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THE N-DIMENSIONAL MATCHING POLYNOMIAL
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Abstract. Heilmann et Lieb ont introduit le polynéme de couplage p(G, x)
d’un graphe G = (V, E). Nous prolongeons leur définition en munissant
chaque sommet de G d’une forme linéaire N-dimensionnelle (ou bien d’un
vecteur) et chaque aréte d’une forme symétrique bilinéaire. On attache
donc a tout r-couplage de G le produit des formes linéaires des sommets
qui ne sont pas saturés par le couplage, multiplié par le produit des poids
des r arétes du couplage, ou le poids d’une aréte est la valeur de sa forme
évaluée sur les deux vecteurs de ses extrémités. En multipliant par (—1)"
et en sommant sur tous les couplages, nous obtenons notre polynome de
couplage N-dimensionnel. Si N = 1, le théoreme principal de l'article de
Heilmann et Lieb affirme que tous les zéros de p(G, x) sont réels. Si N = 2,
cependant, nous avons trouvé des graphes exceptionnels ou il n’y a aucun
zéro réel, méme si chaque aréte est munie du produit scalaire canonique.
Toutefois, la théorie de la dualité développée dans [Lal] reste valable en
N dimensions. Elle donne notamment une nouvelle interprétation a la
transformation de Bargmann—Segal, aux diagrammes de Feynman et aux
produits de Wick.

Heilmann and Lieb have introduced the matching polynomial u(G, x)
of a graph G = (V, E). We extend their definition by associating to every
vertex of G an N-dimensional linear form (or a vector) and to every edge a
symmetric bilinear form. For every r-matching of G we define its weight as
the product of the linear forms of the vertices not covered by the matching,
multiplied by the product of the weights of the r edges of the matching,
where the weight of an edge is the value of its form evaluated at the two
vectors of its end points. Multiplying by (—1)" and summing over all
matchings, we get our N-dimensional matching polynomial. If N = 1, the
Heilmann-Lieb theorem affirms that all zeroes of (G, x) are real. If N = 2,
however, there are exceptional graphs without any real zero at all, even
if the canonical scalar product is associated to every edge. Nevertheless,
the duality theory developed in [Lal] remains valid in N dimensions. In
particular, it brings new light to the Bargmann-Segal transform, to the
Feynman diagrams, and to the Wick products.
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1 Introduction

Let V' be a finite set of cardinality n. A graph G = (V, E) is called simple
if and only if the set of its edges F is a subset of (‘2/), the family of all
2-element subsets of V. For such graphs we define the complement by
G = (V,E) with F := (‘2/) \E. For every r > 0, an r-matching in G is a
set of r edges of G, no two of which have a vertex in common. If r = n/2,
then the matching is called perfect.

Moreover, let us consider a Euclidean space R of dimension N, R = R",
with its canonical scalar product (z,y) = Y1V | x;y; (remember that n = |V
is the number of vertices of G). Let eq,...,en be the canonical (orthonor-
mal) basis of R. We use it to interpret polynomials and partial derivatives
(or V) in the usual way. Moreover, let (x,y)p = (z, Py), P = PT and
P > 0, be an additional scalar product.

Let us attach to each vertex v € V of our graph G = (V, E) a vector
a, € R, and to each edge {u,v} € E the scalar product (a,,a,)p. We
use the notation apG = (aV,apFE) for this “decorated” graph. Let us look
at a matching of apG. We multiply the product of the scalar products of
the edges of our matching and the product of the scalar products (x, a,)p,
x € R, of the vertices of apG which are not covered by any edge of the
matching. This gives a homogeneous polynomial of degree n—2r (n = |V]),
if the matching contains r edges. If we multiply this polynomial by (—1)"
and sum these expressions over all matchings of apG, we get the signed
N-dimensional matching polynomial p(apG,z). If we do not multiply by
(—1)" before summing, we get the unsigned N -dimensional matching poly-
nomial (apG,x). In the sequel, if we say matching polynomial without
any further attribute, then we mean the signed one. Since every vector a,,
v € V, appears in each homogeneous polynomial of degree n — 2r precisely
once (in a factor (a,,ay)p if v is covered by the matching and in a factor
(x, ay,) p otherwise), the polynomials u(apG,z) and fi(apG, x) are linear in
the vectors a, (and equal to zero, if there exists a v € V' such that a, = 0).
Moreover, they satisfy the obvious relation

i(apG,z) = (=i - TilapGi-x), |[V]=n, i=v1.

ExaMPLE 1.1. Let K, = (V, (‘2/)) be the complete graph on n vertices such
that its complementary graph K,, = (V,0) has no edge at all. Let us attach
to each v € V a vector a, € R. Then we have the following expressions
for the matching polynomials of the two complementary decorated graphs
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apK, and apK,:
M(aPanx) ZE(CLPKTM-%') = H(xaav>P;

veV
wlapKs, ) = (z, ay) p(x, av) p — (au, av) P,
AlapK2,z) = (x,au) p(T,av)p + (au, av)p
wlapKs,x) = (x,ay) p(T, ay) p{x, aw)p — (T, ay) p{ay, ay) p
—(x, ay) play, @) p — (X, ay) play, ay)p, etc.
REMARK 1.1. In physics, the polynomial p(apK,,z) is called Wick (or
Hermite) polynomial. It is denoted by ®(z|aq, ..., a,) or by :Hvev(w, ay) p:

or by [TTpey (#, av)p]* (see [C2], [GI], [MM]).

