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Abstract

We present a stratified normalisation completion procedure for rewriting systems over
linear precategories. Our approach relies on a stratification of the set of rewriting rules
according to their confluence and termination properties. We introduce stratified termi-
nation functions to establish termination for such systems. We illustrate the method on
several classes of algebraic structures, including associative and diagrammatic algebras. In
these contexts, we show how the stratification of defining rules can be used to compute
hom-bases effectively.

1 Introduction

This work is part of a broader program on rewriting methods in algebra. Rewriting theory
provides effective tools to address fundamental problems such as the word problem, the com-
putation of linear bases [24] and resolutions [2, 22, 11] of algebraic structures, and the proof of
coherence results [23, 8]. These methods apply to a wide range of algebraic structures, including
monoids, algebras over operads, and higher-dimensional structures presented by linear operads
or monoidal categories [1, 6, 20, 9]. Most approaches rely on transforming systems of algebraic
equations into confluent rewriting systems via completion procedures.

In practice, one often needs to work modulo a set of axioms, either because no terminating
orientation exists or to perform constructions modulo these axioms (e.g., for computing linear
bases). Rewriting modulo has been extensively studied, both in rewriting theory [12, 19] and
in the theory of Gröbner–Shirshov bases [5, 21]. Several completion procedures extend the
principle of Knuth–Bendix completion [15] to rewriting modulo axioms [13, 18, 14]. A key
insight from these approaches is that, in some situations, it is useful to stratify rewriting rules
and compute completion layer by layer, taking into account the normalisation of the lower
strata. This allows the overall problem to be decomposed into a series of local steps [18, 14].

We present a method for constructing convergent presentations of diagrammatic algebras
arising from linear monoidal categories defined by generators and relations. Our goal is to
compute linear hom-bases from such convergent presentations [1, 6, 20, 9]. The main difficulty
is the complexity of these specifications, which involve many axioms together with intricate
interactions between categorical and linear structures. Establishing termination and confluence
is particularly challenging due to the two-dimensional combinatorial nature of the rewritten
objects, namely 2-cells subject to interchange relations. Our approach is based on decomposing
rewriting systems into strata according to termination and confluence properties. We develop
techniques adapted to this setting to prove termination and perform completion layer by layer.

The present contribution focuses on the resulting stratified completion procedure. Our
constructions are formulated for rewriting systems in linear higher precategories, presented by
linear (n+1)-prepolygraphs, as recalled in Section 2. This framework encompasses, in particular,
associative algebras and diagrammatic algebras. Section 3 introduces a normalised completion
procedure based on a stratification of prepolygraphs. It proceeds stratum by stratum: at each
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step, context-induced reductions are normalised with respect to lower strata and oriented by a
monomial order, yielding the next stratum. This normalisation makes the confluence property
modular [4, Sec. 9.3]: if each normalised stratum is confluent, then their union is confluent.
Finally, we illustrate the effectiveness of the procedure on algebraic examples.

2 Termination of stratified algebraic rewriting systems

Rewriting in precategories. Our results are formulated in the setting of free linear higher
precategories [7], a linear version of precategories introduced in [9, 20]. For n ≥ 1, a linear
n-precategory is a linear n-category in which the interchange law is not imposed, that is, the
◦n−1-composition of n-cells is not required to be functorial. We recall below the notation needed
in the sequel and refer to the references above for the definitions.

In the sequel, C denotes a free linear n-precategory over a field k generated by a linear
n-prepolygraph. Rewriting is performed modulo the underlying linear structure, in the spirit of
Gröbner–Shirshov bases [10]. A context of C is a pair (□, C) consisting of an (n− 1)-sphere □
of C and an n-cell C[□] that contains exactly one occurrence of □. From [7], every monomial
n-cell h in C admits a unique decomposition h = C1[α1] ◦n−1 · · · ◦n−1 Cm[αm], where αi are
generating n-cells in C and m is the length of h, denoted by |h|. Any n-cell f can be decomposed
as a linear combination f =

∑
λimi of monomials mi, with λi ∈ k. We write supp(f) for the

set of monomials occurring in f with nonzero coefficient. A (cellular) extension of C is a set X
equipped with a map ρ : X → Sphn(C), where Sphn(C) consists of pairs (f, g) of parallel n-cells.
The elements ofX are calledX-rewriting rules, and are denoted by α : sα→ tα. Without loss of
generality, we may assume that the source of any rule is a monomial. We denote ∂α := sα− tα.
The monomial extension of X is Xm := {(sα, v) | α ∈ X, v ∈ supp(tα)}.

