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Abstract

The semi-geostrophic equations are used in meteorology. They
appear as a variant of the two-dimensional Euler incompressible equa-
tions in vorticity form, where the Poisson equation that relates the
stream function and the vorticity field is just replaced by the fully non
linear elliptic Monge-Ampere equation. This work gathers new results
concerning the semi-geostrophic equations: Existence and stability of
measure valued solutions, existence and uniqueness of solutions un-
der certain continuity conditions for the density, convergence to the
incompressible Euler equations.

1 Introduction

The semi-geostrophic equations are an approximation to the Euler equations
of fluid mechanics, used in meteorology to describe atmospheric flows. They
are believed (see [12]) to be an efficient model to describe frontogenesis. Dif-
ferent versions (incompressible [1], shallow water [10] , compressible [11]) of
this model have been studied, and we will focus here on the incompressible
2-d and 3-d versions. The 3-d model describes the behavior of an incompress-
ible fluid in a domain Q C R3. To the evolution in 2 is associated a motion
in a 'dual’ space, described by the following non-linear transport equation:

Op+ V- (pv) =0,
v = (V¥(x)—z)",
det D*¥ = 0,
p(t =0) = p°.

Here p" is a probability measure on R?, and for every v = (v, v9,v3) € R3,
v+ stands for (—ws,v1,0). The velocity field can be recovered at each time
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by solving a Monge-Ampere equation in the sense of the polar factorization
of maps (see [3]), i.e. in the sense that W is convex from R? to R and
satisfies VW yp = xoL?, where £? is the Lebesgue measure of R*, and xq
is the indicator function of €. It is imposed as a compatibility condition
that €2 has Lebesgue-measure one. This model arises as an approximation
to the primitive equations of meteorology, and we shall give a brief idea of
the derivation of the model, although the reader interested in more details
should refer to [12].

In this work we will deal with various questions related to the semi-
geostrophic (hereafter SG) system: Existence and stability of measure-valued
solutions, existence and uniqueness of smooth solutions, and finally conver-
gence towards the incompressible Euler equations in 2-d. As stated in the
title, we will all along the paper exploit the strong analogy with the 2-d
incompressible Euler equations that we recall here:

Ow~+ V- (wv) =0,

v= (Vo)
AD = w,
w(t=10) =’

We recognize clearly that the vorticity w plays here the role of the density
p in the SG system. One obtains the SG system just by replacing the
Poisson equation A® = w by the Monge-Ampere equation det ([ + D?*®) = w.
(However, note that the density p does not have a clear physical interpretation
since it is a density in a dual space). From this analogy, and inspired by the
well developed mathematical theory on the 2-d Euler equations (see [21] for
instance) the goal of this paper is twofold:

The first goal is to the study of the initial value problem for the SG
system. We will first establish a global existence result for weak measure-
valued solutions, hence giving a framework for weak solutions that strictly
contains the results obtained in previous works. We will also obtain local
smooth solutions, trying to lower as much as possible the requirement on the
initial data, and prove uniqueness in a certain class of smooth solutions. This
well posedness result for smooth initial data will be our main result.

The second goal is to give some rigorous mathematical justification of the
derivation of the SG system from the 2-d Euler equations. As an attempt in
this direction, we will show that in some asymptotic regime (namely ’small’
solutions over a long time) the SG system and and the 2-d Euler system are
asymptotically close.

We will use a combination of various techniques: The SG system is a
transport equation, and we will study it as such, using either the Eulerian
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or the Lagrangian point of view. Since the coupling between density and
velocity field involves a Monge-Ampere equation, we will also rely on the
regularity theory developed for this fully non linear elliptic equation, which
is much more recent and far less known than the results on solutions to the
Poisson equation. More originally we will use optimal transportation and the
technique developed in [18] to show uniqueness of certain solutions. Note (but
this is a coincidence) that optimal transportation will appear earlier in the
paper in the derivation of the SG system. Finally the proof of the convergence
toward the incompressible FEuler equations will be done using modulated
energy techniques, a general technique (also known as the ’relative entropy
method’, documented in [13]) used for the asymptotic study of hyperbolic
systems.

The paper is organized as follows: In the next paragraph we give a short
idea of the derivation of the Semi-Geostrophic system from the Fuler incom-
pressible equations. To formulate rigorously the system, we then review the
results concerning optimal transportation and polar factorization of maps,
that are key concepts used through the paper (section 1.2). We are then
able to formulate the Semi-Geostrophic system, both in its Lagrangian, and
Eulerian (or dual) form (sections 1.3 and 1.4).

Section 1.5 is then dedicated to a longer discussion on the results obtained,
and gives a sketch of some of the crucial arguments. This section closes the
introduction. Then each of the following sections is dedicated to the proof of
one of the results.

Section 2 is devoted to the existence of weak measure-valued solution, in
section 3 we show existence of Dini continuous solutions, in section 4 we show
uniqueness of solutions with Holder continuous density, and in section 5 we
show the convergence of solutions of SG towards solutions of the 2-d Euler
incompressible equations.

All those results will be reviewed and discussed in greater detail in section
1.5, after we have derived the Semi-Geostrophic equations.

1.1 Derivation of the semi-geostrophic equations

We now give for sake of completeness a brief and simplified idea of the deriva-
tion of the system, inspired from [1], and more complete arguments can be
found in [12].
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Lagrangian formulation

We start from the 3-d incompressible Euler equations with constant Coriolis
parameter f in a domain €2.

Dv 1
E—I—fv —;Vp—Vgo,
Dp
V'V—O,E—O,

v -0 =0,

L= (—UQ,Ul,O). The

term Vi denotes the gravitational effects (here we will take ¢ = g3 with
constant g), and the term fv* is the Coriolis force due to rotation of the
Earth. For large scale atmospheric flows, the Coriolis force fv' dominates

D-
where Dr stands for 0, + v - V, and we still use v

v
the advection term ——, and renders the flow mostly two-dimensional. We
use the hydrostatic approximation: 9,,p = —pg and restrict ourselves to the
case p = 1.

Keeping only the leading order terms leads to the geostrophic balance

Vg = _f_lep7

that defines v, the geostrophic wind. Decomposing v = v, + v,, where the
second component is the ageostrophic wind, a supposed small departure from
the geostrophic balance, the semi-geostrophic system reads:

Dv, 1
=V
V.-v=0,

where Vy = (0y,, 0s,,0). Note however that the advection operator 0,+v-V
still uses the full velocity v. Introducing the potential

1
¢ = Ele|2 + f_2p7
with g = (21, 22,0), we obtain the following
D I
EV(I)(t,x) = fx = VO(t,z))".

We introduce the Lagrangian map g : 2 x R* — Q giving the position at
time t of the particle of fluid located at xq at time 0. The previous equation
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means that, if for fixed x € {2 we consider the trajectory in the 'dual’ space,
defined by X (t,z) = VO(t,g(t, z)), we have

8tX<t7x) =/ (g(t,&?) - X(t7x>)L'

By rescaling the time, we can set f = 1. Under this form the system
looks under-determined: Indeed ® is unknown; however we have the condi-
tion X (t,2) = VO(t,g(t, z)). Moreover, the motion of the fluid being incom-
pressible and contained in €2, the map g(t, -) must be measure preserving in
Q) for each t, i.e.

Li(g(t)"(B)) = L(B)

for each B C ) measurable (where £ denotes the Lebesgue measure of R?).
We shall hereafter denote by G(2) the set of all such measure preserving
maps. Then Cullen’s stability criteria ([12]) asserts that the potential @
should be convex for the system to be stable to small perturbations of par-
ticle’s positions in the x space. Indeed the convexity of ® asserts that V&
minimizes some potential energy (the reader interested in a more detailed
explanation of this variational principle should refer to [12]).

Hence, for each ¢, ® must be a convex function such that

X(t,) =Vo(t,glt,)),

with g(¢,-) € G(Q).

In the next paragraph we shall see that, under very mild assumptions
on X, this decomposition, called polar factorization, can only happen for a
unique choice of g and V®. Now if ¢* is the Legendre transform of ®,

O*(y) =supz -y — O(x),
€N
then V& and V®* are inverse maps of each other, and the semi-geostrophic
system then reads

DX x +
S = (VO (X(6) =X ()",

VO* () o X () € G().