Let G = (V,E) and G := (V, E) be arbitrary complementary graphs.
Let us attach to every v € V a vector a,, € R in order to get two complemen-
tary decorated graphs, namely apG = (aV,apE) and apG = (aV,apE) (in
the classical one-dimensional case, we have a, = 1 for every v € V as well
as P =1). A priori, it is not clear at all whether the matching polynomials
w(apG,z) and fi(apG,x) of the complementary graph apG are determined
by the matching polynomials p(apG,z) and fi(apG, ) of the graph apG
itself. Lovasz [Lo, 5.18] and Godsil [Gol,2] have established such a result
in the one-dimensional case. It seems to be difficult, however, to generalize
their proofs. Fortunately, the proofs presented in [Lal] can be general-
ized almost without any modification. Indeed, we prove that fi(apG, ) is
the Bargmann-Segal-Wiener transform of u(apG, z), and p(apG,x) is the
Wick transform of f(apG, ), i.e.

f(arG,z) = [wapG,z)]’,  p@pG,z) = [f(arG, )"

More precisely, we establish the identities

1
A(apG,z) = Z o /RM(apG, 2) - p(xpKy, z) - e EAP2 dpy
n=0

= / e~ FmmEm P2 L (ap G 2) - dp2
R

= @OP/2 . (apG,Vp) - e@TP/2

= exp[Ap/2]| - ulapG, z),

as well as

wlapG,z) = e(TT)p/2 H(apG, —Vp) - o (@a)p/2
= exp[—Ap/2] - fi(apG, ),
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where
dpz == y/det(P)/(2m)N -dz (P=2n-Id = dpz=d"2),

Vp:i=P 'V, Ap:=(Vp,Vp)p=(V,V)p-1.

REMARK 1.2. The operator Ap is nothing else but the general form of
what is called an elliptic operator of second degree.

Since the space of polynomials is generated (as a vector space) by the
matching polynomials, our relations also offer an abundance of possible def-
initions for the Bargmann—Segal or for the Wick transformation, and one
can ask the question whether all of them are well known. Indeed, during the
Séminaire Lotharingien de Combinatoire 44, Cartier [C1] made use of the
first integral formula in order to define the Bargmann—Segal transformation.
He has defined the Wick transformation, however, in a totally combinatorial
way with the help of the identity pu(apK,,x) = [Hvev(w, av>p]ﬁ. Finally,
he has used the identity u(apK,,z) = elza)p/2 . ﬁ(apKn, —Vp) e~ {@a)p/2
in order to define the Wick (i.e. Hermite) polynomials. In his article [C2],
which, however, treats just the one-dimensional case, he has finally pro-
posed the second integral formula and the second differential formula in
order to define the Bargmann—Segal transformation (and the second dif-
ferential formula for the Wick transformation). Therefore our first differ-
ential formula is apparently new as an additional possibility to define the
Bargmann—Segal transformation. At least, there cannot be any doubt that
matching polynomials provide a better understanding of the respective roles
of the two transformations.

Last, but not least, the importance of N-dimensional matching poly-

nomials is underlined by the surprising fact that the matching functions
6_<I’I>P/2,U,(CLP—G, w) and e~ @2 P/2(apG, x) are indeed Fourier transforms
of each other.
EXAMPLE 1.2. Let us suppose that V' =T 4. --w1T}, and that Ky,,..., Ky,
are complete graphs on the vertex sets T1,...,T, respectively. For the
matching polynomial of the decorated graph apK;, W---WopKjy, , we have
the obvious identity

:U’(CLPKtl W OPKtka Z) = :u’(aPKtlaZ) t :U’(OPKtka Z)

= [T ade] [T ronle]”

veT] vETY
The case x = 0 of our second integral identity for the Bargmann—Segal
transformation allows us to conclude that
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ﬁ(apKtl W OPKtk.7O)

_ /R[H <Z,%>P}u,,, [H (Z’vaﬁ ce AP,

veT] vET)

counts the (weighted) number of perfect matchings of the decorated com-
plete multipartite graph apK;, W---WopK;, . This result corresponds to
Formula 3) of the section “Diagrams” in the recent book [MM, Chapter 2.2]
and to Corollary 8.3.2 of the book [GJ]. Note that the authors of these
books identify all vertices of T3, all vertices of 15, ..., and all vertices
of Tk, so that they have just k different vertices to consider. The edges
inside the blocks Ti, ..., Tr become loops (“self-lines”) in this way. In
the main result of Section 8.3 of the book [GJ] by Glimm and Jaffe, these
loops carry different scalar products as described in our abstract and in
Remark 3.1. The case k = 2 is nothing else but the orthogonality of the
Wick polynomials, because the (weighted) number of perfect matchings of
the decorated complete bipartite graph apK;, WopKy, is equal to zero if
t1 # t9 and is equal to the permanent per({(a,,0,)p) if t1 = to.

We prove all our main theorems with the help of the algebra of set func-
tions. This leads to very short and conceptual proofs, whereas the classical
particular cases of our results mentioned in the preceding example were
established in the books by Glimm and Jaffe, and Malyshev and Minlos
by using partial integration, which leads to considerably longer arguments
(see, for example, [MM, p.39-41]). Set functions also contribute to a bet-
ter understanding of the semi-invariants studied in probability theory, as
well as of the bialgebra of partitions introduced by Lando in his article [L].
All this is explained in the following section. Section 3, on the other hand,
covers the duality theorems, which we discussed earlier in this introduction.