An X-rewriting step u
X
// v is an (n+1)-cell λC[α]+1f in the free (n+1)-precategory C[X]

generated by X on C, where λ ∈ k\{0}, α ∈ X, and sC[α] /∈ supp(f), such that u = λC[sα]+f
and v = λC[tα]+f . AnX-rewriting path u

X
// // v is an (n+1)-cell in the (n+1)-precategory C[X]

that is a composite σ = σ1 ◦n . . . ◦n σp of X-rewriting steps such that sσ1 = u and tσp = v.
An n-cell f in C is in X-normal form if it cannot be reduced by any X-rewriting step. We

denote by Nf(X) the set of X-normal forms in C, and by Nfm(X) its subset of monomials. An
n-cell g is a normal form of an n-cell f if f

X
// // g and g is in X-normal form. In this case,

we write g = f↓X . If X is normalising, an X-normalisation strategy is a map (−)↓X sending
every n-cell f of C to a normal form f ↓X . Any context C admits a unique decomposition
fn ◦n−1 · · · ◦1 f1 ◦0 □ ◦0 g1 ◦1 · · · ◦n−1 gn, with i-cells fi and gi in C. We write C ∈ Nf(X) if
fn, gn ∈ Nf(X) and set the length |C| := |fn| + |gn|. A context C is X-admissible with α if
C ∈ Nf(X) and C[sα] /∈ Nf(X). We denote the set of such contexts by Cont(α,X). We define
the context relation ⊑ on C by β1 ⊑ β2 if β2 = C[β1] for some context C. A hom-set total
order ≼ on C is a monomial order if it is monotone and well-founded. We write lm≼(f) for the
≼-maximal monomial in supp(f), and lc≼(f) for its coefficient.

Stratified rewriting systems. A filtration of length k of an extension X on C is a nested
sequence of subextensions F ∗X : F 1X ⊆ . . . ⊆ F kX = X. We set F 1

sX := F 1X, and for i ≥ 2,
we set F i

sX := F iX\F i−1X, called the i-th stratum of F ∗X, so thatX = F 1
sX⊔F 2

sX⊔. . .⊔F k
s X.

Such a decomposition is called a stratification of X, denoted by F ∗
s X. An extension X equipped

with F ∗
s X is called a k-stratified rewriting system, k-StRS for short.

A k-StRS F ∗
s X is normalising if F i

sX is normalising for every 1 ≤ i ≤ k. A normalisation
strategy for a normalising k-StRS F ∗

s X is a family of normalisation strategies (−)↓i on F i
sX,

for 1 ≤ i ≤ k, denoted by (−)↓∗.
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A termination function for a k-StRS F ∗
s X is a family of maps (δi : Cn → (Zi,≼i))1≤i≤k,

where each (Zi,≼i) is a well-founded total preordered set, satisfying the following conditions:

i) δi(f) ≼i δi(g) implies δi(C[f ]) ≼i δi(C[g]), for all parallel n-cells f, g and context C in C,

ii) δi(tα) ≺i δi(sα), for all α ∈ (F i
sX)m and 1 ≤ i ≤ k,

iii) δi(tβ) ≼i δi(sβ), for all β ∈ (F i−1X)m and 2 ≤ i ≤ k.

The following theorem gives a sufficient condition under which the termination property of
an StRS is modular. Its proof is given in [9].

Theorem 1. If a k-StRS F ∗
s X admits a termination function, then it is terminating.

Example 1. Convergent rewriting systems have been widely used in algebra to compute linear
bases of algebras [24]. Stratification provides a natural framework for addressing this problem.
For instance, consider the associative algebra, seen as a linear 1-category with a single 0-cell,
generated by x, y, z and presented by the rules

γ1 : xy → yx, γ2 : yz → zy, γ3 : xz → zx, α : xyz → x2 + y2 + z2.

The two systems of rules {γ1, γ2, γ3} and {α} are individually confluent. To construct a con-
vergent presentation from these rules, we consider the 2-StRS F ∗

s X generated by the 1-cells
x, y, z, with

F 1
sX = {γ1, γ2, γ3} and F 2

sX = {α}.

In the next section, we study the modularity of confluence for this system.

Example 2. We now present an example arising from monoidal categories, formulated in the
diagrammatic language of three-dimensional rewriting [3, Chap. 10]. Let C be the free linear

2-category with a single 0-cell, generated by
a+b

a b

and
a b

a+b
, for all a, b ∈ N+, and presented by

the following interchange relations Int(C):

→ , → , → , → .

We also impose the associativity and coassociativity relations

αa,b,c :
a b

c → a
b c

, and βa,b,c :
a b c

→
a b c

,

for all a, b, c > 0. The two systems of rules Int(C) and {αa,b,c, βa,b,c} are individually confluent.
We therefore consider the linear 2-precategory presented by the 2-StRS F ∗

s X with

F 1
sX = Int(C) and F 2

sX = {αa,b,c, βa,b,c}.

In the next section, we compute a linear hom-basis for the category C by considering the union
of these two confluent rewriting extensions.
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3 Stratified normalisation completion procedure

In this section, we introduce a normalisation completion procedure for an StRS.

