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Abstract — This paper introduces the structure of operated polygraphs as a categorical model for
rewriting in operated algebras, generalizing Grobner-Shirshov bases with non-monomial termina-
tion orders. We provide a combinatorial description of critical branchings of operated polygraphs
using the structure of polyautomata that we introduce in this paper. Polyautomata extend lin-
ear polygraphs of an operator structure formalized by a pushdown automata. We show how to
construct polygraphic resolutions of free operated algebras from their confluent and terminating
presentations. Finally, we apply our constructions to several families of operated algebras, includ-
ing Rota-Baxter algebras, differential algebras, and differential Rota-Baxter algebras.
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1. INTRODUCTION

An operated algebra, also known as Q-algebra, is an associative algebra with linear operators. A well-
known example of such a structure is a differential algebra, introduced by Ritt [38,[39] in the theory of
differential equations. Equipped with a linear operator satisfying the Leibniz rule, differential algebras
have been developed in many areas, such as differential Galois theory [35]46]] and differential algebraic
group theory [32]. Rota-Baxter algebras form another important class of operated algebras, introduced
by Baxter [[5]] and developed in [3|[11}40]. Characterized by a linear operator, they generalize the algebra
of continuous functions through integral operators. These algebras have found applications across
various fields of mathematics and physics, including renormalization in quantum field theory [24],
the analysis of Volterra integral equations [14] [25]], Hopf algebras [14], Yang-Baxter equations [4], and
Rota-Baxter Lie algebras [27]. In the case with multiple operators, differential Rota-Baxter algebras are
equipped with both differential and integral operators. Introduced by Guo and Keigher [26], these
algebras describe the relationship between such operators that satisfy the first fundamental theorem
of calculus. The homological study of these operated algebras has been the subject of several works.
Homological properties such as Koszul duality, minimal model, deformations, and cohomology theory
have been explored in [[12[42]47] for Rota-Baxter and differential algebras. Additionally, these algebras
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have also been studied from a computational approach, using Grébner-Shirshov bases theory [6l[17, 28|
33, [34].

In this line of work, this paper introduces a new constructive rewriting method to compute resolu-
tions of operated algebras. Rewriting is a computational model widely used in algebra, logic and com-
puter science, which consists of calculating in an equational theory by generating the set of equalities
by means of a system of rewriting rules, and sequentially applying the rules that replace the subterms
of a formula by other terms. In algebra, rewriting theory enables the calculation of linear bases [[8] [45]]
and resolutions of algebraic structures in abelian and categorical settings [[1}[7, 18] (20 22} 30, 31} [36]. For
operated algebras, Grobner—Shirshov bases, GS bases for short, introduced in [[9,[41]], are frequently used
alongside rewriting methods for the standardization of ideal representations in free operated algebras,
yielding linear bases and other related constructions [[6] [16] 28] 37]. GS methods require a monomial
order compatible with the rewriting rules, ensuring the termination of calculations. Nevertheless, find-
ing a monomial order for an operated algebra is more complicated than in the associative case due to
the nesting of operators in monomials [6] [16] [34].

The aim of this paper is twofold: first, it introduces a new termination method in operated algebras
without relying on monomial orders, and second, it introduces the notion of polygraphic resolutions for
operated algebras. The linear rewriting strategies introduced in [[20] allow one to compute resolutions
of an associative algebra by extending its rewriting presentation into a polygraphic resolution gener-
ated by confluence diagrams of the higher overlapping of rules. We extend this approach to operated
algebras by introducing the structure of Q-polygraphs as a rewriting setting for operated algebras. It
can be used to derive their linear bases and resolutions.

Now we present the main results of this paper. The first part consists of setting up the polygraphic
framework for Q-algebras. In Section [2| we introduce the structure of higher Q-algebras, thereafter
called w-algebras, as internal w-categories in the category of Q-algebras. Using the underlying linear
and operator structures, Proposition [2.2.9) characterizes w-algebras in terms of globular bimodules over
Q-algebras. Following this characterization, Subsection [2.3| introduces the notion of Q-polygraphs as
systems of generators and relations for presentations of w-algebras. This construction is an extension
of the structure of linear polygraphs introduced for associative algebras in [20].

In Section [3] we expand the structure of Q-1-polygraphs to rewriting systems for Q-algebras. We
define the termination and confluence properties on Q-1-polygraphs. We show that this polygraphic
approach allows us to define more general termination orders than those used in GS theory, see Re-
mark [3.3.5] In particular, Proposition [3.1.7| proves termination of an Q-1-polygraph using the method
of derivations introduced in [19,21]. Proposition [3.2.8|states that for convergent Q-1-polygraphs, which
are both confluent and terminating, the set of normal forms is a linear basis for the presented algebra.
We classify the local branching of Q-1-polygraphs, and state the coherent critical branching lemma in
Theorem In Subsection we make explicit the relationship between GS bases of Q-algebras
and convergent Q-1-polygraphs.

Due to possible nesting of operators, the critical branchings of the Q-1-polygraph cannot be de-
scribed in terms of string overlaps in general, see Remark[3.2.5] In order to characterize the link between
Q-1-polygraphs and linear 1-polygraphs, in Section 4, we encode their operator structure using push-
down automata (PDA). Explicitly, we construct a PDA A accepting all monomials of the Q-algebras
defined with respect to an indexed set Q. Given a linear 1-polygraph ¥ and a PDA A, we define a
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1-polyautomaton as a pair (Z, A), where both s(«) and t(«) are linear combinations of monomials ac-
cepted by the PDA A, for every ¢ € ¥;. Theorem proves an equivalence between the category
of Q-1-polygraphs and the category of linear 1-polygraphs. Using this correspondance, Theorem [4.3.1]
provides an interpretation of the critical branchings in Q-1-polygraphs in terms of the critical branch-
ings of linear 1-polygraphs.

Section[5|presents the main result of this paper. Starting with an Q-algebra presented by a reduced
convergent left-monomial Q-1-polygraph X, Theorem constructs its polygraphic resolution a la
Squier Sq(X). The 0-generators and 1-generators of the w-polygraph Sq(X) consist of the variables
and the rewriting rules defining the algebra, respectively. For n > 2, the n-generators are the sources
of the critical n-branchings of the polygraph X, as defined in (4.3.6). An associative algebra being an
Q-algebra with Q empty, our polygraphic resolution generalizes the corresponding construction for
associative algebras [20]. In Section [] we apply Theorem to construct polygraphic resolutions
for Rota—Baxter algebras, differential algebras, and differential Rota-Baxter algebras. To this end, we
construct reduced and convergent Q-1-polygraphs for these Q-algebras by defining derivations to prove
termination and applying the critical branchings theorem to prove confluence.

Organization of the paper. Section|[2Jrecalls the main constructions of Q-algebras used in this work.
It also introduces the structure of higher Q-algebras and Q-polygraphs. Section [3|deals with the rewrit-
ing properties of Q-1-polygraphs, including the construction of derivations for termination proofs, the
operated version of the coherent critical branchings lemma, and comparisons with Grébner—Shirshov
bases. Section [4]introduces the structure of polyautomata, encoding both the associative linear struc-
ture and the operator structure to establish the equivalence between the categories of Q-1-polygraphs
and linear 1-polygraphs. This correspondence allows us to establish an interpretation of the critical
branchings of Q-1-polygraphs in terms of those of polygraphs of associative algebras. Section [5|in-
troduces polygraphic resolutions of Q-algebras. We characterize the property of an Q-w-polygraph
of being a resolution by the existence of a contraction defined on its generators. We then show how
to construct such a contraction starting with a reduced convergent Q-1-polygraph. Finally, Section [¢]
presents constructions of polygraphic resolutions for some classical Q-algebras.

Conventions and notations. Throughout this paper, we fix a field k of characteristic zero and an
element A in k. Unless stated otherwise, all algebras in this paper are assumed to be associative and
unital. All operators of operated algebras are indexed by a set Q and their set of variables will be
denoted by Z.

2. HIGHER OPERATED ALGEBRAS AND OPERATED POLYGRAPHS
In this section, we define the notion of higher Q-algebras, which we characterize in terms of bimod-

ules. We introduce the structure of Q-polygraphs as systems of generators and relations for higher
Q-algebras.

2.1. Operated algebras

Operated algebraic structures were defined in [37]. In this subsection, we recall the notion of Q-object
in a category and the construction of free Q-algebras from [[6} [23]]. We also construct the free bimodule
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over an Q-algebra.

2.1.1. Operated objects in a category. An (internal) Q-object in a category C is an object X of C
equipped with a family of operators 7; : X — X indexed by r € Q. A morphism of Q-objects from
(X,77) to (X', 7,) is a morphism f : X — X’ in C such that f o 7; = 7 o f, for every 7 € Q. The
Q-objects and their morphisms form a category, denoted by Q-C. When C is k-linear, we require the
operators 7; of Q-objects to be k-linear as well.

In this paper, we will consider Q-Set, Q-Mon, Q-Vect, and Q-Alg as the categories of Q-objects
in the categories Set, Mon, Vect, and Alg of sets, monoids, vector spaces, and associative algebras,
respectively. When no confusion is possible, we will write (X,7") or X for short. Note that if Q is
empty, the categories C and Q-C are isomorphic.

