bounds starting from the local existence
of strong solutions in [Li20] by writing an equation on the stress tensor taking care of oscillating coefficients.
A stability result will enable us, smoothing the initial data, to obtain an existence result for Hoff solutions
from those of Li. In a fourth part, Section [5 we use the uniform bounds obtained previously to present
some convergence properties when we consider highly oscillating data related to a color function ¢f and
therefore p and 65 on the initial density and temperature profile. The original point is to prove a strong
convergence in L?((0,7T) x §2) of the stress tensor o with the lower and upper bounds on the density and
temperature: see Proposition that is important at this stage. This allows to perform a homogenization
procedure: constructing a solution of the two-phase averaged system we have in mind, formally, we can
introduce Young measures and justify the formal derivation on the basis of a uniqueness result related to the



associate kinetic equation. In the last section, Section [6] we provide numerical illustrations for the reader’s
convenience, comparing the solution of the mesoscopic unmixed phases equations with highly oscillating
data to the solution of the macroscopic averaged two-phase system.

2 Modeling and Formal Derivation

In this section we start by presenting the Navier-Stokes equations with temperature for a fluid. Then we
show how to write a system with two phases separated by interfaces in a mesoscopic model valid on the
whole domain, where the presence of interfaces is taken into account through a color function. We will
consider in all the paper no conduction in the temperature equation. Then introducing a sequence of highly
oscillating unknowns depending on a parameter € and assuming some convergences we present how to derive
formally a macroscopic averaged system.

2.1 Compressible Navier—Stokes equations with temperature

To begin with, let us recall the Navier—Stokes equations for a Newtonian compressible non barotropic fluid,
in one dimension, by adopting a Eulerian point of view (see for example [NS04| for more details). The
quantities involved in describing such a fluid are the density p, the velocity u, the pressure p, the internal
energy e and the temperature §. We consider viscous fluids, and we denote p > 0 the constant viscosity.
The Cauchy stress tensor o takes into account the forces of pressure and friction due to viscosity, via the
relationship

o = pudyu — p.

The total energy E is the sum of kinetic |u|?/2 and internal energy e namely

Navier-Stokes equations can then be written in a conservative form as follows

Op + 0x(pu) =0 (2.1a)
Or(pu) + 0y (pu?) = dyo (2.1b)
O(pE) + 0r(pEu) = 0y(ou). (2.1c)

The continuity equation expresses the conservation of mass. The momentum equation is
simply the fundamental principle of dynamics. Finally, (2.1c) expresses the total energy equation in a
conservative form which implies the conservation of total energy. Note that we do not take into account
heat conductivity. To close these equations, we need some relationships between e, 6 and p, p, . We
suppose that e and 6 are linearly dependent:

e=¢,0

where ¢, > 0 is a constant (the specific heat). Finally, we suppose that p is a function of p and . We will
consider perfect gases, so we have

p = Rpl where R=(y—1) ¢,

with v > 1 is a constant (the heat capacity ratio). Multiplying (2.1b]) by u/2 then substracting the result
to (2.1¢)), we obtain an equation for the internal energy

O(pe) + 0z (peu) = g0y u.



2.2 Mesoscopic unmixed phases equations

Let us consider a mixing of two compressible fluids, called + and — in a domain . At a given time ¢ > 0,
fluid + is present in the domain Q. (¢), and fluid — in the domain Q_(¢), with

QLLOUQ () =0, Q)N (t)=2. (2.2)

They satisfy the Navier-Stokes equations

Ap+ + Ox(pruy) =0 (2.3a)
Ou(pyus) + Op(prut) = poy (2.3b)
O(p+-E+) + O02(p+Eyuy) = Oz(04uy) (2.3¢)

with
Ey =u}/2+ey, op=ppdur —py, pp=Ripi0y, e =c 04

on the domain €24, and

Op— + Op(p—u_) =0 (2.4a)
O(p_u_) + Op(p_u?) = dyo_ (2.4b)
O(p—E_) + Ox(p—E_u_) = 0x(c_u_) (2.4c)

with
E_ =u®/24e., o_=p Ou_—p_, p.=R_p O, e =c,_b_

on the domain {)_, where p, pi—,v4,v—, ¢y1,¢y_ are positive constants, v+ > 1 and y_ > 1.

We assume now that both fluids move at the same speed u = u4 = u_ (a natural assumption in order to
satisfy ), and that the Cauchy stress is continuous at the interfaces, a physically reasonable assumption
given the principle of reciprocal actions. For the moment, the model is assumed to be mesoscopic, in the
sense that the torus is broken down into a succession of slices of the two different components.

Remark 2.1. Later on, we will consider highly oscillating initial data related to a color function in a periodic
domain €2 = T. More precisely, for a partition Q5 5 U T@ = (2 such that the connecting components of
Q5 , have a size of the order of ¢, we will define ¢§ = ]le+ o The approach is to make € tend towards 0
in order to obtain a macroscopic mixture, where we no longer consider two unmixed fluids separated by
interfaces at small scale but just one as an averaged system at large scale. If we assume pi o and p_o
constant, then denoting p§ = p 0+ p—o(1 — ¢), we will assume that p® weak star converges in L>°(0, 1)
to agpyo+ (1 —ao)p—0 = (U2, 1d) where vy, = (1 — ap)d,_, + by, o This will be typically the initial
data that we will consider with p_ g and p4 o depending on the large scale (¢,z). O

To begin with, we would like to write ([2.3)) and as a single Navier-Stokes equation before performing
an averaging procedure. The idea is a natural one: proceeding in this way, the fact that the system models
a mixture will only be seen through its initial conditions. The hope is that this will lead to the study
of Navier-Stokes with spatially variable viscosity and pressure law, for specific initial conditions. As in
[BBL22|, we define ¢ as

V(t,z) € [0,T] x Q, c(t,x) =1g, u)(z).

Thanks to this function, which we will call the color function, we can easily define the density p and the
temperature 6 of the mesoscopic fluid by

p=cpr+ (1 —c)p—, O=cli+(1—c)b_.



Moreover, we define u, v, R and ¢, by
p(e) =cpy+ (A =cJu—, () =cyp+(1-c)y-, R(c)=cRy+(1—-c)R_, c(c)=cevi+(1—c)ev_.

The equations (2.3) and (2.4) can be rewritten, thanks to the assumptions of continuity at the interfaces
on u and o:

Op+ Ox(pu) =0 (2.5a)
Or(pu) + 0, (pu?) = Oyo (2.5b)
O (pE) + 0r(pEu) = 0y(ou) (2.5¢)

with
E=u*/24¢, o=pulc)du—plcp,0), plcp0) =R(C)ph, e=c,(c)b.

In order to close the system, we need to follow the interfaces between phases + and —. This requires
considering an equation for ¢. In our study we consider ¢ to be transported by the velocity v namely

Oc +u0,c=0 (2.6)

which simply expresses the fact that a particle does not change its nature over time. Using the mass
equation and that we will look for non vanishing density p, it may be written in a conservative form

O(pc) + 0z (puc) =0 (2.7)
Let us observe that from (2.6)), we can write
O(c(1 —¢)) +udz(c(l —¢)) =0

and therefore
ce{0,1}

if it holds initially. From (2.5d) and (2.5b]) we deduce

Oc(pe) + Oz (peu) = o0z u.
Note that equations ([2.5a])—(2.5¢) and (2.7)) are considered with the initial conditions
plizo=ro,  (pO)li=to = poco,  (pu)le=to = pouo,  (PE)li=t, = poEo, (2.8)

with E = u%/2+c,(c)d. Note that the initial conditions will be chosen later on compatible to the mesoscopic
unmixed phases system.

2.3 Macroscopic averaged equations: Formal derivation

Proposition 2.1. Let us assume that 0° and u® strongly converges to o and u in L?(0,T; L*(T)). Moreover

let us consider that there exists a+ € [0,1], p+ € [p,p], 0+ € [0,0] some measurable functions in time and

space (where 0 < p < p, 0 < 6 < 0 are some constants) such that, for all continuous 3 : [0,1]x[p, p] x [0, 6] —
R, defining a set of probability measures vi, (see Theorem such that

(Vs B) = B(c%, 0%, 07).

Assuming
(Vi B) = (v, B) in L*([0,T) x T)
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where
Vt,]: = a+5(1’p+70+) + 04_5(0,[,_,9_),

namely

/B(Caa pav 96) 5:0 O‘Jrﬁ(l? P+ 9+) + 0475(0, P—; 0*) i L2([07 T] X T)> (29)

then ) .
Oraq + uday = T (e — ot 2.10a
s . +a+u_( T ) (2.10a)
O(axps) + Op(arpru) =0 (2.10b)
Or(pu) + 0y (pu?) = o with p = aypy +a_p_ (2.10c)

a4

0, + 0. = — + 0, 2.10d
i(arpres) + Op(arpreru) o s T o o(of —ox) + arodyu ( )

where e = ¢y 04 and
0+ = p+0,u — ps

with p+ = Ryp+0y, and with the homogenized stress tensor o given by

o/ py o /p—
04+ g_.
o /pg + o /pe o /pg + o /pe

Remark 2.2. Note that o may be written as 0 = jieff0,u — pesy, Where

1 Dess = Pt/ pg +ap-/p—
9 € - .
o/ iy + o/ p o/ iy + o/

Meff =

Remark 2.3. For obtaining the set of equations at the macroscopic scale, it is related to averaging proce-
dure. To do so, we need to consider an averaging operator E[-] (see for instance [PG21| using expectation
on a simple Stochastic model). In our case, E(b(c, p,0)) = ayb(1, p4+,04) + a_b(0, p—,0_).

Proof. We will only give the proofs of the system "+". For "—" we just have to replace ¢ by 1 —c¢, remarking
that, taking 5(c, p,0) = 1 in (2.9)), we have

oy +a_=1.

