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ut + f(u)x = 0 , t > 0, x ∈ R,

u(0, .) = u0,
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u = u(t, x) ∈ L∞([0, +∞[×R)
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E(u)t + F (u)x ≤ 0
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F (u) =

∫ u

0

f ′(v) E ′(v) dv.
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∫ +∞

0

∫

R

(

E(u) ϕt + F (u) ϕx

)

dt dx +

∫

R

E(u0(x)) ϕ(0, x) dx ≥ 0
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u = u(t, x)
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u0 ∈ L∞(R) k >ml?;�@8;�;onpNqG�>mGiX:KM=?NArTKc;*;�=?>V@8BDCFE�GHBJILKs>ANOBJ= u
>tB

(1)
Nu=

L∞([0, +∞[×R) ∩ C([0, +∞[, L1
loc(R)) v
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R k >ul?;�Ks=?NArTK?;i;�=?>A@DBDCFE%GHBJILKM>VNOBJ= u
>tB

(1)
NqG�X�W�IYXJGDG�NOWZX[IFGHBJILKs>ANOBJ= v
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� ;�IqBJ=M�JG >tB U N � Nu>FNqG�=�BJ=F~M;DW�@8;ZXJG�Nu=M� k @6NY�JlM>��ZWDBJ=?>ANu=?KcBJK�G kX[=F~�lPXJG�ILNu�%Nu>uG
0
X[=F~

1
X[> −∞ X[=F~

+∞ @D;DGtC?;DW�>ANuj[;�ILE v
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�������m`�� e?f���z Nuj[;�=*X[=%Nu=?Nu>VNAX[IM~�X[>AKs�

u0 ∈ U k >ul?;�;�=?>V@8BDCFE�GHBJILKM>ANOBJ= u
�[Nuj[;�= � E�� l?;DBJ@8;��

� v � NqG	G�K?WDl�>mlPX[> u(t, .) � ;�IqBJ=M�JG >tB U � BJ@�X[IuI
t ≥ 0 v
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t ≥ 0
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L∞(R)
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u(t, .)
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8C�c�()A7 �*.�)�+]8/738C¡ 8C+#�
.��u�*£-8n2F8/� U <- �£D03�`£�.1+��B£-8n.��*£D8C'�£()�+D�!092��`£()�'*)A�/�*8/'B0y7C8C��¤#:
� bJ`�� `
�������m`�� e?f� � l?;�~[NqG�>V@6N � KM>VNOBJ=FX[I�~M;�@6NujJX[>VNuj[; vx

B � X[=?E
v ∈ U NqG�X"! BJ@8;�I�CF@8B � X � NuILNu>AE� ;ZXJG�KM@D;/BJ=

R k X[=F~ � BJ@�X[=?E x ∈ R k
v(x) = vx(] −∞, x]).

# BJ=?j[;�@8GH;�ILE k N � µ
NqG�X�CF@8B � X � NuILNu>AE*� ;ZXJG�KM@8;%BJ=

R k >ml?;�= v
~M;�$ =�;Z~BJ=

R
XJG

v(x) = µ(] −∞, x])

� ;�IqBJ=M�JG >tB U k X[=F~ vx = µ v
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v 7→ vx
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p ≥ 1
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p
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Wp(µ, µ̃) = inf
π

(

∫

R2

|x − y|p dπ(x, y)
)1/p

 �£-8/'B8
π
'B�-+-2	.Z��8C'	�*£-8¯2F8/��.���N-'F.1¤()�¤-09730y�k:!¡ 8G)A2B�-'F8C2	.1+

R
2  �0y�*£�¡%)�'BK�03+()�792 µ

)�+D�
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]/^�_a`cbJ_Md e?f�({z Nuj[;�= X IqBHWZX[IuILE*)�NwC?GHWDlMNu>,+ @8;ZX[I-�tjJX[ILKc;Z~ � KM=�W�>ANOBJ=

f
BJ=

R
X[=F~*>/.�B�Nu=?Nu>VNAX[I'~�X[> X

u0 X[=F~ ũ0 Nu= U k Iq;�> u X[=F~
ũ � ;�>ul?;�XJGDGHBHW�NAX[>�;Z~%;�=?>V@8BDCFE GHBJILKs>ANOBJ=PG�>tB�¨ 2  v � l?;�= k � BJ@�X[=?E t ≥ 0X[=F~

p ≥ 1 k .�; lPX[j[;102. Nu>ml%C?BHGDG�N � ILE�Nu=�$ =?Nu>t; jJX[ILK?;DG43

Wp(ux(t, .), ũx(t, .)) ≤ Wp(u
0
x, ũ

0
x).
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p = 1

�*£-8n�-092F�*)�+-�C8
W1

2*)r�*032{®(8C2

W1(vx, ṽx) = ‖v − ṽ‖L1(R)

�§.1'�)�797
v, ṽ ∈ U ±���8C+D�C8�¶�£-8C.1'F8C¡ 2 ±��¯'B8C)��-2�03+��*£D8��C)�2B8

p = 1
S

‖u(t, .) − ũ(t, .)‖L1(R) ≤ ‖u0 − ũ0‖L1(R).
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ũ
>�BÝ¨ 2 �X[@D; W�IYXJGDG�NOWZX[I�GHBJILKM>VNOBJ=PG kNu=�W�@8;ZXJG�Nu=M�/Nu=

x
� BJ@ X[IuI

t ≥ 0 v � l?;�= � BJ@�X[=?E t ≥ 0
X[=F~

p ≥ 1
.�;4lPX[j[; 02. Nu>ul C?BHGDG�N � ILE�Nu=�$ =?Nu>t;jJX[ILK?;DG43
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(

∫ 1

0

|v−1(w) − ṽ−1(w)|p dw
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<#¤-�?�@0y���G)A+%¤I8�+-.��B8C�
�*£-)A���*£-092�N-'B.�NO8/'F�k:]032�)A�/�*�-)�737y:�09+-�-�-�/8C��¤c:�)�+#:].��z¤I.��B£�£#:�NI.��*£-8/2B8/2

i)
)�+D�

ii)
±

&(.1'�¡%8C)�2B�D'B8C2�09+ P  @8�£()G�18n�*£-8	 @8G) ¦ 8C'�'B8C2F�-79�TS
� bJ`�� `
�������m`�� x f�� )�;�>

p ≥ 1 k (µn)
X[=F~

(νn)
>�.�B,GH;ZrTK?;�=�WD;DG*Nu= P WDBJ=?j[;�@V�[Nu=M� .�;ZX�JILE >�B

µX[=F~
ν
Nu= P @8;DGtC?;DW�>ANuj[;�ILE v � l?;�= 02. Nu>ml%C?BHGDG�N � ILE�Nu=�$ =?Nu>t; jJX[ILKc;DG43

Wp(µ, ν) ≤ lim inf
n→+∞

Wp(µn, νn).