In this context, X(¢) is thus the dual trajectory to the physical trajec-
tory g(t), and (V®*(X(t)) — X(£))" is up to a multiplicative constant, the
geostrophic wind at point g(t) = VO*(X (t)).

In the next paragraph, we review the results concerning the existence and
uniqueness of the gradients V@, Vo*.
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1.2 Polar factorization of vector valued maps

The polar factorization of maps has been discovered by Brenier in [3]. It has
later been extended to the case of general Riemannian manifolds by McCann
in [23].

The Euclidean case

Let Q be a fixed bounded domain of R? of Lebesgue measure 1 and satisfying
the condition £4(9€)) = 0. We consider a mapping X € L*(Q;R?). We will
also consider the push-forward of the Lebesgue measure of {2 by X, that we
will denote by XuyaL? = dp (or, in short, Xudz) and which is deﬁned by

vf e CoR), | / F(X

Let P be the set of probability measures RY, and P? the subset of P where
the subscript a means absolutely continuous with respect to the Lebesgue
measure (or equivalently that have a density in L!(R%)), and the superscript
2 means with finite second moment. (i.e. such that

AJﬂ%mw<+wJ

Note that for X € L?(Q,R?), the measure p = X 4dx has necessarily finite
second moment, and thus belongs to P?.

Theorem 1.1 (Brenier, [3]). Let Q be as above, X € L*(;RY) and p =

1. There exists a unique up to a constant convex function, that will be
denoted ®[p|, such that:

erCﬂR%,[;ﬂV@MK@)dx: [ 1@ina)

2. Let U|p] be the Legendre transform of ®[p|, if p € P2, V|p] is the unique
up to a constant convexr function satisfying

vFe ey, [ FTUpe) dota) = [ fla)da

3. If p € P?, X admits the following unique polar factorization:
X = Vol og,

with ®[p] convex, g measure preserving in §.
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Remark: Up|, ®[p] depend only on p, and are solutions (in some weak
sense) in RY and ( respectively, of the Monge-Ampeére equations

det D*W = p,
p(V®) det D?*® = 1.

When ¥ and ¢ are not in C7, these equations can be understood in the
viscosity (or Alexandrov) sense or in the sense of Theorem 1.1, which is
strictly weaker. For the consistency of the different weak formulations and

regularity issues the reader can refer to [8].

The periodic case

The polar factorization theorem has been extended to Riemannian manifolds
in [23] (see also [9] for the case of the flat torus). In this case, we consider
a mapping X : R? — R such that for all 5 € Z¢, X (- +p) = X + p. Then
p = Xydx is a probability measure on T?. We define ¥[p], ®[p| through the
following:

Theorem 1.2. Let X : RY — R? be as above, with p = Xydx.

1. Up to an additive constant there exists a unique convex function ®|p]
such that ®[p|(z) — 22/2 is Z4-periodic (and thus V®[p|(z) — x is Z4
periodic), and

vf e (T, Tdf(Vq’[p](fﬁ)) dv = y f(x) dp(x).

2. Let W[p| be the Legendre transform of ®[p]. If p is Lebesque integrable,
U(p| is the unique up to a constant convex function satisfying
U(p|(z) — 22 /2 is Z%-periodic (and thus V¥ |p|(x) — x is Z periodic),

and
vf e (T, y F(V¥p](z)) dp(z) = N f(z) dz.

3. If p is Lebesgue integrable, X admits the following unique polar factor-
1zation:

X =Ve[ployg

with g measure preserving from T? into itself, and ®[p] convex, ®[p] —
|z|2/2 periodic.
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Remark 1: From the periodicity of V®[p|(z) — z, VV|p](z) — z, for every
f Z4-periodic, f(VV[p]), f(V®[p]) are well defined on R?/Z.

Remark 2: Both in the periodic and non periodic case, the definitions
of U[p] and ®[p] make sense if p is absolutely continuous with respect to
the Lebesgue measure. If not, the definition and uniqueness of ®|[p] is still
valid, as well as the property V®[plup = xoL% The definition of ¥|p]
as the Legendre transform of ®[p] is still valid also, but then the expression

F(VU[p](z)) dp(x) does not necessarily make sense since VW|p| is not nec-

essarily continuous, and hence not defined dp almost everywhere. Moreover
the polar factorization does not hold any more.
Remark 3: We have (see [9]) the unconditional bound

IV O [p)(x) — 2|l poo(ray < Vd/2

that will be useful later on.

1.3 Lagrangian formulation of the SG system

From Theorems 1.1, 1.2 the Lagrangian formulation of the semi-geostrophic
equation then becomes

DX .
oy = [V¥(X) = X]7, (1)
U =Vlp|, p=Xpdz. (2)

1.4 Eulerian formulation in dual variables

In both cases (periodic and non periodic) we thus investigate the following
system that will be referred to as SG in dual variables (but we will only say
SG hereafter): We look for a time dependent probability measure ¢ — p(t, )
satisfying

Op+V-(pv) =0, (3)
v(t,z) = (V¥[p(t)](x) — )7, (4)
p(t="0)=p" ()

Global existence of weak solutions (which are defined below) of this system
with L? initial data for p > 1 has been shown in [1], [10], [20].
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1.5 Results

In this work we deal with various mathematical problems related to this sys-
tem: We first extend the notion of weak solutions that had been shown to ex-
ist for p € L>(R,, L1(R?)), ¢ > 1 ([1], [10]), and then for p € L>(R, L'(R?))
([20]), to the more general case of bounded measures. The question of ex-
istence of measure-valued solutions was raised and left unanswered in those
papers, and we show here existence of global solutions to the Cauchy prob-
lem with initial data a bounded compactly supported measure, and show the
weak stability /compactness of these weak measure solutions.

Then we show existence of continuous solutions, more precisely, we show
local existence of solutions with Dini-continuous (see (12)) density. For this
solutions, the velocity field is then C' and the Lagrangian system (1,2) is de-
fined everywhere. This proof relies heavily on the available regularity results
on solutions to the Monge-Ampere equation (Theorem 3.1). Note that the
Dini condition is the lowest condition known on the right hand side of the
Poisson equation that enforces C? regularity for the solution. Our result is
not totally satisfactory since it does not provide existence of a global smooth
solution, which is the case for the 2-d incompressible Euler equation. The
reason for this more powerful result is that for the Poisson equation

A =w,

w bounded implies that V& is Log-Lipschitz. This continuity is slightly
weaker that the Lipschitz continuity, but allows to define a Holder continuous
flow (see [21]). Moreover, the flow being incompressible, this implies (when
d = 2) that the vorticity is just transported along the streamlines. The
construction of global smooth solutions can then be achieved only using those
two arguments.

For the SG system, solutions to

det D*V = p

are only C1® when p is merely bounded. This is not enough to build a
continuous flow, and prevents us from obtaining the same results as for Euler.

We also show uniqueness in the class of Holder continuous solutions (a
sub-class of Dini continuous solutions). This proof uses in an crucial way the
optimal transportation of measures by convex gradients and its regularity
properties, and can be adapted to give a new proof of uniqueness for solutions
of the 2-d Euler equation with bounded vorticity, but also for a broad class
of non-linearly coupled system. The typical application is a density evolving
through a transport equation where the velocity field depends on the gradient
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of a potential. The potential is obtained by solving an elliptic equation, where
the density appears in the right hand side. Well known examples of such cases
are the Vlasov-Poisson and Euler-Poisson systems (see [18]). We point out
that the results of existence and uniqueness obtained here are all obtained
by working in a purely Lagrangian framework.