Finally, we study the divisor div[u(apG, x)] in the fourth section. Orig-
inally, we had conjectured that the Heilmann—Lieb theorem affirming that
all zeroes of u(G, z) are real (if N = 1) can be generalized to higher dimen-
sions. What we prove is, in fact, a theorem which imposes very restrictive
conditions on the class of possible counter-examples. Although this theo-
rem can be refined even further, by using the last theorem of [Lal], there
exist indeed very rare decorated graphs, the matching polynomial of which
has no real zero at all, thus refuting our conjecture. We provide a fam-
ily of such counter-examples. The problem of characterizing all possible
counter-examples remains open.
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2 Algebraic Tools

Let V be a finite set and
f: 2V A
V/QVHf(V/) cA

be a set function, where A is a commutative ring (with 1). Consider the
generating function

Fy(v) = Z Fovhy DY =1,
VIicv

subject to the following multiplication rules (V/, V" C V):

VOV VIV
{V’UV”, itV NV =0,

T, V' NV"£0D, where
T+Vii=1, T+1t:=1, and v :=0.

The algebra A[V] of those generating functions is not unknown. In fact,
we have the isomorphism

AlV] >~ Alvy,...,v,]/ (03, . .. 02),

,  where

Vi+ V"=

if V' contains n elements.
REMARK 2.1. If A is a field, A[V] is a local Artinian ring of length 2/V1.

ExaMPLE 2.1. The product fg of two set functions f and ¢ is defined, for
every V' C V, by
F)(V= > V") g(V").
VI=Vigy
It follows that
Frg(v) = Fy(v) - Fy(v).

For |V| = oo, let F(V) be the partially ordered set of finite subsets
of V. We have the canonical projections py y» : A[V'] — A[V"] (V!,V" €
F(V), V' 2 V"), and we define

AV]:=lmA[V'], V' eFV),
in order to work with the generating functions of the form

Frv)y= > fv)-v".
)

VIER(V
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Let
V= Z v}
veV

be the indicator function of the subsets of V' of cardinality 1 (the double
use of V for the set itself, on the one hand, and for an element of A[V],
on the other hand, will never cause any confusion). In the product V"
each subset of cardinality n occurs n! times, so that V™ /n! represents the
indicator function of the subsets of the set V' of cardinality n. The identity

o0
S fmy-vrml= > f(V]) v, fiN— A,
n=0 VIER(V)

provides an embedding of the ring A![[V]] of generating functions of ex-
ponential type (usually the variable is called z instead of V') into our
ring A[V]. This embedding is at the origin of (almost?) all applications
of Al[[V]] to combinatorics, but requires the existence of an infinite com-
binatorial model depending just on cardinalities. Consequently, A[V] gives
more flexibility and enables an algebraic treatment, which perfectly reflects
the classical combinatorial operations. In addition, A[V] is ideally suited
for computer calculations.

REMARK 2.2. The ring Z![[V]] is not Noetherian, but it contains the im-
portant functions exp(V') and log(1 + V).

For all t € A, we put (t-v)V :=tV'l. V" V' C V, and therefore,
Fy(tvy= Y fvHlV",

ocv'cv
It is evident that this definition is compatible with the addition and the
multiplication. Most important are the special cases t = —1 and t = 0 :

Fy(0) = Fy(0- v) = £(0)

If F¢(0) =0, then Fy(v)"/n! is defined for any ring A, because a parti-
tion into n nonempty subsets can be ordered in n! different ways. Therefore
we have an action of A![[V]] on A[V] via the substitution G(F¢(v)) defined
for any G € Al[[V]].

Finally, for every v € V, we use the derivatives 9" defined by
gV Wit veV,
0, otherwise .

The product rule
" [Fp(v) - Fy(v)] = (0"F(v)) - Fy(v) + Fy(v) - (0" F4(v))
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is the algebraic analogue of the most fundamental set theoretic fact,
veV' WV = veV o veV’
The chain rule
& [G(Fr))] = G (Fy()) -0 Fy(v), G € AV,
follows immediately from the product rule.
REMARK 2.3. Under the isomorphism A[V] ~ Alvy,...,v,]/(v},...,v2),

e

0" does not correspond to 9/dv;, but to v;0/dv;. The partial derivative
0/0v; cannot be defined in A[V].

EXAMPLE 2.2 (The bialgebra of partitions). Let V' be a finite set of cardi-
nality n. Lando [L] has introduced and studied the bialgebra B (V), called
bialgebra of partitions. We have to associate a variable denoted by (V) to
every ) C V' C V. As an algebra, B(V) is the commutative polynomial
algebra generated (over Z) by the 2" — 1 variables (V'), where e := ((}) can
be considered as a unit element. B(V) is graduated if we define the order
of the variable (V') to be |[V'|. With respect to the algebra structure, the
comultiplication p is a homomorphism, which we define by putting

(Vh=V)ee, (V)=ea(V),
p(V) =1+ (Va4 D (V- (VAV),,
pcvrcv!
for every ) C V' C V. An element b € B(V) is called primitive if and only
if w(b) =01 4+b2=b®e+e®b. For example, ({v}) is primitive for every

veV.
In this context, it is very useful to consider the generating functions

L+ Fy(v):=0) -1+ > (V)-v",
pcvV'CV
1+ F,)]=[1+F W] ®e, [14+F,0v)| =ex[l+F(v)].
They enable us to obtain an easier definition of the comultiplication,
,u[l + Fv(l/)] = [1 + Fvl(y)] . [1 + Fv2(V)]
which allows us to conclude that
p(log[l + Fy(v)]) = log(u[l + Fv(v)]) = log([1 + F; (v)] - [1 + Fi,(v)])
=log [1 + Fy, (v)] +log [1 + Fy, (v)] .