We will denote B(c, p%,6°) =: ¢ in the following. The main idea is to choose appropriate nonlinear
functions localized around the + phase playing with property that the triple (1, p1, 6 ) never cross the triple
(0, p—,0_). Of course calculations are formal in this subsection but important for readers to understand
where the macroscopic averaged equations may come from.

e To begin with, recall o = p*0,u® — p®, we write
0" +p
e

and passing to the limit, using (2.9) with S(c, p,0) = ¢, (¢, p,0) = ¢/u(c) then 5(c, p,0) = cp(c, p,0)/u(c)
and the strong convergence on ¢ and u®, we get

0 = 0ic® + U 0pc® = Oy® + 0x(Fu’) — FOu" = Opc® + 0y (cFuf) — ¢

«
Aoy + Op(ayu) — —(0 +py) =0
H4
which we can rewrite as

o'
oy + udpory = — (0 — 04).
M-



e To prove (2.10bf) we just pass to the limit the equality
O (cp®) + 0x(cp°u®) =0
using (2.9) with 5(c, p,0) = cp and the strong convergence on uc.
e Starting from the equality
Or(ey () pt0%) + Oy (cy () p°0°uT) = 0°0,u°
we rewrite the right—hand side as
of+p
e

and passing to the limit using (2.9) with 5(c, p,0) = cv(c)pf, B(e,p,8) = 1/u(c) then B(c,p,0) =
p(e, p,0)/u(c), and the strong of o€ and u®, we get

o0, uf = o°

@
cvy Op(agpiby) + cvy Op(aypibiu) = —t52 4 a+p—+0
M4 M
which we can rewrite
«@
I(appres) + Op(aypresu) = fU(O’ —04) + apodiu.
+
We obtain the following averaged system
ay
Ot +udpay = — (0 —o4) (2.11a)
[+
Or(otps) + Op(asrpru) =0 (2.11b)
(e2s
O(arprer) + Or(arpresu) = M—ia(a —o04)+ arodyu (2.11c)

Note that we can pass to the limit in the momentum equation and find directly

dr(pu) + Oz (pu?) = dpo (2.12)

where p = a4 p4 + a_p_. We need now to find the expression of o. Even if ¢° converges strongly to o
in L2([0,T] x Q), the expression of the limit Cauchy stress is not clear. Indeed, passing to the limit in

0° = p(c®)0u® — p(c, p°, 0%) (2.13)

is not immediate because of the nonlinearity of p and the fact that 0,u® converges only weakly. However,
following the classic idea of homogenization observed by S. Spagnolo and F. Murat, L. Tartar (see for
example [Spa67|, [CD00] Theorem 5.5 and [MT85|), we rewrite (2.13)

(> (> €
Dot — e 4 P25 0°)
p(cs) p(c)

Using now the strong convergence of o°, we get

«o «o o a_p_
axu: (i+i)o-+ (Lm+7p>
Kty By K+ H—




and therefore, with the notations of the proposition,

O = feffOrU — Defy-

In particular, o can be seen as a convex combination of o and o_ observing that:

" ai/uy Jlr a/p- (O = aypy/pg = ap-/p-)
T a/uy Jlr a_/p_ (@4 (Opu —py/p4) + a—(Opu — p—/pu-))

o/ pg o /p—
o4 + o_.
o/ iy + o [ p o/ iy + o/ p

Thus we can rewrite (2.11)),(2.12) as (2.10). O

Proposition 2.2. Let the assumptions of Proposition[2.1] be satisfied. Then the entropies s+ given by

S+ = Cy+ ln(Hi) — Ri ln(pi) (2.14)
satisfy

20 00—

Ol Oy O 9
(05 — o) 4+ — 2%
apy+app )T A fly + Oy U

Proof. Starting with the formula (2.14]), we get

a+p+biDisy = ( (05 — 02)prOpu + iy (Opu)?

axp0iDisy = axps ey Difr — RiOragxDips. (2.15)

We now recall that

0 = Oi(a+p+) + Oz(axpru) = axDipt + p+(Diat + a4 0,u)

thus
oL o—

Qg + Oy fl
and therefore, using also (2.10d)), (2.15) reads

a+Dipy = — p+(0F —04) — axp+0u

o Lo
axppfiDisy = ————— (05 — 04) + axcdyu + Riby <+Pi(0¢ —o4+)+ aiﬂi@ﬂi)
Qfip +ap Q- fig + Qg pi-
(o + )< ara- )+a8u>
= (o ————— (o= -0 .
P+ oy o F T +0z
Now we remind with the definition of o+ and o that
«
o+pLr=0—04+ pusrdyu= :F—'ui(a; —o4)+ prozu
Qpfi— + Qg
thus we conclude the proof. O

Corollary 2.1. Let us now assume that p+ is of order n with n > 0 a small parameter. Assume that all
the unknowns may be developed in Taylor series with respect to . Then at the main order

L =" and oY p5 03 DysY = a® p? 6° D;s? = 0.



Proof. Let us start with the entropies equations (2.14). Looking at order —1 and order 0 with respect to
1, we can prove the corollary. First observe that the more singular quantity with respect to the viscosity
coefficients is the first term in the right-hand side of (2.14). Thus we get

0o _ 0
O_ =04

which reads p® = p9r. Then looking at order 0, we conclude since

(0- —04)* = O(P).
O

Remark 2.4. We can write equations a9 p9 69 D;s% = 0 as D;s) = 0 assuming a9 p%.6% does not vanish,
see |Lag00)].

Remark 2.5. In the barotropic case this problem has been addressed in the recent paper [BCT23| for the
case of regular solutions close to equilibrium.

3 Formal statement of the main results

We first define the functional framework in which we will consider the solutions of equations — on a
time interval (0,7') fixed (in a periodic setting in space chosen to be (0, 1) later-on) which can be called the
Hoff framework. To construct such solutions, we regularize initial data (with a family of approximations
of the identity indexed by the parameter n) and use the existence of solutions provided by [Li20] to have
in hand a sequence of regular solutions. We can prove that such a sequence satisfies a certain number of
estimates uniformly with respect to the regularization. These estimates that define the class of solutions
usually called & la Hoff. This class of solutions is somehow intermediate between the class of bounded
energy weak solutions (see D. Bresch, P-E. Jabin, F. Wang [BJW23|, and references cited therein) and
regular solutions as constructed by Kazhikhov and Shelukhin [KS77], but here in the case without heat-
conductivity. In particular it allows to consider discontinuous densities but the velocity is sufficiently regular
so as to trace the evolution of these discontinuities. We refer to |[Hof86; Hof87; Hof93; [Hof98| for Hoff’s
earlier work on compressible fluids one—phase flows. Of course, it suffices then to pass to the limit to obtain
the desired solution (weak nonlinear stability procedure). We then prove uniqueness of the limit in the Hoff
class of solutions to get a convergence on the whole sequence. It should be noted that while the results
given in the following are valid in the presence of a color function, they are interesting in their own right
in the study of Navier-Stokes with temperature and without thermal conductivity.

Since p is not a constant but a discontinuous function, the simplest way to give meaning to "weak

solution" of ([2.5a)—(2.5c)) and (2.7]) with initial conditions (2.8)) is the following:
Definition 3.1. The quadruplet (c,p,8,u) € L>=(0,T, L>(T)) x L>(0,T, L*(T))? x L*(0,T, WH(T)) is

called "weak solution" of (2.5a)—(2.5¢) and (2.7]) if (2.5a)—(2.5¢) and (2.7)) are satisfied in a distribution
sense and the initial data (2.8) in a weak sense.

Remark 3.1. Concerning two-phase mixtures, a relevant subclass of initial data is given by

Py = cop+,0+ (1 —cg)p—p

with ¢j highly oscillating and p+ g non oscillating functions. Thus pf will start to oscillate faster and faster
as ¢ tends towards 0 in the averaging process. So we cannot ask more than a uniform bound in L*°([0,T]x T)
for p. That’s the same for the temperature 6 because we do not take into account heat conductivity. Since
the velocity u is assumed to be common to both fluids, it’s legitimate to take ug € H'(T), then we can
expect to obtain greater regularity on wu.



Let’s forget the color function for a moment. Navier-Stokes solutions (p,8,u) in L>® x L x H! as
described above are of intermediate regularity between strong solutions (where p,0,u are regular) and
Leray solutions (where p,f,u are not very regular). Navier-Stokes equations have been studied in this
framework, in the barotropic case and in 2 and 3 dimensions by D. Hoff [Hof93| for small data and by B.
Desjardins |[Des97] in short time. D. Hoff also deals with the 1D case in [Hof98|, globally in time without
size restriction on the initial data. His results are extended in [BBL22| and |[BBL23| taking into account
the color function. In the next section, we will give some energy estimates for our problem, essentially by
mixing and improving some results from [Li20], [BBL22| and [BBL23|.

We introduce here the framework of solutions "a la Hoff" for Navier-Stokes with temperature and
without conductivity, with transported coefficients.

Definition 3.2. Let (co, po, o, u0) € L>=(T)3 x H'(T). Then (¢, p,0,u) is called a solution "a la Hoff" on

[0, 7] of (2.5a)—(2.5¢) and (2.7) with initial conditions (2.8) if there exists positive constants
p:0,0,0,C1,Cs,C3,C4, Cs, Cg, which may depend on T', such that

e (¢,p,0,u) is a weak solution of (2.5a)—(2.5¢) and (2.7) with initial conditions (2.8)) in the sense of
Definition B.1]

e (c,p,0,u) verifies the following bounds:

p<p<pae. in[0,T] xT, (3.1)
0<60<0ae in[0,7] xT, (3.2)
1 t 1 T
/ o2 +/ / (0,0)2 < C1, / lo|2 < Cs, (3.3)
0 0 0 0

1 T T 1
sup / (0eu)’ < Cs, sup Jull2, < Cs, / l0sull2, < C, / / Gu)’ <Cs,  (34)

[O,T] 0 [O,T} 0 0 0

1 T 1
sup min(l,t)/ (8360)2—1—/ min(l,s)/ o2 < Cs. (3.5)
0 0 0

0<t<T

If T may be chosen arbitrarily large we will use the term global solution "a la Hoff". A sequence of solutions
"a la Hoff" indexed by n is called "uniformly bounded" with respect to n if it checks all previous bounds
uniformly.