� � 01 - ��3'1 (�� -�5 ��3�3'.T- ��5�3'(�5T+:$�.�(/",3���� 01�(�&�1��  ���� ��",) -�( &�(�5��
5 �	&��

 �!#" $&%('�'*)+'*)+,.-0/1'2%3/54 "6!87
¼�8��C.1+-2F03�-8/'��k @.��C73)�2B2F03�G)A7u2F.173�?�*03.�+-2

u
)�+D�

ũ
�*.�¨ 2 �2B�-�`£��B£()A�

u(t, .)
)�+-�

ũ(t, .)
¤O8/73.1+-K

�*. U )�+D��)�'F8	03+-�/'B8C)�2B09+-K¯�§.1'�)�737 t ≥ 0
<�)�+-�� 68�2B£-)�737ºND'B.Z�18n�*£()r�

Wp(ux(t, .), ũx(t, .)) = Wp(u
0
x, ũ

0
x)

)�2�)¯�C.1+D2B8C�c�-8/+-�C8T.�� &�'F.1NO.�2B09�B03.1+�¸?± ¸�±



� ��� � � � �P� ��� ��� � � �s��� � � � ����� ������� ������� ��������� ���
	 � � 
 �����	����� � ��� �

¶�£-8�¡%)�N
u0 032�03+-�/'B8G)A2B03+DK �§'F.1¡ 0

�B.
1
<�2B.�£()�2�)�¨§�B'B�-8G�09+c��8C'F2B8

X(0, .)
�-8/®(+D8C��.1+

]0, 1[¤#:
u0(X(0, w)) = w.

¶�£-8/+º<�K109��8C+
w ∈ ]0, 1[

<- @8n�C.1+D2B03�D8C'�)¯�`£()�'*)A�/�*8/'B092F�*09�	�C�-'{�18
t 7→ X(t, w)

2F.173�D�B03.1+�.A�
¨ �1

Xt(t, w) = f ′
(

u(t, X(t, w))
)

�§.1'
t ≥ 0

<�)�+-�%�*) ¦ 03+-K	�A)�79�-8 X(0, w)
)r�

t = 0
± �?03+D�C8

f
092 C1 )A+-� u

032~¤O.��-+-�-8/�%�*£D8C'B8�8��?032{�*2@)
¨x+D.1+]+-8C�/8C2B2B)�'B0979:��D+-03�c�-8G62B.179�D�*09.1+

X(., w)
�*.!¨��#@¤#: &i8C)�+-. ¶�£-8C.�'B8C¡ ¨x2B8/8�© Ur¬M�§.�'503+-2{�`)�+D�C8Z '¡ .1'B8/.���8C'�¤#:])��C7�)A2B2B09�G)�7 �C.1¡ N-�D�*)A�*09.1+��§'B.�¡ ¨ 2 60y��032 ¦ +-.Z �+��*. 2*)A�B032F�ß:

¨ ��
u(t, X(t, w)) = w

�§.1'�)�797
t ≥ 0

<D�§'B.�¡  �£-09�`£!0y���§.17379.� �2@�*£()A�

Xt(t, w)
(

= f ′(u(t, X(t, w)))
)

= f ′(w)

)�+-��£-8/+-�C8
¨ � 

X(t, w) = X(0, w) + tf ′(w).

²k+�N()�'{�*09�C�-73)�'��B£-8C'F8	8��?032{�*2�)��D+-03�c�-8	2F.173�D�B03.1+
X(., w)

�B.�¨ �#`±~»�.Z  K109��8C+
t ≥ 0

<
X(t, .)

032��*£-8
¨§�B'B�-8G503+#�18/'B2B8�.��u�*£-8n09+-�C'F8G)�2F03+-K��§�-+D�/�*09.1+

u(t, .)
¨x¤#:�¨ ��B�<-)�+-� &~'F.1NI.12B0y�*03.�+�¸?± ¸� �'F09�*8/2

Wp(ux(t, .), ũx(t, .)) =
(

∫ 1

0

|X(t, w) − X̃(t, w)|p dw
)1/p

.

46�D���§'F.1¡ ¨ � @ 68�.1¤D�*)�03+
¨��1

X(t, w) − X̃(t, w) = X(0, w) − X̃(0, w).

¶�£-092"'B8/2B�-7y�"8/+-2B�D'B8C2	09+�N()A'F�*09�C�-73)�'5�*£-)A�
Wp(ux(t, .), ũx(t, .))

