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HI JKL MI NIL OPLQNRI ISL MI MTNPQPI UKIRUKIS QVLIPONLQWVS IVLPI NWXJQVOLWQPI IL ORYZJPI [ \ RKS
]PTNQSTX IVL ^ VWKS TLKMQWVS NIPLOQVS RQIVS IVLPI RO PT_IPSQWV MIS STPQIS `aWPX IRRISb IL RIS X OLPQNIS
MI cOVdIR [ HIS MIKe SKf ILS SWVL NROSSQUKIS g RO ]RK]OPL MIS aWVNLQWVS QX] WPLOVLIS ^ ]OP IeIX]RI
Ie], SQV WK LOV ^ ] WSSZMIVL IV IhIL MIS aWVNLQWVS QV_IPSIS `RWY

,
OPNSQV

,
OPNLOV MOVS VWLPI NOSb IL

KV LiTWPZX I NTRZJPI MI HOYPOVYI PIRQI RI MT_IRW]] IX IVL IV STPQI M jKVI aWVNLQWV OVORkLQUKI OK
MT_IRW]] IX IVL IV STPQI MI SO aWVNLQWV QV_IPSI `] WKP RO NWX] WSQLQWV b [ lK NmLT MI RO NWXJQVOLWQPI ^
QV_IPSIP MIS STPQIS YTVTPOLPQNIS ISL KVI LINiVQUKI SLOVMOPM ^ ]OP IeIX]RI ] WKP RO PTSWRKLQWV MI
]PWJRZX IS M jTVKX TPOLQWV ^ _WQP nop [ HO aWPXKRI MI HOYPOVYIqrsPX OVV ISL TYORIX IVL KLQRI MOVS
R jTLKMI MI NIPLOQVS OS] INLS MIS aWPX IS X WMKROQPIS ^ _WQP ntup [ HIS X OLPQNIS MI cOVdIR O]]OPOQSSIVL
VOLKPIRRIX IVL RWPSUK jWV NWVSQMZPI RIS X WX IVLS M jKVI X ISKPI MI ]PWJOJQRQLT NWV_IVOJRI SKP

RIL SWVL TLPWQLIX IVL PIRQTIS OKe ] WRkVmX IS WPLiWYWVOKe IL v NIPLOQVIS aPONLQWVS NWVLQVKIS [ wV
LPOQLIX IVL NWXJQVOLWQPI MI NIS X OLPQNIS O TLT MWVVT ]OP IeIX]RI ]OP xROf WRIL MOVS nup WK ]OP
y QIVVWL MOVS ntzp IL n{|p [ HIS PTaTPIVNIS nttp IL ntop NWVLQIVVIVL TYORIX IVL UKIRUKIS QVaWPX OLQWVS
iQSLWPQUKIS [

}WLPI OPLQNRI ISL WPYOVQST NWXXI SKQL [
\WKP RO NWXXWMQLT MK RINLIKP ^ VWKS PO]] IRWVS RI LiTWPZX I MI HOYPOVYI `NWVNIPVOVL RO PT_IPq

SQWV MIS STPQISb IL KVI ]PIK_I NROSSQUKI OK MTJKL MK NiO]QLPI { [ l OVS RI PISLI MK NiO]QLPI ^
VWKS TVWV~WVS VWLPI PTSKRLOL ]PQVNQ]OR ^ KV RQIV IVLPI RI LiTWPZX I MI HOYPOVYI IL KVI SKQLI MI
MT_IRW]] IX IVLS RQX QLTS [

HI NiO]QLPI � PIRQI RO SKQLI OSSW NQTI OKe MT_IRW]] IX IVLS RQX QLTS v RO �LPOVSaWPX TI QV_IPSI� [
HI NiO]QLPI � NWVLQIVL MIKe IeIX]RIS QRRKSLPOVL RIS PTSKRLOLS TVWVNTS [
HI NiO]QLPI u ^ QVMT] IVMOVL MK PISLI ^ MTNPQL KVI MTaWPX OLQWV NWVLQVKI VOLKPIRRI UKQ ] IPX IL

M jQVLIP] WRIP IVLPI R jQV_IPSQWV 1
f

IL RO PT_IPSQWV
(xf)〈−1〉 M jKVI STPQI aWPX IRRI

f = 1 + xC[[x]]
[

} WKS MQSNKLWVS IVSKQLI UKIRUKIS f WRQIS ]PW]PQTLTS MI RO X OLPQNI MI cOVdIR OSSW NQTI v RO SKQLI
WJLIVKI ]OP MIS MT_IRW]] IX IVLS RQX QLTS ^ OK NiO]QLPI � [

HI NiO]QLPI � PO]] IRRI KVI QVLIP]PTLOLQWV NWXJQVOLWQPI NROSSQUKI UKQ aOQL RI RQIV IVLPI RIS X Oq
LPQNIS MI c OVdIR IL MQ_IPS WJf ILS NWXJQVOLWQPIS `NiIX QVS ^ X WLS MI �KdOSQI� QN�b [ �IS QVYPTMQIVLS
SWVL IVSKQLI KLQRQSTS ] WKP ]PWK_IP KVI ]OPLQI MI VWS PTSKRLOLS [ �I NiO]QLPI NWVLQIVL TYORIX IVL
MIS ]PIK_IS SKNNQVNLIS MI PTSKRLOLS NROSSQUKIS `v R jIeNI]LQWV MI RO \PW] WSQLQWV { UKQ ISL ] IKLq�LPI

t



XWQVS NWVVKIb OQVSQ UK jKVI MQYPISSQWV MTNPQ_OVL KVI ONLQWV MK YPWK] I MQTMPOR QV�VQ SKP RIS X WLS
MI �KdOSQI� QN� [

HI NiO]QLPI �VOR NWVLQIVL MIS PTSKRLOLS NWVNIPVOVL RIS MTLIPX QVOVLS MI X OLPQNIS MI c OVdIR
OQVSQ UKI RIS ]PIK_IS MIS PTSKRLOLS VWV MTX WVLPTS OVLTPQIKPIX IVL [

l OVS RO SKQLI ^ VWKS LPO_OQRRIPWVS LWKf WKPS SKP KV NWP]S MI NOPONLTPQSLQUKI �TPW [
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H jIVSIXJRI MIS STPQIS aWPX IRRIS MK Lk] I p(x) =
∑∞

n=1 αnx
n LIRRIS UKI

α1 6= 0
`] WKP KV NWP]S MI

JOSI �eT KVI aWQS ] WKP LWKLISb NWVSLQLKI KV YPWK] I ] WKP RO ;(%0(#+)+(, [ H jQV_IPSI
q(x)

M jKVI LIRRI
STPQI

p(x)
ISL KVQUKIX IVL MT�VQ ]OP R jTUKOLQWV

q ◦ p(x) = x
^ IL M jOQRRIKPS OKSSQ ]OP p ◦ q(x) = x

[
HI ]OSSOYI MI

p
v
q
^ UKQ ISL NI UKI VWKS O]] IRWVS QNQ RO 1"2.1#+(, *.# # "1+.# ^ ISL R jWJf IL M jKV

LiTWPZX I NTRZJPI MI HOYPOVYI ^ UKQ SIXJRI O_WQP SWV WPQYQVI iQSLWPQUKI MOVS R jOPLQNRI nt�p [
\WKP RO NWXXWMQLT MK RINLIKP ^ VWKS QVMQUKWVS M jOJ WPM OK LiTWPZX I t KVI MTX WVSLPOLQWV

MK LiTWPZX I MI HOYPOVYI SOVS MWKLI OSSI� ]PW NiI MI R jWPQYQVOR ^ IV SKQ_OVL RI f WRQ OPLQNRI MI
cIVPQNQ nttp [ \OP OQRRIKPS ^ RI NiO]QLPI � NWVLQIVL KVI OKLPI MTX WVSLPOLQWV NROSSQUKI ^ JOSTI SKP RO
NWXJQVOLWQPI MIS X WLS MI �KdOSQI� QN� [ 
R Ie QSLI MI VWXJPIKSIS OKLPIS ]PTSIVLOLQWVS ^ MWVL n{p ^
]OYIS tuoq t� t^ nop ^ ]OYIS tuq to ^ nzp ^ ]OYIS t{zq t�� ^ nt�p ^ ]OYIS t�uq t�z ^ ntop ^ ]OYIS �oq�z ^ n{ tp ^
]OYIS t{oq t�� [

H jIVSIXJRI MIS STPQIS aWPX IRRIS MK Lk] I s(x) =
∑∞

n=0 snx
n LIRRIS UKI

s0 6= 0
NWVSLQLKI KV

OKLPI YPWK] I ] WKP RO %$/)+0 /+;3)+(, [ HI ]OSSOYI MI
s(x)

v
1/s(x)

ISL NI UKI VWKS O]] IRWVS QNQ
/ :+,2.1#+(, *.# # "1+.# ^ IL VWKS k PI_IVWVS OKe NiO]QLPIS � IL u [ 
R aOKL VTOVX WQVS ]PIVMPI YOPMI
OK aOQL UKI MI VWXJPIKe OKLIKPS KLQRQSIVL RI LIPX I �QV_IPSQWV� MOVS RI NWVLIeLI MK LiTWPZX I MI
HOYPOVYI [