Finally, in the 2-d case, we study the convergence of the system to the
Euler incompressible equations; this convergence is expected for p close to
1, since formally expanding ¥ = 2%/2 + e, and linearizing the determinant
around the identity matrix, we get

p = det D*U = 1+ eAy 4+ O(€?),

and the Monge-Ampere equation turns into the Poisson equation

-1
Aw:p =: U

€

We then perform the change of time scale t — t/e, and consider now u(t) :=
(%) Then € solves

O+ V - (V) = Oe),
Ay© = pf,

where, when we set O(e) = 0, we recognize as the vorticity formulation of
the 2-d Euler incompressible equation.
Let us comment this scaling: We consider a small solution to SG, i.e. a

solution where p — 1 is small. We then expand this solution by a factor ¢!,

and study it on a time scale of order ¢~*.

From a physical point of view, this asymptotic study may be seen as a
justification of the consistency of the semi-geostrophic approximation when
d = 2. Indeed, when d = 2, the Euler equations are not affected by the

Coriolis force, i.e. the solutions to

0w ~+v-Vuv=-Vp, (6)
dive = 0, (7)
and to
O +v-Vu+ fol = —Vp, (8)
divo = 0, 9)

are the same, since the term v* can be considered as a pressure term (re-

member that v = V- ®). The term f is just a time scale, and the geostrophic
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v
regime is the one where I << f, where v denotes here the typical size of

v and L the typical space scale of the system. Then, note that if v(t,z) is

v
solution to (6), so is v¢ = ev(et,x). But the ratio T goes to 0 as € goes to

0 (note that the space scales for v and v are the same). Hence, in the limit
e — 0, i.e. for small solutions to Euler, the geostrophic approximation should
be valid. This is precisely in this regime that we show that the SG system
and the incompressible Euler system are asymptotically close to each other,
since for SG, a small solution is a one where p is close to 1. Hence what
we show is the following: Let p® be a ’small’ initial data for SG. Consider
1€ obtained from p as explained above, then u¢ is close to some w where w
solves the 2-d Euler incompressible equation in vorticity form

Ow + V- (wV1e) =0,
Ap = w.

In other words, when p goes to 1, p is equivalent to a solution of Euler, on a
time that goes to infinity.

The study of this 'quasi-neutral’ limit is done by two different ways: One
uses a modulated energy method similar as the one used in [4] and [5] and
is valid for weak solutions. The other uses a more classical expansion of the
solution, and regularity estimates, and is similar to the method used in [17].
The second method also yields almost global solutions: Indeed, it will be
shown in this paper that smooth (say with Lipschitz density) solutions exists
in short time. The asymptotic study of the convergence to Euler shows that
the Lipschitz bound on the solution remains valid on a time that goes to
infinity when the solution is chosen with an initial condition that converges
toward the uniform density.

2 Measure valued solutions

2.1 A new definition of weak solutions

We have first the following classical weak formulation of equation (3):
p € C(R+, L'(R3) — w) is said to be a weak solution of SG if

VT > 0, Yo € C2([0,T] x R?),

o0+ Ve (VU - ) p b

— [e@aptyis ~ [ o(0.0p0.0)ds,
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where for all ¢, U[p| is as in Theorem 1.1. The problematic part in the case
of measure valued solutions is to give sense to the product pVW[p| since at
the point where p is singular VU[p] is unlikely to be continuous. Therefore
we use the Theorem 1.1 to write for any p € P?(R?)

Vi € C(R?), /

RS

PV -V = / Vo (VE[])

(the integrals would be performed over T? in the periodic case). The property
VO[pluxal® = p is still valid when p is only a measure with finite second
moment (see Remark 2 after Theorem 1.2). Therefore, the formulation on
the right hand side extends unambiguously to the case where p ¢ L'(R?).

Geometric interpretation

This weak formulation has a natural geometric interpretation: At a point
where W[p] is not differentiable, and thus where 0¥[p] is not reduced to a
single point, V¥[p] should be replaced by d¥|p] the center of mass of the
(convex) set OW[p]. The function d¥[p] coincides Lebesgue almost every-
where with VWU, and is defined as follows

Definition 2.1. The map 0¥|p| is defined at every point x by the center
of mass with respect to the Lebesque measure of the set O¥[p|(x). In other
words, if OV|[p|(x) is a k-dimensional convex set, we have

U [p)(x) = /a s VI

This motivates the following definition of weak measure solutions

Definition 2.2. Let, for all t € [0,T], p(t) be a probability measure of R3.
It is said to be a weak measure solution to SG if

1- The time dependent probability measure p belongs to C([0,T], P —wx),

2- there exists t — R(t) non-decreasing such that for all t € [0,T], p(t,-)
is supported in B(0, R(t)),

3- for all'T > 0 and for all p € C([0,T] x R3) we have
/ dup(t, ) dpldt, v) (10)
[0,T]xR3

+ /M]XQ Vo(t,VO[p(t)](z)) - z* dtdx —/ Vo(t,z) -zt dp(dt, z)

[0,T]xR3

— /(p(T, x)dp(T,x) do — /go(O,x)dp(O,x) dx.
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This definition is consistent with the classical definition of weak solu-
tions if for all ¢, p(t,-) is absolutely continuous with respect to the Lebesgue
measure.

2.2 Result

Here we prove the following

Theorem 2.3. 1. Let p° be a probability measure compactly supported.
There exists a global weak measure solution to the system SG in the
sense of Definition 2.2.

2. For any T > 0, if (pp)nen 1S a sequence of weak measure solutions on
[0,T] to SG with initial data (p°)nen, supported in By for some R > 0
independent of n, the sequence (pp)nen is precompact in C([0,T], P —
wx) and every converging subsequence converges to a weak measure

solution of SG.

Proof of Theorem 2.3

We first show the weak stability of the formulation of Definition 2.2, and
the compactness of weak measure solutions. We then use this result to ob-
tain global existence of solutions to the Cauchy problem with initial data a
bounded measure.

Weak stability of solutions

We consider a sequence (p,,)nen of solutions of SG in the sense of Definition
2.2. The sequence is uniformly compactly supported at time 0. We first show
that there exists a non-decreasing function R(t) such that p, () is supported
in B(R(t)) for all t,n:

Lemma 2.4. Let p € C([0,T], P(R?) —wx) satisfy (10), let p° = p(t = 0) be
supported in B(0, R°), then p(t) is supported in B(0, R°+Cqt), Cq = supyEQ{|y|}.

Proof. Consider any function &.(¢,r) € C*([0,7] x R) such that

£(0,r)=1if —oo<r <R
£(0,r)=0if r> R+ ¢,
§€(t7 T) = 66(07 r—= CQt)7
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with £(0, -) non increasing. Then applying (10) to the test function &.(t, |z|),
we find

& [ettlal) dote.a)
Vo] L,

_ —/&,fe(t, EeS dp(t,g;)+/Qar§6(t,|v<1>[p(t)]|)m

> / O,&.(t, [V O[p(D)]]) (—Ca + |2]) da
>0

since, by definition of Cq, for x € Q, |z| < Cq and & is non increasing with
respect to r. Note also that we have used /Vw[f(t, lz])] - 2*dp(t, x) doz = 0.
We know on the other hand that

[ 0. 1edp(0.2) = 1.

/ (8, [2])dp(t, ) < 1,
RS

therefore we conclude that / E(t,|z])dp(t,z) = 1, which concludes the
R3

lemma by letting € go to 0.
OJ

From Lemma 2.4, we have:

'—/ Vo(t,z) -2+ dp,(dt, ) +/ Vo(t, Vo[p,(t)](x)) - - dtdw
[0,T]xR3 [0,7] €2

< C(M)llellrqor.cr By
Thus from Definition 2.2 equation (10) we know that for any time t > 0,
Oipn(t,-) is bounded in the dual of L'([0, 7], C*(R?3)) and thus in the dual of
LY([0, T), W*P(R?)) for p > 3 by Sobolev embeddings. Thus for some p’ > 1
we have

Dupn € L([0,T), W27 (R?)).