Our first main result is a global existence and uniqueness result that reads

Theorem 3.1. For any (co, po, 0o, uo) € L(T) x H'(T) such that there exist po, po, 0o, 6o, Co > 0 with
Co € [07 1]a Po < po < po, 970 <t < 9703 ||u0HH1 < Co, (36)

there exists a unique global solution "a la Hoff" of (2.5a)~(2.5¢) and (2.7) with initial conditions (2.8).
Moreover, the bounds in (3.1))~(3.5)) can be chosen so as to depend only on i+, v+, ¢v+, T and po, po, 0o, 0o, Co-

The idea of the proof is the following: Jinkai Li proved an existence result in [Li20]| for smooth initial
data (without color function, but it is clear that this proof can be adapted in the present case for a smooth
color function). Thus, there is existence for regularized initial data, then we use the stability result Theorem
to construct a unique solution a la Hoff.
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The next result concerns the limiting behavior of a sequence of solutions "a4 la Hoff" emanating from
a sequence of uniformly bounded initial data. More precisely, for all € > 0 consider

(¢5. 75,05, 45) € L(T)° x H'(T)

verifying (3.6) with some bounds uniform in &, and suppose that

cs, p5, 05 — cg, po, o weakly—* in L°(T),
{ 0>P0> %0 _— ) €05 L0, % y (T) (37)

u§ — ug in HY(T).
e—0

In particular, there could be, and for the situation that is relevant to mixtures of fluids there are, points
x € T where the associated sequence of values (c§(x), p§(z), 05(x)) oscillates around (co(x), po(z), Oo(x)).
Fix T > 0 and for all ¢ > 0, consider (c%, p%, 0%, u®) the solution "a la Hoff" of with initial data
(c§, PG, 05, ug)- The oscillations initially present in the initial data are then propagated in time (no smoothing
effect is to be expected since the subsystem of PDEs verified by ¢, p® and 6 is hyperbolic) which creates
an instability: even if the sequence of solutions (¢%, p, 6%, u®) converges weakly-* to some limiting functions
(¢, p,0,u) the later are not, in general, weak solutions for with initial data (co, po, 0o, ug). Of course,
this is due to the presence of nonlinearities which, roughly speaking, do not commute with weak convergence.
Nevertheless, we can still describe the limiting system by introducing the Young measures associated to
(c#, p°,0%). This mathematical entity contains all the information regarding the oscillations of the initial
sequence. In the context of 1D compressible fluids it has been observed since the 90s (see D. Serre |Ser91],
W. E |E92|, Amosov and Zlotnik |[AZ96¢c| for barotropic flows or Amosov and Zlotnik [AZ01], M. Hillairet
[Hil19] for heat conducting fluids) that an evolution equation can be written for this object.

We recall that we are concerned with heat non-conducting fluids and as such the temperature is os-
cillating. It is this aspect that is crucial in order to obtain a "two-temperature"-system in the limit. We
formalize the previous discussion in the following:

Theorem 3.2. LetT > 0 be fized. Consider a sequence of uniformly bounded initial conditions (¢, p, 05, ug),
(co, po, 0o, up) € L>®(T)? x HY(T) werifying (3.6)) with bounds uniform in e and (3.7). For all e > 0, consider

(c%, p%,6°,u%) the solution "a la Hoff" of of (2.5a)~(2.5c) and (2.7) with initial data (c§, pg, 05, ui). Then,
there exists some (c, p,0) € L([0,T] x T)3, o € L*(0,T, L*(T)) and u € H*([0,T] x T) such that

s, p°,6° =GP 0 weakly — x in L=([0,T] x T), (3.8)
e—

u® = weakly in H'([0,T] x T), (3.9)
E—

u® — u in L*(0,T, L*(T)), (3.10)
e—0

0° — o in L*(0,T, L*(T)). (3.11)
e—0

Moreover there exists constants p, p, 0,0 >0 such tha:

V(t,z) € [0,T] x T, 0<c(t,z) <1, p<p(tz)<p, 0<0(z)<0. (3.12)

We omit the time dependency of the constants in order to ease the reading. It is clear that a global version of this result
can be formulated albeit some technical details.
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Finally, there em’st ve (L' ((0,T)xT),C (K))/ such that

( Oip + Oy (pu)
Orc + 0y (cu)

8t(pu)+8( 2
O (p (v, ey 0)) + 0z ((v, cvé?)u —aau

p
(g o= - (nE2)
\ w(c)

Moreover we justify that v satisfies a kinetic equation which with (3.13]) form a closed system. Namely
we prove the following theorem

i

0
><U’ <> RG

o
0y0 =0, (3.13)

Theorem 3.3. Let K = [0,1] x [p,p] x [0,0]. Fore >0, we define as

v [0, T x T — P(K), (t,2) = vi,
.0 0TI XT, V8 ECURN. (o) = B L) (1))
Ve €T, v§, = c5(T)0(1,ps 0(2)0s.0(2) T (1= 5(2))00,p_ o(x),0_ 0(x)-

By slightly abusing the notations, we will also denote by v° € C(0,T, M(T x K)) the application

{ v [0,T] - M (T x K)
V(B,9) € C(K) x C(T),{¥%, Bx): fo L (t,x), 0° (t,2)) ¢ (z) do

Then, there exists v € C(0,T, M(T x K)) N (L* ((0,T) x T),C (K))/ such that
v" — v in C(0, T, M(T x K)) N (L' ((0,T) x T),C (K))',
e—

which verifies the following equation:

o+ o+ oo+
8,51/1«/733 + ax(uym) — 0 th,x — Bp p(p)Vt,a:> + 69 <(p)l/t,x> — Oa

_ o [ Cv 4P
%E}(l)<l/t,1’7/8> :il_I}(l)<V0,x7B>7 V,BEC'(K)

(3.14)

Some observations are necessary in order to clarify some aspects of the above theorem:

Remark 3.2. A delicate point in the analysis is to obtain the Ltzjx—convergence of the sequence (o:)s>0,
(3.11)). This point is crucial in order to be able to prove that the Young measures verify the equation ,
contrary to the barotropic case, where a bound in L?(0, T, H'(T)) was sufficient, using some compensated
compactness lemma.

Remark 3.3. Note that v° is weakly-measurable as for each 8 € C(K), (t,x) = (vi,, 8) € L>([0,T] x T).
The function v : [0,T] x T — P(K), (t,z) — 11, is weakly measurable as a limit of weakly measurable
functions.

Remark 3.4. As K is compact, each € C(K) is uniformly bounded. In particular, up to a subsequence,
B(c#, p°,0%) converges weakly—* in L>°([0,T] x T) to a certain 5(c, p,0). As (C(K), | -||) is separable, we
have

Vg e C(K), B, 07 07) — Blep ) im L2(0,T] x T),

e—0

(L' ((0,T) xT),C (K))l represents the dual of L'((0,T) x T, C (K)).
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modulo the extraction of a subsequence. By uniqueness of the limit, we obtain

v/B € C(K)a <Vt,w76> = ﬂ(cv pve)

Thus, the family of Young measures 14, characterizes all weak limits of functions of (¢f, p°, 6°) which is
exactly what we used to write the equations for ¢,u and o.

It turns out that system is too general for our purposes: indeed, as explained in the Section 2
(see also |[BH15; BH19; BBL22; BBL23|) when considering mixtures of two compressible fluids, (c¢, p®, 6)
will oscillate between two states (a4, p+,0+) corresponding to the characteristics of the two components
of the mixtures which we denote + respectively —. Of course, as explained earlier, a4 is interpreted as
the volume fraction of the component +. Mathematically, this is translated by asking the family of Young
measures to be at any time a convex combination of Dirac masses:

Vo = it (6, 2) 6(1,p, (8,0),04 (1) T Q= (8 ) 6(0,p_ (t,2),0_ (t,2))- (3.15)

In view of the previous remark, this amounts to saying that

B(Ca P 0) = 0y (ta x) B (1ap+ (t>$) 79+ (t,$)) + o (tv l’) 5 (Oap* (t7$) 79* (t,$)) : (3'16)

This is precisely what was asked in (2.9). Of course, using ([B.10) in system (B.I3]) we are able to interpret

the terms . . o (c.p.0)

with respect to (ax,p+,f0+) and as such to obtain a closed system of partial differential equations for
(a4, p+,0+,u) namely the macroscopic averaged system. It turns out that the structure (BI) i.e. convex
combination of Dirac masses is propagated in time from the initial data:

Theorem 3.4. Assume the same hypothesis and notations as in Theorem [3.3.  Moreover, assume the
ezistence of (a0, p+,0,0+0) € L (T) such that

Yoz = Q40 (SC) 5(1,p+’0(:):),9+,0(m)) + (1 —Q+p0 (x)) 6(0}p_’0(m),9_70(x))'

Then there exists some oy, p+,0+ € L>([0,T] x T)? such that

Via = oy (6,2) 61 p (t2),64 (b)) T Q= (6,%) 60,p_ (t2),6— (t,2))-

These functions can be characterized with respect to the sequence (¢2, p°, 0%, u) solution "a la Hoff" of (2.5))
with initial data (5, pf, 05, ug) :

& — aq, (1—=¢) — a_ weakly-xin L*([0,T] x T),
e—0 e—0

cpt,cto° = g p4, a0y weakly-*in L([0,T] x T) ,

(1—c)p°, (1 —c)b° AP a_0_ weakly-*in L>([0,T] x T) ,

e—>

u® — win HY([0,T] x T),
e—0

u® — u in L2(0,T, L*(T)),
e—0

The functions (., p+, 0+, u) verify the system (2.10)).
The proof of Theorem [3.4] follows the ideas introduced in [BH19|:
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e We show that given u = wu (t,z), 0 = o(t,x) having the regularity announced in Definition ([3.2]), the
equation (B.I4) has at most one solution;

e In a second step we construct a solution that verifies (8.14]) and using uniqueness, we conclude.

Theorem [B.4] allows us to characterize the terms

@) Caa) )

to obtain finally the macroscopic averaged system (2.10)).

4 Global solution and uniqueness for Navier-Stokes with low regularity
temperature

4.1 Energy estimates and bounds

To justify the formal computations that follow, we assume that (c, p, u, 6) is smooth, and that p > 0, 6 > 0.
The existence of such solutions is granted by the result of J. Li [Li20], with minor modifications. We first
present some notations and properties of operators. Then we present the conservation of mass and total
energy and conclude with some bounds including an upper bound on the density and a lower bound on the
temperature. We then present a key point in our paper which is a bound on the stress tensor o, following
an idea from J. Li that had to be adapted to the presence of the color function ¢. We can then give a bound
on pf and conclude with the lower bound for the density p and the upper bound for the temperature 6.
The constants we will define in this section depend on p,v+,¢y4 and T. For readability reasons, these
dependencies will be implicit.

4.1.1 Notations and properties of operators

Under the assumption d,u € L(0,T,L>(T)), v is Lipschitz continuous in space and the Eulerian and
Lagrangian points of view are morally equivalent. We will often be switching back and forth in what
follows, and this subsection gives some elementary tools in order to make this transition as efficient as
possible.