2.1.2. Free Q-algebras. We construct the free Q-monoid Z* on a set Z by induction as follows. Let Z*
denote the free monoid on Z, and set Zgz = Z*. Denote by | Z]; the set of all formal elements | z],
where 7 € Q and z € Z, and define

1Zlo = | 2],

TeQ

We set ZlQ =(Zu I_Z(?JQ)*. The inclusion Z — Z LI LZ(?JQ induces an injective morphism
iy : ZS e Z2.
For1 < k < n—1, suppose Z,? constructed with injective morphisms i_q : Z]?_l — Z,?. We then set
28 = (Z U122 10"
The inclusion Z LI | Z S_ZJQ —ZU|Z r?_lJQ also induces an injective morphism
inoin: 22— 79
By construction, we thus have a sequence of inclusions

Q Q Q
Zy CZyC--CZS Coee

and define Z% = h_r)nZ,? The maps sending u € Z3 to |u], € Z,?H induce a family of operators | |,
on Z% indexed by 7 € Q. As a result, (Z%,| |,), or simply Z%, is the free Q-monoid on Z. For every
u € 72, we define |u]o = u, where 0 is a new element not included in Q.

An Q-monomial u is a non-identity element of Z*, which can be uniquely written as u = uyuy - - - up,
where u; € Z L I_ZQJ , and n is the breadth of u, denoted by bre(u) = n. The depth of u is defined by

dep(u) = min {n | ue Z,?} .
We denote by (27 (2), | 1,), or simply 7,(Z), the free Q-algebra on Z, defined as the k-linear

span of Q-monomials in Z*, and whose operators | ], are induced by linearity. This defines a functor
o (—) : Set = Q-Alg, left adjoint to the forgetful functor U : Q-Alg — Set.
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2.1.3. Examples. We present examples of free Q-algebras, which will be further studied in Section@

i) The free differential algebra of weight A on a set Z is the free Q-algebra, denoted by D,(Z),
equipped with an operator D such that

D(ab) = D(a)b +aD(b) + AD(a)(b) and D(1) =0, forallab e D;(2). (2.1.4)

ii) The free Rota-Baxter algebra of weight A on a set Z is the free Q-algebra, denoted by RB,(2),
equipped with an operator P such that

P(a)P(b) = P(aP(b)) + P(P(a)b) + AP(ab), foralla, b e RB,(2). (2.1.5)

iii) The free differential Rota-Baxter algebra of weight A on a set Z is the free Q-algebra, denoted by
DRB;(Z), equipped with two operators D and P satisfying (2.1.4), (2.1.5) and the relation

D(P(a)) =a, forallae DRB,(Z).

We will use D and P to denote the differential operator and Rota-Baxter operator, respectively, instead
of | |p and | |p, following the conventions in [6] [16] 37].

2.1.6. Free operated bimodules. Let (A, 7) be an Q-algebra. An (A, 7)-bimodule is an Q-vector
space (M, 7M), where M is an A-bimodule. A morphism of (A, ") -bimodules from (M, TM) to (M’, TM")
is a morphism f : M — M’ of both Q-vector spaces and A-bimodules. We denote by Q- Bimod(A) the
category of (A, 7°)-bimodules and their morphisms.
The free (A, 7)-bimodule on a set Z is constructed as follows. We set My(Z) = A® Z ® A, and for
eachn > 0,
Mnii(Z2) = A® IMn(2)] a0y ® A

By construction, we have M;(Z) ¢ M;41(Z) for i > 0, and define M, (Z) = li_n)an(Z). The maps
sending m € M, (Z) to |[m]; € Mus1(Z) induce a family of operators | |, on M, (Z) indexed by
7 € Q. We denote by Mq(Z) the linear span of the elements in M, (Z). Then, (Mq(Z),] |,), or
simply Mq(Z), is the free (A, 7)-bimodule on Z.

2.1.7. Operated contexts. Let O be a symbol not in Z. The Q-monoid of (one hole) Q-contexts is the
subset of (Z Ld)®, denoted by Z[O], consisting of Q-monomials with O occurring only once.

For g € Z%[O] and u € Z%, we define q|, € Z° as the element obtained by replacing the symbol O
in g by u. The composition of p by q in Z[O] is defined by g o p = p|y. For a = 3; iy € Zo(2),
with ; € kand u; € Z%, we define

q|a = Zliq|u,—-
1

Similarly, we extend this structure by linearity into the bimodule of (one hole) Q-contexts, denoted
by M, (Z)[O]. Any element of Mq(Z) can be written as a linear combination

Dlx = (C10C20-~~0Cn)|x,

where x € Z and Cy = [ax ® O ® bi],, withag, by € A, 7 € QU {0}and 1 <k < n.
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2.1.8. Operated ideals. An Q-ideal of an Q-algebra (A, 7") is an ideal of the associative algebra A
closed under the action of its operators. We denote by Io(S) the Q-ideal of @7,(Z) generated by a
subset S of .7 (Z), and by %74 (Z)/1o(S) the quotient Q-algebra.

If Q is empty, @7 (Z) is the free associative algebra, and I (S) is made of all the linear combinations
of monomials p|,, where s € S and p = utv € Z92[0] with u,0 € Z%. If Q is not empty, an element
in In(S) is a linear combination

qls = (propzo---opp)ls

where pr = [ugOog |, with ug, v € Z%and . € QU {0}, for1 <k < n.

2.2. Higher operated algebras

This subsection introduces higher Q-algebras as a generalization of higher associative algebras intro-
duced in [20]. We also make explicit their structure in terms of operated bimodules.

2.2.1. Globular objects. An (internal) globular object of a category C is a sequence X := (Xi)k»o of
objects in C, equipped with the following families of morphisms in C

(s * Xies1 = Xidk20, (tk : Xir1 = Xi)kzo,  and  (ix : X1 = Xik1,
satisfying the following globular and identity relations
SkSka1 = Sklk+1, tiSke1 = trtsr and  Sgigyr = triger = Idxg, (2.2.2)

for every k > 0. The elements of X are k-cells of X. For x € Xj with k > 1, the (k — 1)-cells s;_;(x)
and tx_1(x) are the source and target of x, also denoted by s(x) and t(x). A morphism of globular
objects f : X — Yisafamily (f : X — Yi)ixs0 of morphisms in C that commutes with morphisms s, tx
and ix. We denote by Glob(C) the category of globular objects of C and their morphisms. For n > 0,
we denote by Glob, (C) the full subcategory of Glob(C) consisting of globular objects indexed up to n,
and called n-globular objects.

For a globular object X and 0 < m < k < n, the k-source, k-target, and k-identity maps are defined
by iterated composition

Snet- oSk Xn 2 X, bict. b Xn o X and gy -k s X — Xk,

also respectively denoted by sk, ¢, and i for short. By injectivity of ix, we write x instead of ir(x).
For k > 0, we denote by X *; X the pullback of the morphisms sy, t; : X — X.

For n > 1, two n-cells a and b are parallel if s(a) = s(b) and t(a) = t(b). An n-sphere of X is a pair
of parallel n-cells.

2.2.3. Higher categories. For n > 0, an (internal) n-category in C consists of an n-globular object X
of C and a k-composition map X, x; X;;, — X, for all k < n, along with k-source and k-target maps

Sk
%
X — Xns
Ik
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such that the 2-globular object

Sj Sk
— —
X; — Xk — X
j 3

is a 2-category in C for all j < k < I. We denote by Cat,(C) the category of n-categories in C and
by Cat,,(C) the category of w-categories, defined as the limit of the sequence (Cat;(C) « Cat;1(C))
of forgetful functors.

i>0

2.2.4. Higher Q-algebras. For n € NU {0}, we denote by Q-Alg, the category Cat,(Q-Alg), whose
objects are called Q-n-algebras or n-algebras for short.

Given an n-algebra (A, 77), for each 7 € Q, there is a corresponding operator 7; x on Ag. The source,
target, and identity maps being morphisms of Q-algebras, the following commuting relations

s(Tek (@) = Te-1(s(a),  1(Tep(@) = Tep-1(t(a))  and  i(Trk(a)) = Trpa(i(a),  (2.2.5)

hold for every a € Ag and r € Q. The third relation can also be written as 17;, (a) = Trx+1(1a). In
the sequel, we will omit the 7 notation in such formulas. From this structure, we deduce the following
Q-algebraic properties.