�WQL
g(x) =

∑
n≥N γnx

n KVI STPQI MI HOKPIVL aWPX IRRI v KVI QVMTLIPX QVTI ^ W�
N ∈ Z

IL
W� RIS NWI� NQIVLS

γn
SWVL MOVS RI NWP]S MI JOSI � WV ]WSI γn = 0 ] WKP n < N

[ \WKP LWKL
n ∈ Z

^ VWKS TNPQ_WVS
[xn](g(x))

RI
n� QZX I NW I� NQIVL

γn
MI
g(x)

[ HI LiTWPZX I MI HOYPOVYI ^ WK MI
HOYPOVYI�rsPX OVV ^ TLOJRQL KVI PIROLQWV IVLPI RIS NW I� NQIVLS

αn = [xn](q(x))
IL RIS NWI� NQIVLS

[xn−1]
((

x
p(x)

)n) ]WKP q(x) RO PT_IPSQWV M jKVI STPQI
p(x) =

∑∞
n=1 αnx

n O_IN
α1 6= 0

[

�������� �� �(+.,)
p(x) =

∑∞
n=1 αnx

n $,. #"1+. 6 (1% ./ /. #3,# ).1% . ;(,#)3,) )./ /. -$.
α1 6= 0�.)

q(x)
/3 #"1+. *$ % �% . ) 0 . )./ /. -$ .

q ◦ p(x) = p ◦ q(x) = x
9 ! /(1#

n[xn]
(
qk(x)

)
= k[xn−k]

(( x

p(x)

)n
)

0($1 )($#
n, k ∈ Z

9
"���#$%�&%'�# ^ M jO]PZS nttp [ �WVSQMTPWVS KVI STPQI MI HOKPIVL aWPX IRRI

g(x)
IL RO STPQI MI

HOKPIVL
g ◦ q(x) =

∑

j≥N

γjx
j.

}WKS WJLIVWVS M jOJ WPM
g ◦ q ◦ p(x) = g(x) =

∑

j≥N

γjp
j(x)

{



IV NWX] WSOVL O_IN
p(x)

v RO SWKPNI ^ ]KQS ^ ] WKP n ∈ Z
OPJQLPOQPI ^

(∗) g(x)
p′(x)

pn+1(x)
=
∑

j≥N

γjp
j−n−1(x)p′(x)

IV XKRLQ] RQOVL ]OP p′(x)/pn+1(x)
[

} WKS ORRWVS O]]RQUKIP MIKe PZYRIS MI NORNKR LPZS SQX]RIS ] WKP RI NORNKR MIS PTSQMKS [ HO ]PIX QZPI
NWVNIPVI RIS MTPQ_TIS g

[x−1](h′(x)) = 0 ] WKP LWKLI STPQI MI HOKPIVL aWPX IRRI
h(x)

� IV ]OPLQNKRQIP ^

[x−1]
(
pj−n−1(x)p′(x)

)
= [x−1]

(
d

dx

pj−n(x)

j − n

)
= 0

] WKP j 6= n
[ HO SINWVMI NWVNIPVI RIS MTPQ_TIS RWYOPQLiX QUKIS g

[x−1]
(

h′(x)
h(x)

)
= 1 ]WKP LWKLI STPQI

MI ]KQSSOVNI MI RO aWPX I
h(x) =

∑∞
j=1 δjx

j O_IN
δ1 6= 0

[
�V TYOROVL RIS PTSQMKS MIS MIKe LIPX IS MI `�b ^ VWKS LPWK_WVS MWVN

(∗∗) [x−1]

(
g(x)

p′(x)

pn+1(x)

)
= [x−1]

(
γn
p′(x)

p(x)

)
= γn.

�WXXI RI PTSQMK MI RO STPQI MI HOKPIVL 1
n(g/p−n)′(x) = g′(x)

npn(x) − g(x)p′(x)
pn+1(x)

ISL VKR ^ VWKS O_WVS
OKSSQ

(∗ ∗ ∗) n[xn] (g ◦ q(x)) = nγn = [x−1]

(
g′(x)

pn(x)

)
.

�V ]OPLQNKRQIP ^ RWPSUKI g(x) = xk ^ VWKS O_WVS

[x−1]

(
kxk−1

pn(x)

)
= [xn−k]

(
kxn

pn(x)

)

IL RI LiTWPZX I PTSKRLI MI NI NOS MI R jTYORQLT `���b [
�

� ��&����$ � `Qb \ RKS YTVTPORIX IVL ^ RO aWPXKRI `���b aWKPVQL RI
n� QZX I LIPX I MI RO STPQI MI

HOKPIVL
g ◦ q(x) ]WKP LWKL

n 6= 0
^ IL RO aWPXKRI `��b ] WKP n = 0

S jTNPQL

[x0](g ◦ q(x)) = [x−1]

(
g(x)

p′(x)

p(x)

)
.

`QQb �Q RIS NW I� NQIVLS SWVL NWX]RIeIS IL SQ RI POkWV MI NWV_IPYIVNI MI RO STPQI
p(x)

ISL SLPQNLIq
X IVL ] WSQLQa ^ ORWPS QR IV ISL MI X �X I MI NIRK Q MI

q(x)
[

`QQQb l jKV ]WQVL MI _KI VKX TPQUKI ^ RO STPQI MI _WV }IKX OVV
(J − H)〈−1〉 = J +H ◦ (J +

H ◦ (J + . . . )) ] IPX IL MI NORNKRIP I� NONIX IVL RO PTNQ]PWUKI (J −H)〈−1〉 M jKVI ] IPLKPJOLQWV HM jWPMPI
> 1

MI R jQMIVLQLT J IV KV VWXJPI UKIRNWVUKI MI _OPQOJRIS [ �ILLI aWPXKRI ISL R jOVORWYKI
NWX] WSQLQWVIRRI MI RO PZYRI MI cWPVIP g

1+H(1+H(1+ . . . )) =
∑∞

n=0H
n UKQ NWV_IPYI _IPS 1

1−H] WKP H ] ILQL [
�������$ � HI LiTWPZX I t VI S jO]]RQUKI JQIV OK NORNKR MIS NW I� NQIVLS MI

q
UKI S jQR ISL aONQRI MI

MTLIPX QVIP RIS NWI� NQIVLS MI ( x
p(x)

)n [
`Qb �Q

p(x) = x
1+x

^ ORWPS x
p(x) = 1 + x

IL RI LiTWPZX I t QX]RQUKI [xn](q(x)) = 1 ]WKP LWKL
n ≥ 1

^ IV ONNWPM O_IN RIS TYORQLTS
q(x) = x

1−x =
∑∞

n=1 x
n [ `}WLWVS UKI RIS MIKe STPQIS

p(x)
IL

q(x)
NWV_IPYIVL MOVS RI MQSUKI KVQLT [b

�



`QQb �Q
p(x) = xe−x ^ WV WJLQIVL SOVS ] IQVI q(x) =

∑∞
n=1

nn−1

n! xn [ `}WLWVS UKI ^ MOVS NI NOS ^ RI
POkWV MI NWV_IPYIVNI MI

p(x)
ISL QV�VQ IL NIRK Q MI

q
ISL

e−1 =
RQX

n→∞
nn−1

n!
(n+1)!

(n+1)n+1

[b
l I X OVQZPI OVORWYKI ^

p(x) = xe−x2 MWVVI
q(x) =

∑∞
j=0

(2j+1)j−1

j! x2j+1 [ `HI POkWV MI NWVq
_IPYIVNI MI

p(x)
ISL MI VWK_IOK QV�VQ LOVMQS UKI RO STPQI MI

q(x)
NWV_IPYI OJSWRKX IVL ] WKP

|x| < 1/
√

2e
[b

`Q_ b �WXXI MTf O X IVLQWVVT ^ RO aWPXKRI M jQV_IPSQWV MI HOYPOVYIqrsPX OVV V jISL UKI POPIX IVL
KLQRI ] WKP RO PT_IPSQWV M jKVI STPQI aWPX IRRI [ l IS X TLiWMIS MQh TPIVLIS SWVL YTVTPORIX IVL J IOKNWK]
]RKS SQX]RIS [ wV LIR IeIX]RI ISL RO aWVNLQWV

p(x2) = (sinx)2
� _WQP RO ]OYI t�| MI n{ tp [ }WKS VI

SO_WVS ]OS KLQRQSIP RO aWPXKRI MI HOYPOVYI ] WKP ]PWK_IP UKI RO PT_IPSQWV MI
p(x)

ISL MWVVTI ]OP
RO aWVNLQWV ik] IPYTWX TLPQUKI

q(x) =
∑∞

j=1 22j−1 xj

j2(2j

j )

[ wV NORNKR aONQRI X WVLPI NI] IVMOVL UKI

q(x)
ISL KVI SWRKLQWV `aWPX IRRIb MI R jTUKOLQWV MQh TPIVLQIRRI

(x2 − x)y′′ + (x− 1

2
)y′ +

1

2
= 0 .

�V MTPQ_OVL
q(sin2(

√
z)) = z ]OP PO]] WPL v

z
IL IV ] WSOVL x = sin2 √z ^ VWKS LPWK_WVS

q′(x) =
arcsin

√
x√

x(1 − x)

IL IVSKQLI

q′′(x) =
1

2x(1 − x)

(
1 − (1 − 2x)

arcsin
√
x√

x(1 − x)

)
.

