ELECTRIC TURBULENCE IN A PLASMA
SUBJECT TO A STRONG MAGNETIC FIELD

G. Loeper!'? A. Vasseur!?

Abstract

We counsider in this paper a plasma subject to a strong deterministic magnetic field
and we investigate the effect on this plasma of a stochastic electric field. We show that
the limit behavior, which corresponds to the transfer of energy from the electric wave
to the particles (Landau phenomena), is described by a Spherical Harmonics Expansion
(SHE) model.

1 Introduction

This paper is concerned with the effect of a stochastic electric field on a plasma subject to a
strong magnetic field. This is motivated by the study of the electric turbulence in a fusion
machine as a Tokamak. Tokamaks are used to confine high energy plasmas in order to obtain
the conditions needed for nuclear fusion reactions to take place. The plasma evolves in a
toroidal reactor and is confined in the heart of the torus by the the mean of a strong magnetic
field. A classical approximation is to suppose the ions to be at rest. Then only the electrons
are moving. Another classical approximation argument in this type of study is the following:
we are here interested only in interactions of particles over short distances of the order of the
Larmor radius, moreover we suppose that at this scale the curvature of the magnetic field-
lines can be neglected and that the plasma can be considered to be homogeneous along these
field-lines. Thus we can restrict ourselves to a bidimensional problem. In this approach, the
Vlasov equation describing the evolution of the repartition function f of the electrons is:

0
m (8_{ +v- wa) +q (Bvt + VV™™®(t,1)) -V, f =0, (1)
m stands for the electron’s mass, ¢ its electric charge, f the distribution function on
(t,z,v) € Rt x R? x R%, with ¢ the time variable, x the space variable and v the ve-
locity variable. B is the (constant) norm of the transverse magnetic field, VV*® is the
turbulent electric field, v is the velocity vector after a rotation of 7/2. We denote

qB
l/e= —
fe= "

the cyclotronic frequency, and we want to study the effect of VV*"™ in the limit € going to
zero. In the deterministic case, the limits of related problems have been studied by several
authors. In the case of the Vlasov-Poisson system (when the electric field is coupled with
the density [ fdv), the limit has been studied, even in the 3D framework, by Frénod and
Sonnendrucker [5]. In the 2D framework, using a slow time scale adapted to the problem,
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the convergence of the averaged motion, fRZ f(t,z,v) dv to the 2D Euler system of equations
has been performed simultaneously by Brenier [2], Golse and Saint-Raymond [8] and Frénod
and Sonnendrucker [6]. A general result in 3D taking into account the two effects has been
performed by Saint-Raymond in [12].

In our case we neglect the Poisson non linear effect, concentrating on the stochastic
behavior of the equation. Hamiltonian chaos method suggest that the modes of the turbulent
electric field interacting with the electrons are those having a frequency of w,, = 27ne with
n an integer. This is roughly speaking the Landau resonance. Then the quasi-linear theory,
(see Garbet [7]) predicts a diffusive behavior with respect to the velocity variable. The
diffusion coefficient obtained by this method being constant, it can not take into account
the abnormal diffusion phenomena. In this paper we are interested in turbulent electric fields
whose spectrum is spread around the Landau frequency and whose spatial fluctuations are
of the scale of the Larmor radius (of order €). We will show that the limit system is then
governed by the following equation:

9p — Oc(a(e)0cp) =0 (2)

where e = |[v|?/2, p is the average of f over a sphere |v|> = 2e and the diffusion parame-
ter a(e) is an explicit function of the correlation of V*"P the turbulent electric potential,
and of the energy, thus allowing abnormal diffusion. This diffusion parameter is undi-
mensionally defined by (5). This equation is similar to the so-called Spherical Harmonics
Expansion (SHE) model in high field limit modeling microelectronics semiconductor devices
(see P.Degond [3] or Ben Abdallah, Degond, Markowich and Schmeiser [1]). It describes the
Landau phenomena of transfer of energy from the electric wave to the particles. This work
uses the techniques introduced by Poupaud and Vasseur [11] to derive diffusive equation
from transport in random media. This method works directly on the equation and, for this
reason, is different from the method used in previous works (see Kesten and Papanicolaou
[10], [9] and Fannjiang, Ryzhik and Papanicolaou [4]). The paper is organized as follows:
the precise result is stated in Section 2. In Section 3 we show how we can compute explicitly
the diffusion coefficients. Finally we give the proof of the theorem in Section 4.