2.2.6. Proposition. For an w-algebra (A, T"), the following conditions hold
i) Forall0 < k < n and every k-composable pair (a,b) of A, we have a x; b = a — t(a) + b,
ii) Foralln > 1, every n-cell a of A is invertible with inverse a~ = s(a) — a + t(a),

iii) For all 0 < k < n and k-composable pair (a,b) of A, we have T,(a~) = T,(a)” and T,(a i b) =

Tn(a) %k Tu(b).
Proof. The proofs of i) and ii) are given in [20, Prop. 1.2.3] using the underlying associative structure.
Property iii) follows directly from (2.2.5). O

2.2.7. Globular operated bimodules. We denote by Glob(Q-Bimod) the category of globular oper-
ated bimodules whose objects are pairs ((A, 7), (M, 7)), where (A, T) is an Q-algebra and (M, 7”) is
a globular (A, 77)-bimodule. Let Globg,, (Q- Bimod) denote its full subcategory, consisting of those pairs
for which (M, 7,’) is isomorphic to (A, 7) with its canonical (A, 7°)-bimodule structure, and satisfying
the following relation for all n-cells a and b in M,,.

aso(b) + to(a)b — ty(a)so(b) = so(a)b + aty(b) — so(a)to(b). (2.2.8)
The following isomorphism of categories extends that known for associative algebras [20, Thm. 1.3.3].

2.2.9. Proposition. The categories Q-Alg, and Globg,,(Q-Bimod) are isomorphic.

2.3. Polygraphs for operated algebras

The structure of polygraphs was introduced by Street [44]] and Burroni [10] as systems of generators
and relations for strict w-categories. We refer to [2] for a comprehensive presentation of the struc-
ture of polygraphs in rewriting theory and higher category theory. More recently, polygraphs have
been introduced for presentations of higher associative algebras [20] and shuffle operads [36]. In this
subsection, we develop the structure of polygraphs for presentations of higher Q-algebras.
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2.3.1. Extended higher Q-algebras. For n > 0, the category Q-Alg; of extended n-algebras is defined
as the pullback of forgetful functors

Q-Alg! — Globy,; (Set)

|- |

Q-Algn W Globn(Set)

where the functor U, forgets the structure of (n + 1)-cells and the functor V< forgets the Q-algebraic
structure. Explicitly, an object in Q-Alg}, is a pair ((4, 7), X), where (A, 7) is an n-algebra and X is a
cellular extension of A,, that is a set X equipped with two maps

A, E=X
7
such that the pair (s(x), #(x)) is an n-sphere of A, for every x € X. The morphism between two
objects ((A,77),X) and ((B,7”),Y) in Q-Alg}, consists of a pair (f,g), where f : (A, 7) — (B,7") isa
morphism of n-algebras, and g : X — Y is a map that commutes with the source and target maps.

2.3.2. Free higher Q-algebras. For n > 1, let ((A, 7)), X) be an extended (n — 1)-algebra. We define
the free n-algebra A[X] on ((A, 7), X) as follows. First, we construct a (Ao, 75)-bimodule (M, 7”) where

M = MQ(X) @An—l,
where Mg (X) is the free (Ag, 75)-bimodule on X as defined in (2.1.6), and we set
7‘;/(m + C) = |_me + 7‘;,11—1(0);

forallz € Q, m € Mq(X) and ¢ € A,_;. Following (2.1.7), the elements of (M, 7") are the linear
combinations of D|, and (n — 1)-cells c of (A, 7), where x € X and D € M, (Z)[O]. The source, target
and identity maps s, t and i in (M, 7") are defined by

$(Dlx) = Dls(x)» t(Dly) = Dly(x) and s(c) =t(c) =i(c) =c.

We define the (Ao, 7p)-bimodule A[X], as the quotient of (M, 7) by the (Ay, 75)-bimodule ideal gen-
erated by elements

(aso(b) + to(a)b — ty(a)so(b)) — (so(a)b + ato(b) — so(a)to (D)),

for all a, b in Mq(X). By Proposition[2.2.9] the (Ao, 7)-bimodule A[X], extends (A, 7") uniquely into
an n-algebra A[X].

2.3.3. Operated polygraphs. Let us define the category Pol, (Q-Alg) of Q-n-polygraphs. For n = 0,
we define Poly(Q-Alg) as the category of sets. The free 0-algebra functor maps a set Z to the free Q-
algebra <7 (Z). For n > 1, assuming that the category Pol,_;(Q-Alg) and the free (n — 1)-algebra
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functor #,_4 : Pol,_1(Q-Alg) — Q-Alg,_, have been constructed, we define the category Pol, (Q-Alg)
as the pullback

Pol,(Q-Alg) —— Q-Alg! |

|
J o -

POIn_l (Q'Alg) 7:'—> Q-Algn—l

of the functor ¥,_; and the forgetful functor ‘W, _;, which forgets the cellular extension. The free
n-algebra functor is defined as the composition

Fn : Pol,(Q-Alg) — Q-Algt | — Q-Alg,,

of the functor Pol,(Q-Alg) — Q-Alg;_, from (2.3.4), followed by the functor mapping (A, X) to A[X].
The category Pol,, (Q2-Alg) of Q-w-polygraphs is defined as the limit of the following sequence

-+ — Pol,(Q-Alg) — Pol,,_1(Q-Alg) — --- — Pol;(Q-Alg) — Poly(Q-Alg),

where each arrow is a forgetful functor that forgets higher structures.

Expanding this definition, an Q-n-polygraph is a sequence X = (Z,Xj,...,X,) made of a set Z
of 0-generators, a cellular extension X; of 27,(Z), and, for each 1 < k < n— 1, a cellular extension Xj4;
of the free k-algebra on (Z, Xj, . . ., Xi). The elements of X}, are called k-generators of X. We will denote
the free n-algebra on X by o7 (X).

2.3.5. Higher Q-monomials. Let X be an Q-w-polygraph. Every 0-cell a of 27, (X) can be uniquely
written as a linear combination
p
a= Z /L-ui
i=1

of distinct Q-monomials u, ..., u, of Ao (Z) with nonzero scalars A4, . . ., Ap. The support of a is the set
supp(a) == {uy, ..., up}.

For n > 1, an Q-n-monomial, or n-monomial for short, q|, of &7 (X) is an n-cell of @/ (X) where «
is an n-generator of X and q € Z%[O]. Following the construction of the free n-algebra, every n-cell a
of @75 (X) can be written as a linear combination

P
a= Z A0; + 1, (2.3.6)
i=1
of distinct Q-n-monomials vy, ..., 0, and an (n—1)-cell c. This decomposition is unique up to the linear

exchange relations (2.2.8). The size of a is the minimum number of Q-n-monomials of .27, (X) required
to write a as in (2.3.6).

2.3.7. Remark. When Q is empty, an Q-n-polygraph corresponds to the notion of linear n-polygraph,
presenting w-associative algebras as introduced in [[20]. We denote Pol, (Alg) the category of linear n-
polygraphs and their morphisms. Q-polygraphs are thus natural generalizations of linear polygraphs.
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3. REWRITING IN OPERATED ALGEBRAS

This section presents the main rewriting properties of Q-1-polygraphs and the coherent critical branch-
ing theorem in the operated setting. We compare the shape of critical branchings generated by Q-1-
polygraphs with those of linear 1-polygraphs, with further exploration in Section |4} Additionally, we
relate convergent Q-1-polygraphs to Grébner-Shirshov theory for Q-algebras.

3.1. Polygraphic presentations of operated algebras
In this subsection, we expand the structure and rewriting properties of Q-1-polygraphs. Inspired
by [21], we introduce the notion of derivations to prove the termination of Q-1-polygraphs.

3.1.1. Operated polygraphic rewriting. An Q-1-polygraph is a pair X = (Z, X;), where Z is a set
and X; is a cellular extension

Ao (Z) g%xl.

A 1-cell f in the free 1-algebra 7, (X) can be written as

P
f= Z)Li Gilg, + 1es
i=1

where a; € X1, q; € Z%[0], ¢ € #o(Z) and qil,, are 1-monomials as in forn=1.

An Q-1-polygraph X is left-monomial if, for every a € Xj, the source s(«) is an Q-monomial
in @7 (Z) that does not appear in Supp (t(a)). A rewriting step in X is the 1-cell Af + 1. in @ (X),
where A # 0, f is of size 1, and s(f) ¢ Supp(c). A 1-cell in o7 (X) is positive if it is a (possibly empty)
0-composition fi *q - - - ¢ f, of rewriting steps in X.
3.1.2. Presentations of Q-algebras. For a € X;, we set (@) = s(a) — t(a). The ideal Io(X) of X is
the Q-ideal of @7 (Z) generated by the set of 0-cells

a(X1) = {a(a) | a € Xi}.

It consists of linear combinations of the form g;| o) where o; € Xj and q; € Z ©[a]. The Q-algebra
presented by X is the quotient Q-algebra

X = do(2)/1a(X).

A presentation of an Q-algebra A is an Q-1-polygraph X such that A is isomorphic to X. Two Q-1-
polygraphs X and Y are Tietze-equivalent if X = Y. Note that any Q-1-polygraph is Tietze equivalent
to a left-monomial one. Therefore, throughout this paper, we will assume left-monomiality.

3.1.3. Termination and monomial orders. An Q-1-polygraph X is terminating if the 1-algebra
2o (X) does not contain any positive cell composed of an infinite number of rewriting steps. A mono-
mial order on Z% is a well-order < on Z*% stable under products and operators, meaning that

u<0v=gql,<ql, forallu,oe Z%andqe Zz%[0l.

We say that < is compatible with X; if v < u holds for all @ : © — a in Xj and v in Supp(a). If there
exists a monomial order < on Z* compatible with X, then X is terminating.