�INQ X WVLPI UKI
q(x)

ISL TYORIX IVL SWRKLQWV MI R jTUKOLQWV MQhTPIVLQIRRI NQqMISSKS [ wV MT_IRW]] Iq
X IVL v R jWPMPI MIKe MIS MIKe STPQIS ] IPX IL MI NWVNRKPI [

HIS MIKe LiTWPZX IS UKQ SKQ_IVL aWKPVQSSIVL M jOKLPIS ]OQPIS MK Lk] I (p(x), q(x))
[ H jOS] INL

] IKL��LPI WPQYQVOR MI VWLPI Ie] WSQLQWV NWVSQSLI v aOQPI f WKIP KV PmRI QX] WPLOVL OKe ] WRkVmX IS
Pj`IL ]RKS JOS OKe ] WRkVmX IS

Qj
b ^ UKI VWKS _WkWVS NWXXI MIS *"2./(00 .% .,)# /+% +)"# MIS STPQIS

NWPPIS] WVMOVLIS [ �Q
s(x) =

∑∞
j=0 sjx

j ISL KVI STPQI IVLQZPI IL
k

KV IVLQIP ] WSQLQa ^ VWKS VWLWVS
bs(x)ck = s0 + s1x+ · · · + sk−1x

k−1 SWV MT_IRW]] IX IVL RQX QLT v R jWPMPI
k − 1

[
�WVSQMTPWVS KVI STPQI aWPX IRRI

s(x) =
∑∞

j=0 sjx
j LIRRI UKI

s0 6= 0
[ l T�VQSSWVS SKNNISSQ_IX IVL

• RIS ] WRkVmX IS

P1(x) = s0, P2(x) = s20 + s0s1x, P3(x) = s30 + (s20s1 + s0s1s0)x+ (s20s2 + s0s
2
1)x

2, . . .

MT�VQS PTNKPSQ_IX IVL ]OP Pk(x) = bPk−1(x)s(x)ck
^

• RIS NWVSLOVLIS
Qn(0) = [xn−1]Pn(x)

^
n ≥ 1

^ WJLIVKIS IV NWVSQMTPOVL RIS NW I� NQIVLS MI ]RKS
iOKL MIYPTS MOVS RIS ] WRkVmX IS

P1(x), P2(x), . . .
^ W�

Pn(x)
ISL NWVSQMTPT NWXXI TLOVL MI

MIYPT
n− 1

^

• RO STPQI YTVTPOLPQNI

q(t) =

∞∑

n=1

Qn(0)tn

MIS VWXJPIS
Qn(0)

[

�



�������� � � �3 #"1+. 6 (1% ./ /.
q(t)

3##(;+". ;(%% . ;+�*.##$# 5
s(x) =

∑∞
j=0 sjx

j 2"1+� .

q(t) = ts(q(t)).

�V ]WSOVL p(x) = x/s(x))
^ WV PILPWK_I MIKe STPQIS

p(x), q(x)
LIRRIS UKI

p(q(t)) =
q(t)

s(q(t))
=

ts(q(t))

s(q(t))
= t.

�_IN NIS VWK_IRRIS VWLOLQWVS ^ RI LiTWPZX I t S jTNPQL NWXX I SKQL [
�������� � � � +

q(t) = ts(q(t))� 3/(1#

q(t)k+1 =
∞∑

n=k+1

tn
k + 1

n
[xn−k−1] (s(x)n)

0($1 )($)
k ∈ {0, 1, 2, . . . } .)� ., 0 31)+;$ /+.1

q(t) =
∞∑

n=1

tn

n
[xn−1] (s(x)n) .

}WKS WhPWVS OK NiO]QLPI � KVI OKLPI ]PIK_I MIS LiTWPZX IS { IL � `JQIV UKI NI MIPVQIP VI
SWQL PQIV M jOKLPI UK jKVI PIaWPXKROLQWV MK LiTWPZX I tb [ �ILLI ]PIK_I ^ MI VOLKPI NWXJQVOLWQPI ^
V jISL ]OS VWK_IRRI [ � RRI NWVSQSLI v QVLIP]PTLIP RIS X WLS MI �KdOSQI� QN� NWXXI MIS OPJPIS ]ROVS
IVPONQVTS [

� �� AB�@
�CB��� G@	�B
�

HI JKL MI NI NiO]QLPI ISL MI MTNPQPI UKIRUKIS OS] INLS MK YPWK] I XKRLQ] RQNOLQa NWVSLQLKT MIS STPQIS
aWPX IRRIS MK Lk] I ∑∞

n=0 snx
n O_IN

s0 6= 0
[ � O]] IRWVS UK jKVI LIRRI STPQI MT�VQL KVI SKQLI MI

] WRkVmX IS
P1(x) = s0, . . . , Pk(x) = bPk−1(x)s(x)ck, . . . ,

W�
Pk(x)

ISL RI MT_IRW]] IX IVL RQX QLT
v R jWPMPI

k − 1
MI RO STPQI aWPX IRRI

Pk−1(x)s(x)
[ 
VLPWMKQSWVS X OQVLIVOVL RIS ] WRkVmX IS X QPWQP

Qn(x) = xn−1Pn(1/x)
IL MTSQYVWVS ]OP q(t) =

∑∞
n=1Qn(0)tn

RO STPQI YTVTPOLPQNI OSSW NQTI v RO
SKQLI MIS T_ORKOLQWVS

Q1(0), Q2(0), . . .
[

HI PTSKRLOL SKQ_OVL Ie]PQX I RO STPQI YTVTPOLPQNI NWX]RZLI Q(x) =
∑∞

n=1Qn(x)tn
IV aWVNLQWV

MI
q(t)

g
�������� 	 � 
, 3

∞∑

n=1

Qn(x)tn =
q(t)

1 − xq(t)
.

�I LiTWPZX I SIPO MTX WVLPT OK NiO]QLPI � [ HO ]PIK_I NWVSQSLI v QMIVLQ�IP RIS X WVmX IS NWVq
LPQJKOVL OKe NW I� NQIVLS MI

q(t)
O_IN RIS X WLS MI �KdOSQI� QN� [

}WKS MTNPQ_WVS X OQVLIVOVL KVI QVLIP]PTLOLQWV IV LIPX IS MI �LPOVSaWPX TI QV_IPSI NWVLQVKI�
MI NILLI TYORQLT [ �ILLI QVLIP]PTLOLQWV SKYYZPI KVI f WRQI ]PW]PQTLT MIS LPOVSaWPX TIS MI cOVdIR
`MTNORTISb MI RO STPQI

Q1(x), Q2(x), . . .
UKQ SIPO TVWVNTI OK NiO]QLPI � IL UKQ NWVSLQLKI RI PTSKRLOL

]PQVNQ]OR MOVS NIL OPLQNRI [

u



�WQL
a(t) = a0 +a1t+a2t

2 +a3t
3 +a4t

4 + · · · KVI STPQI YTVTPOLPQNI [ 
VLPWMKQSWVS R jO]]RQNOLQWV
I[a(t)] = a(t)/

(
1 + ta(t)

) O]] IRRTI RO )13,#6 (1% ". +,2.1# . ]KQSUKI (1 + ta(t)
)(

1 − tI[a(t)]
)

= 1
[

\OP QLTPOLQWV ^ WV WJLQIVL
Ix[a(t)] = a(t)/

(
1 + xta(t)

) NI UKQ ] IPX IL M jQVLIP] WRIP RIS QLTPTIS

Ix(a(t)) =

∞∑

k=0

Ik(x) t
k

MI RO LPOVSaWPX TI QV_IPSI [ HI
k−QZX I LIPX I

Ik(x)
MI RO SKQLI

I0(x) = a0, I1(x) = a1 − a2
0x, I2(x) = a2 − 2a0a1x+ a3

0x
2, . . .

ISL ORWPS KV ] WRkVmX I MI MIYPT
k

IV
x
[

\WSWVS
a(t) = q(t)

t = 1
t

∑∞
n=1Qn(0)tn

[ HI LiTWPZX I � S jTVWVNI OKSSQ SWKS RO aWPX I

Ix

[
q(t)

t

]
=

1

t

q(t)

1 + xq(t)
=

1

t

∞∑

n=1

Qn(−x)tn .

�KLPIX IVL MQL ^ WV O
t Ix[t−1Q(0)] = Q(−x) [

� ��&���� � �V OKPOQL LWKL OKSSQ J QIV ]K MT�VQP RO LPOVSaWPX TI MI cOVdIR MI
a(t) ]OP RO

aWPXKRI
Ĩ [a(t)] = a(t)/(1 − ta(t)) = −I[−a(t)] [

� ��&���� � wV ]iTVWX ZVI SQX QROQPI M jQVLIP] WROLQWV NWVLQVKI SI ]PWMKQL TYORIX IVL ] WKP
RO NWX] WSQLQWV QLTPTI

f◦k = f ◦ f ◦ · · · ◦ f M jKVI STPQI aWPX IRRI
f(t) = t +

∑∞
i=2 ait

i MWVL RI
MT_IRW]] IX IVL v R jWPMPI

1
ISL R jQMIVLQLT � NINQ SI YTVTPORQSI M jOQRRIKPS aONQRIX IVL v KV M−K]RIL MI

STPQIS aWPX IRRIS
F (t1, . . . , td) = (f1(t1, . . . , td), . . . , fd(t1, . . . , td))

[ 
R Ie QSLI ORWPS KVI SKQLI

C1(x) = 1, C2(x) = a2x, C3(x) = (a2
2(x− 1) + a3)x,

C4(x) = (((2x − 3)a3
2 + 5a2a3)(x− 1) + 2a4)x/2, . . .