2 Results
In the remainder of the paper we fix n and we denote

VVE(t, ) = /eVVU P (2rnet, ex) (3)
for the stochastic potential. Equation (1) takes then the following undimensional form:
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we denote E the expectation value of any variable and make the following assumptions on
the electrostatic potential:

(H1) V¢e L®(RY; W (R?)) and N(e) := E ((||VE||L°°(W3,®))3) < o,
(H2) EV¢(t,z) =0, forallt € R", x € R?,
(H3) V*(t,z), V(s,y) are uncorrelated as soon as |t —s| > 1,
(H4) E(V(t,2)V(s,9)) = Alt — 5,2 —y) + 9°(t, 5, 2,9),

with:

glel

Sl eE L®(R x R?), for a € N, |a| < 3,

:L.a

€ € e—0
|| |v3:,yg |+ |vi,y,yg | ||L°°((]R+)2 xR%) — 07

where V2  g¢ is the matrix (6“6%96)@], and V3 g¢is (05,0, 6y,cgf)i,j7k.

Those assumptions are the same than in [11]. Hypothesis (H1) is an assumption on
the regularity of V¢ for € fixed. Indeed the norm N(e) can go to infinity when € goes to
0. Hypothesis (H2) fixes the averaged potential at 0 which is not restrictive. In view of
(3), Hypothesis (H3) determines 27ne as the decorrelated lapse of time for the turbulent
electric field. Namely, it is the bigger lapse of time ¢ — s such that the electric fields at time
t and at time s can be dependent on each other. Finally Hypothesis (H4), which is very
classical, can be seen as an homogeneity property which takes place at the local scale e,
since a quadratic quantity which depends on four variables (¢, z, s,y), at the limit, depends
only on two variables (t — s,z — y).

We denote R,(v) the rotation of angle s with center 0 of v. We consider the angular

average of A:
N 1 27
At,z) = — At de.
( ,(E) o o ( ,Raﬂ&')
We then have the following result:
Theorem 2.1 Let V¢ be a stochastic potential satisfying assumptions (H) and independent
of the initial data f° € L?(R*). Let a(e) be the function defined by:
1

2mn2

+oo B
a(e) | oA 2V Eelsin ) ds. (5)

This function is non negative. Assume that there is a constant Co such that || f2||L2r+) < Co
and:

e(1+ N(e)?) = 0. (6)
Let p. be the gyro-average of f. defined by :
1 27
pe(t,z,e) = — fe(t,z, Ryv) db, (7
2m Jo

for every v such that |v|?>/2 = e. Then up to extraction of a subsequence, Ef° converges
weakly in L2(R*) to a function f° € L?>(R*), Ef. converges weakly in L? to a function
f € L®(R",L2(R*)), Epe converges in C°([0,T], L2(R2)—w) for allT > 0 toward a function

p € L¥(R*;L2(R? x RY)) N CO(RF; L2(R? x RY) — W) with p(t = 0,2,¢€) = f‘v|2:2e fOdv.
This function p is solution to:
Otp — Oe(ale)dep) =0 t>0,z € R? e RF, (8)

in the distribution sense. Finally Ef. converges weakly in L?>(RT xR*) toward p(t,z, |v|?/2).



Remark: depending on the regularity of the function a(e) the solution of the Cauchy problem
for equation (8) may be unique. In this case, the whole sequence p, converges to p the unique
solution of (8).

3 Explicit computation of the diffusion parameter

In order to explicit the behavior of a(e) we must need the correlation function A. We assume
that it follows a “Richardson-like” law

A(t,z) = f(t)|=|*.
Then we have

1 teo L. —s .8
ale) = OttA(2— 2\/2e|sm§|)ds
0

" 2mn? n’
250ga/2 rtoo g 50
= —— ——)|sin =|*ds
27n? /0 f (27m)| 2|
= Ke*/2,

A necessary condition for a function of the form

p(t,e) = v(t)pole/t?)

to be an auto-similar solution of (2) is that

we then have an abnormal diffusion in
2
e =1ti <,

For example if a = 4/3 we find a(e) = Ke*/? and an abnormal diffusion in e = 3/4.