With the two above results, and using a classical compactness result (see
[16, Chapter 1, lemma 5.1]), we can obtain the following lemma:

Lemma 2.5. Let the sequence (p,)nen be as above, there exists p € C([0,T], P—
wx) and a subsequence (pn, )ren, such that for allt € [0,T], pn, (t) converges
to p(t) in the weak-x topology of measures.
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With this lemma, we need to show that for all ¢ € C([0,7] x R?)
we have Vo(t, VO[p,(t)]) converging to V(t, VO[p(t)]) whenever p,(t) con-
verges weakly-* to p(t). This last step will be a consequence of the following
stability theorem:

Theorem 2.6 (Brenier, [3]). Let Q be as above. Let (p,)nen be a sequence
of probability measures on R?, such that ¥n, [(1+ |z|*)dp, < C, let ®,, =
®lp,] and ¥, = V[p,] be as in Theorem 1.1. If for any f € C°(RY) such that
1f(x)] < CQA+ |z?), [ fpn — [pf, then the sequence ®,, can be chosen in
such a way that ®,, — ®[p] uniformly on each compact set of Q@ and strongly
in WH(Q;RY), and ¥, — W[p| uniformly on each compact set of R and
strongly in W (R?).

oc

From this result, we obtain that the sequence V®[p,] converges strongly
in L'(Q2) and almost everywhere (because of the convexity of ®[p]) to V®|[p).
Thus V(t, V®[p,]) converges to Vip(t, V®[p]) in L' () and one can pass to
the limit in the formulation of Definition 2.2. This ends the proof of point 2
of Theorem 2.3.

Existence of solutions

We show briefly the existence of a solution to the Cauchy problem in the
sense of Definition 2.2. Indeed given p° the initial data for the problem that
we want to solve, by smoothing p°, we can take a sequence pl of initial
data belonging to L'(R?), uniformly compactly supported and converging
weakly-* to p°. We know already from [1], [10], [20] that for every pC, one
can build a global weak solution of (3, 4, 5), that will be uniformly compactly
supported on [0,7] for all T > 0. This sequence will also be solution in
the sense of Definition 2.2. We then use the stability Theorem 2.6, and
conclude that, up to extraction of a subsequence, the sequence p,, converges
in C([0,T], P — wx) to a weak measure solution of SG with initial data p°.
This achieves the proof of Theorem 2.3. 0

Remark: One can prove in fact the more general result, valid for non
linear functionals:

Proposition 2.7. Let F' € C°(Q x RY), such that |F(z,y)| < C(1+|y|?), let
(Pn)nen be a bounded sequence of probability measures, Lebesgue integrable,
with finite second moment. Let p be a probability measure with finite sec-
ond moment, such that for all f € C°(RY) such that |f(z)] < C(1 + |z|?),
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/fdpn — /fdp. Then as n goes to oo, we have

| P ).) dpa(o) = [ Pl V800,10 d
—n /QF(%VCI’[/)](?J)) dy =:/ F(0V[p](x),z) dp(z),

Rd
where OV |p] is given in Definition 2.1.

Remark: One checks easily that this definition of [, F(0¥[p](z), z) dp(z)
is consistent with the definition of [, F(VW¥[p](z),x) dp(z) whenever p is
absolutely continuous with respect to the Lebesgue measure, or VU[p| is
continuous. Indeed, note that V¥ and OV always coincide Lebesgue almost
everywhere, since as a convex and hence Lipschitz function W is differentiable
Lebesgue almost everywhere (Rademacher’s Theorem), hence OV is single
valued Lebesgue almost everywhere.

3 Continuous solutions

What initial regularity is necessary in order to guarantee that the velocity
fields remains Lipschitz, or that the flow remains continuous, at least for a
short time ? The celebrated Youdovich’s Theorem for the Euler incompress-
ible equation shows that when d = 2, if the initial vorticity data is bounded
in L, the flow is Holder continuous, with Holder index decreasing to 0 as
time goes to infinity. This proof relies on the following regularity property
of the Poisson equation: If A¢ is bounded in L*>°, then V¢ is Log-Lipschitz.
This continuity is enough to define a Holder continuous flow for the vector
field Vg'. Such a result is not valid for the Monge-Ampere equation. As far
as we know, the strongest regularity result for Monge-Ampere equations is
the following:

3.1 Regularity of solutions to Monge-Ampere equation
with Dini-continuous right hand side

Theorem 3.1 (Wang, [25]). Let u be a strictly conver Alexandrov solution
of
det D*u = p (11)
with p strictly positive. If w(r), the modulus of continuity of p, satisfies
w(r)

1
/ ——=dr < o0, (12)
0

r
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i 12
then u s in C.

We will work here in the periodic case. In this case, u the solution of
(11) will be ¥[p] of Theorem 1.2. The arguments of [7], [8], adapted to the
periodic case, show that W[p| is indeed a strictly convex Alexandrov solution
of solution of (11). Therefore we obtain the following corollary of Theorem
3.1:

Corollary 3.2. Let p € P(T?) be such that

O<m<p< M,

1
/ Mdr:C’<oo.
o T

where m, M,C" are positive constants. Let WU[p| be as in Theorem 1.2. We
have, for some constant H depending only on m, M, C

¥ [p]||c2(ray < H.

3.2 Result

We will now prove the following:

Theorem 3.3. Let p° be a probability on T3, such that p is strictly positive
and satisfies the continuity condition (12). Then there exists T > 0 and
C1,Cy depending on p°, such that on [0,T] there exists a solution p(t,z) of
SG that satisfies for all t € [0,T]:

Lw t,r
/ ¥d7“ <, W (t, ) |lc2ers) < O,
0

where w(t,r) is the modulus of continuity (in space) of p(t,.).

Proof of Theorem 3.3

Let us first sketch the proof: If ¥ € C?, then the flow t — X (¢, x) generated
by the velocity field [VW(z) — ]t is Lipschitz in space. Since the flow is
incompressible, we have p(t,x) = p°(X~1(¢, x)).

Now we use the following property: If two functions f, g have modulus of
continuity respectively wy, w, then g o f has modulus w, o wy.

Thus if X ~!(¢) is Lipschitz, we have w0, x-1() < wyo(L -) with L the Lipschitz
constant of X~!(¢) and condition (12) remains satisfied.
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Remark 1: Note that Holder continuous functions satisfy the condition
(12).

Remark 2: Note also that we do not need any integrability on Vp and
the solution of the Eulerian system (3, 4, 5) still has to be understood in the
distributional sense.

A fixed point argument

Let us introduce the semi-norm
1
w,,(r)
lule = | “4dr (13)
0 r

defined on P(T?), where we recall that w), is the modulus of continuity of .
We denote Pe the set P equipped with this semi-norm, i.e.

Pc = {n € P(T%), ||ullc < oo}.

From now, we fix p° a probability density in Pg, satisfying m < p° < M,
where m and M are strictly positive constants. Let p be a time dependent
probability density in L>([0,T]; Pc), such that m < p(t) < M for all ¢, we
consider the solution p of the initial value problem:

dup + (VU [u)(z) — 2)* - Vp =0, (14)
plt =0) = . (15)

From Theorem 3.1 and its corollary, the vector field v{u] = (V¥[u](x)—z)* is
C! uniformly in time, therefore there exists a unique solution to this equation,
by Cauchy-Lipschitz Theorem. This solution can be built by the method of
characteristics as follows: Consider the flow X (¢, x) of the vector field v|u],
then p(t) is p° pushed forward by X (), i.e. p(t) = p° o X7!(¢). From the
incompressibility of v[u] the condition m < p° < M implies that for all
te[0,T],m <p(t) <M.

The initial data p° being fixed, the map p — p will be denoted by F.

The spatial derivative of X, D, X satisfies

0D, X(t) = D, v[ul(X)D, X(t), (16)
therefore we have
|D. X (t)| < exp(t Sl[lop] | Dav [p](8)][ Lo ) (17)
s€|0,t

We have also from (16),
Oy [D.X'(t, X (t,2))] = D, X (t, X (¢,2)),
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hence

Do XH(t)] < exp(t sup [|Dyv{p(s)]|ze). (18)

s€[0,t]

Since wfoy < wy 0wy, and writing C; = exp(t supyep g [ D[]l =), we
obtain w, () < wye(Cy-), and

/1 U)p(t)(r> g < /Ct W0 (7") dr
0 r —Jo r

< [ a0 -

r

(using that Vr,w,(r) < M —m). Therefore,
lp(®)lle < 1lp°lle + (M —m)(C; - 1).