In other words, every coefficient of log[1 + Fy/(v)] is a primitive element of
the bialgebra %B(V'). This result is nothing else but the main theorem of
the article [L] (see also [LZ, Chapter 6.1.6]).



Vol. 15, 2005 THE N-DIMENSIONAL MATCHING POLYNOMIAL 461

EXAMPLE 2.3 (Semi-invariants). Let V' be a finite set of cardinality n.
Let us associate to every v € V' a random variable &, where coincidences
&y = &, for u # v are not forbidden. In fact, they are even desirable if we
want to calculate higher moments, as we will see immediately. Let us put

S S

veV OCVICV eV’
and let us define
1+ Me(v) := (exp[¢V]) := E(exp[¢V]) =1+ Z IE( H 51,) Y
pcv'cv  veV’
in order to calculate the expectations called moments. Evidently, we sup-

pose that they are finite. We define the semi-invariants or cumulants to
be the coefficients of

Se(v) :=log [1 4+ M¢(v)]
(see [FF, Chapter 13] or [S, Chapter I1.12]). The reader familiar with the
theory will easily see the equivalence of our definition to one he knows.

We remark that our algebraic tools allow us to derive some other relations
between the moments and the semi-invariants, such as
14 Me(v) =exp [Se(v)], [1+ Me(v)] - 0"Se(v) = 0" Me(v),

where the very last relation is particularly useful for efficient computer
calculations. We have not found it in the literature.

Suppose that V. = T1 W --- W T}. Let us put &, := HveTi &, for each
i € {1,...,k}, and let us calculate all the moments of the family {¢7},
i=1,...,k, with the help of the semi-invariants of the family {{,}, v € V.
By the formula 1 4+ M¢(v) = exp[Se¢(v)], we have to sum over all parti-
tions of V. Each of them consists of several connected components with
respect to the partition V. = T1 W --- & Ty, i.e. it defines a partition

of the set {1,...,k}. Consequently, we have to sum over all partitions
{ai,...,o1} W---W{ay,...,0} ={1,...,k}, where the contribution of the
block {ai,...,01}, for example, is the sum over all partitions of the set

By =T, U---UT,, which are connected with respect to the partition
By =Ty, W---WT,,. The contribution of the block {aq,...,01}, however, is
nothing else but one of the semi-invariants of the family {{r,},i=1,....,k
(because of the formula 1+M¢(v) = exp[Se(v)] applied to the set{1,...,k}).
In other words, we have established the fact that the semi-invariants of the
family {&7,} can be calculated with the help of the semi-invariants of the
family {&,} by summing “over all connected partitions”. This result was
proved in [MM, p.30-32], by induction and some manipulation.
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For every ) € V' C V, let us now introduce the Wick polynomials
3(HueV’ §o): = (Hvevl gv)ﬁ by putting

1+ Z ( H gv)ﬁ DV = (exp[ﬁV])Tj = exp [gV - Sg(v)]

pcV'CV veV’
_ expleV] _ expleV]
1+ Me(v)  (exp[(V])

(see [C2, Chapter 3.7] and [MM, p.37]). It is, without doubt, the leitmotiv
of this whole article to choose two set functions F¢ and Fg such that

E: + Fg = Se(v).
The linearity of expectation implies

<exp[§V — Eg]) = <exp[§V]> -exp[—FE¢] = exp [55(1/)] - exp[—E]
—exp [E].

Let us suppose finally that the vector {&,} (v € V) follows a GauBlian
law with (£,) = 0 for every v € V' such that the set function S¢(v) equals
zero except on the subsets of V' of cardinality two. Let us attach the weight
(€u&y) to every edge {u, v} of the complete graph K,, = (V, (‘2/)), and let us
choose a partition W FE = (‘2/) such that G = (V, E). By putting

E5 = Z <§u§v> ’ V{um}a E_ﬁ = Z <§u§v> : V{u,v}7

{uv}eFE {u,v}eE

we indeed get E¢ + B¢ = Se(v). If E = (), then our preceding identity
implies that <HUEV §U> counts the number of perfect matchings of the
decorated graph K, = (V, (‘2/)) If F is the set of edges both endpoints
of which are in the same block of the partition V = T7 W --- & T}, then
(expl€V — E¢]) = exp[E¢] implies that ((&ry)* - (ér,)F) counts the num-
ber of perfect matchings of the decorated complete multipartite graph
G = (V,E) (see Example 1.2). These two results are nothing else but
the formulae 1) and 3) of the section “Diagrams” in [MM, Chapter 2.2],
respectively.

In the sequel, we will no longer adhere to the probabilistic vision, and we
“replace the variance—covariance matrix by a matrix of symmetric bilinear
forms.”
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3 Matching Polynomials and Duality

Let apG = (aV,apE) and apG = (aV,apF) be two decorated complemen-
tary graphs (see the Introduction). We can now define the set functions

apFE = Z (y,ap)p - et GoE = Z (Ayy ay)p - plwvd,
{uv}el {uv}eE
We have to pay attention to the fact that, strictly speaking, the expression

aV = Z a, - v

veV
does not correspond to a set function, because R is not a ring, but this
difficulty disappears as soon as we consider scalar products such as

(,aV)p = (z,a)p - (@ViaV)p/2= Y (awan)p -1
veV {u,v}e(g)

(x € R). The following identity is at the origin of all results of this section.

FUNDAMENTAL LEMMA. We have
apE + apE = (aV aV)p/2. O

For ) ¢ V! C V, let us denote by a,G[V’] the decorated subgraph
of ap@G induced by V': it is the graph the vertices of which are the elements
of V' (with their associated vectors a,, v € V') and the edges of which are
the edges of apG having their two end points in V’. Thus, the set function
explapFE] counts, for every V/ C V, the number of perfect matchings of
the decorated graph a,G[V']. Therefore the following proposition is an
immediate consequence of the definitions of the matching polynomials (see
the Introduction).