4 Proof of the result

We denote S(R?*) the Schwartz space and S'(R*) its dual. We denote (-;-) the duality
brackets between those two spaces. We recall that L?(R*) C S'(R*) and by extension we
will denote (-;-) as well for the scalar product on L?(R*). For every linear operator P on
S(R*) we will denote in the same way P its extension on S’(R*) defined for every ¢ € S(R*)
by:

(Pysm) = (s P*n), n € S(RY).

Finally we will say that ¢, € S'(R*) converges to ) € S'(R?) in S'(R?) if for every n € S(R?),
(¢n;m) converges to (v;n). (This is the weak convergence for S’(R*).)
Let us rewrite equation (4) in the following way:

Bfe _ _ 4
€ - otfe (9)

Oufe+ Cfe+
fe|t=0 = f€0



where C, B, 6 are linear operators on S(R*) defined by:

C=v-V,
B=vt-V,
1 t x
0 = —VVe =)-Vy,.
t e (27rne’e) v

Notice that C' and B are deterministic and non dependent on € nor on ¢ unlike 6.
We introduce the projection operator J defined on S(R*) which averages the values of
the function on the spheres |v|?/2 = e. Namely, for n € S(R*):

1 27
Jn(z,v) = %/0 n(z, Rgv) db.

We call J the ”gyroaverage operator”. This operator is self adjoint for the L? scalar product.
Applying the projection operator J on (9) and taking its expectation value leads to:

4 BUBSY

OE(Jf.) + B(JCL.) = —E(J6;f.).

We first study some properties of the operators in order to pass to the limit in the left hand
side of this equation. Then we investigate the limit of E(J6% f) following the procedure of
[11]. Finally we derive the SHE equation giving the explicit form of the diffusion coefficient

a(e).
4.1 Properties of the operators
We have the following properties on the operators C, B, §; and J:

Lemma 4.1 Operators C,B and 6§ are skew adjoint for the L? scalar product. Operators
C, B, and J commute with the expectation operator E. The operator J is the restriction on
S(R*) of the orthogonal projector of L2(R*) into KerB. In particular:

1] cz2mey) =1,

J2 =,
KerB = ImJ.
In addition:
JB=JCJ=0.

Proof.
—Operators C,B and 6§ can be rewritten as b.D, where D is a gradient operator and b a
regular function verifying D - b = 0. For every functions 11,72 € S(R*) we have:

(b-Dmism2) = —(m;D(bn2))
= —(771;b‘D772)-

Hence they are skew adjoint operators for the L? scalar product.

—The operator J is clearly the L? projection on L? functions which depends only on |v|?/2
with respect to v. In polar coordinates v = (rsin@,r cosé), we have B = 8/96. So J is the
projection on KerB.



—QOperator J is the projector on KerB, hence BJ = 0. Since B is skew adjoint and J is self
adjoint, we have (BJ)* = —JB = 0.

v

—Let us fix n € S(R*). We denote: Jn(z,v) = py(z, %5-). Hence
o2 1
JCIn(z,v) =Vg- | pylz, —)— Ryvdf ) =0.
2 27 0
Finally JCJ = 0.

—Since C, B and J are linear and deterministic, they commute with E. .

From those properties we deduce the following proposition:

Proposition 4.2 For every € and every t € Rt we have:

Ife®llL2 ey = 121l L2y

There ezists a function f© € L2(RY) and a function f € L=®(R*; L2(R*))such that, up to a
subsequence, EfO converges weakly in L2(R*) to f9, Ef. converges weakly in L*([0,T] x R*)
to f for every T > 0. For every t > 0, f verifies Jf(t) = f(t). The function JEf, is

solution to:
{ OHJEfe + E(JO; f.) = we

(10)
JEf|i=0 = JEf?,

where w, converges to 0 in S’.