O_IN
Cn(x)

KV ]WRkVmX I MI MIYPT ≤ n− 1
IV
x

LIR UKI
f◦x(t) =

∑∞
i=1Ci(x)t

i [
\WKP RI MTX WVLPIP WV ] IKL NWVSQMTPIP RO MQhTPIVNI �VQI

Cn(k + 1) − Cn(k) =
NW I� NQIVL MI

tn
MOVS ∞∑

i=2

ai




∞∑

j=1

Cj(k)t
j




i

UKQ ISL KV ] WRkVmX I MI MIYPT OK ]RKS n − 2
IV

k
`]OP PTNKPPIVNI SKP

n
b [ �V ] IKL TYORIX IVL RI

MTMKQPI IV KLQRQSOVL KV QSWX WP]iQSX I MI X WVW�MI IVLPI RI X WVW�MI MIS STPQIS aWPX IRRIS SOVS LIPX I
NWVSLOVL `O_IN RO NWX]WSQLQWV MIS STPQIS NWXX I ]PWMKQLb IL KV YPWK] I MI X OLPQNIS LPQOVYKROQPIS
SK] TPQIKPIS [ wV LIR QSWX WP]iQSX I ] IKL �LPI MWVVT ]OP

∞∑

n=1

anx
n 7−→





a1,1 a1,2 a1,3 a1,4 . . .
0 a2,2 a2,3 a2,4

0 0 a3,3 a3,4 . . .[ [ [





W� ∑∞
j=k ak,jx

j = (
∑∞

n=1 anx
n)k

� _WQP ]OP IeIX]RI RI LiTWPZX I t[�O MOVS nt|p [

�



� �������


� I_IVWVS OKe IeIX]RIS `Qb IL `QQb MK NiO]QLPI { [
������� %�'� '& � � �WVSQMTPWVS RO STPQI aWPX IRRI

s
MT�VQI ]OP RI ] WRkVmX I

1 + x
[ �V _TPQ�I

aONQRIX IVL UKI
Pn(x) = Qn(x) = (1 + x)n−1 IL

q(t) =
∑∞

n=1 t
n = t

1−t

[ HIS LiTWPZX IS t^ { IL � SI
PTMKQSIVL ORWPS v MIS QMIVLQLTS LPQ_ QORIS IL OK LiTWPZX I JQVWX QOR ^ v SO_WQP

t

1 − t(1 + x)
=

t/(1 − t)

1 − xt/(1 − t)
,

t/(1 − t)

1 + t/(1 − t)
= t

IL
(

t

1 − t

)k+1

=

∞∑

n=k+1

k + 1

n

(
n

k + 1

)
tn =

∞∑

n=k

(
n

k

)
tn+1 .

HO LPOVSaWPX TI QV_IPSI MI
q(t)/t

ISL MWVVTI ]OP I
(

q(t)
t

)
= 1/(1−t)

1+t/(1−t) = 1
IL VWKS O_WVS

Ix

(
q(t)

t

)
=

1/(1 − t)

1 + xt/(1 − t)
=

1

1 − t(1 − x)
=

∞∑

n=1

(t(1 − x))n−1 =
1

t

∞∑

n=1

Qn(−x)tn

IV ONNWPM O_IN RIS PTSKRLOLS MK NiO]QLPI � [
� �������� �� � �����#�#%'� ��� � \WKP RO STPQI

s(x) = ex =
∑∞

n=0
xn

n!

MT�VQSSOVL R jIe] WVIVLQIRRI ^
VWKS O_WVS

Pn(x) =
1

n

n∑

j=0

(n− j)
(nx)j

j!
.

�V IhIL ^ NILLI aWPXKRI MWVVI JQIV
P1 = 1

IL RI NORNKR

1
n

∑k
j=0(n− j) nj

j! (k−j)!

= 1
n k!

(
n(n+ 1)k − nk(n+ 1)k−1

)

= 1
n+1(n+ 1 − k) (n+1)k

k!

MK NW I� NQIVL
xk, 0 ≤ k ≤ n

MOVS
Pn(x)ex

RO X WVLPI ]OP PTNKPPIVNI [ }WKS WJLIVWVS OQVSQ

Qn(x) =

n∑

j=1

j nn−1−j xj−1

(n− j)!

IL

q(t) =

∞∑

n=1

Qn(0)tn =

∞∑

n=1

nn−2 tn

(n− 1)!
=

∞∑

n=1

1

n

(nt)n

n!
,

IV ONNWPM O_IN RI LiTWPZX I � [ HI LiTWPZX I � QX]RQUKI RIS TYORQLTS

(k + 1)(n − k)nn−2−k = k
n−1∑

m=k

(
n− k

n−m

)
mm−1−k(n−m)n−m−1

] WKP LWKS RIS IVLQIPS
n, k

LIRS UKI
n > k > 1

[ \WKP �VQP ^ X IVLQWVVWVS RO f WRQI T_ORKOLQWV

Pn(1) = Qn(1) =
1

n

n∑

j=0

(n − j)
nj

j!
=

n∑

j=0

nj

j!
−

n−1∑

j=0

nj

j!
=
nn

n!
.

�
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H jOVVIOK
C[[x]]

MIS STPQIS aWPX IRRIS ISL KV OVVIOK NWXXKLOLQa RW NOR MWVL R jQMTOR X OeQX OR
m =

xC[[x]]
ISL R jIVSIXJRI MIS STPQIS aWPX IRRIS SOVS LIPX I NWVSLOVL [ }WLWVS

U = C[[x]] \ m = C
∗ + m

RI YPWK] I XKRLQ] RQNOLQa aWPX T MIS TRTX IVLS QV_IPSQJ RIS MI
C[[x]]

IL SU = 1+m ⊂ U RI SWKSqYPWK] I
MIS STPQIS aWPX IRRIS MI NWI� NQIVL NWVSLOVL

1
[ } WLWVS

D = m \ m
2 = {

∞∑

j=1

αjx
j ∈ C[[x]]|α1 6= 0}

RI YPWK] I VWVqNWXXKLOLQa MIS STPQIS aWPX IRRIS ] WKP RO NWX] WSQLQWV [ �V O D = xU IV LOVL
UK jIVSIXJRI IL SD = xSU = x+ m

2 ] IKL �LPI QVLIP]PTLT NWXXI RI SWKSqYPWK] I MIS �MQh TWX WPq
]iQSX IS RW NOKe aWPX IRS LOVYIVLS v R jQMIVLQLT IV

0
� [

HI JKL MI NI NiO]QLPI ISL MI MTNPQPI KVI MTaWPX OLQWV VOLKPIRRI NWVLQVKI `UKQ ISL iWRWX WP]iI
] WKP MIS STPQIS iWRWX WP]iISb IVLPI RI YPWK] I XKRLQ] RQNOLQa NWXXKLOLQa SU IL RI YPWK] I VWVq
NWXXKLOLQa SD `QMIVLQ�T v SU _QO RO JQf INLQWV IVSIXJRQSLI

A −→ xA
MI SU SKP SDb [

H jONLQWV VOLKPIRRI
α ·A = A◦α MI

α ∈ D SKP KV TRTX IVL
A ∈ C[[x]]

OYQL ]OP OKLWX WP]iQSX IS
SKP U IL SU IL WV ] IKL MWVN aWPX IP RI ]PWMKQL SIX QqMQPINL I = U o D UKQ ISL KV YPWK] I ] WKP RO
RWQ MI NWX] WSQLQWV

(A,α)(B,β) = (C, γ) = (A(B ◦ α), β ◦ α)
W�

C = A(B ◦ α)
ISL RI ]PWMKQL MI RO STPQI

A
O_IN RO STPQI

B ◦ α [ H jTRTX IVL QV_IPSI
(A,α)−1 MI

(A,α)
ISL MWVVT ]OP

(A,α)−1 =

(
1

A ◦ α〈−1〉
, α〈−1〉

)

W� RO PT_IPSQWV `WK STPQI PTNQ]PWUKIb α〈−1〉 MI α ∈ D ISL MT�VQI ]OP R jQMIVLQLT α◦α〈−1〉 = α〈−1〉◦α =
x
[ �V O RIS iWX WXWP]iQSX IS

A 7−→ (A,x)
IL

(A,α) 7−→ α
`O_IN SINLQWV

α 7−→ (1, α)
b ]PW_IVOVL

MI RO SKQLI IeONLI SNQVMTI T_QMIVLI

0 −→ U −→ I = U o D −→ D −→ 1 .