ProprosiTION 3.1. We have
1+ Z apG ) 0" = exp [(x,aV>p—apE] )
pcv'cV
1+ Z E(apGV'],z) - v = exp [(z,aV)p + apE]. O
hcv'cvV
The generating functions become ordinary generating functions of ex-
ponential type if and only if there is a vector a € R such that a, = a, for
allv eV, and G = Ky, (or G = K).
PROPOSITION 3.2. We have

1+ Z,u(apKn,x) V"l =exp [(z,a)p -V — (a,a)p - V?/2],

n=1
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1+ Zﬁ(apKn,x) V"/nl =exp [(z,a)p -V + (a,a)p-V?/2]. O

n=1

Let us start by proving the N-dimensional analogue of Theorem 1.1
of [Gol, Chapter 1]. A very special case of this theorem served in [St,
Chapter 1.1.15], as the main example to underline the usefulness of ordinary
generating functions.

PROPOSITION 3.3. We have
a) plapG' WbpG" x) = plapG, x) - u(bpG”, z),
apG = (aV’, CLPE/) s pr// = (bV//, pr//) 3

b) plapG,z) = ulapG\e,x) — (ay,ap)p - plapG\uv,z), e={u,v} € E;
&) u(apG,z) = (z,a0)p - papGlv, )
— Z (ay,ap)p - plapG\uv,x), veV;
{uv}eFE

d) 72 p(apG,x) = Z(ez‘,av>P ~u(apG\v, ),
veV

VpulapG,z) = Z ay - wlapG\v, z) ,
veV

Apu(apG,x) = Z (ay,ay)p - lapG\uv, z) .
uFveV

The analogue for fi(apG, x) is obtained by replacing all signs — by +.
Proof.
a) exp [(z,aV' +bV")p —apE' — bpE"|
= exp [(a;, aV'\p — apE'] - exp [(x, w'p — pr”] :
b) exp [(z,aV)p — apFE]
=exp [(z,aV)p — ap(E\e)] - exp [ — (au, av) puv]
x,aV)p — ap(E\e)] . (1 - (au,av>puv)
z,aV)p — ap(E\e)] — (au,ay) puv - exp [(z,aV)p — ap(E\e)] ;

p— apE] . ((x,av>pv — Z <au,av>puv>

{u,v}eFE
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= (z,a,)pv - exp [(z,aV)p — apE]

- Z (au, ay) puv - exp [(x,aV)p —apE] ;
{u,v}eFE
d) 8%1, exp [(z,aV)p — apE]| = exp [(z,aV)p — apE] - %(m,aV};:
= (e;,aV)p -exp [(z,aV)p — apE],

V pexp [(a;, aVp — apE] =aV -exp [(a;, aVp — apE] ,

Apexp [(z,aV)p —apE] = (aV,aV)p - exp [(z,aV)p — apE]. O

Let us leave the preceding recurrences in order to walk into the garden
of duality theorems.

Duality theorem for the matching polynomials (A).
ﬁ(aPGa 'I) = exp[Ap/2] : //J(GPGa 'I) )
wlapG,z) = exp[—Ap/2] - (apG, ).

Proof. By using the very last identity of the proof of the preceding propo-
sition, we get indeed

exp [(z,aV)p + apE| = exp [(aV,aV)p/2] - exp [(z,aV)p — apE]
= exp[Ap/2] - exp [(z,aV)p — apE] .
The differential operator exp|—A p/2] is the inverse of exp[Ap/2]. O

Duality theorem for the matching polynomials (V).
(apG,x) = e @P/2 . 1 (apG, Vp) - e®mIP/2
wapG, z) = PP L(apG, —Vp) - e @r/2
Proof. By Taylor’s theorem we have
fla+a) = exp [(V,0)] - £(@) = exp [(Vsa) ] - F2)
for vectors x, a and a formal power series f. It follows
exp [ — (z,2)p/2] -exp [(Vp,aV)p — apE] - exp [(z,z)p/2]
=exp [ — (z,2)p/2] - exp[—apE] - exp [(x + aV,z + aV)p/2]
= exp [(x,aV);: + m .
The second identity is proved in the same way. a

ExaMPLE 3.1. Let S and T be two disjoint sets. A bipartite graph G =
(S,T; E) is called simple if and only if the set of its edges F is a subset
of S x T. For such graphs, one defines the complementary bipartite graph
by G := (S,T; E), with E := (S x T)\E. Let us put N = 2, A = RJ[s, ],
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and let us attach to each s’ € S (respectively ¢’ € T') the vector ay := ((1])
(respectively ay = (é)) For x = (i), it follows that
_ 0 1
P=Pp 1:<1 0>:><as’aas'>P:<at'>at’>P:0a <CLS/,CLt/>p:1,

, d/d JAN
<x7as’>P:3a <x7at’>P:t? %:St VP: (d;di)’ S = %%

2
Therefore the matching polynomials pu(apG,z) and f(apG,x) of the dec-
orated graph apG are nothing else but the symmetric rook polynomials
p(G,s,t) and p(G, s,t), introduced in [La2]. More precisely, we have
min(|S,|T1)
wlapG,x) = Z (=1)"p(G,7) - sl TI=r = (G, 5, 1),
r=0
min(|S|,|TY)
n(apG,z) = Z p(G,r) - s = 5(@G, s, ),
r=0
if p(G, ) is the number of r-matchings of the bipartite graph G = (S,T; E).
Since (as,as)p = (ap,ap)p = 0 and (ay,ap)p = 1, for all s € S and
t' € T, the complementary decorated graph apG corresponds precisely to
the complementary bipartite graph G = (S, T; F), and we have
H(apG,x) = p(G,s,t), plapG,z)=p(G,s,t).
Consequently, our two duality theorems for the matching polynomials imply
ﬁ(aa Sat) = exp[%%] : IO(G’ 3>t) = e_St : IO(Ga %a dis) : GSta
p(G,s,t) = exp[—%%] -0(G,5,t) = e - (G, —%, —d%) ce st
These identities are nothing else but Theorems 3.1 and 3.2 of [La2].