'B8/¡�)�09+-2��C.1+-2{�`)�+#�"03+!�B03¡ 8�<�¡%)Z:
09�B2¯03+-0y�*03)�7@�A)�79�-8�¤O8�®(+D09�*8].1'¯+D.�� ' +-.A�*8�£-.Z 68��18C' �*£()r�!¨��#�032�)A�/�*�-)�737y:½¡��-�`£ 2F�B'B.1+-K�8C'¯�*£()r�¶�£-8/.1'B8/¡ 2 ± ��±

 �!�� $&%('�'*)+'*)�� '2%3'��	��
2%� "*! "6"
¼�8�)�2F2B�-¡ 8��*£()A�

f
032�) C2 �C.1+#��8�� �§�-+-���*03.�+%.1+

R
<�)�+-�

u0 032�) C1 03+-�/'B8C)�2B09+-Kn03+-0y�*0�)A7?N-'F.�®(79803+ Up

±
&z03'F2F��.��5)�737z @8�+D.��*8��*£()r���B£-8%)�2B2F.?�/0�)A�B8C�·8C+#�*'F.1N#:�2F.173�?�*03.�+-2

u
032�)]�C7�)A2B2B09�G)�7�2F.173�?�*03.�+·09+

��038� Æ.���¶�£-8/.1'B8/¡ 2 ±¹¸sS��B£-032"'B8C2F�-79��032	N-'F.���8C�·03+ ©RQr¬��§.�'�03+-2{�`)�+D�C8�<�)A+-��09�B2�N-'B.�.��@)�792B.�8C+D2B�-'F8C2
�*£-)A�

u(t, .)
032�09+-�C'F8G)�2F03+-K¯�§.1'�)A737

t ≥ 0
±
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 � � ����� ����� � �������{��� ��� � ����� �s����� � ������� � � � �

¶�£-8C+� @8��`£-8/� ¦ �*£()r���*£-8T¡%.�¡%8/+c�"N-'B.�NO8/'F�k:!032"ND'B8C2F8C'{�18C�·¤#:��B£-8��C.�+-2B8/'F�A)A�*09.1+�73)Z n<I�*£()r�032/<1�*£()r�
u(t, .)

)�732F.	¤O8/73.1+DK12��*. Up
�§.1'�)A+c:

t ≥ 0
±z²k+-�-8C8/�º<�K109��8C+

t ≥ 0
<1 68�£()G�18�¤#:��*£D8��`£-)�+-K18

.��u�A)�'B03)�¤-738
w = [u(t, .)](x)

S
∫

R

|x|p ux(t, x) dx =

∫ 1

0

|X(t, w)|p dw

=

∫ 1

0

|X(0, w) + tf ′(w)|p dw

≤ 2p−1

[
∫ 1

0

|X(0, w)|p dw + tp‖f ′‖p
L∞(]0,1[)

]

 �£-09�`£!0925®(+-09�B8	2B09+-�C8
∫ 1

0

|X(0, w)|p dw =

∫

R

|x|p u0
x(x) dx

0325®-+-09�B8	¤c:�)A2B2B�D¡%ND�B03.1+ ±�¶�£-032�8/+-�-2��*£-8nN-'F.?.��u.�� % .1'B.�737�)A'F: 2 ± 2�2 ±
�

� � . � 1 ). 3�-�&�1 $�.�� �	$�. (�" (�� $�01 -�(/",3'1 &	� �	$�. (�" 5 ��


²k+��*£-8	N-'F8/��03.��-2�2B8/�/�*09.1+� 68n£()G��8�2F8C8/+��B£()A�5�B£-8	�C73)�2B2F03�G)A7 2B.�73�D�B03.1+-25)�'B8	.1¤?�`)�09+-8C���B£-'B.1�DK1£
�*£D8"¡ 8/�*£D.?��.A�M�`£()�'B)��/�B8C'B092F�B03�C2/<?�B£()A�6 @8�+-.Z Ý2F�-¡%¡%)�'F0q7C8�03+%.1�-'@�G)�2F8[S�K10y�18C+�)�+�03+D09�*03)�7-N-'F.�®(798
u0 09+ U 2B�-�`£��*£()A���B£-8n�C.1'F'B8C2FNO.�+-�-03+DK%2F.173�D�B03.1+ u

032 C1 )�+-��03+D�C'B8C)�2B09+-K�03+ x
�§.�'�)A737

t ≥ 0
<(738��

X(0, .)
¤O8	0y�*2�09+c��8C'F2B8�<I�-8�®(+-8C��¤#:

u0(X(0, w)) = w

�§.1'�)�797
w ∈ ]0, 1[

±�LM8/���*£-8/+
X(0, w)

8��1.17y�18�03+#�*.
¨ 2� 

X(t, w) = X(0, w) + tf ′(w)

�§.1'u)�797
t ≥ 0

)�+-�
w ∈ ]0, 1[

¨x2B8/8	¨ � F=±z¶�£-8�2B.�73�D�B03.1+
u(t, .)

032M�*£D8C+T�B£-8�03+#�18/'B2B8@.��D�B£-8�03+-�/'B8G)A2B03+DK
¡%)�N

X(t, .)
<D�*£()r��032C<D032��*£-8n�-+D03�c�-8	2B.�73�D�B03.1+�.��

X(t, u(t, x)) = x.

²k+ �*£-8!K18C+D8C'*)A7��C)�2B8A<��D8/®(+-09+-K
X(0, .)

03+ 2F.1¡ 8!2F03¡ 037�)A'� 5)G:1<��B£-8C'F8�032 +-.½£-.�NO8��§.1' �B£-8
�§�-+-���*09.1+

X(t, .)
�-8/®(+D8C��¤c:�¨ 2�� ��B.¯¤O8	09+-�C'F8G)�2F03+-K��§.�'

t > 0 ' 09+c��8C'{�*03+DK¯09�5 @.1�-79���*£c�-2�738C)����*.)�¡��-7y�*0y��)A73�-8/���§�-+D�/�*09.1+º< )�+-��+-.�¡ .1'B8��*.��B£-8�8/+c�B'B.1N#:�2F.173�?�*03.�+�.����B£-8��C.�+-2B8/'F�A)A�*09.1+�7�)G n< )�2
03+��B£-8nN()�'F�B03�/�-7�)�'@�G)�2F8T�D032B�/�-2B2F8C��)�¤O.Z��8�±

��.Z @8/�18/'C<�)G�18C'B)�K109+-K ¨§.1'��/�C.1797�)�ND2B03+DK��G��B£-032 ¡��-7y�*09�A)�79�-8C� �§�-+D�/�*09.1+ 03+#�*.�)·2F03+-K1798�¢Ï��)A73�-8/�
�§�-+-���*09.1+º<C>¯±G46'B8/+-038/'M2B£-.Z @8C��09+�© 2 ¬#£-.Z ��B.�¤-�-0973�n)�+n)�NDN-'B.G�?03¡%)A�*8z2B.179�D�*09.1+"�*.��B£-8��C.1+D2B8C'{�A)A�*09.1+
7�)G n±
¼�8n+-.Z  N-'B8/�C032F8C7y:��-8C2F�C'F03¤I8n�B£-032�2F.A¢k�C)�73798C�]¶u'*)�+-2FNO.�'F�F¢ % .17373)�N-2F8�¡%8��*£-.��]03+].1�-'��C)�2B8A±