Proof. Since C, B and 6 are skew adjoint operators, we have:

6t<fe(t)5 fe(t)> =0,

which gives the first equality. By weak compactness there exists two functions f0 € L2(R*)
and f € L>®°(Rt; L?(R*)) such that, up to a subsequence, Ef° converges weakly in L2(R*) to
f°, Ef. converges weakly in L?([0,T] x R*) to f for every T > 0. Notice that ef converges
to 0 in S'(R*). Multiplying Equation (9) by e, taking its expectation value, and letting € go
to 0, we find:
Bf(t)=0 on R",

since B and E commute. Thanks to Lemma 4.1 f(t) € Im.J, and since J2 = .J, we have
Jf(t) = f(t) for almost every ¢t > 0. Since JB = 0, applying the operator J on equation (9)
and taking its expectation value gives:

8 JEf. + B(JOSL.) = w,

with w, = —EJCf,. This converges in &' to —JCf = —JCJf = 0, thanks to Lemma 4.1.
O
Hence we are now concerned by the limit in S’ of E(J¥; f).

4.2 Computation of E(J6f,)

Let us denote S§ t € R the group on S(R?) generated by the operator C + B/e. Namely,
for every h € S, S§h is the unique solution on R to:

Bg_

gle=o = h.



The operator S; can be explicitly given by:
Sih(z,v) = WT(t)(x,v)),

where
T.(t)(z,v) = (z + evt — eR,t/EvJ‘, R_;/v).

The function T¢(¢)(z,v) gives the position at —t of the particle being in = with speed v at
time 0 and moving at constant speed |v| on a circle of radius €lv|. In particular S§ is 2me
periodic. Notice that the adjoint of Sf is S¢,.

Following the procedure of [11], we use a 2 times iterated Duhamel formula. The first
iteration gives:

27ne
fe(t) = Ssppefe(t — 2mne) — / (850; 552 5)S5 fe(t — o) do
0

and then we write the Duhamel formula for the f.(t — o) in the integral, and this yields:
27ne
f€ (t) = Sgnnefé (t - 27”’&6) - / (Sfre;fasia')Saneff (t - 47TTL€) do
0

T S S S S0 )
We obtain:
BUGLD) = TB (OS5 o(t = 2nne))
_ /0 B (05550 S ) Sime it — d7ne) do 475 (12)
with

27ne Atne—o
s = / / TE (65556 15 ) (55005 o 45y 2)Seso fult — 0 — 5)) ds do.
0 0

The function f? is independent of the operators 65, t € R. In particular, in view of the
assumption (H3), 5 and f.(t — s) are independent as soon as ¢t > s + 2mne and s > 0.

Combining this fact with (H2), Equation (12) becomes for ¢ > 47ne
E(J0if) = JEO)E(Ssmfe(t — 2mne))

27Tne
- / E(J65(S505 S ) E(Sirne et — dnne)) do + 1,
0

2mne
E(J6f) = - / E(J6(S565_, S )Ef.(t) do + 7 + ¢, (13)
0
27ne
with e = - / E(J6;(S60;_, S, ) (BSSym f.(t — dnne) — Ef.(1)) do.
0

Since Sf is 2me periodic, S, fe(t — 4mne) = f(t — 4wne). We have:

1
ene € _ CRe(t — . D¢
Ssat—ss—s \/E(SS (t S)) s



where we denote
t T

Ef(t,x) = VV( )5

21ne’ €
and we define the differential operator D by

D¢=R 4 Vy+eR_ 5 Vy —€Vy.
Note that D¢ is skew adjoint. Let us introduce the operator L{ on S(R?) (extended on
S'(R*)) defined for every n € S(R*) by:

2Tne
L= - / E(6;(S56;_, 5, ))n do.

We can gather those results in the following way:
Lemma 4.3 We have the following equality:

E(JO; f.) = JL{Ef. + r; + €f,
where the operator LS is defined for every n € S(R*) by:

Lin(e,v) = - / Y, (B(SSE(t— 0) ® () - Din(e, o)) do,  (14)

€

and the remainders are defined by:
ef = JL{(Ef.(t — 4mne) — Ef.(t)),
1 27ne AmTne—o
L= JE (ES(t) - Vo (SSES(t — o) - DE(SE, Bt — 5 —
" 6\/E/O /0 ( (t) - Vo (SeB(t = 0) - Do (554, E(t — 5 = 0)
‘D&, (S5 o fe(t — 0 —5))))) dsdo.