Let us continue our walk through the garden of duality theorems.

Duality theorem for the matching polynomials ( [).

w(apG,x) = / e~ Fm2Emae /2 (ap@, 2) - dpz
R

21
= Z m /RM(CLPG, Z) . M(xPan?f) . e—(z,z>P/2 dpz.
n=0

Proof. Using the invariance of the integral with respect to translations, we
get

/Rexp[— (z—wx,z—x)p/2] -exp [(z,aV)p — apE] - dpz

—/Rexp[—<s,s>p/2] -exp [(s+z,aV)p —apE] - dps
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—exp[a: aV)p+apE| - / exp s—aVs—aV>p/2] dps

= exp [ xz,aV)p+apFE| - / exp (t,t) p/2] dpt

=exp [(z,aV)p + apE] .
Let us put V :=1, x := z and a := x in Proposition 3.2:

1+ Z,u(prn,z)/n! = €exp [<Z,l’>p - <l’,l’>p/2] :

n=1

It follows (u(xpKy,z) :=1):
/ e~ GmmEm P2 (apG, 2) - dpz
R

= / (apG,2) -exp [(z,2)p — (x,2)p/2] - e~ P2 dp2
R

— 1
= Z — /R,u(apG, 2) - p(xpKy, 2) - e #2P2 dps O
n=0

Since the space of polynomials is generated (as a vector space) by
the matching polynomials, the three preceding theorems imply the follow-
ing corollary (for the identity u(xpKy,z) = ®(z|z,...,z) =:(z,2)p: =
[(z,2)5]* see Remark 1.1).

COROLLARY 3.1. Let f(x) be an arbitrary polynomial, then we have for
the Bargmann-Segal transform [f(z)]” = f°(z) and for the Wick transform
[f(z)]* = f¥(x) the following identities:

1
= nzzo ] /R f(z)- [(z,x>%]ﬁ e~ (22)p/2 dpz

= [ et ) s
R
= e~ @MP/2. f(Tp) . el@ar/2
= exp[Ap/2] - f(z),
fﬁ(af:) — €<$’$>P/2 . f(_vp) . €7<"E7m>P/2

=exp[-Ap/2] - f(x). O
ExaMPLE 3.2. Of course, it is not necessary to restrict ourselves to poly-
nomials. Let us put f(z) := /det(Q)-e~@®e/2 where (-,-)q is a second

form. The preceding corollary allows us to conclude that
[VAet(Q) - e~ @e/?)" = \/det(Q) - exp[Ap/2] - e~ (P)a/2
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= /det(Q) - e~ (@@)r/2. exp[Apg-1p/2] - e(Tx)p/2
= det(R) . €*<E7E>R/27 R = (Pfl + Qfl)fl.

Indeed, we have

[V/det(Q) - e*<ac,ac>cz/2]b
— /det(Q) - / e e /2 el g,
R

= /det(Q) - /Rexp [— (2, 2)p+q/2+ (z,2)p — (x,2)p/2] - dpz
= VAet(Q) - exp [~ {x.2)pp(prg)-1p/2) -\ wrpr)

. /Rexp [—(z = (P+ Q) 'Pz,z— (P+ Q)flPa:>P+Q/2] ~dpyqz

det(P) de
- w wexp [ = (z,2)p_p(pig)-1p/2]
.Aexp[—(t,t>p+Q/2] cdpyqt

= /det(P~1+Q 1)~1.exp |- (,2)(p-140-1)-1/2] ,

as P— P(P+Q) 'P=P(P+Q)'Q=(Q ' (P+Q) P~ H =P 1+Q 1)
The identity /det(Q)-exp[Ap/2]-e~@*)e/2 = | /det(R)-e~(#*)r/2 appears
in Mehta’s book [Me] (see the pages 87-89 there for a different proof).

We remark that polynomials have a decomposition into homogeneous
parts, and each homogeneous part is uniquely determined by its values on
the ellipsoid SPN ~! given by the equation (z,z)p = 1. Let f be homoge-
neous of degree n, i.e. f(r-w)=r": f(w),w € Sl].yfl, and let dpw be such
that dpx = ¢(N)-rN"1.dr-dpw and fsg—l dpw = 1. We have the following

corollary.