� ��� ��� 
 � � ����� ����� � �������{��� ��� � ����� �s����� � ������� � � � 2��

� !#" � /������	�
� '�� 
���
Wp �

'���� % 

�
��� '����0%3'���/ %�� � '*)�� -0/�����

�
%(/��
��� /���� '��

������� '��
LM8/�

u0 ∈ U ¤I8�2B.1¡ 8¯®D�?8C�½09+-09�B0�)�7uN-'F.�®(738A<u �0y�*£�K18/+-8C'B)�730y7C8C�·03+#��8C'B2F8 X(0, .)
K10y�18C+�)�2n03+

 "8�®(+-09�B03.1+!¸?± 2 ¤#:
X(0, w) = inf{x ∈ R; u0(x) > w}�§.1'�)�797

w ∈ ]0, 1[
±

X(0, .)
�G)�+!¤O8�2B8/8C+�)�2�)%'B)�+-�-.�¡°��)A'B0�)A¤-738	.1+]�*£D8TN-'F.1¤()�¤D03730y�k:�2FN()��C8

]0, 1[8C�c�-09N-NI8C�% �0y�*£��*£-8�LM8C¤I8C2FK1�-8�¡%8C)�2B�-'F8
dw ' 09�B2�73)G  032 u0

x

<�)�2~NI.103+#�*8/�%.��D�@)A�ß�*8/'� �8/®(+-0y�*09.1+�¸�± 2 ±
¼�8n798/���*£D8C+

X(0, .)
8��1.17y�18T)��C�/.1'B�D03+-K��B. �B£-8n¡%8��*£-.��].��z�`£-)�'*)����*8/'B032{�*09�C2C<D�-8C+-.A�*03+DK

X(h, w) = X(0, w) + hf ′(w)

�§.1'�)A737
h ≥ 0

)A+-��)�73¡ .12F��8/��8C'F:
w ∈ ]0, 1[

± � K1)�03+º<�K10y�18/+
h ≥ 0

<
X(h, .)

�G)�+Ö¤I8�2B8/8C+
)�2]) '*)A+-�-.1¡ �A)�'F0�)�¤D738�.�+

]0, 1[ ' 798/���*£D8C+ Thu
0 ¤O8�0y�*2�'B8/N()�'{�*09�B03.1+ �§�-+-�/�B03.1+ <��*£-)A�]032/<��B£-8�§�-+-���*09.1+�¤I8C79.1+-K109+-K��B. U )�+-�½�D8/®(+-8/� )A��)A+c:
x ∈ R

)�2T�B£-8�LM8C¤I8C2FK1�-8�¡ 8G)A2B�-'F8�.����B£-8�2F8/�
{w ∈ ]0, 1[; X(h, w) ≤ x} ±~²���032�K10y�18/+�¤#:

Thu
0(x) =

∫ 1

0

1{X(h,w)≤x}(w) dw.

¼�8n2F�-¡%¡%)�'F0q7C8��*£-092��/.1+-2{�*'B�D�/�*09.1+]03+��*£D8n�§.�7373.Z �09+-K��-8�®(+-09�B03.1+�S
� _��������	�A`
� ��fAe )�;�>

v ∈ U . Nu>ml �M;�=�;�@oX[ILN +J;Z~ Nu=?j[;�@8GH;
X(0, .)

~M;�$ =�;Z~BJ=
]0, 1[ � E

X(0, w) = inf{x ∈ R; v(x) > w}.
� l?;�= k �[Nuj[;�= h ≥ 0 k X[=F~ Iq;�>A>VNu=M�

X(h, w) = X(0, w) + hf ′(w)

� BJ@�X[IL� BHG�> ;�j[;�@�E
w ∈ ]0, 1[ k .�;�~M;�$ =�; >ul?; U � KM=�W�>ANOBJ=

Thv
BJ=

R
� E

Thv(x) =

∫ 1

0

1{X(h,w)≤x}(w) dw.

²k+%�B£-8��G)�2F8�.�� �?8/�/�*09.1+ U�¨§2B8C8�¨ � F=<�0y���*�-'F+-2�.1�D���*£-)A�
X(h, .)

032��B£-8�¨ß�*'F�-8Z�03+#��8C'B2F8�.A�
Thu

0,)�+-�
(h, x) 7→ Thu

0(x)
032	8��D)����*7y:��*£D8¯8C+#�*'F.1N#:�2B.�73�D�B03.1+��B.]8C�c�()A�B03.1+

(1)
 �0y�*£�03+D09�*03)�7��()A�B�-¡

u0 09+ U ±�¶�£-092��D.?8/2�+D.��n£-.179��)A+c:�¡ .1'B8�09+��B£-8�K18C+D8C'*)A7��G)�2F8�<u¤-�D�n �03797�)�7973.Z  �-2��B.]¤-�-0379�·)�+)�N-ND'B.G�?03¡%)A�*8�2B.179�D�*09.1+
Shu

0 ¤c:!09�B8C'B)A�*09+-K �B£-8�.�NO8/'*)A�B.1' Th

±�LM8/�"�-2�®-'B2F��K109��8T�k @.�03¡ NO.�'F�`)A+c�
N-'F.1NO8/'F�B038C2�.A�

Th

S
� bJ`�� `
�������m`�� ��fyx )�;�>

h ≥ 0 k Th

~M;�$ =�;Z~:XJG�X � BJj[;�X[=F~ p ≥ 1 v � l?;�=
N 3

Thv
� ;�IqBJ=M�JG	>�B Up

N � GHB ~MBH;DG
v vNuN 3 g BJ@�X[=?E

v
X[=F~

ṽ
Nu= U .�;	lPX[j[;102. Nu>uliC?BHGDG�N � ILE*Nu=�$ =?Nu>�;	jJX[ILKc;DG KM=?Iq;DGDG v

X[=F~
ṽ ∈ Up

3

Wp([Thv]x, [Thṽ]x) ≤ Wp(vx, ṽx).