Now from Corollary 3.2, and m, M being fixed, there exists a non-decreasing
function H such that

Ivlulller < H(llplle)

and so Cy < exp(tH(||p]|zo=(j0,9:p.))). Hence we can chose @ > 1, and then
T such that

1p°lle + (M —m) (exp(T H(Qlp"lle)) — 1) = Qllp" -

Note that for () > 1, we necessarily have T' > 0. Then the map F : y+— p
goes now from

A= {p, |l om0y < QlR°lle, m < p < M}
into
B={p. Ip(®)llc < I5°lc + (M —m) (exp(t H(Q|lle)) — 1) ,VE € [0, 7]},

and with our choice of T = T(Q), we have B C A. Moreover from the
unconditional bounds

p <=M,
v Iu]l oo o<y < V3/2,

(see the remark after Theorem 1.2 for the second bound) and using equation
(14), we have also ||0pl| Lo (jo,r1;w-10) < K (M) whenever p = F(u).

Call A (resp. B) the set AN {p, 10|l oo (o, 100y < K (M)}, (resp.
B {p, |0:pl| Losjo,ryw -1y < K(M)}); we claim that
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° .7:(./41) CcBCA,
e A is convex and compact for the C°([0,T] x T?) topology,
e F is continuous for this topology,

so that we can apply the Schauder fixed point Theorem. We only check the
last point, the second being a classical result of functional analysis. So let
us consider a sequence (p,)nen converging to u € A, and the corresponding
sequence (p, = F(pin))nen- The sequence p,, is pre-compact in C°([0, T x T?),
from the previous point, and we see (with the stability Theorem 2.6) that it
converges to a solution p of

Ohp+V - (pv[u]) = 0.

But, v[u]| being Lipschitz, this solution is unique, and therefore F(u,) con-
verges to F(u), which proves the continuity of F, and ends the proof of
existence by the Schauder fixed point Theorem.

]

We state here some consequences of the previous result:
Corollary 3.4. Let p° € P(T?), such that 0 <m < p < M.

1. If p° € C*, a €]0,1], for T* > 0 depending on p°, a solution p(t,z) to
(3,4,5) exists in L=([0, T*[, C*(T?)).

2. If p° € WP p > 3, for T* > 0 depending on p°, a solution p(t,z) to
(3,4,5) exists in L=([0, T[, W1P(T?)).

3. If p° € O a €]0,1],k € N, for T* > 0 depending on p°, a solution
p(t,x) to (3,4,5) exists in L>=([0, T*[, C**(T?)).

Moreover, for these solutions, the velocity field is respectively in CH(T3),
W2P(T3), and C*12(T3) on [0,T*[.

Proof. We prove only the first point. We use the representation formula
p(t) = p°(X~1(t)). Since Holder continuous functions satisfy condition (12),
we can construct a solution such that X ~!(#) remains Lipschitz with respect
to the x variable. Then composing a Hélder continuous function with a
Lipschitz function, we obtain a Holder continuous function, which yields the
result.
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4 Uniqueness of solutions to SG with Holder
continuous densities

4.1 Result

Here we prove the following theorem:

Theorem 4.1. Suppose that p° € P(T?) with 0 < m < p® < M, and belongs
to C*(T®) for some a > 0. From Theorem 3.3, for some T > 0 there exists
a solution p to SG in L>([0,T],C*(T?)). Then every solution of SG in
L>([0,T"], CP(T3)) for T" > 0,3 > 0 with same initial data coincides with p
on [0,inf{T,T"}].

Remark 1: The uniqueness of weak solutions is still an open question.

Remark 2: Our proof of uniqueness is thus valid in a smaller class of
solutions than the one found in the previous section, the reason is the follow-
ing: During the course of the proof, we will need to solve a Monge-Ampere
equation, whose right-hand side is a function of the second derivatives of the
solution of another Monge-Ampere equation. In Theorem 3.1, if u is solution
to (11) with a right hand side satisfying (12), although v € C?, it is not clear
that the second derivatives of u satisfy (12). Actually, it is even known to be
wrong in the case of the Laplacian (for a precise discussion on the subject,
the reader may refer to [15]). However, from Theorem 4.3 below, if p € C¢
then u € C%°.

What we actually need is a continuity condition on the right hand side
of (11) such that the second derivative of the solution u satisfies (12). This
may be a weaker condition than Hélder continuity, however the proof would
not be affected, therefore it is enough to give it under the present form.

Proof of Theorem 4.1

Let p; and py be two solutions of (3, 4, 5), in L>=([0, T, C?(T?)) that coincide
at time 0. Let X3, Xy be the two corresponding Lagrangian solutions, (i.e.
solutions of (1,2)). The velocity field being C*, for all ¢t € [0,T], X;(t,-) and
Xo(t,-) are both C* diffeomorphisms of T¢.

We call v; (resp. Vi) the velocity field associated to X; (resp. Xa),
vi(t,z) = [V,(t,z) — x]*,i = 1,2. We have

at(Xl - X2) = V1(X1) - V2(X2)
= (vi(X1) = vi(X2)) + (vi(X2) — v2(X2)).
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We want to obtain a Gronwall type inequality for || X; — Xs||z2. Since vy
is uniformly Lipschitz in space (from Theorem 3.3), the first bracket is esti-
mated in L? norm by C|| X; — Xs|| 2.

We now need to estimate the second term. We first have that

/|V1(X2) —vo(Xo)? = /P2|V‘I’1 — V%

and since py is bounded, we need to estimate ||VW; — VWs|| 2. This will be
done in the following Proposition:

Proposition 4.2. Let X1, Xy be mappings from T¢ into itself, such that the
densities p; = Xipdz,i = 1,2 are in C*(T?) for some a > 0, and satisfy
O0<m< p <M. Let V;,0 = 1,2 be convex such that

det D?*V, = Pi
in the sense of Theorem 1.1, i.e. V; = V[p;]. Then
VU = VUs[r2 < O Xy — Xol|re,
where C' depends only on a (the Holder index of p;), || pillce(ra), m and M.

Before giving a proof of this result, we conclude the proof of the Theorem
4.1. The Proposition 4.2 implies immediately that

100( X1 — Xo) |2 < O X1 — Xal| 12,

and we conclude the proof of the Theorem by a standard Gronwall lemma.
O

4.2 Energy estimates along Wasserstein geodesics: Proof
of Proposition 4.2.

In the proof of this result we will need the following result on optimal trans-
portation of measures by gradient of convex functions:

Theorem 4.3 (Brenier, [3], McCann, [23], Cordero-Erausquin, [9],
Caffarelli,[6]). Let p1, pa be two probability measures on T?, such that p; is
absolutely continuous with respect to the Lebesgue measure.

1. There exists a convex function ¢ such that ¢ — |- |?/2 is Z% periodic,
satisfying Voupr = pa.
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2. The map V¢ is the dpy a.e. unique solution of the minimization prob-
lem

inf /T (@) (@) ~ 2l dr. (19)

Tyup1=p2
and for all x € R, |V (x) — x|pa = |VP(z) — 2|ga.

3. If p1, pa are strictly positive and belong to C*(T?) for some o > 0 then
¢ € C**(T) and satisfies pointwise

p2(V) det D*6 = py.

For complete references on the optimal transportation problem (19) and
its applications, the reader can refer to [24].

Remark 1: The expression | - |pa denotes the Riemannian distance on the
flat torus, whereas |-|ga is the Euclidean distance on R?. The second assertion
of point 2 means that, for all z € RY, |V(z) — x| < diam(T?) = v/d/2.

Remark 2: Here again, note that since ¢ — | - |?/2 is periodic, the map
x — Vo¢(z) is compatible with the equivalence classes of R?/Z4, and therefore
is defined without ambiguity on T<.

Wasserstein geodesics between probability measures

In this part we use results from [2], [22]. Using Theorem 4.3, we consider the
unique (up to a constant) convex potential ¢ such that

Voupr = pa,
¢ —|-|?/2 is Z* — periodic.
We consider, for 6 € [1,2], ¢y defined by
|z

b= (2—6)5+ (0 - 1)o.