}WLWVS SI = SU o SD RI VWkOK
Ker(ψ)

MI R jiWX WXWP]iQSX I MI YPWK] IS ψ : I −→ C
∗ × C

∗

MT�VQI ]OP ψ(A,α) = (A(0), α′(0))
[

� ��&���� � `Qb HI YPWK] I I ] IKL SI YTVTPORQSIP aONQRIX IVL IV NWVSQMTPOVL RI ]PWMKQL SIX QqMQPINL
U o D

W�
U

ISL KV YPWK] I MI YIPX IS MI aWVNLQWVS QV_IPSQJ RIS OK _WQSQVOYI M jKV ] WQVL P ∈ XO_IN
X

KV IS]ONI LW] WRWYQUKI IL W�
D

ISL KV YPWK] I MI YIPX IS M jiWX TWX WP]iQSX IS O_IN ] WQVL
�eI

X
[ �V ]OPLQNKRQIP ^ WV ] IKL ^ OK X WQVS aWPX IRRIX IVL ^ PIX]RONIP RI YPWK] I XKRLQ] RQNOLQa U ]OP

RI YPWK] I XKRLQ] RQNOLQa MIS STPQIS MI HOKPIVL VWVqVKRRIS [
`QQb HI VWkOK SI = Ker(ψ) = SU o SD ISL NWVLPONLQRI ] WKP KVI LW] WRWYQI POQSWVVOJRI SKP

C[[x]]
`WJLIVK ]OP IeIX]RI IV NWVSQMTPOVL RO NWV_IPYIVNI NWI� NQIVL ]OP NW I� NQIVLb [ �V O MWVN

π1(I) = π1(C
∗ × C

∗) = Z
2 ] WKP RI YPWK] I aWVMOX IVLOR

π1(I)
IL WV ] IKL NWVSQMTPIP R jIeLIVSQWV

NIVLPORI
0 −→ Z

2 −→ Ĩ −→ I −→ 1

o



MT�VQSSOVL RI PI_�LIX IVL KVQ_IPSIR Ĩ MI I ^ WJLIVK IV PIRI_OVL R jIeLPTX QLT MIS NiIX QVS NWVLQVKS
QSSKS MK VIKLPI

(1, x) ∈ I WK ^ MI X OVQZPI TUKQ_ORIVLI ^ IV NWVSQMTPOVL MIS PIRZ_IX IVLS PTIRS MIS
OPYKX IVLS MI

A(0), α′(0) ∈ C
∗ ]WKP (A,α) ∈ I [

`QQQb HI YPWK] I OJSLPOQL I ISL QSWX WP]iI v KV �SWKSqYPWK] I MI HQI� MOVS RIS X OLPQNIS LPQOVq
YKROQPIS QVaTPQIKPIS QV�VQIS ^ _WQP ntp [

\WKP RO MISNPQ]LQWV MI R jQVLIP] WROLQWV IVLPI RI YPWK] I XKRLQ] RQNOLQa U IL RI YPWK] I VWVq
NWXXKLOLQa D QR aOKL SWQL SI PISLPIQVMPI OK SWKSqYPWK] I SI = SU oSD = Ker(ψ)

UK jWV ] WKPPOQL
O]] IRRIP RI � 1($0 . * :+, ).10(/3)+(, #0 ";+3/ SWQL LPO_OQRRIP MOVS KV YPWK] I QVLIPX TMQOQPI IVLPI I IL
SWV PI_�LIX IVL KVQ_IPSIR Ĩ [ } WKS ORRWVS MTNPQPI IV MTLOQR RI ]PIX QIP NOS [ HI MIKeQZX I NOS ISL
LPOQLT JPQZ_IX IVL MOVS ntp [

\WKP
τ ∈ C

^ QVLPWMKQSWVS RI SWKSqIVSIXJRI

SG(τ) = {(A,xAτ ) | A ∈ SU = 1 + xC[[x]]} ⊂ SI
W� R jWV NiWQSQL R jKVQUKI MTLIPX QVOLQWV �NWVLQVKI� MK RWYOPQLiX I MIS STPQIS aWPX IRRIS MI X OVQZPI v
O_WQP

Aτ = eτ log A ∈ SU = 1 + xC[[x]] ] WKP A ∈ SU [
� ����$'%'�# �� �+� � :.,#.% =/. SG(τ)

.#) $, #($#�� 1($0 . 0($1 )($)
τ ∈ C

9
�++� �. � 1($0 . SG(0)

.#) +#(% (10 <. 3$ � 1($0 . ;(%%$)3)+6 SU 9
�+++� � ($1

τ 6= 0
/.# � 1($0 .# SG(τ)

#(,) )($# +#(% (10 <.# 3$ � 1($0 . ,(, �;(%%$)3)+6 SD 9
�, +#(% (10 <+#% . .#) *(,," 031

α 7−→
((

α
x

)1/τ
, α
)
∈ SG(τ)

0($1
α ∈ SD 9

���� ��&'�� �� � ($1
τ ∈ [0, 1]� / :300 /+;3)+(,

τ 7−→ 1

A ◦ (xAτ )〈−1〉

.#) $,. *"6 (1% 3)+(, ;(,)+,$. 1./+3,) / :+,2.1# . %$/)+0 /+;3)+6 1
A

*.
A ∈ SU 5 /3 #"1+. 1";+0 1(-$ .

x
A◦(xA)〈−1〉 = (xA)〈−1〉 *.

(xA) ∈ SD 9

���� �� �& ������ �� �& �����$'%'�# � H jOSSIPLQWV `QQb ISL T_QMIVLI [
wV ] ILQL NORNKR X WVLPI UKI R jO]]RQNOLQWV (A,α) 7−→

(
A
(

α
x

)λ
, α
) ISL KV OKLWX WP]iQSX I MI

SI [ �V NWVSQMTPOVL
λ = τ−1 ^ WV MTX WVLPI aONQRIX IVL R jOSSIPLQWV `QQQb [

H jOSSIPLQWV `Qb ISL X OQVLIVOVL LPQ_QORI [
�

� ��&���� � wVI MIKeQZX I JQf INLQWV VOLKPIRRI IVLPI U IL D ISL MWVVTI ]OP α ∈ D 7−→ α′ ∈ U [
H jO]]RQNOLQWV

τ 7−→ 1

A ◦
(∫

0A
τ
)〈−1〉

`]PW_IVOVL MI R jOKLWX WP]iQSX I
(A,α) 7−→ (A(α′)λ, α)

MI SI b ] IPX IL M jQVLIP] WRIP IVLPI 1
A

IL RO
STPQI PTNQ]PWUKI

(∫

0
A

)〈−1〉

=

∫

0

1

A ◦
(∫

0A
)〈−1〉

MI ∫
0A ∈ SD OSSWNQTI v NILLI MIKeQZX I JQf INLQWV ^ _WQP ntp [

z
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�I NiO]QLPI NWVLQIVL VWLPI PTSKRLOL ]PQVNQ]OR ^ SKYYTPT ]OP RI LiTWPZX I � MK NiO]QLPI � [
HO

n−QZX I % 3)1+;. *. 7 3,8./
H(n)

M jKVI SKQLI
s = (s0, s1, s2, . . . )

ISL RO X OLPQNI SkX TLPQUKI
MWVL RIS NW I� NQIVLS

hi,j , 0 ≤ i, j < n
VI MT] IVMIVL UKI MI RO SWXX I

i + j
MIS QVMQNIS IL

SWVL MWVVTS ]OP hi,j = si+j
[ HO X OLPQNI

H(n)
MT] IVM MWVN SIKRIX IVL MI

s0, s1, . . . , s2n−2
[ HO

)13,#6 (1% ". *. 7 3,8./ MI
s
ISL ORWPS MT�VQI NWXXI TLOVL RO SKQLI

det(H(1)) = s0, det(H(2)) = s0s2 − s21, det(H(3)), . . .

MIS MTLIPX QVOVLS MIS X OLPQNIS MI c OVdIR M jWPMPI
1, 2, 3, . . .

OSSW NQTIS v
s
[

wVI aWPXKRI MI cOMOX OPM `_WQP n�p ^ ]OYI �| ^ _WQP OKSSQ nt�pb QX]RQUKI UKI MIKe SKQLIS
aIL

b = I(a)
MWVL RIS STPQIS YTVTPOLPQNIS SWVL PIRQTIS ]OP RO LPOVSaWPX OLQWV QV_IPSI ∑∞

n=0 bnt
n =

(
∑∞

n=0 ant
n) / (1 + t

∑∞
n=0 ant

n)
^ WVL X �X I LPOVSaWPX TI MI cOVdIR [ �WXXI RIS ] WRkVmX IS

In(x)QVLIP] WRIVL RIS QLTPTIS MI RO LPOVSaWPX TI QV_IPSI ^ RO LPOVSaWPX TI MI cOVdIR MI RO SKQLI
Ix(a) =

(I0(x), I1(x), I2(x), . . . )
VI MT] IVM ]OS MI

x
[

\WKP KV IVLQIP
k > 0

^ MT�VQSSWVS RO
k−QZX I LPOVSaWPX TI MI cOVdIR MI

s = (s0, s1, . . . )
NWXXI

RO SKQLI (
dk,n = det(Hk(n))

)
n=1,2, ...

= (sk, sksk+2 − s2k+1, . . . )
W�

Hk(n) = (si+j+k)0≤i,j<n
ISL RO

X OLPQNI MI c OVdIR MI LOQRRI
n× n

OSSW NQTI v RO SKQLI MTNORTI
sk, sk+1, sk+2, . . .

[
�������� � � �+� �3 #$+).

(
det
(
(Ii+j+k(x))0≤i,j<n

))

n=1,2,3, ...

*. /3
k− +�% . )13,#6 (1% ". *. 7 3,8./ *.

Ix(a) = (I0(x), I1(x), . . . )
,. ;(,)+.,) -$ . *.# 0 (/ ,�%.#

*. *.� 1" ≤ k
.,
x
9

�++� �. *").1% +,3,)
det((Q1+i+j(x))0≤i,j<n)

0($1
Q1, Q2, . . .