� ��� ��� 
 � � ����� ����� � �������{��� ��� � ����� �s����� � ������� � � � 2�2

��@DBHB � v ²���032�'B8C)�737y:�2F03¡ 0373)�'��B.  �£-)A��£()�2�¤I8C8C+!�-.1+-8n09+ �?8C���*03.�+�U�)�2��§.1' % .1'F.17373)�'F: 2 ± 2�2 ±
i) Thv

¤I8C73.�+-K125�*. U )A2�)¯'F8CN()�'{�*0y�*03.�+��§�-+-�/�B03.1+].��z)¯'*)�+D�-.1¡´�A)�'F0�)�¤-798�<D)�+-�� 68�£()G�18
∫

R

|x|p d[Thv]x(x) =

∫ 1

0

|X(h, w)|p dw

=

∫ 1

0

|X(0, w) + hf ′(w)|p dw

≤ 2p−1

∫ 1

0

|X(0, w)|p + |hf ′(w)|p dw

≤ 2p−1

[
∫

R

|x|p dvx(x) + hp‖f ′‖p
L∞(]0,1[)

]

,

 �£-09�`£!8/+-2B�-'F8C2��*£()r�
[Thv]x

£()�2�®(+-0y�*8	¡ .1¡ 8C+#��.��i.1'B�-8/'
p
09�u2B. �-.�8C2

vx

±

ii)
³�+�.�+-8%£-)�+-���B£-8 K18C+-8/'*)�790q7/8C�·03+#�18/'B2B8/2

X(0, .)
)�+-�

X̃(0, .)
.��

v
)A+-�

ṽ
'F8C2BNI8C���*0y�18C7y:

2*)r�*032{�ß:

¨ 2 2 
Wp(vx, ṽx) =

(

∫ 1

0

|X(0, w)− X̃(0, w)|p dw
)1/p

¤#: &~'F.1NI.12B0y�*03.�+�¸?±¹¸�¨ß �09�B£!®(+-0y�*8n�A)�73�-8/2"0y��¤I.��*£
v
)A+-�

ṽ
¤I8C79.1+-K �*. Up

< )A+-��NI.12B2F03¤-7y:]03+D®(+D09�*8
.��B£-8C'{ �032B8G�±@³�+��*£-8n.��B£-8C'�£()A+-�

X(h, .)
)�+-�

X̃(h, .)
£()G�18n'F8C2BNI8C���*0y�18�7�)G 

[Thv]x
)�+-�

[Thṽ]x
<

2B.

¨ 2 ¸1
Wp([Thu

0]x, [Thũ
0]x) ≤

(

∫ 1

0

|X(h, w) − X̃(h, w)|p dw
)1/p

¤#:��-8�®(+-09�B03.1+].��u�*£D8n¼�)�2F2B8C'F2F�B8C03+!�-032{�`)�+D�C8�±~4@�D�

X(h, w) − X̃(h, w) = X(0, w) − X̃(0, w)

�§.1'�)�79¡%.�2F�58��18/'F:
w ∈ ]0, 1[

¤#:��-8�®(+-0y�*03.�+º<? �£-09�`£!�/.1+-�/73�-�-8/2��*£-8�)�'FK1�-¡ 8C+#��¤#:�¨ 2�2 5)A+-��¨ 2 ¸1`±
»�.��B8�)�K1)�03+ �*£-)A��¨ 2 ¸1¯£-.179�-2%.�+-79: )A2�)�+ 03+-8/���-)�730y�k: 2B09+-�C8

X(h, .)
)�+-�

X̃(h, .)
)A'B8�+D.��

+-8/�C8C2F2*)�'F037y:�+-.1+-�D8C�C'F8G)�2F03+-KD<- �£-03�`£] 5)A2��B£-8n�G)�2F8�09+��*£-8n8��D)�¡ N-798	�-032F�C�-2F2B8C�!03+��?8/�/�*09.1+�UD±
�

¼�8T+-.Z  �-2B8��B£-8�.�NO8/'*)A�B.1'
Th

�-8�®(+-8/��)A¤O.Z�18��*.%¤-�-0379��)�+�)�N-N-'F.Z�?09¡�)A�B8n2B.179�D�*09.1+
Shu

0 �B.�*£D8��/.1+-2F8C'F�A)A�B03.1+]73)Z 
(1)

S

� _��������	�A`
� ��f�� )�;�>
h � ;	GHBJ� ; C?BHG�Nu>ANuj[; =?KM� � ;�@�X[=F~ v ∈ U v g BJ@�X[=?E t ≥ 0

~M;DWDBJ� C?BHGH;Z~ XJG
t = (N + s)h

. Nu>ul
N ∈ N

X[=F~
0 ≤ s < 1 k .�;�Iq;�>

Shv(t, .) = (1 − s) T N
h v(.) + s T N+1

h v(.)

.�l?;�@8;
T 0

hv = v
X[=F~

T N+1
h v = Th(T

N
h v) v



� ��� ��� 
 � � ����� ����� � �������{��� ��� � ����� �s����� � ������� � � � 2 ¸

¶�£-8C2F8�09�B8C'B)A�*09.1+-2�¡%) ¦ 8�2B8/+-2B8�¤I8C�C)��-2F8 Thv ∈ U 0y� v ∈ U < Shv(t, .) ∈ U ¨x'F8C2BN ± Up
��§.�'@)A+c:

h, t ≥ 0
)A+-�

v ∈ U ¨§'B8C2FNº± Up
�±

¼�8 +-.Z ÒN-'F.Z�18%�k @.��/.1+#�*'B)��/�B03.1+-2nN-'F.1NI8C'F�B038/2�.�+��*£D8C2B8%)�N-ND'B.G�?03¡%)A�*8¯2F.173�D�B03.1+D2C±�¼�8�®('B2{�
£()G�18n�*£D8

L1(R)
�/.1+#�*'B)��/�B03.1+]N-'F.1NO8/'F�k:FS

� bJ`�� `
�������m`�� ��f�� )�;�>
h � ;*GHBJ� ; $�ns;Z~ C?BHG�Nu>ANuj[; =?Ks� � ;�@ X[=F~ Sh

~M;�$ =�;Z~ XJG:X � BJj[; v � l?;�= k� BJ@�X[=?E
v ∈ U X[=F~

s, t ≥ 0
.�; lPX[j[;

‖Shv(t, .) − Shv(s, .)‖L1(R) ≤ |t − s| ‖f ′‖L∞([0,1]).