COROLLARY 3.2. Let n be even. Then,

N-(N+2)-(N+4)---(N+n—2)-/ Fw) - dpw

N-1
Sp

— / f(x)- e @DP/2 gpy
RN

= f(Vp)-emr|

= exp[AP/z] ’ f(x)‘z:O ’

and if f(z) = p(apK,,x), the result is the number i(apK,,0) of perfect
matchings of apK,,. a
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The identities of the preceding corollary are easy consequences of the
results of the recent article [Fo] by Folland. However, they are not stated
explicitly there. In addition, we have the impression that our proofs are
shorter, although Folland has used ideas of Bargmann and Nelson to sim-
plify the proofs of the article [B], which treats the same subject.
ExXAMPLE 3.3. We have

% B 1-3-5-...-(2p—1) »

/5N1<x’0‘> = N TN T L (Nt @

because every perfect matching of the graph aKy, contains p edges (to

which we had attached the weight («, «)), and the number of perfect match-

ings of Ky, equals 1-3-5---(2p — 1) (see [V, Théoreme 3.2 and 3.6]). We
also have

(a1, 0q)(a,a2) +2- (a1, a9)?
AN1<xva1>2<xva2>2'dw_ N(N+2) )

because the complete graph a1 Ks W asKs contains three perfect match-
ings: two of weight (a1, as){a1, as) and one of weight (aq, 1) {aa, o) (see

IV, 6.5)).

EXAMPLE 3.4. By definition, a polynomial f(x) is harmonic if and only
if Apf(x) = 0. Let f(x) be a homogeneous polynomial of degree n > 0
which is harmonic. The preceding corollary allows us to conclude that

NN+2)- - (Nn=2) [ @) dpw = explasp/2-£(@)], g = £0) =0,
P

Since every polynomial f(z) is harmonic if and only if all its homogeneous

components are harmonic, the classical identity

/S S dr = /S (IO dr = 10)
for every harmonic polynomial follows immediately.

Let us continue our study of matching polynomials.

Scalar product formula. For two decorated graphs apG’' = (aV', apE")
and bpG" = (bV" bpE") we have

ﬁ(apG/ WbpG”, 0) = / wulapG' z) - u(bpG”, ) - e~ @B/ gLy
R

=7(erG,Vp) - AbrG", )|,
Proof. The first identity is an obvious consequence of the case x = 0 of the
preceding theorem. In order to establish the second identity, we use, once



470 B. LASS GAFA

again, Taylor’s theorem:
exp [(Vp, aV'p + m - €xXp [<377 V") p + W] ’:c:O
— oxp [apE'] - exp [(z + aV/, V") p + bpE7] |,
= exp [(aV’,bV”)p +W+W]- O

COROLLARY 3.3. Let f(z) and g(z) be two polynomials and let f°(z) and
gb(x) be their respective Bargmann—Segal transforms defined with the help
of one of the formulae of Corollary 3.1. Then we have

[ @) g(o) - €L = (V) )] 0
The duality theorem ( f ) implies
n(arG.y) = (=i)"a(apQ,yi) = (=" / e @b en e 2y (ap G a)-dpa.
(JV| = mn, i = v/—1). This proves the foll;:ving theorem.
Duality theorem for the matching polynomial (C).

€_<y’y>P/2M(aP—G, y) = (—Z)n . /];‘ €i<x7y>P . 6_<I7I>P/2/J,(CLPG, x) . dpx O

Since the matching function e*@’m)P/Q,u(apG, x) has the same parity
as n, the last theorem of this section follows.

Duality theorem for the matching polynomial (R).

/R cos(z,

y)p
e~ Wy p/2 (apG y)

—/sin(x Yp-e TP (apG ) - dpr, noodd.
R

~(z.z)p/2 wlapG,x)-dpx, n even,

In other words, the matching functions of apG and of apG are, up to sign,
real Fourier transforms of each other. O

REMARK 3.1. Since all our duality theorems rely just on the fundamen-
tal lemma apE + apE = (aV,aV)p/2, it is natural to associate to each
{u,v} € ( ) two scalar products Q({u,v}) and Q({u,v}) such that

(A, av>Q({u,v}) (au, a”>§({u,v}) = (A, y) P
or just two numbers ¢({u,v}) and g({u, v}) such that ¢({u,v})+q({u,v}) =

(ay,ay)p. We have preferred the classical context of the complementary
graph because it is sufficient for most applications.
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Another way to extend our results consists in replacing the real coeffi-
cients of our vectors a,, v € V, by complex coefficients, for example. More-
over, complex coefficients are admissible for the matrix P under the condi-
tion that it remains symmetric. In other words, we can have P = R+1i-Q
(i = v/—1) with real symmetric matrices R and Q. In this manner, we can
see that the two identities of the duality theorems V and A can be reduced
to each other by replacing P by —P. In order to guarantee the convergence
of the (real!) integrals, it is, however, indispensable that e P = R > 0,
i.e. the matrix R must correspond to a scalar product.

4 The Zeroes of u(a,G,x)

Let us admit weights wy, € R\{0} (in [HL], the condition wy, > 0 was
imposed) for every edge {u,v} € E, such that it contributes the factor
Wyp{ay, ay)p (as an edge of a matching) instead of (ay,a,)p, and let us
denote by apG,y, = (aV,apFEy,) the graph with these weights.

Let div[u(apGuw,x)] € Div(R) be the (effective) divisor of pu(apGy,x),
but we consider it in the projective space PR (= P (R); unless we consider
it even in PV(C)). The generating function of the homogenized matching
polynomials p(apGy,, x, xo) can be written in the form

1+ Z 1(apGu[V'], @, z0) - vV = exp [(z,aV)p — x%apEw] .
pcvV'CV
In the so-called improper hyperplane xy = 0, we have
wapGy,z,0) =0 <~ H (x,ay)p=0.
veV
Since p(apGy,x, o) is linear in every a,, v € V, we can (and we will) sup-
pose for a moment (without changing div{u(apGy, x, x0)]) that (a,,a,)p=1
for every v € V (if there exists av € V with a,, = 0, then u(apGy, z, £¢)=0)

and that there is no u # v with a,, = —a, (we could consider the a,’s, v € V,
as points of PY~1(R)). Let

A={aylv eV} andlet V = U Va
acA
such that, for every a € A, we have a, = a for each v € V. Then,

div [p(apGu, z,0)] = Z Val -V ({(z,a)p) .
acA
Let a* € A, and let us consider z* € R\{0} such that (z* a*)p = 0 and
(x*,ayp # 0 for each a € A\a*. The Taylor expansion of u(apGy,x,xo) at
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(z*,0) up to the order |V, +| can be written in the form

M(apr[Va*],x,a;O)' H (x*,ay)p .
VEV,

This implies the following theorem.