1) The operator D;: Recall the notation Dy(f) = f = 0uf +udy f of the total derivative of f. This definition
comes naturally, since defining X (¢, s, x) as the solution of

V(t,x) € [0,T] x T, 0X(t,s,x)=u(t,X(t s, x))
VeeT, X(s,s,z)=x

we get

%f(th(t7 37‘73)) - (th)(t, X(tv S, x))

The total derivative verifies the classical equalities of a derivative

Di(fg) = Di(f)g + fD:(9)

and

Di(po f)=Di(f)¢'(f) (4.1)
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if ¢ : R — R. In particular,
Dy(cf) = cDi(f). (4.2)

Moreover,

1 1
/Oth(f):ch/o pf. (4.3)

2) The operator I. We define an operator I, inverting Dy, by

I(f):/o f(s, X (s,t,x))ds

in order to get
Di(I(f)) = [, 1(De(f)) = f — fo(X(0,¢,2)). (4.4)
Moreover, we have

I(cf) = eI (f). (4.5)

3) A switching formula: In the calculations that follow, we may need to switch the symbols D; and 9,. We
use the formula

e Di(f) — Di(0xf) = (02.f)(Oru) (4.6)

4) The operator 0;': We define the operator d; ! on the space of zero-mean-space functions by

o' | 1 /y " f(2)dzdy

00, f = f

070, f = f - /Olf.

in order to get

Moreover, we have
01 L < (113 (4.7)
Note that

1
1%@?f=é§W@f+8AUﬂ)+[:uﬁ (48)

4.1.2 Conservative quantities and bounds related to p, 6, pf and o.

1) New formulation of the system: From the system (2.5) we deduce the equalities:

é=0 (4.92)
p = —pou (4.9b)
pu = Oyo (4.9¢)
pé = 00zu (4.9d)

2) Conservation of mass and total energy: Integrating in space (12.5a]) gives us conservation of total mass:

M@:Aﬁzfszm
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Moreover, integrating in space (2.5c|) gives conservation of total energy:

1 1
Z/PEZ/IJOEOZEO.
0 0

M(] S m, 50 S W(Rmaz% + C’02/2>

Remark that

We deduce . .
[ o= [ = 1e < (e =)0 (4.10)

[z, (1)

Finally, using Cauchy-Schwartz inequality,

/\pu! \f/ N <f\/71/ < /2 Mo . (4.12)

Remark that, if v is a constant, the change of unknowns
(C(ta l’), p(ta 37)7 ’U,(t, .’E), E(t7 l’)) - (C(tv T — Ut)7 ,O(t, L= ’Ut), ’U,(t, L= ’Ut) + v, E(ta L= ’Ut))

does not change the problem (it is the Galilean invariance principle). Choosing

1 !
V= _/Vlo/o PoUO
1
/ pouo =0

0

1 1

/ pu—/ poup = 0. (4.13)
0 0

Proposition 4.1. There exists some Hi = Hy1(My, &) > 0 such that

we can suppose

then, integrating (2.5b)) in space

(o) < Hy (4.14)

Proof. Let’s apply 9, ! to (2.5b):

1
010, (pu) + O L0, (pi2) = D0y = 0 — / o
0

1 1
Dy(9; (pu)) —/ pu’ =o —/ 0.
0 0
Applying I and using (4.4) we obtain

t rl t rl
1(0)(t2) = 05 (pu) (t, 7) — 8 (pouo) (X (0,1, 7)) — /0 /0 ”“2+/o /o 7

16
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Therefore, by , , and ,

11(0)] < 2v/2Mo &0+ T Eo +T (Ymaw — 1) Eo +

t 1
[ [
0 Jo

Moreover, by (2.6

t 1 t 1
[ [oa]-|- [
0 JO 0 Jo

Finally, by (4.15) and (4.16|) we get the result.

fai -

Proposition 4.2. There exists some p = p(pg, o) > 0 such that

p<p a.ce.

Proof. Using then we get
Di(pIn(p)) = pDyi(In(p)) = —pdzu = =0 —p
then, applying I, using and the fact that I(p) > 0,
pIn(p) = po(X (0,2, 2)) In(po(X (0,2, 2))) — (o) — I(p)

< tmaz| In(po)| + Hi.

Dividing by p then taking the exponential we get

Hmin

< B ,U/maac"‘Hl
pP>poeXp| —— |,

hence the result.

Proposition 4.3. There ezists some 8 = (6o, po, o) > 0 such that

0>60 ae.

Proof. Using (4.9d)), we have
ppé = o(udyu) = o* +op= (o +p/2)? — p*/4 > —p*/4
SO
Pt

Apimin Cvmin

6 Amin Cymin
Applying I and using (4.4) we obtain

1 < 1 4t R?naxﬁ < i +T R?naxﬁ
0~ Ho(X(O, t7 l’)) 4ﬂmin Cymin o 970 4ﬂmin Cymin

6> —

Then dividing by —6? and using (4.1))
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hence the result, denoting

1
0= > 0.

2
160+ 71

mazP
4Mmin Cymin

O

Proposition 4.4. Assuming that smooth solutions of the system occur with (4.17) and estimates in sub-
section [{.19 satisfied. Then o satisfies the equation

0 = oy <820> — yoOzu.

Moreover, there exists some C1 = C1(pg, 0o, Co) > 0 and Cy = Ca(po, 0o, Co) > 0 such that

1 T 1
Sup/ o? —i—/ / (0,0)* < Oy, (4.20)
(0,710 o Jo

T
/ lo]|2, < Cs. (4.21)
0

Proof. Using (4.9) we get

6 = uDy(0zu) — RD¢(ph)
= pudpit — (dpu)? — Rpd — Rpb

= 10, (820> — 1(0,u)% + R(Opu)ph — (v — 1)odpu

= poy <aj;0> — Yo Oz u. (4.22)

Thusif 3: R — R is O,

hence, dividing by pu,

o (5;")) ‘o, (ﬂ:)) ~a, (a;") 8(0) = Z4(8(0) — 108 (0)) (4.23)

Choosing 8(z) = (x)+2/2 in (#.23) (where ()™ = max(0, z)), then integrating in space, using the fact that

(020)(02(0) ") = (9a(0)T)?,

we get
1/ N2 1 +)2 1
d/ () +/ Gulo))” _ Gau (1N o (4.24)
dt Jo  2pu 0 p poo\2
But 4
(Opu)ly>0 = ? p plla>0 >0
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So (4.24)) gives

1 (5)+2 1 +)2
RSy G
dt Jo 2p 0 2p

1 +2 T rl1 +1\2 1 +2 1 2
[l [ e e e
0o 2 o Jo p 0 2n0 0 2po

Finally, using the equality |o| = 2(0)" — o, we get

1 o (o)t 1
‘U| < Hmax — = Htmax — HMmax
0 0o M 0 © 0

hence

=19

1 1 1 1
o p
0o M 0 0o M Hmin Jo Hmin

so by Young’s inequality, (4.25) gives
1 1 +2 1
o 2
/ |0" < / ( ) +/ -+ Hmaz (’Ymax - 1)80
0 0o 2p 0 M [min

1 1 2
o 2
/\alé/ ‘20+f+“m”<vmam—1)so::H2.
0 0 41 Hmin

Hmin

hence by ({4.25)

Evaluating (#.23) with B(x) = 2%/2, then integrating in space, we get
d [ o2 1(9.0)2 19 1
[ [0 [ 5 ()e
dt Jo 21 Jo P o M \2
11 _ 11_
_/2 703+/22702p
0o M 0o M
1
1 1
[ e
/0 u2< 2) 17

Hs 1
< 2 (= 5 ) o = Floe
Honin

Using now the Gagliardo-Nirenberg
lol13, < lloll3 + 2lloll2 | dz0]l2

we get by Young’s inequality

1 1 1/2 1 1/2
ngaugozﬂg/ o2 4+ 2H; (/ 02> </ (8x0)2>
0 0 0
1 9 1 2
1 (0z0)
<9 Hs+2HZ) | 2 4+ = z
= Mmaac( 3+ 3P)/0 2 + 2/0 P
then (4.27)) gives
d 1 0.2 1 1 (axo.)2 1 0.2
el <2 Hs+2H2p —.
dt/o 2% + 2/0 P = ,U'maz( 3+ 3P)A 24
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Hence, by Gronwall’s lemma,
2

1 92 t el 9 1
o 1 0,0 o
— 4+ / / (90) < exp(2ptmaz (Hs + 2H§p)T)/ L
2 2 )0 Jo p 0

0 2p0°

As 1 > pimin and p < p, we get (4.20]). Therefore, by the inclusions of Sobolev, there exists some Cy > 0
such that (4.21]) holds.

Roughly speaking, (4.20)) is the first Hoff energy get in [BBL22] in the barotrope case. Indeed, by (4.9¢),

2
pi? = (9:0)” and 02 = (ud,u — p)? looks like (9,u)?2. O
p

Proposition 4.5. There exists some p = p(pg, 0o, Co) > 0 such that
p<pP a.e. (4.29)

Proof. From (4.9b)) and (4.9d) we deduce

ey Di(p) = ppey 0+ pucy p = — ¢y pO(1udzu) + o (udzu)
= — ¢y pbo — ¢y pp + >+ op
= — ¢y R(p0)* + ¢y (7 — 2)pbo + o

(- 252e) (10 22
< (1 O Ve ) o,

1 —2)2
_H4 — (1 + (’7 )maz > ,

Hmin Cymin 4('7min - 1)
Di(pf) < Hyllol..

Multiplying by R, using (4.2)), then applying I and using (4.4), (4.5) we get

hence, denoting

t
p= Rpb < R(Hy(X(0,1,2)))po(X (0, £,2))80(X (0, £,2)) + Romas Hy /0 o2,

then from (4.21]) B
p < Rmaxme[) + RmaazH4CQ- (430)

Proposition 4.6. There exists some p = p(po, po, 00, Co) > 0 and 6 = 0(po, po, b0, Co) > 0 such that
p=p ae., (4.31)

0<0 ae. (4.32)
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Proof. Using (4.14)) and (4.30)), and imitating the computations of 3) we obtain

pn(p) = po(X(0,¢,2)) In(po(X(0,¢,2))) — I(0) — I(p)
> _,Umam‘ ln(@” — Hy - Tp.