10



3.2. Confluence and critical branchings of operated polygraphs

3.1.4. Normal forms. For an Q-1-polygraph X, a 0-cell a of %7, (X) is a normal form if there is no
rewriting step with source a, else it is reducible. A normal form of a 0-cell a, denoted by Nf(a, X) or a
for short, is a normal form such that there exists a positive 1-cell from a to Nf(a, X). We denote by
Nf(X) the set of normal forms of .2/ (X).

3.1.5. Derivations. A derivation of 2/ (Z) with values in a ©7,(Z)-bimodule N is a linear map d :
o(Z) — N satistying the following conditions:

d(ab) =d(a)-b+a-d(b), d(1)=0, and d(lal,) =ld(a)l,. (3.1.6)
forall a,b € 2/5(Z). A well-order < in N is monotone if the following hold
m+n+my>mi+n +my, u-n-vo>u-n-v and |n], > |n'],,
for all my, mo,n,n’ € N and u,v € Z% such that n > n’.

3.1.7. Proposition. Let X be an Q-1-polygraph, and N be a o7 (Z)-bimodule equipped with a monotone
well-order < on the image d(Z*%*). If there exists a derivation d of 2/o(Z) into N satisfying d(u) > d(v)
foralla : u — a € X1 andv € Supp(a), then X is terminating.

Proof. Suppose u,0,w,v’ € Z* and d(v) > d(v’), we have
d(uow) =d(u) -ow+u-d@) - w+uo-dlw) >du) -ow+u-d@) - w+uo-d(w) =d(uv’w)

and
d(lo],) = Ld(v)], > [d(@")], =d([v'],).

By induction, we deduce that d(q|,) > d(q|,) for ¢ € Z®[O]. Since d(u) > d(v) holds for any
a :u — a € X; with v € Supp(a), the existence of a positive cell composed of an infinite number of
rewriting steps in the 1-algebra .7, (X) would imply the construction of a strictly decreasing chain

du) > d(up) > -+~ > d(uy) > ---, withu; € Z%,

contradicting the well-foundedness of <. Therefore, the polygraph X terminates. ]

3.2. Confluence and critical branchings of operated polygraphs

This subsection deals with confluence properties of Q-1-polygraphs. The classification of local branch-
ings in Q-1-polygraphs extends the case of linear 1-polygraphs in [20]. We highlight the differences in
their critical branchings, and state the coherent critical branching theorem in the operated setting.

3.2.1. Branchings and confluence. A branching of an Q-1-polygraph X is a pair (f,g) of positive
1-cells such that s(f) = s(g). It is local if both f and g are rewriting steps of X. Given a cellular
extension Y of @7, (X), a branching (f, g) is Y-confluent if there exist positive 1-cells h and k in .27, (X)
and a 2-cell F in @75 (X)[Y] as follows

f b—_h
a/ F\ld
Neet

11



3. Rewriting in operated algebras

We say that X is Y-confluent (resp. locally Y-confluent) at a 0-cell a if every branching (resp. local
branching) of X with source a is Y-confluent, and that X is Y-confluent (resp. locally Y -confluent) if it is
so at every 0-cell of @7, (X). When Y contains all 1-spheres of 47, (X), Y-confluence corresponds to the
classical notion of confluence. We say that X is convergent when it is both terminating and confluent.
Each 0-cell a of 27 (X) then has a unique normal form.

3.2.2. Classification of local branchings. The local branchings of Q-1-polygraphs fall into the fol-
lowing families

i) Aspherical branchings: (Af +c, Af +c), where f is a rewriting step of X, and A is a nonzero scalar.

ii) Additive branchings: (Af + pv+c,Au+pug+c), where f : u — aand g : v — b are 1-monomials in
26(X), A, it are nonzero scalars, and c is a 0-cell in o7, (X), satisfying u # v and u, v ¢ Supp(c).

iii) Peiffer branchings: (Aq|| o), + ¢, Aql|ug|, + ), where f : u — aand g : v — b are 1-monomials
in 27(X), A is a nonzero scalar, and c is a 0-cell in @/, (X), satisfying q||,,|, ¢ Supp(c). This
case corresponds to the Peiffer branching in the associative setting, as defined in [20, Def. 3.2.2],
wheng=0and 7 =0.

iv) Owverlapping branchings: (Af + ¢, Ag + c¢), where f : u — aand g : u — b are 1-monomials in
o (X) such that the pair (f, g) is neither aspherical, additive, nor Peiffer. Here, A is a nonzero
scalar, and ¢ is any 0-cell of .27 (X), with u ¢ Supp(c).

3.2.3. Critical branchings. The critical branchings of an Q-1-polygraph X are the overlapping branch-
ings in for which A = 1 and ¢ = 0, and which cannot be factored as (f,g) = (q|f,, q|g,),
where ¢ € Z%[0O] and ¢ # O. Specifically, if we define a well-order < on overlapping branchings
as follows
(qlp s qly) > (f'.g) for g € Z°%[O] and g # T,

then the critical branching is minimal with respect to this order. Explicitly, every overlapping branching
has a unique decomposition as (gl + ¢, gl; + ¢), where (f, g) is the critical branching. We denote the
set of critical branchings of a polygraph X by CB(X). In particular, there are the following two shapes
of critical branchings, called intersection (fw, ug) and inclusion branching (q|,, k) respectively,

Se—aw ol

uow

| (3.2.4)
\} b qly
u
ug k\) b
where u, 0, w,0’ € Z%\ {1}, q#0and f :uvo - a,g:ow = b,h:0" — a’, k: q|, — b’ belong to X;.
Let Y be a cellular extension of 27, (X). We say that X is critical Y-confluent at a 0-cell a if every

critical branching of X with source a is Y-confluent, and that X is critical Y-confluent if it is so at
every 0-cell of .o/, (X).

3.2.5. Remark. When Q = 0, in , q takes the form u’'Ow’, which corresponds to the inclusion
branchings (u’hw’, k) in the associative setting. However, operators introduce additional complexity
in the structure of critical branchings. For example, the rules k : |xy] — yx and h : xy — z give rise
to an inclusion branching (| k], k) that cannot be expressed in the associative setting. In Section [4] we
explain how to describe these critical branchings in terms of string overlaps.

12



3.2. Confluence and critical branchings of operated polygraphs

The following lemma is the operated analogue of [20, Lemmata 3.1.3 and 4.1.2]:

3.2.6. Lemma. Let X be an Q-1-polygraph, and Y be a cellular extension of .2/(X) such that X is Y-
confluent at every 0-cell b, where there exists a positive 1-cell a — b for some fixed 0-cell a of /o (X).
Let f be a 1-cell of /o (X) that admits a decomposition

fi fo Jo

ao_)al_)..._)ap

into 1-cells of size 1. If there exist positive 1-cells a — a; for every 0 < i < p, then there exist positive
1-cells g and h in 97 (X) and a 2-cell F in 275 (X)[Y] as in

f A~ h
S
ap— a
g
3.2.7. Theorem. Let X be a terminating Q-1-polygraph, and Y be a cellular extension of 27, (X). If X is
critically Y-confluent, then X is Y-confluent.

Proof. We prove this result by considering the four cases of local branchings in (3.2.2). The confluence
of these branchings follows the method used in [20, Thm. 4.2.1] for associative algebras, except for the
Peiffer branchings. In this case, its source is given by 4 ¢||,,,)_+c¢, instead of Auv+c. Now, fix a reducible
0-cell a of o7, (X), we assume that X is locally Y-confluent at every b, if there exists a positive 1-cell
f : a — b. We have coherently confluent diagram as follows

f/
Al +e sl te
4| fo), . \ILF_ / 7
Aq“ag] +c
)qul_uZlJ +c = Aqll_abj +C

AN
\\ )Lq|Lbe +c k i
Aqll_ugJ,-i_c \”/G \ 9,

Aqlup). +c\_/b'
9
Note that the dotted 1-cells A g lag), +€ and A q| fp),Fcmay not be positive 1-cells if either supp(gl| 4,) )N
supp(c) or supp(ql|,; ) N supp(c) is not empty. Following Lemma we derive positive 1-cells
f{,91,h k and 2-cells F and G. Since (h, k) is Y-confluent by hypothesis, we further obtain positive
1-cells f}, g}, and a 2-cell H through noetherian induction. Finally, we apply the coherent version of
Newman’s Lemma, as stated in [20, Pro. 4.1.3], which also holds in the operated setting, to conclude
that X is Y-confluent. ]

As in the case of associative algebras [20, Thm. 3.4.2], convergent polygraphs provide canonical
linear bases, as stated by the following result.

3.2.8. Proposition. When X is a convergent Q-1-polygraph, the set Nf(X) forms a linear basis of the
Q-algebra X.

13



3. Rewriting in operated algebras

3.2.9. Reduced convergent presentations. An Q-1-polygraph X is left-reduced if the only rewrit-
ing step in X with source s(a) is « itself, for every 1-generator a. It is right-reduced if, for every
1-generator a, the 0-cell #(«) is a normal form. The polygraph X is reduced if it is both left-reduced
and right-reduced. Following [43] Theorem 2.4], every (finite) convergent string rewriting is Tietze
equivalent to a (finite) reduced convergent one. This result also holds for Q-1-polygraphs.