We also consider, for 6 € [1,2], pg defined by
po = Vg 4p1.

Then py interpolates between p; and py. This interpolation has been in-
troduced in [2] and [22] as the time continuous formulation of the Monge-
Kantorovitch mass transfer. In this construction, a velocity field vy is defined
dpg a.e. as follows:

VF € CO(T%RY), / oo f = / P f (Vs) - 0V s
- / i f (Vo) - (Vo(r) —x).  (20)
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It is easily checked that the pair py, vy satisfies
dopo + V - (povg) =0,

and for any 6 € [1,2], we have (see [2]):

1 1
—/pwwz—/Umvmw—w:wammﬂ
2 Td 2 Td

where W (p1, p2) is the Wasserstein distance between p; and ps, defined by

W2 = int { [ oz - ot |

#P1=p2

The Wasserstein distance can also be formulated as follows:

W3(p1, pa) = inf {/Td Vi - ng%d}

where the infimum is performed over all maps Y;,Y, : T¢ — T¢ such that
Yiudr = p;,v = 1,2. From this definition we have easily

WQZ(P1>P2) S /|X2<t7a) - Xl(t>a)|2 da'7

and it follows that, for every 6 € [1, 2],
[ ol = WaGon,pa) < IP¥a = Xalo 1)
T

Regularity of the interpolant measure py

From Theorem 4.3, for p;, po € C? and pinched between the positive positive
constants m and M , we know that ¢ € C*# and satisfies

2, Pt
det 7o = p2(Vo)

We now estimate py = p;[det D?¢g) . From the concavity of log(det(-))
on symmetric positive matrices, we have

det D%¢y = det((2—0)I + (0 — 1)D%¢)

> [det D?¢]"!
m

> —.

- M

Moreover, since ¢ € C?, det D?¢g is bounded by above. Thus py is uniformly
bounded away from 0 and infinity, and uniformly Hélder continuous.
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Final energy estimate

If we consider, for every 6 € [1,2], ¥y solution of
det D*Wy = py, (22)

in the sense of Theorem 1.2, and we impose that

/Td By = 0 (23)

(see [19]). Then ¥, interpolates between ¥ and W5, and ¥,y € C%# uniformly,
from the regularity of ps. We will estimate JyVW, by differentiating (22)
with respect to 6. The fact that Wy, Oy is differentiable with respect to 6
is a consequence of the results of [19]. We will have, following the a priori
estimate of [19, Propositon 5.1, Theorem 2.3]

gV Py, 03V Vg € L=([1,2], L*(T%)),
D9®p, 0pWy € L([1,2],C7(TY)),

for some 7 €]0,1[. (Note that we need the condition (23).)
Let us obtain a precise quantitative estimate in our present case. First
we recall the following fact: For M, N two d X d matrices, t € R

det(M +tN) = det M +t (trace M!{, N) + o(t),

where M., is the co-matrix (or matrix of cofactors) of M. Moreover, for any
f € C*(R%GR), if M is the co-matrix of D?f it is a common fact that

d
Vi€ {1l.d},) 0:M; =0. (24)

i=1
Hence, denoting M, the co-matrix of D?*Wy, we obtain that 0,y satisfies

V- (Mgvag\lfg) = 89/)9(75)
=V - (povo), (25)
where vy is given by (20). From the C?# regularity of Wy, D*Uy is a CF
smooth, positive definite matrix, and its co-matrix My as well. Thus the

problem (25) is uniformly elliptic. If we multiply by 0yWy, and integrate by
parts we obtain

/Vtag\lfg Mg Vagll’g = — / Vagll’g *VgpPg-
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Using that My > A for some A > 0, and combining with the inequality (21)
above, we obtain

IVOpTo(t)2 < A~ llpgvelle2
1/2
< A= Xl (sl )

The constant A™! depends only on m, M, 3, {||p;||cs,i = 1,2}, and is thus
bounded under our present assumptions. We have already seen that py is
uniformly bounded, and we finally obtain that

IV, — VW2 < O X1 — Xol|,2, (26)

this ends the proof of Proposition 4.2.
.
Remark 1. In [19], the author obtains also (weaker) estimates of the type
of Proposition 4.2, for discontinuous densities py, ps.

5 Uniqueness of solutions to the 2-d Euler
equations with bounded vorticity: A new
proof

As stated in the introduction, the method that we have presented here to
show uniqueness of solutions to SG is in fact quite general. It has been
shown in [18] to yield a uniqueness result for solutions to the Vlasov-Poisson
system under the only condition that the density in the physical space is
bounded. In that paper it was also shown that the method could give a new
proof of Youdovich’s theorem for solutions in the whole space R2.

We give here a simplified version of this proof in the periodic case.

We start now from the following system:

op+V - (pVyt) =0, (27)
p= Ay, (28)
p(t = 0) = p°. (29)

We restrict ourselves to the periodic case, i.e. x € T?, p,1 periodic, this
implies that p has total mass equal to 0. We reprove the following classical
result:

Theorem 5.1 (Youdovich, [26]). Given an initial data p° € L>*(T?) sat-
1sfying f’]TZ p° = 0, there exists a unique solution to (27, 28, 29) such that p
belongs to LS (RT x T?).

loc
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Proof of Theorem 5.1

We consider two solutions p1, 17 and po, ¥, such that p;,7 = 1,2 are bounded
in L>([0,T] x T?). In this case the velocity fields v; = V):- both satisfy (see
[21, Chapter 8])

1
V(z,y) €T? |z —y| < 3 Vil#) = vily)] < Cle = yllog

|z —y|

The flows (t,z) — X;(t,x) associated to the velocity fields v; = Vit are
then Holder continuous, and one has, for all t € [0, 7], p;(t) = X;(t)xp°.

Applying the same technique as before, we need to estimate ||V —
Vol r2(r2) in terms of || X7 — Xo||r2(r2y. In the present case, the energy
estimate of Proposition 4.2 will hold under the weaker assumptions that the
two densities are bounded.

Proposition 5.2. Let X1, Xy be continuous injective mappings from T¢ into
itself, let p° be a bounded measure, with [, p° =0. Let p; = X;p°,i=1,2.
Assume that py, pa have densities in L> with respect to the Lebesgue measure.
Let 1;,1 = 1,2 be periodic solutions of Ay; = p;,i = 1,2, then we have

IVe1 = Vol 2cra) < (2max{llpallzoe, llpall o Hlpoll =)' X1 = Xallp2(eay.

Remark 1: In other words, this proposition shows that for p;, po bounded,
the H~! norm of p; — py is controlled by some ’generalized’ (since here we
have unsigned measures) Wasserstein distance between p; and ps.

Remark 2: We see that we obtain a result as in Proposition 4.2 under the
weaker condition that the densities are bounded in L* (and not in C*). This
is because the Laplacian is uniformly elliptic, independently of the regularity
of the solution, while the Monge-Ampere operator is uniformly elliptic only
for C? solutions.

To conclude the proof of Theorem 5.1, note first that for all C' > 0, we
can take 7" small enough so that || Xy — Xi||pec(omxm2) < C. Now we have
for the difference X; — Xy, as long as |X; — X5| < 1/2,

10:(X1 — X2)| 22
Vb1 (X1) — Vi (Xo) ||z + [V (Xa) — Viha(Xa) || 2

<
< Gif[| Xy — Xo|log(| X1 — Xo|) |22 + Co| X1 — Xo| 22,

where we have used Proposition 5.2 to evaluate the second term. We just
need to evaluate ||| X; — Xs|log(| X1 — X3|)||z2. We take T small enough so
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that || Xo — X1 ||z (jor1x12) < 1/€ and notice that x — zlog®x is concave for
0 <z < 1/e, therefore by Jensen’s inequality we have

!/mrxﬁmwx—&w
TQ

1
— Z/Tz | Xy — Xo|?log?(| X1 — Xof?)

1
Z_L |X2 — X1|2 10g2 (/ |X2 — X1|2) s
T2 T2

and some elementary computations finally yield

IN

1

OIX = Xillz2 < Cl1Xz = Xilze log gy

The conclusion X; = X follows then by standard arguments.