3##(;+"# 5
s(x) = s0 + s1x + s2x

2 + . . .
;(%% . *3,# /. ;<30 +)1. � ,. *"0 .,*

03# *.
s1

9

� ��&���� � H jQMIVLQLT MI NWVMIVSOLQWV MI lWMYSWV `Na [ nt{pb X WVLPI UKI RIS MTLIPX QVOVLS
dk,n_TPQ�IVL R jTYORQLT

dk−1,n+1 dk+1,n−1 = dk−1,n dk+1,n − d2
k,n

W� R jWV O ] WST dk,0 = 1 ]WKP LWKL
k
[ �ILLI QMIVLQLT ISL ]OPaWQS KLQRI ] WKP NORNKRIP PTNKPSQ_IX IVL

RO LPOVSaWPX TI MI cOVdIR
(d0,n)n=1,2, ...

v ]OPLQP MI
dk,1 = sk

[
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�I NiO]QLPI ISL MT_WRK v R jTLKMI MIS X WLS MI �KdOSQI� QN� [ HIS ]PW]PQTLTS MI NIS X WLS SWVL IVSKQLI
Ie]RWQLTIS ] WKP MTX WVLPIP RIS LiTWPZX IS { ^ � IL � [

}WKS NWXXIV~WVS ]OP MTX WVLPIP RI LiTWPZX I � UKQ TUKQ_OKL v R jQMIVLQLT

[xk]
∞∑

n=1

Qn(x)tn = q(t)k+1 .

t|



�WQL

s(x) = s0 +

∞∑

j=1

sjx
j

KVI STPQI aWPX IRRI MWVL RIS NWI� NQIVLS
s0, s1, s2, . . .

SWVL MIS RILLPIS UKQ VI NWXXKLIVL UK jO_IN RO
_OPQOJRI

x
[ �WXXI OK MTJKL ^ VWKS OSSWNQWVS v

s(x)
RO SKQLI MIS ] WRkVmX IS

P1(x) = s0, P2(x) = s20 + s0s1x, P3(x) = s30 + (s20s1 + s0s1s0)x+ (s20s2 + s0s
2
1)x

2, . . .

MT�VQI MI aO~WV PTNKPSQ_I ]OP Pk(x) = bPk−1(x)s(x)ck
[ } WLWVS

[xk]Pn(x)
RI NW I� NQIVL MI

xk MK
] WRkVmX I

Pn(x)
[ �V O KVI JQf INLQWV IVLPI RIS X WVmX IS MI

[xk]Pn(x)
IL RIS NiIX QVS SKP

N × NMI
(0, 0)

v
(n, k)

VI LPO_IPSOVL ]OS RO MQOYWVORI
y = x

IL UKQ V jKLQRQSIVL UKI MIS ]OS (1, 0), (0, 1)WPQIVLTS _IPS RI VWPM WK _IPS R jISL [ �V IhIL ^ OSSWNQWVS v
si1si2si3 . . . sin

RI NiIX QV

i1 × (0, 1) + (1, 0) + i2 × (0, 1) + (1, 0) + i3 × (0, 1) + (1, 0) + · · · + in × (0, 1) + (1, 0)

`WV O LWKf WKPS
i1 = 0

b [ �V ]OPLQNKRQIP ^ RI VWXJPI MI LIRS X WVmX IS NWVLPQJKOVL OK NWI� NQIVL
[xn−1]Pn(x)

MI ]RKS iOKL MIYPT ISL MWVVT ]OP RI VWXJPI MI �OLOROV
Cn−1 =

(2(n−1)
n−1

)
1
n

[ \WSWVS
Qn(x) = xn−1Pn(1/x)

W�
Pn(x)

ISL WJLIVK IV RQSOVL v R jIV_IPS RIS X WVmX IS NWVLPQJKOVL OKe
NW I� NQIVLS

x0, x1, . . . , xn−1 MI
Pn(x)

g

Q1(x) = s0, Q2(x) = s20x+ s1s0, Q3(x) = s30x
2 + (s1s

2
0 + s0s1s0)x+ s2s

2
0 + s21s0, . . . .

� KVQSSWVS RO RILLPI
si

MK ]WQMS w(si) = i− 1
IL ] WSWVS

w(si1si2si3 . . . sin) = w(si1) + w(si2) + w(si3) + · · · + w(sin)

] WKP KV X WL
si1si2si3 . . . sin

MI RWVYKIKP
n
[ � I]PTSIVLWVS KV X WL

si1 . . . sin

O]]OPOQSSOVL MOVS
Qn(x) ]OP RI NiIX QV MI SWXXILS

(0, 0), (1, si1 − 1), (2, si1 + si2 − 2), . . . , (n,−n+

n∑

j=1

ij) = (n,w(si1 . . . sin))

WJLIVK IV NWVNOLTVOVL RIS ]OS (1, w(si)) = (1, i − 1)
OSSW NQTS v

si1, si2, . . . , sin

[

HI NiIX QV OSSWNQT OK X WL
s0s1s0s0s3s0

`MOVS
P6(x)

b IL v SWV X QPWQP
s0s3s0s0s1s0

`MOVS
Q6(x)

b [
HIS X WLS UKQ O]]OPOQSSIVL MOVS

Qn(0) = [x0]Qn(x)
SWVL RIS % ()# *. �$83#+.� +;� `_WQP n�pb [

HIKP STPQI YTVTPOLPQNI ISL MWVVTI ]OP q(t) =
∑∞

n=1Qn(0)tn
[ � IX OPUKWVS UKI RIS X WLS MI

�KdOSQI� QN� MI
Qn+1(0)

SWVL IV JQf INLQWV O_IN RIS ]OPIVLiTSOYIS MI RWVYKIKP
2n

NWX]WPLOVL
n ]OPIVLiZSIS WK_POVLIS IL aIPX OVLIS [ \WKP RI _WQP WV NWXXIVNI ]OP SK]]PQX IP RO MIPVQZPI RILLPI
s0

M jKV X WL MI �KdOSQI� QN� IL WV PIX]RONI IVSKQLI KVI RILLPI
sk

]OP RI X WL MI RWVYKIKP
k + 1

tt



NWVSQSLOVL IV
k ]OPIVLiZSIS WK_POVLIS � ``

. . .
``� SKQ_Q M jKVI ]OPIVLiZSI aIPX OVLI � b� [ \WKP RI X WL

MI �KdOSQI� QN�
s2s0s1s2s2s0s0s0

WV WJLQIVL OQVSQ

s2 s0 s1 s2 s2 s0 s0
(() ) () (() (() ) )

.

����� �� �. ;(.� ;+.,)
[xk]Qn(x)

*.
Qn(x)

.#) /3 #(%% . *. )($# /.# % ()#
si1si2 . . . sin

*.
/(,�$.$1

n
.) *. 0(+*#

w(si1si2si3 . . . sin) =
∑n

j=1 ij −n = −(k+1)
)./# -$.

w(si1si2si3 . . . sih) ≥
−k 0($1 )($)

h < n
9

� ����� � HI NW I� NQIVL
[xk]Pn(x)

ISL NWVSLQLKT MI LWKS RIS X WLS
si1 . . . sin ,

∑n
j=1 ij = k

^ UKQ
_TPQ�IVL RIS QVTYORQLTS ∑l

j=1 ij ≤ l − 1 ] WKP l = 1, . . . , n
[

HI X QPWQP
sin . . . si1

MI ] WQMS w(sin . . . si1) =
∑n

j=1(ij − 1) = −(n− k)
M jKV LIR X WL NWVLPQJKI

OK NW I� NQIVL
[xn−1−k]Qn(x)

[ } WKS O_WVS

w(sin . . . sin+1−h
) = −h+

n∑

j=n+1−h

ij = −h+ k −
n−h∑

j=1

ij .

�V KLQRQSOVL RO X Of WPOLQWV ∑n−h
j=1 ij ≤ n− h− 1

PIVNWVLPTI NQqMISSKS ^ VWKS O_WVS ] WKP h < n

w(sin . . . sin+1−h
) ≥ −h+ k − (n− 1 − h) > −(n− k) .�

� ����� �� %������� 	 � �WQL
si1 . . . sin

KV XWL MI RWVYKIKP
n

IL MI ] WQMS w(si1 . . . sin) =∑n
j=1 ij −n = −(k+1)

NWVLPQJKOVL OK NW I� NQIVL
[xk]Qn(x)

MI
Qn

[ wV LIR X WL S jTNPQL MI X OVQZPI
KVQUKI SWKS RO aWPX I

si1 . . . sin = l0 . . . lk
W� RIS X WLS

l0, . . . , lk
SWVL MIS X WLS MI �KdOSQI� QN�

IV
s0, s1, s2, . . .