3.2.10. Example. The free differential algebra 9,(Z) is presented by the following Q-1-polygraph

xP=(z, XlD), XlD = {a[u, v] : D(uv) — D(u)v + uD(v) + AD(u)D(v),

¢ :D(1) > 0| uoez?\{1}}. (3.2.11)

We set N := Z3 and define a derivation d : Z® — N by

d(u) = (Z max{degq (D) + deg(D) — 1,0}, degg(u), deg(w) |
D|u

for every u € Z*, where D|u denotes each occurrence of the operator D in u. Here, deg, (D) and
deg, (D) count the number of operators and 0-generators inside the operator D, respectively, while
deg,(u) and deg,(u) count the number of operators and 0-generators in u. For instance, we have
d(D(1)) =(0,1,0), d(D(xy)) = (1,1,2), and d(D(x)D(y)) = (0, 2, 2) for x,y € Z. For (my,my, m3) € N
and a € D,(Z), we define

a-(my, my, m3) = (my, my, m3)-a = (my, my, ms), D((my, my, m3)) = (max{my+my+ms—1,0}, mo+1, ms).

By definition d satisfies the conditions in (3.1.6). Next, we endow d(Z €) C N with a monotone lex-
icographic order<, comparing tuples (m,n,1) € d(Z%) lexicographically, where d(1) = (0,0,0) is the
minimal element. This ensures that d(D(u)D(v)), d(D(u)v) and d(uD(v)) are all less than d(D(uv))
for any u,0 € Z%, and d(D(1)) > (0,0, 0). Hence, XP is terminating.

If we define [1,1] := ¢, then the polygraph XP has two families of critical branchings

D(qlD(uv) w) as D(w qlD(uv)) bs

- o

D(qla[u,vjw) a2 D(qu

alu,o] )
indexed by u,0,w € Z 2 and w # 1, both of which are confluent. Here, we have

a1 = D(qlp(uo)) W + 4lp(uo) D(W) + AD (gl (40) ) D (W),

az = D(qlp(uy W) + D(qlup) W) + AD(qlpw)p(0) W)

as = D(qlD(u)v)w + D(qluD(z)))W + AD(CI|D(u)D(v))W
+ 4puyo DW) + qlup ) DW) + A qlp (o) D(W)
+AD(qlp1)0) D(W) + AD(qlyp () D (W) + A°D(qlp 1) p (o)) D (W),

14



3.3. Grobner-Shirshov bases and convergence

and by, b, and b3 can be similarly written. Thus X is convergent. Let DY(Z) = {D(x) | x € Z,i > 0},
where D°(x) := x. The set

Nf(xP) = (D9 (Z))*

forms a linear basis of 9, (Z). Since X contains inclusion branchings, it is not reduced. We construct
a reduced presentation of 9, (Z) in Subsection[6.2]

3.3. Grobner-Shirshov bases and convergence

In this subsection, we establish the relationship between Grobner—Shirshov bases [6] 16} [37] and con-
vergent Q-1-polygraphs.

3.3.1. Grobner-Shirshov bases. Let X be an Q-1-polygraph and S be a nonzero subset of 27, (Z). For
the critical branchings in (3.2.4), we set r = uow (resp. r = q|,,) and define the 0-cells

(a,b), = aw—ub (resp. (a’,b"), = gql, —b'). (3.3.2)

Given a monomial order < on Z* compatible with X; and a nonzero 0-cell ¢ in .27 (Z), we denote by
Im (c¢) the maximal Q-monomial in Supp(c). The cell cis trivial modulo (S, r) if there is a decomposition

c= Zi)ti qi|si with qi|lm<(si) <r,

where A; €k, ¢; € Z%[O], and s; € S.
A nonzero subset S is a Grobner-Shirshov (GS) basis of <7 (Z) with respect to < if, for all critical
branchings (3.2.4), the 0-cells in are trivial modulo (S, ).

3.3.3. Proposition. Let X be an Q-1-polygraph. If the set d(X;) forms a GS basis of o/ (Z) with respect
to a monomial order < compatible with X1, then the polygraph X is convergent.

Proof. The termination of X follows from the compatibility of the rewriting rules with the monomial
order <. We consider every intersection branching (fw, ug) in (3.2.4). Since 9(X;) forms a GS basis of
o (Z) with respect to <, there is a decomposition

aw —ub = Zid; qilp(a,) - (3.3.4)

where a; € X; and gyl (,,) < uow. Since d(a;) and 0 have the same image in @/, (Z), the normal
form of every 0-cell d(a;) is 0. Applying the normal form to both sides of (3.3.4), we obtain aw = ub.
Hence every critical branching (fw, ug) is confluent. A similar reasoning can be applied to inclusion
branchings. By Theorem we take Y as the canonical cellular extension containing all 1-spheres
of @75 (X) to conclude that X is confluent. O

3.3.5. Remark. The converse of Proposition[3.3.3]does not hold in general. Indeed, an Q-1-polygraph
can be terminating without admitting a monomial order < on Z* compatible with X;. For example, the
Q-1-polygraph

X={xyz|xlylz— Ixlylzl+x] Lyl z+x |yl =] }
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4. Polyautomata and operated polygraphs

is terminating since, for every ¢ € Z%[0], the Q-monomial g| x| y)- contains one more factor x |y] z
than ql 41z 9lix)1yjz> OF 9lxy)|z)- However, there does not exist a monomial order < compatible
with Xj. Such an order < would imply x |y] z > |[x] ly] z and x |y] z > x |y] | =], leading to x > |x]
and z > | z]. This implies that

x> x| > ||lx]]>... and z>|z]>|l|z]]>...,
contradicting that < is a well-order.

3.3.6. Completion procedure. When X is a non-confluent terminating Q-1-polygraph, we can com-
plete the set of 1-generators of X, without changing the presented algebra, in order to reach confluence.
This completion procedure is well known in rewriting theory, see [8]] for commutative algebras and [29]
for term rewriting. Starting with a monomial order < compatible with X;, the procedure examines
each non-confluent critical branching (f, g) in X, and reduces t(f) and t(g) to some normal forms @
and tTJ) A new 1-generator Im<(a) — A~'a — Im<(a) is then added to the polygraph. When it termi-
nates, the procedure produces a terminating Q-1-polygraph Y such that X = Y.

4. POLYAUTOMATA AND OPERATED POLYGRAPHS

In this section, we introduce the structure of polyautomata to encode the operator structure of Q-1-
polygraphs. We interpret their critical branchings in terms of string overlaps in Theorem and
establish a categorical equivalence between Q-1-polygraphs and linear 1-polygraphs in Theorem [4.2.8]

4.1. Pushdown automata

Automata theory provides mathematical models for describing computational mechanisms. Among
these, pushdown automata (PDA) use a last-in-first-out stack to process context-free languages. Their
state transitions depend on both the input symbol and the top of the stack, enabling them to handle
nested structures such as operators.

4.1.1. Recall that a pushdown automaton (PDA) on % is a tuple A = (Q, %, T, 6, o, F), where:
i) Q is a finite set of internal states,
ii) X is the input alphabet,
iii) T is a finite set of symbols called the stack alphabet,

iv) § : O X {ZpUe} x{TUeU$} — QXTI is the state transition function, where ¢ is an empty
string. In a given state, the PDA reads both the input symbol and the top symbol of the stack,
then transitions to a new state and updates the stack top,

V) qo € Q is the initial state,

vi) F C Q is the set of accepting states.
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4.2. Polyautomatic formulation of rewriting in operated algebras

A monomial accepted by A is a word w = a;---a, € X if there exists a finite sequence of valid

transitions
(‘IO, $) > ((Zb rl) 2 e 2 ) (qna rn)a
2 n

ai

such that g, € F. We denote by Z? the set of monomials accepted by A. Note that Z? does not form a
monoid in general. We further denote by kZ? the set of polynomials accepted by A, consisting of linear
combinations of monomials in 35".

4.1.2. Examples. A PDA is trivial if it accepts all monomials in %j. It can be pictured as follows

20, E > €

st =) (= (™)

where %o, ¢ — ¢ denotes the set of instruction x, ¢ — ¢ for every x € ¥,. The accepting states g3 is
represented by a double circle.
As a nontrivial example, consider the PDA A = ({qo0, 91, 2}, {a, b}, {$, 0}, 6, 90, g2), with

5(q0,6,6) = (q1,8), 6(q1,a,¢) =(q1,0), (q1,b,0) = (q1.€), (q1.68) = (g2, ).

Its transition diagram is given below

ae— 0,00 > ¢

D ®
&% —> ¢

start —( 9o
&ee—$ U

This PDA accepts monomials of the form a"b" for n > 0. The key mechanism lies in its stack operations:
each a pushes a 0 onto the stack, while each b pops a 0, ensuring a balanced number of a’s and b’s. For
instance, For instance, when processing the word aabb, the automaton follows these transitions:

b b
Input: aabb, Stack: 535 $0 > $00 — $0 — $ > e.