So, dividing by p then applying the exponential function, we get (4.31]). Thanks to (4.30) and (4.31])), it is
obvious to obtain (4.32)). O
Proposition 4.7. There exists some C3 = Cg(%,@,%, Co) > 0, Cy = C4(%,@,%, Co) > 0, C5 =
Cs(po, po, 00, Co) > 0 such that

1
sup [ (0,07 < O, (433)
[0,77J0
lu? < Cs ae., (4.34)
T
| 0wz < cu (4.3
0
T 1
/ / (Ou)? < Cs. (4.36)
0o Jo
Proof. Writing
dou="2 P
’ [

and using Proposition , we obtain immediatly (4.33)) and (4.35)). Moreover, writing for all z,y € T
xX
u(z) = u(y) +/ 0.u (4.37)
y

then multiplying by p(y) and integrating on the torus, we get from ({4.13])

1 T
./\/lou(x):/ p(y)/ Oz (4.38)
0 y
hence 1
o) < [ ol < 3% (4:30)
0
Finally, we have
OpO
O = — udzu. (4.40)

Then, taking the square, integrating on [0, 7] x T and using some Young’s inequality, we obtain

T 1 T 1 aw 2 T 1
/0 /0(8tu)2§2/0 /0 (p;’) +2/0 ||u|y§o/0 (Dyu)? (4.41)
2
< ?Cl +2TC3. (4.42)
]
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Next, we follow D. Hoff’s idea by introducing the weight function x(¢) = min(1,¢) which cancels at
t = 0. Let’s briefly explain the principle: if f is a semi-norm of space, let us compare the calculations

/ F = () - £0) (4.43)

t min(1,t)
| e =rse = [ (4.44)

In (4.43)), having a bound on f ( ) requires more regularity in the initial conditions. This term does not

appear in , and the [™n(:) f term that does appear has every chance of being bounded by the
estimate obtalned earlier, if /@ doesn’t explode.

and

Proposition 4.8. There exists some Cg = Cs(po, po, 09, Co) > 0 such that

sup;-z(/@a / /0<06
0<t<T

Proof. Multiplying (4.22)) by ¢ /u, we get

1
then integrating in space gives us

/1 o~ /1(8950)89”0 - /1 Y 560,u. (4.45)
0o H 0 P o M
But using ,
D (8550) _ Dy (0,0)p — Dy(p)0z0 _ Dy(0,0) + (0yu)0p0 _ 8907('7
p p? p P
so by

1 Dy6 U b (00 1 [ 9,01*\  1d ['(9,0)?
/0( )p o o T\ 2 Jo 7 p 2dt Jo p

and we can rewrite (4.45)) as
Ld [ (9.0)2 12 1
2dt Jo  p 0o M 0 M

By Young’s inequality we obtain for a certain constant Hs > 0

1d [!(9.0)? /10'—2
P + [ = < H;|0pul/3(t /0+/
2dt Jo p 0 M 9wl 0

d [ (8,0) 1:9 1
o[ [ <o) [ o < 20l
dt 0o M 0

and finally, multiplying by x(t) and integrating in time, by (4.44) we get

1 2 t 1 -2 t
o) [ ED [ [P <o, [ o, +
0 P 0 0o H 0

< 2C1Cy4H5 + Cl/B,
hence the result. O

so using (4.20))

min(1,t)
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4.2 Smooth solutions and stability
Theorem 4.1. Let (", p™, 0™, u™) some solutions "a la Hoff" of (2.5a])—(2.5c)) and (2.7)) with initial condi-

tions (c, pg, 0y, ul). Suppose moreover that this sequence is uniformly bounded, and that there exists some
(co, po,Bo,ug) € L¥(T)3 x HY(T) such that

o5 Po- 00 fvd co, po, 0o in L*(T)

ug T o in H'(T).

Then, up to a subsequence, (", p™, 0™, u™) converges strongly in L*(0, T, L?(T))? x L?(0, T, H*(T)) to some
solution "a la Hoff" of (2.5a)—(2.5¢) and (2.7)) with initial conditions (cg, po, B0, uo).

Proof. Using uniform bounds (4.17)), (4.32)), (4.33), after extracting, there exists some
(¢, p,0,u) € L*(0, T, L*(T))? x L?(0,T, H'(T)) such that

" p" 0" — ¢ p,0in L*(0,T, L*(T)) (4.46)
n—+4o00
no_\ : 2 1
u” o~ uin L*(0,T,H(T)). (4.47)

Passing to the limit, we obtain immediatly (3.1))-(3.4). It remains to show the strong convergence and that
(c,p,0,u) is a solution of (2.5)) in the weak sense.

Step 1: Let’s show that

X" — X in C([0,T)* x T). (4.48)
Writing
X"(s,t,x) =x +/ u (7, X" (7, t,z))dr,
t
X(s,t,z) == —|—/ u(r, X (7, t,x))dr
t
we get

X0 (syti0) = X(s, )| < [ (r, X)) ulr X t)ldr
t
< / ‘un(7_7 Xn(T,t, .I')) - un(T,X(T,t, .Z'))|d’7’ +/ |Un(T,X(T,t,£L‘)) - U(TaX(Tvtax))|dT
t t
s T
< [ 10 @l X" (b2 = Xrtldr + [ =l
¢
so using the Gronwall lemma

T s
X" (s, t,0) — X(s,t,2)| < (/0 [ —UIILoomr)) exp/ [02u™ (7) || ocdT
t

T 1/2
< VTeVOiT </0 |u”—u\|%oo(m> . (4.49)

By (3.4), (u™) is Lipschitz in C([0,7] x T). So by Ascoli’s theorem,
u" — win C([0,T] x T) (4.50)

n—-4o00

and (L19) gives (T.19).
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Step 2: Now we are going to show that
" — cin L>(0,T, L*(T)).

n—oo
To do that, we will use the equality
'(t,z) = g (X™(0,t,x)).

We will shorten X (0,¢,x) to X and X™(0,¢,x) to X™ in the following.
We get

/0 € (t,2) — co(X)| < / ER(X™) — eo(X™)] + / co(X™) — co(X)]. (4.51)

At this step, that is important to remark that for all s,¢ € [0, 7] we have the equality

(S,t,l)
_ p( _rsy)

and the same replacing (p, X (s,t,z)) by (p™, X"(s,t,x)).

Therefore, we infer that

oniyn SN P (s.y) I
[ i —eoxni= [ i) ol S iy < o [ 160 -l 0 @)

For the second term on the right hand side of (4.51]), we mollify co, considering co, € C*([0,1]) such
that
oy — co in L1([0, 1]).
n—0

We have, using again (4.52))

[0 = ot < [ oo ~ g+ [ oo~ ag(01+ [ Teoal(X) ~ o)

D
<2- / lco — col + [|0xcoy
P Jo

oo X™ = X|oo- (4.54)

Let € > 0. Let’s fix n > 0 such that

7 [
2/ lco — cop| <e. (4.55)
P Jo
Then, there exists N € N such that
Vn >N, |0zconlleol| X" — X||oe <e. (4.56)
SO7 from "' )
1
Vn > N, / lco(X™) — co(X)] < 2e. (4.57)
0
Finally, (4.53) and (4.57)) give by (4.51])
" — co(X) in L*(0,T, LY(T)). (4.58)
n—oo

and by uniqueness of the limit, ¢y(X) = c.
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Step 3: Let o be the weak limit of o™ in L>°(0,T, L*(T)) N L?(0, T, H'(T)). We deduce from the strong conver-

gence of ¢ that
o= pu(c)0yu—p
where p is the weak limit of R(c™)p"0".

Remark 4.1. In the following reasoning, the writing "€ X" is to be understood as "uniformly bounded
innin X".

We will abbreviate f(c") as f™ for any function f depending on ¢". From Proposition we get

e RC R
I I p I

Let’s look at each term of the right hand side of (4.59).

— o™ € L®(0,T, L*(T)), u™,u™ € L>([0,T] x T), so 0 (c™/u™) € L?(0,T, H~(T)).
— 0,0"/p" € L*(0,T, L*(T)), so 0,(d,0™/p™) € L*(0, T, H~1(T)).
— o™ € L>(0,T, L*(T)), O,u™ € L*(0,T, L°(T)) and (y* — 1)/(u") € L>=([0,T] x T), so
V-1
Nn

o"du™ € L*(0,T, L*(T)).

Finally,
o

O (MZ) e L*0,7, H1(T)).

Moreover, because ¢" converges strongly, we have using (/3.3

0.71

T~ Zin 20,7, L3(T)).
u" n—oo
So, by Aubin-Lions lemma,

a" g 2 1
— — —in L*(0, T, H(T)).
U n—+oo 1

But by (3.3]) we have moreover
o" — oin L*0,T, HY(T))

n—oo

T 1 n\2 T n T T 1 2
/ / (o") :/ <J70”> — <070> :/ / z. (4.60)
o Jo K" 0 \u" H-1xg! "7 Jo \ M o Jo M

But, as ¢” converges to c strongly,

hence

\27 = \;’ﬁ in L2(0, T, LX(T)). (4.61)
then using (4.60|) and (4.61))
0_71

9 .72 2
\/mn::o ﬁ in L (O,T,L (T))

Therefore, multiplying by /u™ and using again the strong convergence of ¢" we get

0" — o in L*(0,T, L*(T)). (4.62)

n—oo
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Step 4: Using ([2.5¢)), and denoting " = p"0", we get

oo u"

cy "

O™ 4 Oy (u"r"™) (4.63)

with
o = p"ou" — R"r". (4.64)
Hence, for all 8 € C'(R,R):

o Oyu"

OB(r") + 0 (u"B(r")) = —=—B'(r") + (B(r") = "B (r")) "

D gy 4 70" )

o ) + (BO") =B (Tn))ﬁ
n ) — g (7 E
+r(B(r") = "B ))u"'

_ (o

H’I’L cvn

Choosing (z) = zIn(z) in order to have 5(z) — zf'(z) = —x, we get

n\2 nimn __ niAm _ 1 __ n
O (r™ In(r"™)) + Op(u"r" In(r")) = (Z )n(ln(r”)—i-l)—kig (ryn 1)7'"111(7’")—1— (v - 1n s )r”
Bty K K Gy
n 2Rn
—\r —.
(r") o
(4.65)

Remark that by (3.1) and (3.2), for all continuous function f :]0,+occ[— R, f(r"™) is bounded in
L*>(0,T, L>(T)), so there exists such f(r) such that, up to a subsequence,

f(r™) — f(r) in L=([0,T] x T) weak — *.