We can now show the following lemma:

Lemma 4.4 For every n € S(RY), the remainder r{ verifies:

[{résm)| < C(m)VeN (e),

and (L$)*n converges in L*(R*) to:

2mn
—s Vv~ 2 A _—s L - —8 + v .
; R_,V <Vm (27m,v R_sv—)Vyn ) ds
Proof. We have:
1 2mne
@n = —1 [ Dy (E(SE(t-0) @ B (1) Vun)do
0
27n

— D¢, - (E(SS,E(t —e0) @ ES(t)) - Vy)ndo.
0

But thanks to the definition to T¢(s), E¢ and Hypothesis (H3), the term

L€ et vt — R ot) @ VY (—

E(SGE(t — e0) @ E*() = B(VV (5 — 2mne’

z/€))



converges strongly to (—V2_A)(—o/(27n),vt — R_,v1) in L®((R*)2; W1>°(R2)). Hence

thanks to the definition of D¢, (L§)*n converges strongly to:
27mn

. 2 s 1 1
; R_,V, (V”””A(an’v R_,v )Vm) ds

in L®(R*t x R*). We recall that we have DS, = R_,V, + eR_,Vy — eV thus
I1D% @ L2(r+xr2) < Cll®[lwr2r+xr4),
I1Dgs Des®||L2m+xmrey < C||2|lwz.2m+xre),
hence
Krism)| < C)Vel|®llws.z| fell2
sup {E(|E*(T (es"))| (|E(T (es))| + | Dy [E*(T (e5))]1)
8,8
(|E¢(t,z)| + |D,EC(t, )| + | DEg E€ (8, )| + | DSy

We then use the following bounds: (recall that E¢(t,z) = VV¢(:t-, Z).)

2mne? €

|E| < VeV Lo (r+xR2))

|DEES(t, @) < (V2 V |l poe (et xr2))

|Déy DEEE(t,2)| < IVias VeIl (m+xR2)

|DEy [E(T (es))]| < CelVLES|(T(e5)) < ClIVaaVEllLom+xr3)-
Then Hypothesis (H1) ensures that

[(ri;m < CVellf5llL2N(e) |1 2]lwe.2,

which ends the proof of the lemma.
We can now state the following proposition:

D E(t,2)]))} -

O

Proposition 4.5 Assume that €(N(€))? converges to 0 when € goes to 0. Then the conver-
gence (up to a subsequence) of JEf. to f holds in CO(R*; L2(R*) — w), and f is solution

to:
Of +JLAJf =0,

where the operator LY is defined for every n € S(R*) by:

2mn s

(L)*n = ; R_sV, - (V?MA(;I_—”,UL - RSUL)VU’I]> ds.
Proof. Thanks to the previous lemma, for every test function € S(R*):

e—0
|(rgsm)] == 0,

(15)

and (L§)*n converges strongly in L2(R*) to (L?)*n. But, thanks to Proposition 4.2, f.

converges weakly to f in L2 — w. So

<JL§Efe§ 77) = <Efe; (Lg)*‘hﬁ

converges to:

(f5 (L) In) = (JL{f;m).



The function f(t) — Sarnefe(t — 2mne) converges to 0 in L? — w as well. So ef converges
to 0 in S'(R*). Passing to the limit in equation (10) gives equation (15). This shows that
O f is uniformly bounded in time in a negative Sobolev space. Hence f. converges to f in
the space of continuous function in time with values in this Sobolev space. Finally since f.
is bounded in L (R*; L2(R?)), the convergence holds in C°([0,T]; L?(R*) — w) for every
T>0. O

4.3 Convergence to the SHE model
Since Jf = f, we can introduce the gyroaverage function defined by:
p(tﬂ ’{E’ e) = f(t7 x) U)’

for every v such that 2e = |v|?. This subsection is devoted to the proof of the following
lemma:

Lemma 4.6 The function p lies in CO(RT; L?>(R? x RT) — w) N L®°(R*; L2(R% x RT)). It

is solution to:
Op — Oc(a(e)0ep) =0

27

1
pli=o0 = o fO(t, =, Ryv) df
T Jo
where the diffusion parameter is defined by:
2mn 27
ate) = [ Rov- (=V2,A) (= = Ryv™ — R_yyqv") - Ry Ryv ds db,
0 0 2mn

for every v such that e = |v|?/2.