The PDA reaches the accepting state g, once the stack is emptied and all transitions are completed.

4.2. Polyautomatic formulation of rewriting in operated algebras

This subsection introduces the notion of polyautomata. We show how to make explicit the structure
of an Q-algebra by a polyautomaton. We deduce an equivalence between the categories of Pol(Q-Alg)
and Pol(Alg).

4.2.1. Polyautomata. Asmentioned in Remark alinear 1-polygraph % = (3, %), as introduced
in [20], is an Q-1-polygraph with an empty set Q. A 1-polyautomaton is a pair (2, A) consisting of a
linear 1-polygraph X and a PDA A on 3, such that for every a € X1, both the source s(«) and the
target t(a) are polynomials accepted by A. We denote by Pol;(A) the full subcategory of Pol; (Alg)
consisting of 1-polyautomata on A. When A is trivial, these two categories coincide.
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4. Polyautomata and operated polygraphs

4.2.2. Bracket polyautomaton. The bracket 1-polyautomaton is a data (%, Ap) made of
i) Xy := Z U Brck(Q), where the bracket set Brck(Q) is defined as follows

Brek(Q) = ] {£n, 1 ).

T;€Q
For simplicity, we will write ¢;, and r,, as ¢; and r; when there is no ambiguity.

ii) The PDA Ag is illustrated by the following state transition diagram

t,e > i1, ] > ¢

start —( 9o % @ (4.2.3)
&e—$ ﬁ/ &% — ¢

Z,E—> ¢

4.2.4. Lemma. The set 2?9 forms a monoid isomorphic to the free Q-monoid Z*. Moreover, this induces

an isomorphism of associative algebras between </ (Z) and kZ?Q.

Proof. First, we define a map ¢ : 2?9 — Z%. Foranyu € 2?9 and 7; € Q, ¥(u) is obtained by replacing

each ¢; with the left bracket "| " and each r; with the right bracket "|;," of the bracket | | . For example,

Y(bxribyrs) = [x],, Lyl,, -

In particular, we set /(£;r;) = [1],, and §/(e) = 1.

We prove that  is surjective. As shown in (4.2.3), state gy transitions to g; by reading the empty
string ¢, initializing the stack with $. To reach g, from g, the stack must remain unchanged as $. In
particular, a direct transition from g; to q; without additional instructions results in an output of e. At ¢y,
by repeatedly reading instructions of the form x,e +— ¢ for all x € Z, A can output any monomial
in Z* while keeping the stack unchanged as $, and then transition to g, to stop the process. Thus, we
have y/(Z*) = Z3}, where Z§* is defined in (2.1.2).

Alternatively, at q;, Ag may first read the instruction ¢, € — i, output &, and push i onto the stack.
Since the presence of i in the stack does not interfere with the instructions x, ¢ — ¢, Ag can continue
to output any monomial in Z*. Finally, by reading r;, i — ¢, Ag outputs a monomial of the form ¢Z*r;,
remove i from the stack, and reach ¢,. Similarly, Ag can accept monomials of the form

(Z U, --- f,'lZ*l’il s l’l'n)*
Thus, we have ¢ ((ZU &, -~ £, Z*r;, -~ -r;,)*) = Z7'. By similar reasoning, for any subset Z> € Z2,
we can construct its preimage under . Since Z* is defined by Z% := 11_n>1Z,§,2 we conclude that ¢ is

surjective. The injectivity of ¢ is straightforward. Since ¥/ (ab) = ¥/ (a)y/(b) for all a,b € s it follows
that ¢ is a monoid isomorphism between Z?Q and Z°.

By extending ¢ linearly over k, we obtain a bijective morphism ki : kZ‘?Q — 27(Z). Therefore,
o (Z) and kZ?Q are isomorphic as associative algebras. ]
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4.2.5. Operated rewriting system. We define a functor
3(-) : Poli(Q-Alg) — Poli(Ag),

which maps an Q-1-polygraph X to the 1-polyautomaton %(X) = (2, 21, Ag), where 3y := ZUBrck(Q)
and 31 := k{7 1(X;). Here,

ky 1(Xy) = {ky a) : k¢ (a) = k¢ (D), foralla:a — b € Xi},

with ki defined in Lemma Since kyy~(a),ky~1(b) € kaQ, the cellular extension X is well-
defined.

This functor establishes a one-to-one correspondence between Q-1-polygraphs and 1-polyautomata.
Moreover, we have the algebraic isomorphism

A —
kZO @ /21 =~ X.
The 1-polyautomaton (X, 31, Aq) is called an operated rewriting system or an Q-rewriting system.

4.2.6. Example. According to and that (D?(Z))" is a linear basis of the free differential alge-
bra D, (Z), the following PDA, denoted by AP, accepts the normal forms of D, (Z)

Z,e—> ¢

£ € —
start HH

&€ > €

Z,e—> ¢
tp,e > D q2 rp,D — €

A differential algebra A can thus be presented by a 1-polyautomaton (3, A”), where ¥ = Z LIBrck(Q)
and X, is its set of defining relations. The algebra A is thus isomorphic to the quotient algebra kZ‘(?D /Z1.

(4.2.7)

For instance, for commutative differential algebras as in [13], we set ¥ := {uv — vu | u,0 € Z‘(‘)\D}.

4.2.8. Theorem. The categories Q-Alg and Alg are equivalent, as are the categories Pol;(Q-Alg) and
Pol; (Alg).

Proof. We denote by Std(A) the standard Q-1-polygraph of an Q-algebra (A, 77). Its 0-generators are
elements of A and its 1-generators are 4 ® v — uv and |u], — 7;(u), for all u,v € A and 7 € Q, where
u ® v denotes the product of u and v in the free algebra .o/ (A), and uv as their product in A. We define
the functor F : Q-Alg — Alg by setting F(A) = ka}Q /21, where 2(Std(A)) is the 1-polyautomaton
on the Q-1-polygraph Std(A) as defined in (4.2.5). The action of F on morphisms is defined naturally.
Conversely, we define the functor G : Alg — Q-Alg by regarding every associative algebra as an
Q-algebra with an empty set Q.

Next, for every Q-algebra A, we define the natural transformation n4 : A — GF(A) by setting
na(a) = ky~!(a) for every a € A, where ki ™! is the bijective map defined in Lemma [4.2.4] replacing
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4. Polyautomata and operated polygraphs

the brackets of | |, with £ and r;. For every associative algebra B, we define the natural transforma-
tion n; : B — FG(B) as the identity morphism. These natural transformations satisfy the following
commutative diagrams

’

n
A GE(A) B, — FG(B,)
fl lGF(f) gJ, lFG(g)
A2 _— GF(Az) B2 ﬁFG(Bz)
nA, UBZ

for all Q-algebras Ay, A, and associative algebras By, B;. Therefore, we establish an equivalence of the
categories between Q-Alg and Alg.

By (4.2.5), the equivalence between Pol;(Q-Alg) and Pol;(Alg) follows from that between Q-Alg
and Alg. ]

4.2.9. Remark. One can gain insight into the construction of Ag in (4.2.3) by alternatively defining
a subset of 3, consisting of monomials u that satisfy the following three conditions. Let deg, (u) and
degri (u) denote the number of occurrences of ¢; and r; in u, respectively.

i) For each i, deg, (u) = deg, (u) = n;.
ii) Write u = upfiusbiuy - - - up—1iun,, where uy, ..., u,, € {Z¢ \ }*. The following condition holds
deg, (uo) +deg, (u1) +--- +deg (um) <m, for0<m<n;.

For each ¢; located between u,, and u,,,;, we first search for the first occurrence of r; in ;41
from left to right. If no such r; is found, we then search for the second occurrence of r; in 42,
the third occurrence in u,,43, and so on, until it is found. Such a pair (£, r;) is called an Q-pair.

iii) For each Q-pair (£, r;) in the monomial u = wyf;or;w,, the submonomial v satisfies conditions 1)
and ii).

Monomials satisfying these conditions are also isomorphic to Q-monomials, similarly to those in 2?9.

4.3. From operated to non-operated: critical branchings

In this subsection, we show how to represent critical branchings of an Q-1-polygraph as critical branch-
ings of the associated linear 1-polygraph. In this subsection, X stands for an Q-1-polygraph.

4.3.1. Theorem. There is a one-to-one correspondence between the sets of critical branchings CB(X) and
CB(2(X)).

Proof. We consider a critical branching (f, g) € CB(X), where f : a —» band g: a — ¢. We map (f,g)

to (f’,¢’) in CB(Z(X)), where f’ : kyy~'(a) — ky"(b) and ¢’ : k"' (a) — ky~'(c). By Lemma[4.2.4]
the bijective map ki ! induces a correspondence between CB(X) and CB(Z(X)). O
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4.3. From operated to non-operated: critical branchings

4.3.2. Remark. We denote by --> and — the 0-cells and 1-cells of Z(X), respectively, and denote by

b
% the 0-cells ab. Following Theorem |4.3.1} the intersection and inclusion branching shapes of X can
be illustrated as follows

........ PR ) ........ U')/ ........... W l ________ JRRRRE y .......... VAR, SSRTITTITIoo o ')l (433)

respectively, with 1-generators @ and f in 3(X). For the inclusion branchings in (4.3.3), although
u',v’,w’ € X, they are not elements of E‘?Q in general. For instance, consider the example from (3.2.5)

X ={xyz|f:|lxyl = yx,g:xy — z}.