`_WQP RO PIX OPUKI NQqMISSWKS ] WKP KV IeIX]RIb [ �V IhIL ^ SWQL
a ≥ 1

RI ] RKS
] ILQL QVMQNI LIR UKI

w(si1 . . . sia) = −1
[ HI X WL

l0 = si1 . . . sia

SOLQSaOQL ORWPS RIS NWVMQLQWVS MK
RIXX I t O_IN

k = 0
[ � jISL MWVN KV XWL MI �KdOSQI� QN� [ l I ]RKS ^ N jISL RI SIKR SWKSqX WL QVQLQOR

MI
si1 . . . sin

UKQ SWQL MI �KdOSQI� QN� NOP KV SWKSqX WL QVQLQOR MI RO aWPX I
si1 . . . sib

O_IN
b < a

ISL
MI ] WQMS w(si1 . . . sib) ≥ 0

[ l jOKLPI ]OPL ^ KV LIR X WL O_IN
b > a

VI ] IKL �LPI v RO aWQS MI ] WQMS
−1

IL _TPQ�IP RIS NWVMQLQWVS MK RIXX I t[
�Q
k = 0

^ RI RIXX I t QX]RQUKI UKI
a = n

[ \WKP
k > 0

^ WV O
a < n

IL RI NWX]RTX IVL
sia+1

. . . sinISL KV X WL MI ] WQMS −k _TPQ�OVL MI VWK_IOK RIS NWVMQLQWVS MK RIXX I t[ \OP PTNKPPIVNI SKP
k
^ WV

O ORWPS
sia+1

. . . sin = l1 . . . lk
O_IN

l1, . . . , lk
MIS X WLS MI �KdOSQI� QN� [ �INQ X WVLPI UKI R jIVSIXJRI

MIS X WLS aWPX OVL RI NW I� NQIVL
[xk]Qn(x)

ISL R jIVSIXJRI MIS X WLS MI RWVYKIKP
n

IV
s0, s1, . . .WJLIVKS IV NWVNOLTVOVL

(k+1)
XWLS MI �KdOSQI� QN� [ �V O MWVN R jTYORQLT

[xk]Qn(x) = [tn]q(t)k+1 [
�
� ��&���� � HO aONLWPQSOLQWV

si1 . . . sin = l0 . . . lk
M jKV X WL MI ] WQMS −(k + 1)

SOLQSaOQSOVL
RIS NWVMQLQWVS MK RIXX I t IV

(k + 1)
XWLS MI �KdOSQI� QN� ISL JQIV _QSQJ RI SKP RO PI]PTSIVLOq

LQWV YPO]iQUKI QVLPWMKQLI NQqMISSKS [ � QVSQ ^ ] WKP RI X WL
s0s3s0s0s1s0

NWVLPQJKOVL OK NWI� NQIVL
x5−(0+3+0+0+1+0) = x

MI
Q6(x)

^ WV WJLQIVL
l0 = s0

IL
l1 = s3s0s0s1s0

[
� ����� �� %������� � � �WQL

si1si2si3 . . . sin

KV XWL MI �KdOSQI� QN� [ �Q
n = 1

^ ORWPS RI X WL ISL
TYOR v

s0
[ �Q

n ≥ 2
^ ORWPS

i1 ≥ 1
IL
si2si3 . . . sin

ISL KV X WVmX I MI
[xi1−1]Qn−1(x)

[ 
R SI aONLWPQSI
MWVN IV

i1
aONLIKPS MI �KdOSQI� QN� [

�INQ SKYYZPI MI NWVSQMTPIP RO JQf INLQWV SKQ_OVLI IVLPI RIS X WLS MI �KdOSQI� QN� IL RIS OPJPIS
]ROVS IVPONQVTS g �K XWL MI �KdOSQI� QN�

si1si2si3 . . . sin

WV aOQL NWPPIS] WVMPI R jOPJPI ]ROV MI

t{



n
SWXX ILS XKVQ M jKVI PONQVI MI MIYPT

i1
[ HIS

i1
� RS MI RO PONQVI NWPPIS] WVMIVL PTNKPSQ_IX IVL

OKe
i1

aONLIKPS MI �KdOSQI� QN� MK X WL
si2si3 . . . sin

[ �ILLI JQf INLQWV SI LPOMKQL ]OP R jQMIVLQLT
q(t) = ts(q(t)) ] WKP RIS STPQIS YTVTPOLPQNIS [

�

HI X WL
s0s0s1s2s0s0s3s0

^ PIVMK NkNRQUKI [
� ����� �� %������� � � HI NWI� NQIVL

[xn−k−1]s(x)n
NWX]LI LWKS RIS X WLS

si1si2 . . . sin

MI
RWVYKIKP

n
UKQ SWVL MI ] WQMS w(si1si2 . . . sin) =

∑n
j=1 ij −n = (n− k− 1)−n = −(k+ 1)

[ � QVSQ
RI X WL

s0s0s1s2s0s0s3s0
O]]OPOQSSOVL MOVS

[x6]s(x)8
ISL MI RWVYKIKP

8
IL MI ] WQMS −2

IL QRRKSLPI
RI NOS ]OPLQNKRQIP n = 8

IL
k = 1

[ � SSWNQWVS v KV LIR X WL RO SKQLI
n−] TPQWMQUKI `JQqQV�VQIb MI

RILLPIS
. . . si−2

si−1
si0si1si2 . . . sinsin+1

sin+2
. . .

O_IN
sin+h

= sih
]WKP LWKL

h ∈ Z
[ � IYOPMWVS RO

PI]PTSIVLOLQWV YPO]iQUKI ^ N jISLqvqMQPI RO SKQLI QV�VQI MI ] WQVLS

. . . , (−2,−w(si−1
si0)), (−1,−w(si0)), (0, 0), (1, w(si1)), (2, w(si1si2)), . . . ,

(n,w(si1si2 . . . sin)) = (n,−(k + 1)), (n+ 1, w(si1si2 . . . sin+1
)) = (n+ 1,−(k + 1) +w(si1)),

(n+ 2, w(si1si2 . . . sin+2
)) = (n + 2,−(k + 1) + w(si1si2)), . . .

HO SKQLI MIS ]PWMKQLS SNOROQPIS MI NIS ] WQVLS O_IN RI _INLIKP
(k+1, n)

ISL ] TPQWMQUKI IL RO RWVYKIKP
MI RO ] TPQWMI ISL KV MQ_QSIKP MI

n
[ �K]] WSWVS UKI RO _ORIKP X QVQX ORI MI NIS ]PWMKQLS SNOROQPIS ISL

]PQSI SKP RI ] WQVL (h,w(si1si2 . . . sih))
O_IN

h ∈ {1, 2, . . . , n} [ \OP OQRRIKPS ^
h

ISL KVQUKI `X WMKRW
n
b SQ

k = 0
[ l I LWKLI aO~WV ^ RI X WL

sih+1
sih+2

. . . sinsi1si2 . . . sih

O]]OPO�L MOVS
[xk]Qn(x)

[ �V
O]] IRRI NI X WL KV 1"3113,� .% .,) ; ;/+-$ . MI

si1si2 . . . sin

[ l jO]PZS RO MTX WVSLPOLQWV MK LiTWPZX I
t^ NI PTOPPOVYIX IVL NkNRQUKI O KVI aONLWPQSOLQWV NOVWVQUKI IV

k+ 1
XWLS MI �KdOSQI� QN� [ \OPX Q

RIS
n

PTOPPOVYIX IVLS NkNRQUKIS ] WSSQJ RIS MI
si1si2 . . . sin

QR k IV O MWVN IeONLIX IVL
(k + 1)

UKQ
O]]OPOQSSIVL MOVS

[xk]Qn(x)
g RIS

(k+1)
PTOPPOVYIX IVLS NkNRQUKIS MIS aONLIKPS MI �KdOSQI� QN� MI

sih+1
sih+2

. . . sinsi1si2 . . . sih

[ �V IhIL ^ SQ R jWV NiWQSQL KV PTOPPOVYIX IVL NkNRQUKI MWVL RO ]PIX QZPI
RILLPI V jISL ]OS RO ]PIX QZPI RILLPI M jKV aONLIKP MI �KdOSQI� QN� ^ ORWPS R jQVTYORQLT VTNISSOQPI ] WKP
R jO]]OPLIVOVNI v

[xk]Qn(x)
V jISL ]OS SOLQSaOQLI ] WKP RI X WL UKQ _O f KSUK jv RO MIPVQZPI RILLPI MK

aONLIKP ]PTNTMIVL [
� QVSQ ^ ] WKP VWLPI IeIX]RI s0s0s1s2s0s0s3s0 PI]PTSIVLT ]OP RO �YKPI NQqMISSKS ^ RIS aONLIKPS MI

�KdOSQI� QN� MK X WL NkNRQUKI JQqQV�VQ SWVL MTRQX QLTS ]OP RIS QVLIPSINLQWVS MK YPO]iI PI]PTSIVLOVL
NI X WL O_IN RO MPWQLI

4y = −6−x ^ PI]PTSIVLTI IV ] WQVLQRRT [ �IS MIKe aONLIKPS MI �KdOSQI� QN� SWVL
MWVN

s1s2s0s0
IL
s3s0s0s0

[ \OPX Q RIS iKQL PTOPPOVYIX IVL NQPNKROQPI MK X WL
s0s0s1s2s0s0s3s0

^ QR
V jk O MWVN UKI

s1s2s0s0s3s0s0s0
IL
s3s0s0s0s1s2s0s0

UKQ O]]OPOQSSIVL MOVS
[x1]Q8(x)

[

t�



lOVS RI NOS YTVTPOR ^ WV WJLQIVL OQVSQ KVI JQf INLQWV

{1, . . . , k + 1} ×






XWLS IV
s0, s1, . . .

MI
RWVYKIKP

n
IL MI

] WQMS −(k + 1)





→ {1, . . . , n} ×






]PWMKQLS MI
(k + 1)

XWLS
MI �KdOSQI� QN� MI RWVYKIKP
LWLORI

n
IV
s0, s1, . . .