��@DBHB � v � 2�03+�© 2 ¬u @8T®-'B2F��.1¤-2F8C'{�18��B£()A� ‖ThV − V ‖L1(R) ≤ h‖f ′‖L∞(]0,1[)

�§.1'�)�+#:
V ∈ U <�*£D8C+ 738��

t = (M + µ)h
)�+D�

s = (N + ν)h
 �09�B£

M, N ∈ N
)�+D�

0 ≤ µ, ν < 1
<�)�+-�º<z�§.�'

03+D2F�`)A+-�C8�)A2B2B�D¡%09+-K!�B£()A�
M > N

<�N-'F.Z�18��*£D8�N-'B.�NO.12F09�B03.1+·¤#: )�N-ND79:�03+-K��*£-092T®('F2F�¯¤I.1�-+D�½�*.
V = Shv(kh, .) = T k

h v
�§.1'

k = N + 1, . . . , M − 1
±

�

¶�£-8C+� 68�£()G�18	�B£-8
Wp

�C.1+#�*'B)��/�B03.1+]N-'F.1NI8C'F�k:FS
� bJ`�� `
�������m`�� ��f� )�;�>

h � ;*GHBJ� ; $�ns;Z~ C?BHG�Nu>ANuj[; =?Ks� � ;�@ X[=F~ Sh

~M;�$ =�;Z~ XJG:X � BJj[; v � l?;�= k�[Nuj[;�=
v
X[=F~

ṽ
Nu= U k .�; lPX[j[; � BJ@/X[=?E t ≥ 0

�

Wp([Shv]x(t, .), [Shṽ]x(t, .)) ≤ Wp(vx, ṽx).

��@DBHB � v ²��%�§.�7373.Z �2¯�§'B.�¡ &~'F.1NI.12B0y�*03.�+ ªD± ¸ ¨�)�¤I.1�D�
Th

 )�+D� �*.·�*£-8!�C.1+#��8��?09�k: .��"�B£-8
Wp�-092F�`)A+-�C8	�*.¯�B£-8nNO.Z @8C'

p
<(09+]�B£-8n2B8/+-2B8n�*£()r�

W p
p (αµ1 + (1 − α)µ2, αν1 + (1 − α)ν2) ≤ αW p

p (µ1, ν1) + (1 − α)W p
p (µ2, ν2)

�§.1'T)�737~'F8G)�7�+c�-¡�¤I8C'
α ∈ [0, 1]

)�+D�½N-'B.�¤()�¤-097309�k:�¡%8C)�2B�-'F8C2
µ1, µ2, ν1

)�+-�
ν2

¨§2B8C8�©��A¬��§.1'�03+?¢
2F�*)�+-�/8Z�±

�

¼�8n2F£()�737O+-.Z  'F8C�G)A737O�B£-8	�C.�+c��8C'FK18C+-�/8�.����B£-8	2B�`£-8/¡%8	�B.� 6)�'F���B£-8	8C+#�*'F.1N#:�2B.�73�D�B03.1+�.����B£-8
�C.�+-2B8/'F�A)A�*09.1+]7�)G n±

� !�� � '����6/ %��*/��
�
/ '6) � -0/ �

�
-�/54 / ����� -�/

L1

loc(R)
� /���� /

²k+��*£-092"2F8C�/�B03.1+! 68¯�/.1+-2B09�-8C'��*£-8�2BN()��/8 C([0, +∞[, L1
loc(R))

8/���D03N-NI8C�� �0y�*£��B£-8��*.�NO.179.1K�:
�-8�®(+-8C�!¤#:��*£-8n2F8C¡ 0y¢k+D.1'B¡ 2

qnm(f) = sup
t∈[0,n]

∫ m

−m

|f(x)| dx

�§.1'�)�+#:�09+#�*8CK�8C'B2
n
)�+-�

m
)�+-�

f ∈ C([0, +∞[, L1
loc(R))

±�¶�£-8C+] 68�£()G�18
� bJ`�� `
�������m`�� ��f�( )�;�>

u0 ∈ U v � l?;�= k XJG h
�MBH;DG >�B

0 k >ul?; � Ks=�W�>ANOBJ= Shu
0 WDBJ=?j[;�@V�M;DG�Nu=

C([0, +∞[, L1
loc(R))

>tB*>ml?;%;�=?>A@8BDCFEiGHBJILKs>ANOBJ=<B � 0 � 3 . Nu>ul�Nu=?Nu>VNAX[I�~�X[>AKM�
u0 v
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¼�8"¤-'B098 9-:%K109��8"�*£D8�2F�B8CN-2�.��M�B£-8�N-'F.?.A�e<� �£-09�`£��§.17379.Z �2@�*£D8�.1+-8�.A�u46'B8/+-038/'603+�© 2 ¬�<-)A�()�ND�B8C�
�*.¯�§�-+D�/�*09.1+-2�.�� U 03+D2F�*8C)���.�� L1(R)

±
¼�8n®('F2F��N-'B.Z��8��B£()A���*£-8	�x)�¡ 037y:

(Shu
0)h

032�'F8C7�)r�*09��8C7y:��/.1¡%N-)��/��03+ C([0, +∞[, L1
loc(R))