Normalisation. A normalisation of a k-StRS F ∗
s X, with respect to an X-compatible mono-

mial order ≼, is a k-StRS F ∗
s X̂ defined inductively by the following procedure.

We set F 1
s X̂ := F 1

sX. We assume that, for 1 ≤ j ≤ i, F jX̂ has been defined, and we choose

a normalisation strategy (−)↓i on F iX̂. We then define the stratum F i+1
s X̂ as follows.

For every α ∈ F i+1
s X and context C such that C[∂α]↓i ̸= 0, we define the rule C[α]↓i on

F iX̂-normal forms, by setting sC[α]↓i:= lm≼(C[∂α]↓i) and

tC[α]↓i :=

λ−1C[∂α]↓i +ω, if ω ∈ supp(C[tα]↓i) \ supp(C[sα]↓i),

λ−1C[−∂α]↓i +ω, otherwise,

where ω = sC[α]↓i and λ = lc≼(C[∂α]↓i). We define the following cellular extension on C
consisting of such rules, one for each admissible context of α:

JαK↓i:= {C[α]↓i | C ∈ Cont(α, F iX̂)}.

The rules in JαK↓i are called the F iX-normal reductions of α. Let min⊑JαK↓i denote the set of
minimal rules in JαK↓i with respect to the context relation ⊑. We then define

F i+1
s X̂ :=

⊔
α∈F i+1

s X

min⊑JαK↓i .

We call this procedure the stratified normalisation procedure. Given a k-StRS F ∗
s X equipped

with a well-founded order ≼, we denote by SN(F ∗
s X,≼, ↓∗) the normalisation F ∗

s X̂ obtained by

applying this procedure to F ∗
s X, with respect to a normalisation strategy (−)↓∗ on F ∗

s X̂.

Lemma 1. For every F i
sX̂-rewriting step σ = µC[α] +

1f , with i > 1, if C[sα] is F i−1X̂-reducible and F i
sX̂ is

confluent, there exist two F i
sX̂-rewriting paths τ and ρ

(possibly identities) as in the side diagram.

sσ
F i−1X̂

// //

σF i
sX̂

��

(sσ)↓i−1
τ

F i
sX̂ �� ��

e

tσ
F i−1X̂

// // (tσ)↓i−1

ρ

F i
sX̂

?? ??

For the proof, see [9]. The following lemma shows the modularity of the confluence property
of the k-StRS F ∗

s X. Its proof is given in [9].

Lemma 2. Let 1 ≤ j ≤ k. If F i
sX̂ is confluent for every i ≤ j, then F jX̂ is confluent.

In particular, the extension X̂ = F kX̂ is confluent. Moreover, since any normalisation F ∗X̂
is Tietze equivalent to F ∗X, this procedure can be used to compute linear bases. The following
theorem provides an instance of this approach for associative algebras and linear monoidal
categories.

Theorem 2. Let X be an StRS that presents an associative algebra (resp. a linear monoidal
category) C. If there exists an X-compatible monomial order ≼ and a stratification F ∗

s X such

that each stratum of the normalisation F ∗
s X̂ is confluent, then the set Nfm(X̂) forms a linear

basis (resp. linear hom-basis) of C.

The stratified normalisation procedure does not terminate in general, due to the need to
explore an infinite set of admissible contexts. For string rewriting, this set can be constructed
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recursively, as illustrated below. For diagrammatic rewriting, however, this becomes more
difficult. We therefore introduce an effective way to explore this set. We decompose min⊑JαK↓i
by the length of admissible contexts and define Fn min⊑JαK↓i as the ⊑-minimal subset of

{C[α]↓i | C ∈ Cont(α, F iX̂) and |C| ≤ n}.

We have the following result. For the proof, see [9].

Proposition 1. Let F ∗
s X be an StRS and α ∈ F i

sX. Assume that |sβ| = |tβ| for every

β ∈ F i−1X̂. If there exists a natural number n such that

n ≥ max
β∈F i−1X̂

{|sβ| − |α|} and Fn min⊑JαK↓i−1 = Fn+1 min⊑JαK↓i−1 ,

then we have min⊑JαK↓i−1= Fn min⊑JαK↓i−1 .

Stratified normalisation completion procedure. Combining stratified normalisation with
the Knuth–Bendix completion procedure yields the following completion procedure for stratified
rewriting systems.

Input:
A k-StRS F ∗

s X ;
An X-compatible monomial order ≼.
Output: A confluent stratified completion of F ∗

s X.