Proof. Let us first compute the operator JL?.J. Let n1,m1 be two test functions in S(R?).
We have:

(m;JL{Jn2) = {((LY)*JInu; In2)

2nn
- / Ty T (=92, 4)(
R4 JO

—S

— vt — R_,wY)R_,V,Jny ds dx dv.
2mn

Let us denote p,, for ¢ = 1,2 the functions defined by:

2
v
Pn; (.TC, %) = Jni(xav)'

Using polar coordinates and noticing that dv = df de we find:

oo 27n 2w
/ / 66/)771 (.’17, e)aepnz (.73, 6) / / Rgé
R2J0O 0 0

(_vizA)(%a ~R_s194z€+ Ryyz€) - R_s19€dsdfdedr

mn
[ [ om0, chate) ded,
R2JO

(m; JLY Jn)

where € = (v/2¢,0). Hence for every test function p,, let us multiply it by Equation (15)
and integrate with respect to z,v. Since de df = dv we find:

O /R2 /000 p(t,z,e)py(z,e)dede = /R2 /000 p(t,z,e)0c(a(€e)Oepy(z,e)) dedx.

10



This, with Proposition 4.5 gives the desired result. d
Remark: we have a family of equations parametrized by = € R?, and the solutions of two
equations at two distinct z do not interact.

4.4 Explicit computation of the diffusion coefficient

We derive in the following a suitable form to the diffusion coefficient a(e). We will show,
in particular, that a(e) is non negative. From (H4) the correlation function A(t, z) is even
with respect to ¢t and z. This with (H3) gives:

Lemma 4.7 The correlation function A satisfies:
SuppA C [-27n,2mn] x R?,
V:A(0,0) =0,
05;A(0,0) = 0.

This last subsection is devoted to the following proposition. Theorem 2.1 follows from this
proposition, Proposition 4.2 and Proposition 4.5.

Proposition 4.8 Let us denote

N 1 27
A(t,z) = 2—/0 A(Rpx,t) db.

™

Then a(e) is non negative and equal to:

212

! / (—8ftﬁ)(%,2\/5\/l—coss)ds
0

Proof. Thanks to Lemma 4.6 and lemma 4.7, we have

o] 2
ale) = / Ryv - (—ViwA)(—%,Rng‘ — R_,Rpv™) - R_sRyvdsdf.

=0Jo 2
Since
_vizA(_%a ’UJ_ - R*SUJ_) “R_gv
— L L 1 _ 5 1 1
= QWané)sA( 5V R_sv—) + 05(Vz A( 5 ¥ R_,v7)),
we find
2
ale) = / Ryv -V aA(—— Rovt — Ry_4v )dsd0
2mn, =0
27
- Ryv - V,A(0,0)db
2w
= 27T’n/ 0 Rg€- V40, A( R9+w/26_R—s+9+w/2é) ds df

where € = (1/2¢,0). Let us do the change of variables s' = § — s to get

-0

2m
a(e) = % / 1{S<9}R0€ V 6 A( R9+7r/2€ - 3+7|-/2é’) df ds.

11



Next we have

1 5 ,,s—0
=92 A2
27m633 ( 2mn

s—0 .
_69 {63A(ﬂ,R9+ﬂ—/26 - Rs+7r/2é.)} .

" s—6 " "
Rpé - VzasA(m, Ra+7r/2€ - Rs+ﬁ/2é) ;R9+7r/26 - Rs+7r/2é)

Integrating by parts the second term of the RHS gives

2m ! B
- / 1{s<9}69 {6 A( ﬂ'n R9+7r/2e - RS—‘,—ﬂ'/Qé} ds de

27m
1 o -0
= py— 89/1{3<9}(9 A( Rg_,_ﬂ/ge— 3+ﬂ/géj ds df
27r
- 27m /55 03A R9+7r/2€_ s+ﬂ/2é)d3d9
1 s — 27 s
= ) 88"‘(%’3’”/ = Rotn/28) ds
1 0 S o
= o ~ 6SA(%5RW/26_R5+W/2é’)d8
1 2
- — A
2 J, 0sA(0,0) ds

The first two lines cancel by doing the change of variables s’ = s — 2w and the third line
vanishes thanks to Lemma 4.7, thus