5.1 Energy estimates along Wasserstein geodesic: Proof
of Proposition 5.2

The proof of this proposition is very close to the proof of Proposition 4.2, and
we will only sketch it, insisting on the specific points. Here the densities p;
can not be of constant sign, since their mean value is zero, hence we introduce
pi (resp. p; ) the positive (resp. negative) part of p;, i.e. p; = p; — p; . The
mappings X; are supposed injective, therefore we have Xi#pgt = pii. Now,
pj»t are positive measures of total mass equal to say M, with M < oo.

Wasserstein geodesic

We interpolate between the positive parts p;, and the negative part is han-
dled in the same way. As before we introduce the density p; () that inter-
polates between pf (¢) and p3 (). In this interpolation, we consider v, such
that

Aupf +V - (o i) =0, (30)

and we introduce as well p, ,v,. Then py = p; — p, has mean value 0. Let
the potential 1y be solution to

Athg = py. (31)

Note that ps has mean value zero therefore this equation is well posed on T2,
moreover vy interpolates between ¢, and .
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Bound on the interpolant measure py

Instead of interpolating between two smooth densities, we interpolate be-
tween bounded densities, and use the following result from [22]:

Proposition 5.3 (McCann, [22]). Let p; be the Wasserstein geodesic link-
ing pi to p3 defined above. Then, for all 0 € [1,2],

g || < max {[[pf |z, |3 [l } -
The same holds for p;, p, .

Remark: This property is often referred to as 'displacement convexity’.

Energy estimates

Now we impose that de ¢9 = 0. Since p;t,v;t are uniformly bounded in

L, we have using (30) that dppy € L>®([1,2]; W1°(T?)). We can thus
differentiate (31) with respect to 6, to obtain

Adgtpg = opo = —V - (pgvg — Pg Vg ) (32)

with vgt the interpolating velocity defined as in (20), and satisfying for all
g€ [1,2],

[ oo e = W) ot o)

Multiplying (32) by dyt), and integrating over 6 € [1,2], we obtain

2
IV61 — Vil poay < / Lot v N2 + llop g Lo

=1

1/2
< Walpt,p3) (Sl;pl!ﬁl@)

1/2
+ Walpr.ps) (Sl;pl!pellmo) :

Note that the energy estimate is easier here than in the Monge-Ampere case,
since the problem is immediately uniformly elliptic.

The mappings X; are injective and satisfy X; 4po = p;, therefore we have
Xiy(py) = pi - Hence,

Wioto5) < [ bl - P
Iooll=l16: = Xal

IN
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Using Proposition 5.3, we conclude:

V1 — Vo[ p2 (e
1/2 1/2
< 2fpoll ool Xo — Xal| 22 (max {[| p1 [l e, [l o2/l }) ™"
This ends the proof of Proposition 5.2. Note that in our specific case, X;

are Lebesgue measure preserving invertible mappings, therefore ||pF ||z~ =
|p ||, and the estimate can be simplified in

Vhr — Vol p2eray < 2|l poll e | X2 — X1l p2ra).-

6 Convergence to the Euler equation

6.1 Scaling of the system

Here we present a rescaled version of the 2-d SG system and some formal
arguments to motivate the next convergence results. Here xz € T?,t € R*
and for v = (v1,v2) € R?, vt now means (—vy,v;). Introducing 9[p] =
U[p] — |x]*/2, where ¥[p] is given by Theorem 1.2, the periodic 2-d SG
system now reads

dip+ V- (pVt) =0,
det(I + D*)) = p.

If p is close to one then ¢ should be small, and therefore one may consider
the linearization det(I+ D?*y) = 1+ Ay +O(|D?y|?), that yields Ay ~ p—1.
Thus for small initial data, i.e. p° — 1 small, one expects 1, u = p— 1 to stay
close to a solution of the Euler incompressible equation ET

Oip+V - (pVeT) =0, (33)
A¢ = p. (34)

We shall rescale the equation, in order to consider quantities of order one.
We introduce the new unknown

pg(t :L‘) =

Pe(t, ) =

L
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Then we have

p(t) =1+ ep®(et),
Up|(t) = [x]*/2 + e (et),
and we define ¢¢ by

e¢t = |z[*/2 — @[p],
so that
Vo =V (Ve[p]). (35)

Hence, at a point x € T2, V¢ is the velocity of the associated dual point
V®[p](z). The evolution of this quantities is then governed by the system
SG.

Oip° + V- (p V) =0, (36)
det(I + eD*)) = 1 + ep. (37)

Remark: Note that this system admits global weak solutions with initial
data any bounded measure p<°, as long as

/ p0=0, (38)
T2

1
oz (39)

Note also that if the pair (p, ¢) is solution to the ET system (33, 34), so

is the pair <1p(f,x), l(;_S(é,x)
€ € € €

We now present the convergence results. We show that solutions of SG.
converge to solutions of ETI in the following sense: If p° the initial data of
SG,, is close (in some sense depending on the type of convergence we wish
to show) to a smooth initial data p° for ET, then p¢ and p remain close for
some time. This time goes to oo when € goes to 0.

We present two different versions of this result: The first one is for weak
solutions of SG,, and the second one is for Lipschitz solutions.

6.2 Convergence of weak solutions

Theorem 6.1. Let (p°, 1) be a weak solution of the SG. system (36, 37).
Let (p, @) be a smooth C3([0, T) x T?) solution of the EI system (33, 34). Let
¢ be obtained from ¢ as in (35), let H.(t) be defined by

1 _
H(t) = 5 /T Vo< — Vo

2
)
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then
H(t) < (H.(0) + Ce*(1 +t)) exp Ct

where C' depends only on supg<,<i{||D*(s), D?0;(s) || 1oo(r2)}-
In particular, if H.(0) < Coe?/?, we have for all T > 0,t € [0,T],

He(t) S CT€2/3.
where Cp depends on T, C, Cy above.

Remark 1: Note that V¢ (¢, x) is the velocity at point V®[p] = z—eV¢©.
Thus we compare the SG, velocity at point z—eV¢© (the dual point of z) with
the KT velocity at point x. Our result allows also to compare the velocities
at the same point, by noticing that

1 B
Gt) = 5 [ olver =il

= [ Vo Vit - v
’]I‘Q
< CO(H(t) +é)

using the smoothness of ¢, and if Vsges Vei are the respective velocities of the
SG. and EI systems, G, = / P Vg — Veil %
T2

Remark 2: The expansion det(I + D*)) = 1+ Ay + O(|D*P]?), used in
the heuristic argument above to justify the convergence relies a priori on the
control of D?i) in the sup norm. But in the Theorem 6.1, the initial data
must satisfy V¢ close in L? norm to V¢; this condition means that D%y is
close in H~! norm to D%, which is smooth. This control does not allow to
justify the expansion det(l + D*)) = 1 + Ay + O(|D*)]?), but we see that
the result remains valid.

Proof of Theorem 6.1

In all the proof, we use C' to denote any quantity that depends only on ¢.
We use the conservation of the energy of the SG. system, given by

By = [ 1voP (10)

This fact, although formally easily justified, is actually not so straightforward
for weak solutions, and has been proved by F. Otto in an unpublished work.
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The argument is explained in [5]. Therefore E(t) = E,. The energy of the
smooth solution of ET is given by

E(t)= | |Vof (41)
TQ
and also conserved. For all smooth 6, we will use the notation:
1
< D*) > (t,x) = / (1 —5)D*)(t,x — seV¢<(t, x)).
s=0

Thus we have the identity

9 — 0(z — eV o 49
/Wp / (x — V) (42)
_ /9_6 va-v¢€+62/ < D% > V¢V,  (43)

T2 T2

TQ

Using the energy bound, the last term is bounded by €?|| D[ L (12) Ey. Then,
using the conservation of the energies F and E defined respectively in (40,
41), we have

d d

Using the identity (43), we have for all smooth 6,

e/ ve-we:—/ p69—|—/ 9+62/ < D% > V¢ Ve,
T2 T2 T2 T2

hence, replacing 6 by ¢ in this identity, we get

d 1d

_ - e o2 27 € €
g (t) = - Tz[w ¢ — e < D¢ > VoVl

We can suppose without loss of generality that o(t,xz) dv = 0. Then if
T2

we define
Qc(t) = / e < D*¢ > Vo Vo,
TQ
(note that |Q(t)| < Ce¢), we have

d 1d _
_He e) — T, ‘.
gi e+ Q) edt/ww
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Hence we are left to compute