n—oo

Note that we can choose some subsequence which does not depend on f. Passing to the limit in (4.65)),

and using (L50), (58), and (E62), we get

2 —1 —1—c,
B(FIn() + B (ur () = 2 (@m() + 1) + ZO = Vg 20 = L)y
/.L Cv /.L /J, Cv (466)
—R
—r2—.
,u
But passing to the limit in (4.63) and (4.64), using (4.58)), (4.62)), (4.50) and (£.47), we get
Oz
O + 0 (ur) = T2
o = udyu — RT.
So, by the same reasoning,
2 —1 —1—c,
8u(FIn(F) + Oy in(r)) = T (n(m) + 1) + T Dy 4 201705
,LL Cv ,LL /J, Cv (467)
o R
— T —.
,u
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Step 5:

Substracting (4.67)) from (4.66|), then integrating in space and in time, using the fact that

0 1n(rg) = 7o In(70) (4.68)

/Olrln(r)—rln(r):/ot/(]l :jv(ln( // MCV —FIn(r))

we obtain

gl (4.69)
2
e
0o Jo M
The functions s + sln(s), s — s and s — — In(s) being convex, we have
rin(r) >7In(7), r2>7, —In(r) > —In(7).
Therefore we deduce from (4.69))
1 t ol
R
/ FIn(r) — Fln(r)] < / / TR ) - rin()
0
o / o)y [ PIR0) - P
Mmzn
So, by (4.68]) and Gronwall’s lemma, we get
rInr® — FIn7 in L>(0,T, LY(T)). (4.70)
n—oo
But by Taylor-Lagrange, for all n € N there exists some £" €] min(7, r™), max(7, r")[ such that
r"lnr" —7InT — (1 +In7)(r" —7F) = ! — (" —7)? > L(r”—?)z.
2em 2p6
So, integrating in space and in time, then passing to the limit and using (4.70]), we get
" — 7in L*(0,T, L*(T)).
n—oo
hence
p" — pin L?(0,T, L*(T)). (4.71)
n—oQ
Using the strong convergence of ¢” and ¢, we deduce from (4.71))
dpu — Opu in L2(0,T, L*(T)). (4.72)
n—oo
Using ([2.5b]) we have
p"Di(Inp™) = —p"Oyu” (4.73)

so integrating in space then in time,

1 1 T /1
/ p"ln pt = / po Inpg — / / P Opu"
0 0 o Jo

Passing to the limit, using (4.72)), (4.46|) and the strong convergence of p,

1 1 T 1
/plan/ polnpo—/ /paxu.
0 0 0 0
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We can now pass to the limit in equality

1 1 T 1
/0 (p" In(p") — pIn(p)) = /0 (o In(pg) — poIn(po)) — /0 /0 (p"0xu™ — pOyu).

But by (4.49) and (4.46)), we can pass to the limit in (2.5b) to obtain

Op + Oz (pu) = 0.

So (4.73) is still true, and the same reasoning gives

1 1 T 1
/plnp—/ polnpo—/ /p(?xu-
0 0 0 0

1 1
/ pPltinp" — / plnp
0 n—oo 0

and using Taylor-Lagrange again we obtain

Therefore,

p" — pin L*(0,T, L*(T)).
n o0

4.3 Uniqueness

Theorem 4.2. Let (co, po, 0o, uo) € L=(T)* x H'(T) such that there exists some po, po, 6o, 00 > 0 such that

Ve eT, po<po(x)<po, 6o<0(x)<b, 0<colx)<1.
Then there exists at most one solution "a la Hoff" of (2.5a)—(2.5c) and (2.7) with initial conditions
(COap07907u0)'

Proof. We choose to switch to Lagrangian coordinates in this proof. For a map f : [0,7] x T — R, we
denote

V(ta) € 0,T] x T, f(t,z) = f(t, X (t,0,2)).
Using the formula

B po(z)
%X (t0.0) = X (t.0.2))

we get
Di(f) = & and podof = 0, .
This allows us to move from the Eulerian formulation of (2.5)) to the Lagrangian one:

B =0 (4.74a)
1
pod: <;3 = 0, (4.74b)
podhit = 8,6 (4.74¢)
poce0i0 = G0, (4.74d)
5 = Ll o,a— Rpb. (4.74e)
Po
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Thanks to Duhamel’s formula, we can express p and 6 as functions of O, . Using (4.74b|) and (4.74d)), we
obtain p
~ 0
5= - (4.75)
1+ fg 00

B t R t/:l ﬁ t R
=20 ——5(00)d +/~ax~2 /—~ 5(0,1)dr | ds. 4.76
oexp ( /0 == (0. ) [ ELaren | [ —=poair s @70)

Let (c1, p1,601,u1) and (co, p2,02,u2) be two solutions "a la Hoff" of with same initial conditions.
Because d,u1, 0zus € L([0,T], L>=(T)), they are solutions of too.

By , ¢1 = ¢3. We will denote 6 f := fo — f1. All the following constants are noted C, even if they
are different from each other. We get from (4.75))

~ ~ t
55— _P1P2 (eo_fjo) __pw?/ 9.5
pPo \p2  pP1 Po Jo

therefore

05| < plp'Op?\/:F (/Ot(am(sw) " (4.77)

Now let’s bound the temperature difference. Writing 0 =: §gA; + As in (4.76)), we get, using the mean
value theorem

t max 1 ~ ~ T maxr ~ 1, ~
il < [ 2530, exp ( [ et puaxuroo) |
0 Po 0 Po

Using the formula

6(fg) = (6f)g2 + f1(09)

we get

1/2
Ymaz — 1 r ~ ~ Ymaz — 1_ t ~\2 /
0A;] < [ —— 102t oo ) 10p] + ———p VT | | (026u)
ro 0 Po 0
T
Ymaz — 1_ -
< exp ( | =0,
0 Po

544 < C < /0 t(axaa)2>l/2. (4.78)

thus

Similarly, we get

54y = /0 t L )O3~ A(s)2) + /0 t L 1 (0:07) Dy + 0,1 (A1 1)z = Ar(5))

n /0 Lo @A) ~ 540(1)
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so using (4.78))

04| < !5p!/ EmIE (9, @)3(| A1 (1)s] + |Aa(s)2))

Cymin pO

i Somar g /O (0,51) )1/2 (f T((fml)%<axa2>2><A1<t>%+A1<s>%>>m

Cymin pO
t 1/2 [ T
+20 ( / (azéa)z) T / (Ol )?
0 Cvmin Po 0
¢ 1/2
< (/ (axaa)2> . (4.79)
0

Therefore, (4.78) and (4.79)) give

1
2

o t
166] < (6oC + C) </ (az(sa)Z) : (4.80)
0
From (4.74c|) we deduce that
~ ~ _p1 0P L
P00 = 0,00 = 0, ( 8 ou) + Oy <up81u2 — RO16p — Rpgé@) .
0

Multiplying by @ and integrating by parts, we get
d 1 1 ~ 1 5" o - ~
— [ po(6u)? + / i (9,00)% = — / 2P 0y — ROIOG — Rpaof ) 8,00
dt Jo 0o PO 0 Po

then by Young’s inequality,

d [ 'op 1 (' p 200 (1 -2\ [!
— 5a2+/ i~ ax(sa2</ s ax5a2+< AL || 9, dig |2, + R, 4.0 )/ 6p)*
i J, po(6) ; upo( ) <3 ; um( ) prtimin \ po? [0z ia|| v (6p)

P [ 0
Finally, using and (| , we get
% 01p0(5ﬂ)2 + ;/Olﬂi(l)(aiaaﬁ < % 14 (|02 0i2)%,) / / gi 0,01)* (4.81)
Denoting
y(t) ::/0 po(011)? / / nal (0,01)>
From we deduce

1

Y1) < S0+ lloe)y ).

Since |0z ia|| o is bounded in L2([0,T7]), we deduce by Gronwall

/p0(5u //[/’aau <0.
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Therefore ) = u2. Hence by (4.77) and (4.80), p1 = p2 and 61 = 5. Moreover, using the equality
t t
V(t,z) € [0,T] x T, Xi(t,0,z)= a:—i—/ ui(s, X1(s,0,z))ds = x —i—/ ua(s, Xa(s,0,2)) = Xo(t,0,x)
0 0

we get, inverting in space at fixed ¢t > 0
V(t,z) € [0,T] x T, X1(0,t,2) = X5(0,¢t,z).
we have, for f = ¢, p,0,u:
Y(t,z) € [0,T) x T, fi(t,x) = fi(t,X1(0,t,2)) = fa(t, X2(0,t,2)) = falt, x).

So (c1, p1,01,u1) = (c2, p2, 02, u2). [

5 Averaging procedure

This section is dedicated to the proof of the convergence of the unknowns (Theorem [3.2)), obtaining the
kinetic equation (Theorem [3.3)), and then the uniqueness of the solution for the kinetic equation and the
construction of a particular solution, to establish Theorem

5.1 Convergence of the unknowns using the uniform bounds

Fix T' > 0. Consider a sequence of uniformly bounded initial conditions (c§, p§, 65, uf)<, (co, po, 6o, uo) €
L>(T)3 x HY(T) verifying with uniform bounds and ([3.1). For all ¢ > 0, consider (¢, p, 6°,u®) the
solution "a la Hoff" of with initial data (c§, p§, 05, u5). Then, the existence of (c, p,0) € L>([0,T]xT)3,
o € L>=(0,T,L*(T)) and u € H'([0,T] x T) along with relations and follow immediately by
using the uniform bounds granted by , which are verified by solutions "a la Hoftf". From we
deduce using Rellich’s theorem that (3.10) holds. The strong convergence of o€ is a consequence of ([3.5).
Using (3.3), o° is bounded in L>°(0,T, L*(T)). In particular, there exists some o € L>(0,T, L*(T)) such
that
0f — o in L%(0,T, L*(T)) weakly — *.

In the following reasoning, the writing "€ X" is to be understood as "uniformly bounded in € in X". Let’s
consider the equality
0y(ko®) = KO0 + K'0° = Kot — uTKOL0° + K o°. (5.1)

o Asuf € L>(0,T, L>(T)) and 9,0° € L?(0,T, L*(T)), we get u®xkd,0° € L*(0, T, L*(T)).
e Similarly, we have o € L?(0,T, L?(T)), so '0 € L*(0,T, L*(T)).
e Finally, using (3.5)), we get \/ko® € L?(0,T, L*(T)). So ko¢ € L?(0,T, L*(T)).