(k′,mot) 7→ (n′, luk),

W�
luk

ISL RI PTOPPOVYIX IVL NkNRQUKI MI
mot

UKQ O]]OPLQIVL v
[xk]Qn(x)

IL UKQ aOQL O]]OPO�LPI RO
]PIX QZPI RILLPI MI

mot
MOVS RI

k′
qQZX I aONLIKP MI �KdOSQI� QN� MI

luk
`
n′

NWPPIS] WVM v RO VWK_IRRI
]RONI MI RO ]PIX QZPI RILLPI MI

mot
b [ �ILLI JQf INLQWV QX]RQUKI R jTYORQLT

(k + 1) [xn−k−1]s(x)n = n [tn]q(t)k+1. �

� ��&���� � lOVS RI NWVLIeLI M jKVI _OPQOJRI
t
VI NWXXKLOVL ]OS O_IN RIS _OPQOJRIS

si
^ QR

aOKMPOQL QVLPWMKQPI RO _OPQOJRI
t
MI_OVL NiOUKI RILLPI ^ Q [I [

q(t) = ts0 + ts1ts0 + ts2(ts0)
2 + (ts1)

2ts0 +

ts3(ts0)
3 + ts2ts1(ts0)

2 + ts2ts0ts1ts0 + ts1ts2(ts0)
2 + (ts1)

3ts0 + · · ·

HO MIPVQZPI RILLPI M jKV X WL MI �KdOSQI� QN�
si1si2si3 . . . sin

ISL LWKf WKPS RO RILLPI
s0

`Q [I [
in = 0

b [
�WXXI

w(s1) = 0
^ RI X WL IV RIS RILLPIS

s0, s2, s3, . . .
WJLIVK ]OP SK]]PISSQWV MI LWKLIS RIS RILLPIS

s1
MOVS KV X WL MI �KdOSQI� QN� ISL IVNWPI KV X WL MI �KdOSQI� QN� [ �]] IRWVSqRI X WL 1"*$+) MI

�KdOSQI� QN� IL VWLWVS
qs1=0(t)

RO STPQI YTVTPOLPQNI MIS X WLS PTMKQLS MI �KdOSQI� QN� [ }WKS O_WVS
ORWPS RI PTSKRLOL SKQ_OVL ^ KLQRI OK NiO]QLPI o [
� ����$'%'�# � � 
, 3 / :"� 3/+)" .,)1. #"1+.# � ","13)1+;.#

q(t) = qs1=0((1 − ts1)
−1 t)

9
� ����� � wV XWL MI �KdOSQI� QN�

l = si1si2si3 . . . sin

UKQ VI NWVLQIVL ]OS RO RILLPI
s1

^ ISL RI X WL
PTMKQL MI �KdOSQI� QN� ] WKP LWKS RIS X WLS MI �KdOSQI� QN� MI RO aWPX I

sk1

1 si1s
k2

1 si2s
k3

1 si3 . . . s
kn

1 sinO_IN
k1, k2, k3, . . . , kn ∈ {0, 1, 2, . . . } [HI X WL PTMKQL

l
QVLIP_QIVL O_IN KVI NWVLPQJKLQWV MI

tsi1tsi2tsi3 . . . tsin

MOVS RO STPQI YTVTPOLPQNI
qs1=0(t)

MIS X WLS PTMKQLS [ H jIVSIXJRI MI LWKS RIS X WLS MI �KdOSQI� QN� MWVL
l
ISL RI X WL PTMKQL

NWVLPQJKI MWVN O_IN
(1− ts1)

−1tsi1(1− ts1)
−1tsi2 . . . (1− ts1)

−1tsin

v RO STPQI YTVTPOLPQNI
q(t)

MI
LWKS RIS X WLS MI �KdOSQI� QN� [

�

��� � �������	
 � ��
��� 
�
����� ��������� � ��
��� � ��
� �
����
�� �� �	�� ��
�������� ���

wV 31=1. =+,3+1. 1"�$/+.1 ISL KV OPJPI ]ROV IVPONQVT `X WMKRW RO PIROLQWV M jTUKQ_ORIVNI T_QMIVLIb
MWVL LWKS RIS SWXX ILS WVL �TPW WK MIKe IVaOVLS [ }WLWVS Bn

R jIVSIXJRI MIS OPJPIS JQVOQPIS
PTYKRQIPS O_IN

n + 1
aIKQRRIS `IL

2n + 1
SWXX ILS ^

2n
OP�LISb IL Tn

R jIVSIXJRI MIS OPJPIS ]ROVS
IVPONQVTS OkOVL

n+ 1
SWXX ILS `IL

n
OP�LISb [ HIS MIKe IVSIXJRIS Bn, Tn

WVL X �X I NOPMQVORQLT ^
MWVVTI ]OP RI n−QZX I VWXJPI MI �OLOROV (2n

n

)
/(n+1)

`Na [ IY [ R j�eIPNQNI � [tz M ^I MOVS ntopb [ wVI
JQf INLQWV IVLPI NIS MIKe IVSIXJRIS �VQS ] IKL �LPI MTNPQLI NWXX I SKQL g wV OPJPI JQVOQPI PTYKRQIP
B ∈ Bn

]WSSZMI IeONLIX IVL
n

OP�LIS YOKNiIS `WPQIVLTIS }� b IL
n

OP�LIS MPWQLIS `WPQIVLTIS }� b [
�V NWVLPONLOVL LWKLIS RIS OP�LIS YOKNiIS `PIS] INLQ_IX IVL MPWQLISb MI

B
WV WJLQIVL KV OPJPI

t�



]ROVOQPI IVPONQVT
CL(B)

`PIS] INLQ_IX IVL
CR(B)

b MOVS Tn
IL WV _TPQ�I aONQRIX IVL UKI RIS MIKe

O]]RQNOLQWVS CL, CR : Bn −→ Tn
SWVL JQf INLQ_IS [

C     (B) B C     (B)L R

HIS MIKe OPJPIS
CL(B), CR(B)

OSSWNQTS v KV OPJPI JQVOQPI
B
[

l TSQYVWVS ]OP X R jOPJPI �X QPWQP� WJLIVK IV PT�INiQSSOVL KV OPJPI
X ∈ Bn

WK
X ∈ Tn

]OP
PO]] WPL v KVI MPWQLI _IPLQNORI [ �V XWVLPI aONQRIX IVL R jQMIVLQLT

CR(B) = CL(B)
[ �V NWVfKYOVL

R jQV_WRKLQWV
T 7−→ T

SKP Tn
]OP RIS JQf INLQWVS

CR, CL
^ WV WJLQIVL OQVSQ MIKe QV_WRKLQWVS

ιR(B) =

C−1
R (CR(B)) = C−1

L (CR(B))
IL
ιL(B) = C−1

L (CL(B)) = C−1
R (CL(B))

SKP Bn
[ wVI NWVSLPKNLQWV

OVORYWKI ^ v SO_WQP
ι̃R = CR(C−1

R (T ))
IL
ι̃L = CL(C−1

L (T ))
MT�VQL MIKe QV_WRKLQWVS

ι̃R, ι̃L
SKP

Tn
[ 
R SIPOQL QVLTPISSOVL MI NWX]PIVMPI RIS WPJQLIS MOVS Bn

`PIS] INLQ_IX IVL Tn
b SWKS R jONLQWV MK

YPWK] I MQTMPOR MI YTVTPOLIKPS
ιR, ιL

`PIS] INLQ_IX IVL
ι̃R, ι̃L

b [ �V ]OPLQNKRQIP ^ RIS ] WQVLS �eIS MI
ιR`WK RIS ] WQVLS �eIS MI

ιL
b SWVL IV JQf INLQWV O_IN RIS OPJPIS �SkX TLPQUKIS� MI Tn

UKQ SOLQSaWVL
T = T`OK VWXJPI MI ( n

bn/2c

)b LOVMQS UKI RIS ] WQVLS �eIS MI
ι̃R

`WK RIS ] WQVLS �eIS MI
ι̃L

b NWPPIS] WVMIVL
JQf INLQ_IX IVL OKe OPJPIS SkX TLPQUKIS JQVOQPIS MI Bn

[ HI VWXJPI M jOPJPIS SkX TLPQUKIS JQVOQPIS
PTYKRQIPS ISL MWVVT ]OP RI VWXJPI MI �OLOROV (2m

m

)
/(m+1) ]WKP n = 2m+1

QX]OQP [ \WKP n > 0]OQP MI LIRS OPJPIS V jIeQSLIVL ]OS [
\WKP LIPX QVIP NILLI MQYPISSQWV ^ X IVLQWVVWVS IVNWPI RI aOQL `MTf v PIVNWVLPT MOVS RO ]PIK_I MK

LiTWPZX I {b UKI RO SKQLI
i1, . . . , in+1

MIS _ORIVNIS MIS
n+1

SWXX ILS PIVNWVLPTS ] WKP RO ]PIX QZPI
aWQS RWPSUK jWV NWVLWKPVI KV OPJPI

T ∈ Tn
IV ]OPLOVL MI SO PONQVI MT�VQL JQf INLQ_IX IVL KV X WL

MI �KdOSQI� QN�
si1 . . . sin+1

MI RWVYKIKP
n+ 1

[

� � �A�B� G@�@A
 D� � �@�� �
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