1 2 s—80 .
a(e) = @) /0 /Rl{sgo}(—agsA)(m, Ry r/2€— Ry r/2€) df ds

Doing the change of variables s’ = 6 — s gives

2
o) = G || GO g Roras(T - R-)0) db
- 2 Ay~ %
— o | CRAC G- R s
Finally
(I — Rs)el = \/(|1 — cos 8|2 + sin” 5)v/2e
= 2(1 — cos s)V/2e
= 2y/ev/1—coss
= 2v2e]|sin(s/2)|
which ends the proof of the second assertion. O

Computation of the sign of the diffusion coefficient.
Here we check the non-negativity of the diffusion coefficient by expressing it in another form.
Thanks to lemma 4.6 and to hypothesis (H3), (H4) we have

2a N
a(e) = / Ryv - ( ViwA)(—%, Ryvt — Ry_vt) - Ry_ v dsdh
Y(§

27N
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for all N. Then doing the change of variable s := § — s we find:

1 27|'N N s — 0 L L
ale) = oSN /seR /72”N 1io> 53 Rov - (—VNA)(W,RQU — Rsv™) - Ryudsdf

But we remind that thanks to hypothesis (H4)

w2 470 pl Ry — (5 _pot e 9 _pot
Vi A( Y- , Rgv R,v )—ll_r%E(Vﬂ/( Cy— Rv) @ V,V¢( Cy— Rgv ))
Thus
1
= lim —
ale) =lim on
27N s
// lp>aE ([vae(—ga —Rvt) 'Rsv][vzvé(_ﬂa —Rgv™) 'RGU]) dsdf
27N

Interverting s and 6 we see that we can replace 1;5_;>0} by 1{,_g>0} and finally by adding
both we obtain:

1
ale) =lim —E

27N s
er__° Ly,
im N / V.V Rsv™) - Rsvuds

_9aN 27'['7'1,,

which is a positive quantity. O

Acknowledgments: The idea of this paper was born as the authors attended a course on
plasma’s turbulence given by Xavier Garbet at the CEA center of of Cadarache. They are
glad to thank him for having introduced them to the subject and for subsequent discussions.

References

[1] N. Ben Abdallah, P. Degond, P. Markowich, and C. Schmeiser. High field approxima-
tions of the spherical harmonics expansion model for semiconductors. Z. Angew. Math.
Phys., 52(2):201-230, 2001.

[2] H. Brézis. Analyse fonctionnelle. Collection Mathématiques Appliquées pour la
Maitrise. [Collection of Applied Mathematics for the Master’s Degree]. Masson, Paris,
1983. Théorie et applications. [Theory and applications].

[3] P. Degond. An infinite system of diffusion equations arising in transport theory: the cou-
pled spherical harmonics expansion model. Math. Models Methods Appl. Sci., 11(5):903—
932, 2001.

[4] A. Fannjiang, L. Ryzhik, and G. Papanicolaou. Evolution of trajectory correlations in
steady random flows. In Recent advances in partial differential equations, Venice 1996,
volume 54 of Proc. Sympos. Appl. Math., pages 105-130. Amer. Math. Soc., Providence,
RI, 1998.

[5] E. Frénod and E. Sonnendriicker. Homogenization of the Vlasov equation and of the
Vlasov-Poisson system with a strong external magnetic field. Asymptot. Anal., 18(3-
4):193-213, 1998.

13



[6] E. Frénod and E. Sonnendriicker. The finite Larmor radius approximation. SIAM J.
Math. Anal., 32(6):1227-1247 (electronic), 2001.

[7] X. Garbet. Transport et turbulence. Publication du CEA.

[8] F. Golse and L. Saint-Raymond. The Vlasov-Poisson system with strong magnetic field.
J. Math. Pures Appl. (9), 78(8):791-817, 1999.

[9] H. Kesten and G. C. Papanicolaou. A limit theorem for turbulent diffusion. Comm.
Math. Phys., 65:97-128, 1979.

[10] H. Kesten and G. C. Papanicolaou. A limit theorem for stochastic acceleration. Comm.
Math. Phys., 78:19-63, 1980/81.

[11] F. Poupaud and A. Vasseur. Classical and quantum transport in random media. Journal
de mathématiques pures et appliquées, To appear.

[12] L. Saint-Raymond. The gyrokinetic approximation for the Vlasov-Poisson system.
Math. Models Methods Appl. Sci., 10(9):1305-1332, 2000.

14