Therefore, by (5.1)), d;(ko®) € L?*(0,T,L*(T)). Because ko® € L*(0,T,L*(T)), using the Aubin-Lions
lemma we get

ko® — ko in L*(0, T, L*(T)). (5.2)
e—0

Let n €]0,1[. Then
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T 1 n 1 T 1
[frotf ot [
o Jo 0o Jo n Jo
1 1 1
< 2n sup/ (as)z—l—sup/ o 2/ / lo° — o|?
[0,T] [0,T] Ui
<40+~ / / k0" — ko2, (5.3)

Let us now use (5.2)): let 9 > 0 such that

Ve €]0,eo], / /|/~€0 — ko2 <nd.

Ve €10, 2], //\a — o2 < 4y + 1)

hence the result. This concludes the proof of - and with it the first part of Theorem
As explained in Remark the form (3.13)) is obtained using the definition of the Young measures.

Then from ({5.3))

5.2 Kinetic equation

In this section we show that the limiting behaviour of the sequence of solutions can be described by the
equation (3.3). We begin with the following

& 1 13 1
Lemma 5.1. Let v© be defined in Theorem . Then v —rvin C0, T, M(T x K)).
Proof. All we need is to prove that for all (p, 8) € C(T) x C(K),

9@ f) — (e ) n C(0,T]). (5:4)

where (v5,v) : [0,T] = M(TxK)?,t — (v5,11). Let ¢ € CY(T), 8 € C*(K). Then abbreviating 8(c, p°, 6%)
by 5°, we get

D; 5 = DiE0.5° + Dypt0,8° + Dyb0p5°
8
= (0.)0,5 + T2 gy (5.5)

V

In particular, D$/3° is bounded in L>°(0,T, L!(T)), uniformly in e. But

d, . d b . [t
Gween =4 [ Felan = [ Lrewis
1 1
— [(Dipdn~ [ w050
0 0
1 1 1
:/0 (D; B )god:UJr/O B (Opu )gader/O Bfufy'dx.

Thus %<I/€, ¢ ® B) is bounded in L>([0,7]) uniformly in e. By Ascoli, we obtain ((5.4). As C*(T) x C(K)
is dense in (C(T) x C(K), || - [lso), we get the result using a simple density argument. O
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Concerning the Young measures associated with the initial data, by construction, we have

ngl‘ = cé(x)5(1,90,+(36),90,+(50)) + (1 - Cg<m))5(0,po,_(x),607_(x)) ae. wz€T,

so taking the limit as € — 0,

W, = @0,+(%)0(1,p0 4 (2),00,4 (2)) T 0.~ (2)0(0,00, (2),60,(2)) @€ z€T

where o+, ap,— are the weak limit of ¢j, (1 —¢j). Next, let us show how to obtain the equation (3.14). In
order to do this recall that for almost every (¢,z) € [0,7] x T, the measures v, € P(K) are characterized
by

VBGC(K)7 <l/t,:p,/8> :B(vae)a
see Remark Let 8 € CY(K). Imitating computations we did in Section starting with (5.5) and
writing D% = 0y + 0, (uf%) — (0,u®) 5%, we get

O_E + pE
ME

e peas —i—psa 5 o¢ (o 4 p°)
o
Ue

& e pe

OB + O0x(u”p°) —

09 =0

ie.

w vose-o () - (5002 o (22 4 (002

_ (05)2 ( 0o >€ — o (p(cap79)896)6 —0
cv()u(c)p cv()u(e)p
Using (3.10) and (3.11]) we can pass to the limit in (5.6)) and obtain

arvod)=o(305) - (587 +(50)

(P o))

Therefore, v, verify the kinetic equation (3.14). This concludes the proof of Theorem

(5.6)

5.3 Uniqueness of solutions for the kinetic equation

As explained in Section 3, the proof of Theorem [3.4]is divided into 2 parts:

e In a first step, we show that given u = u (t,z), 0 = o(t,x) having the regularity announced in Definition
the equation (B3I4]) has at most one solution;

e in a second step, we construct a solution that verifies ([3I4]) and using uniqueness we conclude.

We begin by proving uniqueness. We will give two different demonstrations.

First proof. We prove the following somehow general result. The proof follows the lines of Lemma 12 in
[BH15].
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Lemma 5.2. Let d > 1. Let u € LY(0,T,C.([0,1] x R4~ R%)), where u(t,z) = (uy(t,z),uz(t,z)) €

R x R41 such that
o 81u1 0
Vu = ( 81U2 VQUQ )

with
Orur € L}(0,T,L%([0, 1] xR?™1)), - druz € L0, T, L ([0, 1]xR*™)),  Vauz € L0, T, L=([0, 1] xR™™)).

Let now g € L'(0,7T,C.([0,1] x R¥1 R)) such that d1g € L'(0,T,L'([0,1] x R%!)) and Vag €
LY0,T, L>=([0,1] x R1)). Let v € C(0,T, M.(R%)) such that

O + div(ur) + gv = 0. (5.7)
Then v is uniquely determined by vy.

Proof. We extend u and g to [0, T]xR? by periodicity. If ¢ € W1(0, T, CL(R9)), then (using W1([0, T]) —
C([0,17)), Oy +u -V — gp € LY(0,T, C(R?)). Therefore, by (5.7),

vt € [0,T), YoeWH(0,T,CHRY), 0 +u-Ve—gp)=—(et)). (5.8)

Let’s fix t € [0,T] and v € C2°(]0, T[xR?). Our aim is to show that (14,7) = 0 to conclude the proof. We
consider u7 and ¢" some regularizations of v and ¢ in the first space variable only. Denoting ¢ a solution
of

{@@” +u - V' — g"p" = 0 on |0, t[xR% (5.9)

@"(t,-) =1 on RY, (5.10)
it can be shown that 7 € W1(0,¢, C'(R?)). Then, (5.8), (5.9) and (5.10) give
(v, (u=u") - V" + (9" = 9)¢") = — (v, ¥).

It remains to show

(u" —u) V¢ — 0 in LY(0,t, C.(R%)) (5.11)
n—
(g" — g)¢" — 0 in L1(0,t, C.(RY)). (5.12)
n—0

By the Gronwall lemma, as g” is uniformly bounded in L' (0, ¢, L>°(R%)), we obtain from (5.9) the existence
of C' > 0 independant of 7 such that

Vs G]Ovt[’ ||<Pn(5a ')HL‘X’ < C. (5.13)

Then, as g" — g in L'(0,t, C.([0,1] x R¥™1)), we get (5.12). Applying V3 to (5.9), using the fact that
n—0

("VuVe)z = "Vauz Vap,
we get
V20" +u" -V (V") — (g"1g — "Voud) Vo' = Vg

As Vag", ¢g" and Vaug are bounded in L'(0,¢, L>°(T)) uniformly in 7, then using (5.13) we get by the
Gronwall lemma
Vs €]0,t,  [[V29"(s,)llo < C".
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Therefore
[(ug — u2) - Vo || L1 0,7, Lo metyy < C'llug — w2l L1 (0,r,c0(0,1)xRA-1)) — 0

n—0
so to obtain (5.11]) it’s sufficiant to show
(u] — u)01p" — 0in LY0,T, L®(R%)). (5.14)
n—
Applying 01 to (5.9), we get
001" + UV O — (g" — O1ul) D1 = —(Orua) Vo + 01 g". (5.15)

If g", 01u] are bounded in L'(0,T, L>°(R?)) uniformly in 7, it’s not the case of dyuj and d1g". Choosing
g" == g* w" and uJ 1= ug 1 W', where W' = n~lw(n™!-) and w is a mollifier, we obtain
O1ugd = ug *1 1w
hence
C//
101U ]| 10,1, 200 (Rayy < U2l L1 (0,7, o0 Ray) 1907 10,7, Loo (RaY) < o
Similarly,
C//
1019" | L1 (0,1, Lo0 (Ra)) < e

Therefore, by Gronwall, (5.15) gives

- C//
Vs G}O,t[, Hal@ (S, ')HLoo(Rd) S 7 (516)

2
We choose now u? =y % w7, Then,

juf —w[(x) =

/ ur(a — y)w™ (y)dy — u(x)
R

T—y
g// 1911 (2)]dz
RI|Jx

< |0y | e ) /R ylw(y)dy < C"nP.

< /[R fur (@ — 1) — ur (@) (y)dy

W) (y)dy < Dy ey /R Iyl () dy

So
luf — utll g1 (0,7, L00 (meY) < "y (5.17)

and (5.16)), (5.17) give ((5.14]). O

Remark that we cannot directly apply lemma with d = 4 with

(u’ 0 —p(o +p) ’ oo+ p)>
n Cy 1P

u=

because we have not then u,g € LY(0,T,C.([0,1],R?)). Introducing x € C°(R?) such that Xk = 1, we
have

V(t,x) € [0, T]xT, Ve C(K), Bt ), p°(tx),0°(t x) = B(E (@), p°(E, ), 0°(F, )
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hence
V(t,z) € [0,T] x T, VBe€C(K), (VizxB)= (VD)

then by uniqueness of the limit
v = xv.

Therefore
O + div(uxv) +gxr =0

and yu, yg have the desired regularity.

Second proof It turns out that if the initial velocity is in a higher Lebesgue space, we can recover that
the transport velocity in the kinetic term is L} Wa} "> which guarantees uniqueness. More precisely, we have
the following

Proposition 5.1. Suppose that ug € WH21(T) for some n > 0. Then Vu € L'(0,T, L (RY)).