¤#:
¡ 8G)�+-2�.A� &�'B.�NO.12F09�B03.1+�ªD±Äª-<c)A+-� ��8C7979:�)�+-� � 2F�C.1790y¢ � 'Z7/8C7�)�¶�£-8C.1'F8C¡ 2C±�¶�£D8C+% @8��`£-8C� ¦ �B£()A���B£-87309¡%0y��.��~)A+c:�2F8C�c�-8C+D�C8¯.��

(Shu
0)h

�/.1+#�18/'BK109+-K�09+ C([0, +∞[, L1
loc(R))

092")A+�8C+#�B'B.1N#:!2B.179�D�*09.1+
�*.��*£D8��/.1+-2F8C'F�A)A�B03.1+ 7�)G  ¨ 2 � �09�B£ 09+-09�B0�)�7@�()A�B�-¡

u0 ± 4@:½�*£D8!�-+D03�c�-8C+D8C2B2%.����*£-092 2F.173�?�*03.�+8C+D2B�-'F8C��¤#:]¶�£-8/.1'B8/¡ 2 ± 2 <-�*£D032��C.�+-�C79�-�-8C2��B£-8nN-'B.�.��i.���&�'F.1NO.�2B09�B03.1+�ªD±��D±

� !  � '����6/ %��*/��
�
/ '6) � -0/ �

�
-�/54 / ���

Wp

����� �
��
�
/ � /���� /

¼�8	®('F2F��N-'F.���8�)¯�-+D09�§.1'F¡´8C�c�-0903+#�*8/K1'*)A¤-037909�k: 'B8/2B�-7y��.�+]�B£-8�)�N-N-'F.G�D09¡�)r�*8�2F.173�D�B03.1+D2TS
� bJ`�� `
�������m`�� ��f�� )�;�>

Sh
� ;/~M;�$ =�;Z~ XJG/X � BJj[; k v ∈ Up

X[=F~
T ≥ 0 v � l?;�=

sup
0≤h≤T

sup
0≤t≤T

∫

|x|≥R

|x|pd[Shv]x(t, x)

>t;�=F~JG >�B
0
XJG

R
�MBH;DG >tB*Nu=�$ =?Nu>VE v

��@DBHB � v ¼�8�)�K1)�03+��-8/+-.��B8 M = ‖f ′‖L∞(]0,1[)

<-)�+-�]®('B2{���/.1+-2F03�-8/'
Th

09�*2F8C7y�e<? �'B0y�*09+-K
∫

|x|≥R

|x|pd[Thv]x(x) =

∫ 1

0

|v−1(w) + hf ′(w)|p 1{|v−1(w)+hf ′(w)|≥R} dw

≤
∫

R

(|x| + hM)p
1{|x|+hM≥R} dvx(x)

≤
(

1 +
hM

R − hM

)p ∫

|x|≥R−hM

|x|p dvx(x)

�§.1'
R > hM

±@&('B.1¡â�*£-092��C.1¡ N-�D�*)A�*09.1+� 68n�-8/�-�-�/8T¤#:]09�B8C'B)A�*09.1+
∫

|x|≥R

|x|pd[T N
h v]x(x) ≤

N
∏

j=1

(

1 +
hM

R − jhM

)p ∫

|x|≥R−NhM

|x|p dvx(x)

�§.1'
R > NhM

<( �09�*£
N
∏

j=1

(

1 +
hM

R − jhM

)

≤
(

1 +
hM

R − NhM

)N

≤ exp

(

NhM

R − NhM

)

.

¶�£c�-2
∫

|x|≥R

|x|pd[Shv]x(Nh, x) ≤ exp

(

pTM

R − TM

)
∫

|x|≥R−TM

|x|p dvx(x)

�§.1'�)�+#:
N
)A+-�

h
2B�-�`£��*£()A�

Nh ≤ T
±
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h�����	����� � ������� 2 ª

&('B.1¡â�*£-0925 68�K18/���§.1'�09+-2F�*)�+-�/8
∫

|x|≥R

|x|pd[Shv]x(t, x) ≤ exp

(

2pTM

R − 2TM

)
∫

|x|≥R−2TM

|x|p dvx(x)

�§.1'@)�+#:
t
)�+-�

h
2F¡�)�79738/'~�B£()�+

T
±�¶�£D032��C.1+-�/73�-�D8C26�B£-8�)�'FK1�-¡ 8C+#�@2B03+D�C8��B£-8"73)�2F�@03+#�B8CK1'B)�7-�*8/+-�-2

�*.
0
)�2

R
K1.?8/25�*. 03+D®-+-09�k:�±

�

&('B.1¡â�*£-0925 68��-8C�D�-�C8n�*£-8n�/.1+#�18C'FK18C+D�C8�.A�i�B£-8n2B�`£-8/¡%8�03+
Wp

�-092F�*)�+-�C8n2F8C+-2F8[S
� bJ`�� `
�������m`�� ��f
	 )�;�>

u0 ∈ Up

X[=F~
u � ;	>ul?;/;�=?>A@DBDCFE/GHBJILKM>ANOBJ=�>tB 0 � 3 . Nu>ulNu=?Nu>ANAX[I'~�X[>AKM�

u0 v� l?;�= k � BJ@�X[=?E t ≥ 0 k Wp([Shu
0]x(t, .), ux(t, .))

WDBJ=?j[;�@V�M;DG >tB
0
XJG

h
�MBH;DG >tB

0 v
��@DBHB � v H	09�18/+ t ≥ 0

<
Shu

0(t, .)
�C.�+c��8C'FK18C2��B.

u(t, .)
09+

L1
loc(R)

)A2
h
K1.�8C2]�*.

0
¨x¤#:

&�'B.1NI.12F09�*09.1+�ªD±��#=<º2B.
[Shu]x(t, .)

�/.1+#�18C'FK18C2n�*.��B£-8�N-'F.1¤()�¤D03730y�k:�¡%8C)�2B�-'F8
ux(t, .)