F ∗
s X̂ ← SN(F ∗

s X,≼, ↓∗)
while F ∗

s X̂ is not confluent do

I ← {j ∈ {1, . . . , k} | F j
s X̂ is not confluent}

for j ∈ I do

F j
s X̂ ← KB(F j

s X̂,≼, ↓j)

F ∗
s X̂ ← SN(F ∗

s X̂,≼, ↓∗)

return F ∗
s X̂

By Theorem 2, whenever this procedure terminates, it returns a confluent StRS F ∗
s X̂. We

now illustrate it through several applications.

Example 3. Let F ∗
s X be the 2-StRS introduced in Example 1, and let ≼ be the lexicographic

order on the alphabet {x, y, z} with z ≺ y ≺ x. The normalisation F ∗
s X̂ is obtained by setting

F 1
s X̂ := F 1

sX. As Nf(F 1X̂) = {ziyjxℓ | i, j, ℓ ≥ 0}, every admissible context is of the form
C = zi1yj1xℓ1□zi2yj2xℓ2 , with i1, j1, ℓ1, i2, j2, ℓ2 ≥ 0. By setting i = i1 + i2, j = j1 + j2, and
ℓ = ℓ1 + ℓ2, we deduce that

JαK↓1 = {zi+1yj+1xℓ+1 → ziyjxℓ+2 + ziyj+2xℓ + zi+2yjxℓ | i, j, ℓ ≥ 0}

and we set
F 2
s X̂ := min⊑JαK↓1 = { zyj+1x→ yjx2 + yj+2 + z2yj | j ≥ 0 }.

The extension F 1
s X̂ is confluent and F 2

s X̂ has no critical branching, hence is confluent. By

Theorem 2, the associative algebra presented by F ∗
s X admits the linear basis Nfm(X̂) =

{ zixj , yixj , ziyj | i, j ≥ 0 }.
Example 4. Consider the 2-StRS F ∗

s X introduced in Example 2. Let ≼ be the lexicographic

order on the alphabet { , , } with ≺ ≺ and a b ≺ c d ,
a b ≺ c d and
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r1 ≺ r2 , for all a + b < c + d, or a + b = c + d and b < d, and r1 < r2. We compute the

normalisation with respect to this monomial order, first on 2-cells of length 1, and then extend
it to arbitrary 2-cells [9].

We set F 1
s X̂ = F 1

sX. Since sα ∈ Nf(F 1X̂), we have F 0 min⊑JαK ↓1= {α}. For every

context C of length 1, C[sα] belongs to Nf(F 1X̂), except in the following four cases:

→ ↓1
; → → ↓1

; →

→ ↓1
; → → ↓1

; → .

In each of these cases, the ⊑-minimal element of the F 1X-normal reduction is α. Thus
F 1 min⊑JαK↓1= {α} = F 0 min⊑JαK↓1. Since |α| = |β| = 2, we obtain min⊑JαK↓1= {α} by

Proposition 1. Similarly, min⊑JβK↓1= {β}. Hence F 2
s X̂ = F 2

sX.

Both F 1
s X̂ and F 2

s X̂ are confluent. By Theorem 2, the set Nfm(X̂) forms a hom-basis of C;
equivalently, every 2-cell admits a unique decomposition f1 ◦1 f2 ◦1 . . . ◦1 fn into 2-cells in C of
length 1, such that each composite fi ◦1 fi+1 is one of the following forms:

, , , ,

, , , , , .

The two examples above illustrate how the stratified normalisation completion procedure can
improve efficiency by decomposing the set of rules and analysing confluence stratum by stra-
tum, thereby avoiding a global analysis of all critical branchings. In fact, the second example
corresponds to a subcategory of the q-Schur category. In [9], we construct a 5-StRS present-
ing the q-Schur category and compute its normalisation and linear hom-basis, illustrating the
effectiveness of our approach.

4 Conclusion

We have introduced a stratified normalisation completion procedure for linear rewriting, relying
on a monomial order to orient newly generated rules. However, some rewriting systems do not
admit any compatible monomial order (e.g. xyz → x3 + y3 + z3 [10]), while they may still be
proved terminating by means of termination functions. This suggests developing a stratified
normalisation procedure based on termination functions, independently of monomial orders.

Our constructions, formulated for rewriting in free linear precategories, could also be ex-
tended to the non-free setting by working modulo relations. This would require suitable strat-
ifications, normalisation procedures, and termination functions for rewriting modulo.

Finally, the stratified normalisation procedure requires exploring a set of admissible contexts
which is, in general, infinite and difficult to describe in higher dimensions. Two directions could
be pursued to make the procedure more effective. The first consists of stratifying admissible
contexts by their length, thereby yielding finite approximations, as initiated in Proposition 1.
The second consists of describing admissible contexts by means of automata, as in the case
of operated algebras [16, 17], in order to obtain a more efficient representation. These devel-
opments could also provide a basis for future implementations of the stratified normalisation
procedure in computer algebra systems. Such implementations would be particularly valuable
for diagrammatic algebras, which are often presented by many rewriting rules.
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