1d - 1 _ _
—— | 0 = — [ Opd+pO9
edt T2 € Jr2

1 _ _ _ o
= = / P VYL Vh — Vot - Voo + 62 < D*0yp > VoVe
T2

€

1 _ _

= - / P VYt Vo — | Vo -Vo,0+ O(e)
T2 T2

= T1+ Ty + O(e),

where at the second line we have used (36) for the first term and (43) with
6 = 0,¢ for the second and third term. (Remember also that we assume

We will now use the other formulation of the Euler equation: v = V¢t
satisfies

ov+v-Vv=-Vp.
After a rotation of 7/2, this equation becomes:
Ve + D¢Vt = Vp,
thus for 75 we have
7, = - [ vovos
TQ
= / VD2V ot
T2
For T}, using (35) and (43), we have
€l = / PEV¢€L ) ng_ﬁ
"]TQ
= | Vu(z - eV - Vo(a — V)

’]I‘Z

= Vot - Vo — eVt D*oVo + €=

T2

where = is defined by
1
== / Vot <D2<5 — / D?*¢(x — 5eV¢©) ds ) V. (44)
T2 s=0

The term fT? V¢t - V¢ vanishes identically. Concerning Z, we claim the
following estimate:
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Lemma 6.2. Let = be defined by (44), then
12| < C(e5 + H.),
where C' depends on || D3|| .

We postpone the proof of this lemma after the proof of Theorem 6.1. We
now obtain

%(Hg(t) +Q.1) < / (Vo — Vo) D2V + CH, + Ce/.
T2

Noticing that for every # : T? — R we have

_ 1
VO+D*oVo = | Vo V(§|V¢|2) =0,
T2

TQ

we find that
[ (vit = vahp2ve = [ Vot - Vi DA - Vo)
hence

dw+am < - [ (V6% =V D6V - V6) + O+
T2

< C(Hd(t) + Qc(t) +€*%)
using that Q.(t) < Ce. Therefore
H(t) + Qc(t) < (He(0) + Qc(0) + Ce*5t) exp(Ct)
and finally
H(t) < (H.(0) + Ce**(1 + 1)) exp(Ct)

and the result follows. Check that the constant C' depends only on
sUPg< < { || D?¢, D*9;@|| o (r2)}. This ends the proof of Theorem 6.1

Proof of Lemma 6.2

First we show that if ©O(R) = / |V¢€|?, then, for some C' > 0
{IVeéc|=R}

_ C
O(R) < 0/ Vo — Vo|* + T (45)
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1 -
Indeed, [|V¢€|? < C, implies that meas{|V¢‘| > R} < Cﬁ' Since |[Vo(t, z)| <
C for (t,z) € [0,T"] x T?, we have

O(R) < 2/ |V<5\2+2/ Vo — Vo
{|V¢<|>R} {IVo¢|>R}
20 -
< ﬁ+2/\v¢f—v¢|2_

Hence (45) is proved, for C replaced by max{2,2C'}.
Then, letting

1
K(z) = D*¢ — /_0 D?¢(x — 5eV¢©) ds

we have

[1]

< COR) + / K (2)] [V

[Vo<|<R

with |K(x)| < Ce|V¢©| thus

=< Ce/ Vo> + CO(R)
|V¢<|<R

<C (eR/|v¢6|2+—+/|V¢6 v¢|2)
<C (eR+ — +/|V¢€ v¢|2)
for all R, so for R = ¢ /3 we obtain:
=<0 4 0/ Vo< — V.

This proves Lemma 6.2

6.3 Convergence of strong solutions

We present here another proof of convergence, that holds for stronger norms.
Let us consider as above the solution (p, ¢) to Euler:

Op+ V- (pVoh) =
A¢ = p,
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and we recall the SG, system

OipS + V- (p° V) =0,
det(I + eD*)) = 1 + €p°.

We have then

Theorem 6.3. Let (p,$) be a solution of EI, such that that p € C? (R x

T?). Let p° be a sequence of initial data for SG. satisfying (38, 39), and
c0 _ =0
such that rp__r
€
(p%, 1) of solutions to SG. that satisfies: For all T > 0, there exists e > 0,

such that the sequence

is bounded in Wh>°(T?). Then there exists a sequence

p—p VY —V¢

€ €
for 0 < € < er is uniformly bounded in L>([0,T], WH>(T?)).

Remark: In the previous theorem, we obtained estimates in L? norm, here
we obtain estimates in Lipschitz norm. Estimates of higher derivatives follow
in the same way.

Proof of Theorem 6.3

We expand the solution of SG, as the solution of K1 plus a small perturbation
of order € and show that this perturbation remains bounded in large norms
(at least Lipschitz). We first remark the the assumption on p implies that
VT >0, ¢ € L=([0,T]; C3(T?)). Let us write

pi=p+em
V= ¢+ ey
Rewritten in terms of py, 1, the SG. system reads:

Oip1 + (Vo + eVt - Vp, = —Vyi - Vp,
Ay + € trace [DQ@/JlDQQE] + 2 det D%y = p1 — det D%.

Differentiating the first equation with respect to space, we find the evolution
equation for Vp;:

athl + ((VQ; -+ EVle)J‘ . V)Vpl
= —(D*¢+eD*y)Vpy — D>y V' — D*pVey. (46)
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We claim that in order to conclude the proof it is enough to have an estimate
of the form

1U1(t, )l eramey < CA A+ [[pa(t, ) |lcor(r2y), (47)

where C' depends on ¢. Let us admit this bound temporarily, and finish the
proof of the theorem: Using (47) and (46), we obtain

d
ZVprille < CEOA+[[Vpullo + e|[Vpil7),

where the constant C(t) depends on the C2(T?) norm of (p(t,-), ¢(t,-)). This
quantity is bounded on every interval [0, 7).

Thus we conclude using Gronwall’s lemma that ||V p;(Z, ) || pee(r2) remains
bounded on [0,T.] with T, going to T as € goes to 0. We then choose T' as
large as we want, since when d = 2 the smooth solution to E[I is global in
time. From estimate (47) the W' bound on p; implies a W** bound on
¥1. Then, we remember that

pe—p _ VY -V

€ €

to conclude the proof of Theorem 6.3.

Proof of the estimate (47)

We write the equation followed by 1, as follows:
Ay = — trace [eD*p; D?¢] — 2 det D*iy + p; — det D?6.
We recall that

[fglloze < I fllczellgllcze,

hence, using Schauder C*? estimates for solutions to Laplace equation (see
[14]), we have

1oz < CL(1 + €llthr|lcze + €| ]|70.a), (48)

where O depends on ||@||c2.e,||p1|lce. The inequality (48) will be satisfied
in two cases: Either for ||¢1||cza < Cy or for || ||c2.e > Cse72 where Cs, Cs
are positive constants that depend on C}.
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Now we show that ¢¢, solution of (37), is bounded in C? for p¢ bounded
in C“ norm. We consider for ¢ € [0, 1] ¢§ the unique up to a constant periodic
solution of

det(I + eD*f) = 1 + tep”.
Differentiating this equation with respect to ¢, we find
Mi; Doy = pf,

where M is the co-matrix of [+eD?*)¢. From the regularity result of Theorem
4.3, M is C* and strictly elliptic. From Schauder estimates, we have then
|0c)5 || c20 < Cp°||c2., and integrated over ¢ € [0, 1], we get

[ ]lc2e < Cllpfllc2e

Hence, since ¢¢ = ¢+ etb1, we have ¢; bounded by C'/e in C?¢. Hence it can
not be bigger than C3/e?, and to satisfy (48), we must have

[Prllc2e < Cs,

where Cj as above depends on ||@||¢2.«, ||p1]|ce. This proves estimate (47).
OJ
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