< ®('B2{�n03+��B£-8
�-092F�*'F03¤-�?�*03.�+ 2B8/+-2B8A<"�*£D8C+Ý03+ �B£-8� 68C) ¦ 2F8C+-2F8�.���N-'B.1¤-)�¤-037909�k: ¡ 8G)�2F�-'B8/2C<�)�+-�Ö®(+()�7979: 03+ Wp�-092F�`)A+-�C8n¤#: &�'B.1NI.12F09�*09.1+-25ªD± ��)�+-�!¸?±RUD±
»�.��B8�03+�N()�'F�B03�/�-7�)�'	�B£()A�

ux(t, .)
£()A2�®(+-0y�*8�¡ .1¡ 8C+#��.A��.1'B�-8/'

p
�§.1'�)�+#:

t ≥ 0
<��*£()r��032/<

u(t, .)
¤I8C79.1+-K125�B. Up

±
�

� � 01 ��14",1 & � 5 - ��3�1 (�� 14"�$'&�(
	 � 3�(�5 +$�.�(�"�3�� � 01�( &�1��  ����
��",) -�(�&�(�5�5 � &�. 143

 !#" $&%('�'*)+'*)+,.-0/1'2%3/54 "6!��
¼�8%738��

p ≥ 1
)�+-�½�/.1+-2B09�-8C'��k 6.�03+-0y�*0�)A7��()A�*)

u0 )�+-� ũ0 09+ U  �09�B£ )�2B2F.?�/0�)A�B8C��8C+#�*'F.1N#:2B.�73�D�B03.1+-2
u
)�+-�

ũ
±

Hn0y�18/+
t ≥ 0

<�&�'B.�NO.12F09�B03.1+]ª-±���:�098C73�D2�)AK#)�03+��B£-8n�C.1+#�18/'BK18/+-�C8�.��
[Shu

0]x(t, .)
�B.

ux(t, .)
03+

�*£D8n @8G) ¦ 2B8C+D2B8�.��zND'B.1¤()A¤-037909�k:%¡%8C)�2B�-'F8C2/± ��03+-�/8n�B£-032�£D.173�-2�)A732B.��§.�' ũ0 <- 68�.1¤D�*)�03+

Wp(ux(t, .), ũx(t, .)) ≤ lim inf
h→0

Wp([Shu
0]x(t, .), [Shũ

0]x(t, .))

¤#: &�'B.1NI.12F09�*09.1+�¸?± ª-±~46�D�C<-�§.1'�8G)A�`£
h
<

Wp([Shu
0]x(t, .), [Shũ

0]x(t, .)) ≤ Wp(u
0
x, ũ

0
x)

¤#: &�'B.1NI.12F09�*09.1+�ª-±wQ?<-2F. ®(+-)�737y:

Wp(ux(t, .), ũx(t, .)) ≤ Wp(u
0
x, ũ

0
x).

¶�£-092��/.1+-�/73�-�-8/2��*£-8�)�'FK1�-¡ 8C+#�G±
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h�����	����� � ������� 2 Q

 !�� $&%('�'*)+'*)�� '2%3'��	��
2%� "*!��
¼�8n'F8C�G)A737 �B£()A��03+��B£-8n03+#�*'F.?�-�D�/�*09.1+� @8T£()G��8T�-8�®(+-8/��)¯�-032{�`)�+D�C8n.1+]8G)��`£ Up

¤#:]738��B�*09+-K

dp(u, ũ) = Wp(ux, ũx),

)�+-�n @8@+-.Z  ND'B.Z�18~�*£()r�G<rK109��8C+
p ≥ 1

)A+-�
u0 ∈ Up

<��*£-8~8/+c�B'B.1N#:�2B.�73�D�B03.1+
u
�B.��*£-8��C.1+D2B8C'{�A)A�*09.1+

7�)G Ò¨ 2 5¤I8C73.�+-K125�*. C([0, +∞[,Up)
±

¼�8�®('B2{��+-.��B8�<D09+���038�  .A�º�*£-8"N-'B.�.���.���&�'B.�NO.12F09�B03.1+ ª-± � <?�B£()A�
u(t, .)

03+D�-8C8/��¤O8/73.1+-K�2��B. Up�§.1'�)�797
t ≥ 0

±
¶�£-8C+ <6K10y�18C+

s ≥ 0
<� @8]+-8C8/� �B.·ND'B.Z�18��*£-)A�

dp(u(t, .), u(s, .)) (= Wp(ux(t, .), ux(s, .)))�*8/+-�-2��*.
0
)�2

t
K1.�8C2��B.

s
± ²k+D�-8C8/�º<�.1+Ý.1+-8�£()A+-�

u(t, .)
�*8/+-�-2��*.

u(s, .)
09+

L1
loc(R)

¤#:
¶�£-8/.1'B8/¡ 2 ± 2 <(2F.

ux(t, .)
�*8C+D�-2��B.

ux(s, .)
<(®('B2{��03+]�*£-8��-032{�*'F03¤-�D�B03.1+�2F8C+-2F8�<��*£-8/+�09+��B£-8	 68C) ¦2B8/+-2B8�.��iN-'B.�¤()�¤-097309�k:%¡ 8G)�2F�-'B8/2C±

³�+��*£-8T.��*£D8C'�£()�+-�º<OK109��8C+
T > s

<I @8�+-.Z  N-'F.Z�18��B£()A�
sup

0≤t≤T

∫

|x|≥R

|x|p dux(t, x)
K1.�8C2��*.

0
)�2

R
K�.?8/25�*.�03+D®-+-09�k:�±~&�.�'5�*£-092C<-K10y�18/+

ε > 0
<-798/�

R
2B�D�`£!�*£-)A�

sup
0≤h≤T

sup
0≤t≤T

∫

|x|≥R

|x|p d[Shu
0]x(t, x) ≤ ε

¤#: &�'B.1NI.12F09�*09.1+�ª-±��?±~LM8/���*£D8C+
ϕ ∈ C∞

c (R)
2B�D�`£!�*£-)A�

0 ≤ ϕ ≤ 1
)�+D�

ϕ(x) = 0
0y� |x| ≤ R

±
³�+!.1+D8�£-)�+-�

∫

R

ϕ(x)|x|p d[Shu
0]x(t, x) →

∫

R

ϕ(x)|x|p dux(t, x)

)�2
h
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