Proof. We just have to prove that under these conditions,
dy0 € LY(0,T,L®(T)), 9y(c?) € L'(0,T,L>°(T)).
Using (4.22)), (3.3) and (3.5), we get
k129, (a ") € L*(0, T, L*(T)).
P
Thus, by the Gagliardo-Nirenberg inequality, and using that 9,0 € L?(0,T, L?(T)), we get

Mol € L2([0,T]),  £*0s0]|00 € L*([0,TY)

In particular,

Moreover, we have by the Gagliardo-Nirenberg inequality

102 ()12 < Cll02(%)[|2110:(0: (%) / p)l2- (5.18)

But 2 )

Oy (833( ) = 200, <610> =200 + (H + 1) o20,u + @

p Cv p
hence )
2)
(81‘ (ar(pa >> 0202+C/ (Oyu) +C/

But

T 1
I{S/Q/ O' 1/2”0_”2 / / O' <C
0
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T 1 1 T
| w2 [ ot < st Pty s [ @ [ ol < 0
0 0 [0,1) [0,1] 0
T 1 1 T
|2 [0y <supts [ @) [ 6 Plosol < €
0 0 [0, Jo 0
T [ (%6
/ K3/2/ (&( z >> <cC. (5.19)
0 0

Evaluating (#.23) with B(c) = |o|>*", then integrating in space, we get

SO

d 1 ‘0.‘2+n
dt 0 K

1 Do 2| M 1
reenrn [ <o [aop

Because d,u € L'(0,T, L>°(T)) and because oo € W12+7(T), we can close the inequality to get

/1 o+, / / @eoel"

T 1
|t [ oot < sup(et o) / / Plol < C. (5.20)
0 0 0,7

Using (518), (E.19) and (B.20) we set

T T
|0 < € [ RS o) s 02 (0n(6%) o)
0 0

2 T 1 2 T 1 24\ 2
< C/ H1/2—77/4/ (8360)202—5—0/ ﬁs/z/ <8x(0 ))
2 Jo 0 2 Jo 0 p

<.

Then

Therefore

T T
/0 102(02) e = /0 VB8, 1/20/16) 1 (52

T 1/2 T
< ( / m—“"/S) ( / rf—"ﬁuax(o?)nio)
0 0

< C//

1/2

5.4 Construction of a particular solution and conclusion

The objective of this section is to construct a particular solution for the kinetic equation. Using the
uniqueness of solutions for the former we will identify on the one hand v ,, the family of Young measures
associated to the sequence of solutions & la Hoff and on the other hand the particular solution that we will
construct below.
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Remark that (2.11)) can be formally rewritten as

« -1
Oy + Op(aru) = P o4 e p+0+

K+

o (Osps +udppr) = ot <

P _px(ye— 1)pi9i>

Nj: IRES
2

o -2 -1
s (Ou(p) + udy(p£01)) = s ( L2 g 2 <pi9i>2) .
Cv+ M+ Cvt M+ Cvt Mt

Moreover, because d,u € L'(0,T, L>°(T)), it can be shown that (2.11)) and (5.21]) are equivalent.

Lemma 5.3. Given u and o as in the theorem the equation

2
—2 1
T ET S

Cvt Ut Cyg 4 Cvi+ Ut
h(0,-) = p+,00+,0

Oh + udyh = h?

has a unique global solution A in L>°(0,T, L>(T)). Moreover, there exists some ¢ > 0 such that

V(t,z) € [0,T] x T, h(t,x) > c.

1

(5.21a)
(5.21b)

(5.21c)

(5.22a)

(5.22b)

Proof. Let’s denote C := (fOT Ha||go> * To begin with, let’s introduce the function ®; : L1(0, T, L>°(T)) —

L*>(0,T,L>(T)), z — h which associate to a data z the solution of

Oth +u0 h = 2
h’(07 ) = Pi,oei,o-

It can be shown that this function is well defined and 1-Lipschitz. In particular we have

T
ot / 2l
0

Let’s define now

L>(0,T,L>(T)) — LY(0,T, L>(T)
P2 h S e E ik PG Sk VY
Cvt [+ Oyt f4 Cvt Mt

We obtain the inequality

T
vhe 1201 L¥D), [ el <~ + VI 2 g
0

v+ Cv4+ Cv4+
So we get
§ JT [+ — 2| 5 7+ —1
[@1(P2(h))lloc < oo+ + VT [[hlloo——C + T||h|% :
Cva U+ Cv+ U+ Cvt M+
To have

By 0 B(B(0, M)) C B(0, M)
for a certain M > 0, we just have to assure

C? 1
| p+,00+.,0l00 + + fM' '0 M ET S <
Cv+ U+ Cv+ U+ Cv+ M4
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which is verified assuming for instance

9 _ _
C +Wi Q‘C—i—%[ 1 T < 1

M > || p+,00+,0/l00 + ; <
H ' ’ Hoo Cv4 M4 Cv+ M4+ Cv+ M4 M?

We deduce from that

T
1
Vhi, hy € L%(0, T, L®(T)), / @2 (h2) — ®a(h)|loo < [lh2 — 1]loc (\Fm 2oy orpe=t )
0 Cv4 p4 Cvt Ut

and so

1
Vhi, he € L*°(0,T,L(T)), ||[®1(P2(h2))—P1(P2(h1))]lco < ||h2—h1]lco (\Fhiu |C+ 2TMZZ Mi)

To obtain the contraction property of ®; o ®5, we just have to take

2
. Cv+ U4
T < min .
( |’Yi—2|C+2M('Yi—1)>

So, using the Banach fixed-point theorem, we find the existence and uniqueness of a solution h to ((5.22))
with initial condition p4 o0+, if 7" is smaller than a certain Ty > 0. This Ty depends on the initial data
only through ||p+ 00+ 0l/c, in an non-decreasing manner. So in order to use a bootstrap argument to have
existence and uniqueness of a global solution, we just have to find a uniform bound on ||A|| .

From (5.21c]) we get

h < + h&
Cv4 Cy+ U4+

d G Y — 25
d

hence

- —9 t t ~2 ) t
h < P:i:,Oa:I:,D exp <f}/i / 5’> +/ g exp (’Yi / 5) ds
vt Mt Jo 0 Cv+ M4 Cvt Bt Js

C? _9
< <Hp:t,06:|:,0||oo + c > exp <’yi‘\/fc> )

v+ U+ Cv4

To finish with, let’s show the existence of a ¢ > 0 such that
(Vt € [0,t0], h(t) >0) == h(to) >c

Rewriting (5.21¢))

1 —2.\? 1 —2\?
Oth + ud h = (a + gE= h) — <7i > + v —1 h?
Cyt Mt 2 Cvg Mt 2

and denoting

we obtain
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Dividing by h?, we get

hence ~
- h(0) - inf p+ 00+ 0

h(t) > ~ - =c
t) 2 1+ TBh(0) — 1+ TBinf ps by

O

Proposition 5.2. Given u,0 and (o0, p+,0,0+,0) as in the theorem The system ((5.21)) has at least
one global solution (a, p+,04) € (L*(0,T, L>=(T)))3.

Proof. Any equation of the type
{&b + u0b = cb

b(0,-) = bo
O +uoyb =
b(0,-) = b

with by, by € L°°(0, T, L>=(T)) and ¢, ¢, u € L'(0,T, L°(T)) has a unique global solution in L>(0, T, L>°(T)).
So, the system of equations

jrs [
o —1

Org +udpg =g ( - = h>
IRES M4

with initial data (ot 0, p+,0) has a unique solution. Moreover,

1t -1 [t 1 —1
G = p+,0€xp </ P - / h> > inf p4+ g exp (\/TC’ _ & T||h||oo> .
0 0 i it

Mt IRES

Denoting now at = f, px = g, 0+ = h/g, we have built the desired solution. O

Uniqueness of the Kinetic equation and conclusion It is cumbersome yet straightforward to verify
that by construction, the familly of measures v defined by

Ut 3= (£, 2)0(1,p, (1,2),04 (1)) + Q=6 2)0(0, (12,0 (,2))
are a solution of (3.14)). By uniqueness, we have that
ﬂt,x = Vtg-

This concludes the proof of Theorem [3.4]

6 Numerical illustrations

In order to illustrate our results, we consider a discretization of the equation systems mesoscopic —
and macroscopic that is a quite straightforward extension of the one described more precisely in
[BBL23|. We consider a moving-mesh scheme, such that, in the mesoscopic case, each cell is occupied
by a pure fluid. To observe the oscillations that the change of phase produce, we consider only J = 100
meshes, thus a discretization of the torus T (periodic boundary conditions with period 1) on the order of
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e =1/J = 0.01. This is not a problem in general, as convergence seems to be very rapid. However, in a
few illustrations we take J = 1000 to observe continuity and shock properties of certain solutions. Let us
take

M+ = 017 T+ = 27 v = 1

and
p =02 ~y_=3, _=1

We choose as periodic initial conditions for all z € T and therefore on (0, 1):

up(z) =0
and
af (x) = 1/2 if z € [0.25,0.75] and 1 elsewhere
pd (z) = 2 if 2 € [0.25,0.75] and 0.2 elsewhere
0f (z) = 2 if 2 € [0.25,0.75] and 0.2 elsewhere
and

ay (x) =1/2 if x € [0.25,0.75] and 0 elsewhere
po () = 1if 2 € [0.25,0.75] and 0.2 elsewhere
6y () =1if x € [0.25,0.75] and 0.2 elsewhere.

Solutions marked with an epsilon are mesoscopic solutions, the others are macroscopic solutions.

. o
Volume fraction +

1 1
0.8 0.8 |
o 0.6 ; 0.6
2 0a] 1 o4l
0.2 | 0.9 |
[ + S 4 (I + + + TEEEE
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

41



Density

P= mmme p P+
7;)5
2,,
| AL
b (il
o
0.5
0 0.2 014 0.6 0.8 1
Temperature
o p 0,
.
21 2.5 %
sl WY 2J e
(i )
0.5 N
0 0.2 04 0.16 0.8 1 0 1

42



A

N

02 04 06 0.8 1

02 04 06 08

Pressure

————— P — D+
—pF
—
S
Il
Velocity
————— U
UE
J = 1000
1
0.5
—
o
0
-0.5
—1 | 1
1 0 0.2 0.4 0.6 0.8 1

43



Cauchy stress

0+

________________

These numerical results appear as an illustration of the mathematical results proven here above in the
sense that the macroscopic densities, temperatures and pressures appear as envelopes for the mesoscopic
ones, and both macroscopic and mesoscopic velocities coincide well. In order to "quantify" this, we propose
an experimental estimation of the convergence order between the mesoscopic and macroscopic velocity and
volume fraction a4. In order to compare the mesoscopic and macroscopic volume fraction oy we evaluate
the local mean value (between two consecutive cells) of the mesoscopic one. See Figure [I} The order of
convergence at the final time with respect to 1/J (that is also here related to the length of pure zones) seems
to be 1 in the L norm in space for the velocity (that is continuous with respect to the space variable),
and in the L' norm for the volume fraction (that is not continuous).

An interesting feature of these solutions is that they exhibit discontinuities for densities, pressures,
volume fractions and temperatures, and that the amplitude of these discontinuities seems to decrease
exponentially in time, which is reminiscent from |[Hof86| in the isentropic (barotropic) case.
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Figure 1: Error with respect to the number of cells J
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