We have the 1-polyautomaton X(X) = (2,21, Ag), where 3y = {x,y,z,¢,r} and 21 = {a : fxyr —
yx, f : xy — z}. Then, the critical branching of X can be illustrated as follows

Here, we have x,y,f,r € X7, but £, r ¢ ZAQ, as they are not accepted by the PDA Ag.

4.3.4. Lemma. Letu,0,w € X} be as defined in (4.2.2). If both uv and vw belong to Z?Q, then u,v, w also
belong to 2?9.

Proof. If either uv or vw is ¢, the result follows trivially. Letu = x; - - - x, 0 = y1 - - Y, and w = zy - - - 2z,
where x;,y;,z; € Xp. Since ovw € Z‘?Q, the PDA Agq can accept the monomial y; - - - y,2; - - - z¢. This
implies that Ag can output y; - - - y, while remaining in state ¢; in (4.2.3). At this point, the top of the
stack may contain either the symbol i or $.

Since uv € Z?Q, Agq also accepts the monomial x1 - - - xy1 - - - yp. If the top of the stack contains
the symbol i after outputting y; - - - y,, it will still contain i after outputting x; - - - x,y1 - - - y,. This
prevents Ag from transitioning to g, and halting, which contradicts uv € Z‘?Q.

Therefore, when Ag outputs y; - - - yp,, the top of the stack must be $, ensuring that Ag accepts
Y - - - Yn, transitions to state g, and halts. Hence, v € Z‘?Q. Finally, if either u or w were not in 2?9, it
would contradict the assumption that both uv and vw belong to 2?‘9. Thus, we conclude that u, 0, w € 2?‘9.

O

. . L A,
4.3.5. Corollary. For the intersection branchings in (4.3.3), we have u,0,w € %°.

21



5. Polygraphic resolutions of operated algebras

4.3.6. Higher critical branchings. For n > 2, a critical n-branching of X is a tuple (fi,..., f,) of

1-cells f; with the same source, such that each pair (f;, fj) is a critical branching of X for all i # j.

4.3.7. Example. Consider an Q-1-polygraph X! with XII ={Bu: lul] — u|u € Z®} . We denote
by |u]* the k-fold bracketing of u. Then, for n > 2, the n-tuple

(ﬁw“’ B || - LﬁuJ"‘l)

is a critical n-branching with source |u]™! for every 0-cells u. In particular, we have the 2-critical
branching (f| 4], | fu]) and the 3-critical branching (ﬁLqu, I_:BLuJJ , 1 Bul?) as follows

LBul LLBul]
LLLull] Lul LLLLeel]]] LB ] [Lu]]
Blu Biiul)

All critical branchings of X! are confluent. The termination of X! follows from the decrease in the
number of operators under the application of the rule f3,. Consequently, X' is convergent.

4.3.8. Remark. When the polygraph X is reduced, all its critical branchings are intersection branch-
ings as in (4.3.3). Indeed, the inclusion branchings in imply that there exist two rewriting steps
and u’ fw’ with source u’v’w’. Therefore, for any critcial n-branching (fi, ..., f,) of X, each pair (f;, f;)
is an intersection branching of X for all i # j. For instance, we illustrate critical 3-branchings of X as
follows

5. POLYGRAPHIC RESOLUTIONS OF OPERATED ALGEBRAS

In this section, we present the acyclic properties of an Q-w-polygraph using homotopical contractions,
as introduced in [20]. The main result of this paper, Theorem|[5.2.5] constructs polygraphic resolutions
for Q-algebras from convergent and reduced presentations, extending the constructions for associative
algebras [20]], categories [22]], and operads [36]] to Q-algebras.

5.1. Polygraphic resolutions and contractions
A notion of homotopy on associative w-algebras were introduced in [20]. In this subsection, we extend

this notion to Q-w-algebras. To account for the operator structure, we introduce the notion of bracket
contraction to characterize acyclic Q-w-algebras.
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5.1. Polygraphic resolutions and contractions

5.1.1. Polygraphic resolutions. A cellular extension Y of an n-algebra A is acyclic if, for every n-
sphere (f, g) in A, there exists an (n+1)-cell of the free (n+1)-algebra A[Y] with source f and target g.
An Q-w-polygraph X is a polygraphic resolution of an Q-algebra A if its underlying Q-1-polygraph
(Z,X1) is a presentation of A and all the cellular extensions X, are acyclic.

5.1.2. Homotopies. Let F,G : A — B be two morphisms of Q-w-algebras. A homotopy from F to G is
an indexed morphism of Q-w-algebras
n:A—2B

of degree 1, namely, a sequence n = (fx : Ax — Bi+1)k>0 of morphisms of Q-algebras, satisfying the
following conditions, where we write , = nx(a) for every a € Ag,

i) for every 0-cell a of A,
s(na) = F(a) and  t(n4) = G(a),

ii) for n > 1 and every n-cell a of A,

s(l]a) = F(a) *0 Nig(a) X1 *n—1Mt,_1(a)> (5.1.3)
t(l]a) = sp_1(a) *p—1 Kk Nso(a) *0 G(a), (514)
iii) for n > 0 and every n-cell a of A,
N = 1y,
Following [20, Def. 5.1.1] in the associative setting, (5.1.3) and (5.1.4) are well-defined. The globu-
larity of 4, for every n-cell a of A, follows from
ss(Ma) = s(F(a)) *0 Ny(a) *1°** *n-2 N1, y(a) = $(Ms(a)) = 5t(1a)
and  15(na) = t(Nt(a)) = Ns,s(a) *n-2 *** *1 7s5(a) X0 £(G(a)) = t1(7a).

5.1.5. Remark. From this definition, we prove by induction on n that for every a € A,, the following
relation holds

Nal = |_’7aJ .

Indeed, for a € Ay, since | | commutes with the morphisms F and G, we have 1, = [74]. Assume
Nla] = Lnal holds for every a € Ax with 0 < k < n. Given a € Ay, using the inductive hypothesis and
the commutativity of | | with F, s, and %, we have

s(M1a) = LF(@)] %0 | Mgy | *1+ *n=1 [Ntn_r(a) | = Ls(na)] -
Similarly, we deduce t(n|4)) = [t(74)].

5.1.6. Example. In low dimensions, the homotopy n maps a 1-cell f : a — a’ of A to a 2-cell

%F(G)

F(a) Ynf G(a')

na\’G(a) C(f)
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5. Polygraphic resolutions of operated algebras

of Bbanda2-cel H: f = " :a — a’ of A toa3-cell

F(f) WV H  F(a') Nal

S
F(a)—F(") N/ Ga) ="
G —a7,

of Banda3-cell:H= H : f= f':a—d

F(f) ’ Na/
/—>F(a ) \

F(a) Lir Gp) —Ga)

\/

to a 4-cell of B whose the source is

F(f)*ona

F(H’)*Or]a;*mf/

F(F)*Oqa/*qu/
F(a) F(H)*oﬂa'*l'lf/“

Ua*OG(f/)

and target is

F(f)*@’]a’

ny’
']f*l'?a*oG(H') G(a,)

F(a) F(H)*Or]al*lr]f; r]f*lr]a*OG(H’) G(a/)

ng*1naxoG(H)
g

na*xoG(f")

The following result is proved as in the case of linear-polygraphs [20, Lem. 5.1.4].

5.1.7. Lemma. Let X be an Q-w-polygraph, (A, T") an w-algebra, and F,G : @/o(X) — A morphisms
of w-algebras. A homotopy n from F to G is uniquely and entirely determined by its values on the n-

monomials of </ (X), forn > 0, provided the relation

Nusy (v) T Neo(w)o = Nig(u)so(0) = Mso(u)o t Nuty(v) ~ Mso(w)to(0) (5.1.8)

is satisfied for all n-monomials u and v of o/ (X).

24



5.2. Operated polygraphic resolutions from convergence

5.1.9. Unital sections and contractions. Let X be an Q-w-polygraph, the presented algebra X can
be viewed as an w-algebra whose all n-cells are identities for n > 1. An unital section of X is a linear
map of w-algebras 1 : X — .27, (X) that is a section of the canonical projection 7 : 27 (X) - X and
that satisfies ((1) = 1. For any n-cell a of @/, (X), we write a for i (a), and have a = -5 forn > 1.
An i-contraction of X is a homotopy o from Id ., (x) to 1 such that o, = 1, for every n-cell a
of 27 (X) that belongs to the image of 1 or of o. The i-contraction o is right and bracketed if, for
every n > 0, for all n-cells f, g, h in .27 (X) with respective 0-sources a, b, ¢, and for any Q-monomial v

in 27 (Z), the following conditions hold
Ofg = a0y *o Ty (5.1.10)
Olh)o = Lon] v %o 015 )0- (5.1.11)

The composition on the right-hand side of is well-defined, as to(lox|v) = |c]v = so(oyz)0)
holds.