Theorem 4.1. If, for every a € A, the one dimensional matching poly-
nomial (G |[Va], x) has |V,| different real zeroes (for example, because all
weights of the edges of the graph G,,[V,] are positive and G,[V,] contains
a Hamiltonian path, see [HL, Theorem 4.2]), and if V; C R are the (irre-
ducible) components of div|u(apG,,, )|, then

D> deg(Vi) = deg[u(apGu, )] = |V]. =

REMARK 4.1. It is not possible to extend this theorem by continuity as in
one dimension, because (R is closed in C but) R is not closed in PR. More
subtle conditions can be obtained by continuing the Taylor expansion (see
the very last theorem of [Lall), but it seems preferable to present them in
a different context.

Theorem 4.2. Every zero of u(apG., ) is close to at least one hyperplane
V({(z,ay)p), v € V. More precisely, let |apG,| be the graph obtained by
replacing all weights wy,(ay, ay)p of the edges {u,v} by |wyy{ay, ay)p|, let
B be bigger than all zeroes of the one dimensional matching polynomial
w(lapGyl|,x) (see [HL, Theorem 4.3], for good estimations of B), and sup-
pose that |(z,a,)p| > B for every v € V. Then, for each v € V' CV, we

have
arGulV'a) | | ullarGolV']. B
,U/(CLPGw[V/\'ULx) N :U’(|aPGw[V/\U”7B) ’
and, in particular, u(apGy[V'],x) # 0.

Proof. The proof (by induction) is the same as that of Theorem 4.5 in
[HL]. O

Since affine regular polygons do not enjoy such a great popularity, we
will put (without loss of generality!) P = Id (and N = 2) for a moment.
Let w : Z/nZ — R be such that w(k) = w(—k) for every k € Z/nZ,
w(0) = 0, and let Gy, = (Z/nZ, E,,) be the graph with {3, j} € E,, if and
only if w(i — j) # 0, and, in that case, w;; := w(i — j), 1,5 € Z/nZ. If we
denote by aG,, the decoration of GG, given by

o= (0] = Gt anrm)

for every k € Z/nZ, then we have the following surprise.
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PRrRoOPOSITION 4.1. We have

n—1

waGy,x,y) = H <(§),ak> , ifnis odd.
k=0
Proof. We have indeed
M(aGwa07y) = - Z w(k) : <ak7a0> M(G’Gw\{kao}ao7y)
{k,0}€Ey,

=0,

since the symmetry k < —k preserves wj;(a;,a;) and changes the sign of
<(2),ak>, and since the number of those last expressions is odd for every
matching. It follows that p(aGy,x,y) = x - p(x,y), and, by symmetry,
waGy, x,y) = Z;é <(z),ak> -q(x,y). The proof is completed by compar-
ing the terms of degree n. O

If n is even, the situation becomes more complicated (because ay =
—Qjtny2). We restrict ourselves to the case where there is just a single
(d,—d) # (0,0) with w := w(d) = w(—d) # 0. In that case, aG,, is the
disjoint union of ged(n,d) cycles, and p(aGy,x,y) is the product of their
matching polynomials. Therefore we obtain a more readable result if we
suppose ged(n,d) = 1.

PROPOSITION 4.2. Let n be even, n > 2, and ged(n,d) = 1. Then

n—1
w(aGy,w,y) = H <(Z),ak> +2-(—w- (ad,a0>)n/2
k=
’ n/2—1 9
= (—1)”/2[ H <(§),ak> +2- [w-cos(d-27r/n)]n/2 .
k=0

Proof. As in the preceding proof, we use a sign-reversing involution. We
have

w(aGyw,0,y) = —w - {aq, ag) - [p(aGyw\{d,0},0,y) + n(aGy\{—d,0},0,y)]
=2 (—w-{ag,a0))"™?.

Indeed, let us consider a matching of the cycle aG,,, and let us walk, start-
ing from 0, in both directions of aG,, (at the same time and with the
same speed!) until we will come across the first vertex not covered by
the matching, and let us apply the symmetry k < —k for all vertices vis-
ited so far. Since there is just a single expression of the type <(2),ak>
(for the uncovered vertex), the sign changes, and, finally, there will just
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remain the contributions of the two perfect matchings of aG,. It fol-
lows that p(aGy,z,y) —2- (—w - (ag,a))”? = - p(x,y). The symmetry

w(aGy, —x,y) = p(aGy,z,y) implies p(—zx,y) = —p(z,y), ie. p(x,y) =
x - q(x,y); and, once again, by symmetry, we obtain

n/2—1
9 2
,LL(CLGw,(I?, y) -2 ( —w- <CLd, a0>)n/ - H <(z)7ak> : 7a(xﬁy) :
k=0
The proof is completed by comparing the terms of degree n. O

The main reason for having considered the preceding propositions is the
following highly surprising corollary.

COROLLARY 4.1. For every N > 1 and every P there exist ordinary (i.e.
without weights) decorated graphs apG (rarissime!) such that p(apG,z)#0
for every © € R. O
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