5.1.12. Example. Let us explain the right and bracketed i-contraction ¢ in low dimensions. For 0-cells
a, b and ¢, we have

ao, _~ab ﬁ Ly I_’C\:J v Q}

ab____ _sab leJo— ,lclo

Oab Olclo

Lbo L
Lflo_xblo % Lf Jo Lgfm
Lo -/ ™~ —

laJo ~ — lalo la] o loalo la] v 9lale lalv

Olalo

5.2. Operated polygraphic resolutions from convergence

This subsection presents the main result of this paper, Theorem [5.2.4] that constructs a polygraphic
resolution for an Q-algebra from a convergent presentation. Such a resolution a la Squier is generated
in each dimension n > 2 by the sources of the critical n-branchings of the presentation.
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5. Polygraphic resolutions of operated algebras

5.2.1. Reduced and essential Q-monomials. Let : be an unital section of an Q-w-polygraph X. An
Q-monomial u of & (Z) is i-reduced if u = u. A non-i-reduced Q-monomial u is 1-essential if

i) u = xv, where x is a 0-generator of X and v is an i-reduced Q-monomial of @7, (Z),
ii) u = |w] v, where w and v are both i-reduced Q-monomials of .27 (Z).

If o is an 1-contraction of X, for n > 1, an n-cell a of @7, (X) is o-reduced if it is an identity or in the
image of o. If the i-contraction o is a right and bracketed, for n > 1, a non-o-reduced n-monomial a
of @5 (X) is o-essential if

iii) u = av, where « is an n-generator of X and v is a i-reduced Q-monomial of 27, (Z).

5.2.2. Lemma. Let X be an Q-w-polygraph and 1 be a unital section of X. A right and bracketed 1-
contraction o of X is uniquely and entirely determined by its values on the i-essential Q-monomials
of 9o(Z) and, forn > 1, on the o-essential Q-monomials of o7, (X).

Proof. By Lemma [5.1.7} it suffices to check that the values of ¢ on the i-essential Q-monomials and
on o-essential Q-monomials determine its values on other Q-monomials and n-monomials, and that
equation (5.1.8) holds. If u is a non-i-essential Q-monomial, we consider three cases

i) u = 1. Then o7 = 1 is forced since 1 is t-reduced.

ii) u = yo, where y is either a 0-generator of X or an i-reduced monomial |w], and v is a non-i-
reduced Q-monomial of &/ (Z). Then (5.1.10) imposes 0y, = Yo, *¢ o5 We proceed by induction
on the length of v to define oy,

iii) u = [w] v, where w is a non-i-reduced Q-monomial of o7, (X) and v is an arbitrary Q-monomial.
Then imposes 0o = Low|v %o 0| 5],- When v is t-reduced, [W]o is 1-reduced. We
define o,, by induction on the number of operators in w and its length. When v is not t-reduced,
we define 0| |, based on the previous case.

If w is an n-monomial, then w can be written as (p; o p; © - - - 0 p,)|4, Where a is a 1-generator with
0-source a and py = |uxDOog],, € Z9[O] with ug, v, € Z®. We distinguish between two cases:

i) w = uao. Then (5.1.10) imposes 0,4y = UaT, *¢ UTLz *o Oygs. We proceed by induction on the
length of u and v to define o, and o,,z.

ii) w=u|ql,]v. Then imposes 6| 4| |, = U | gla] o0 *o Uo| g1 |5 %o Tl We proceed
by induction on the length of u and v to define ¢, and Lol Asfor o) o 15 imposes
I gl J5 = I_()‘q|aJ RS O'{AJE. We then proceed by induction on the number of operators and the

qla
length of ¢, to define g .

To verify (5.1.8), we refer to the case of associative algebras in [20, Lemma5.2.5] and that of the shuffle
operad in [36] Lemma5.1.6], as their proofs do not differ significantly. ]

5.2.3. Proposition. Let X be an Q-w-polygraph with a fixed unital section 1. Then X is a polygraphic
resolution of the X if, and only if, it admits a right and bracketed i-contraction.
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5.2. Operated polygraphic resolutions from convergence

Proof. Assume that X is a polygraphic resolution of X. We define a right and bracketed :-contractions
using Lemma For an essential monomial xv, both xv and xv map to the same element in ., (Z2),
so there exists a 1-cell oy, : x0 — X0 in 27, (X). Similarly, for an essential monomial of the form |w] v,
O|w]o is defined analogously. Assume that o is defined on all n-cells of .25 (X). We now extend it to
the o-essential n-monomial av. By hypothesis, s(04,) and t(oy,) are parallel, ensuring the existence of
an (n+ 1)-cell oy,.

Conversely, for n > 1, let o be a right and bracketed i-contraction, and let f and g be parallel n-cells
in @o(X). We show that t(of) = o5(r) = 0s5(g) = t(0y), ensuring that the (n + 1)-cell o %, o is
well-defined. The fact that ;. (f) = #x(g) for all 0 < k < n implies that

Of *n Og *n-10y, ,(p) *n=2"""%0 Ty f)
is a well-defined n-cell of .27 (X) with the source f and target g. Hence, X,,4; is acyclic. ]

In the following, we assume that each 0-generator of X is a normal form; if not, we reduce this
polygraph to a smaller one using a collapsing mechanism from [20 Subsec.5.3].

5.2.4. Operated polygraphic resolutions. Let X be areduced convergent Q-1-polygraph. We define
Sq(X) as the family of generators (Sq,,(X)) where

n=0’

i) Sq,(X) = Z,
ii) Sq;(X) is the set of tuples (uy, up), written u; |u,, satisfying one of the following two cases

a) u; € Z, or there exists uy € Z such that u; = [ug| € Nf(X), and u, € Nf(X),
b) u; = ¢ and uy = |uy], where uy € Nf (X)),

plus the following condition
¢) ujuy is reducible, and every proper left-factor of u;u, is a normal form,

iii) For n > 2, Sq,,(X) is the set of tuples (uy, ..., Up41), written uy| - - - [ty41, such that the following
conditions hold

a) (u1,uz) € Sq;(X) satisfying the cases [ii)-a)| and [i)-c)|
b) u; € Nf(X), for every i > 2,

c) Forevery 2 < i < n+1, u;u;y1 is reducible, and every proper left-factor of u;u;.1 is a normal
form.

5.2.5. Theorem. Let X be a reduced convergent Q-1-polygraph. There exists a unique polygraphic struc-
ture on Sq(X) and a unique unital section 1, as well as a right and bracketed 1-contraction o of Sq(X), such
that 1 (u) = u for everyu € Z%, and

utl o lunsr furl - Jupa € Sq,(X),
G(ull"'lun)un+l = { " " " (5.2.6)

Ly |- |un) it if uping € Nf(X),
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5. Polygraphic resolutions of operated algebras

for all (n — 1)-generators uy| - - - |up in Sq,,_;(X), and u,4; € Nf(X) withn > 1. When n = 1, we allow
writing uy = |up] € Nf(X). We also set

Oluy) = €l Luol  and ol ugyus = LelLuo)yuss (5.2.7)

for all reducible Q-monomial |uy| with uy € Nf(X), and all 1-generators €| | uy| with us € Nf(X). Then
this structure makes Sq(X) a polygraphic resolution of </ (Z).

Proof. When (5.2.6) holds, the source and target maps of Sq(X), except for the 1-generators ¢| [uo], are
determined by the first case. Writing u = u4]| - - - |u,, for short, we obtain

S(u1| Tt |un+1) = S(O.Eunﬂ) = Uln+1 *0 O.tO (W unw *1 0 kp-2 O.tn—Z (W un4r>

and
Uiy ifn=1,

t(ull te |un+1) = t(o-gunﬂ) = { .
Os(u)uny, Otherwise.

We determine s(¢| [ug]) = |uo] and t(e| lup]) = Elo\J by (5.2.7). Next, we define the values of o on
n-cells of @, (Sq(X)). According to Lemmal5.2.2] it suffices to define o on the i-essential Q-monomials
and o-essential n-monomials.

For the 1-essential Q-monomial |ug| us, where ug, us € Nf(X) but |u,] is reducible. If us is identity,
we have 0|y, = €| [up]. Otherwise, reads o(¢||uy)us = 1(e||uo|)us» that is the source and target
of 0(¢||uo | u, Must be equal, giving the value of o on [ug] us:

g Juy = E(O (el Lo )yus) = (el uo)yus) = (€l Luto])us %o o, .

For the 1-essential monomial u;u,, where u; € Z or u; = |uy| € Nf(X), uy € Nf(X), and uqu, is
reducible. If u; [u; € Sq; (X), then (5.2.6) imposes 0y,,,, = u1|uz. If not, there exists a proper factorization
uy = vawy such that u;]v, € Sq;(X). We have oy, [0,)w, = 1(u]0,)w, PY the second case in (5.2.6), that is

Oujuy = t(o'(ullvz)wz) = S(O'(ullvz)wz) = (u1|v2)wq *g Oiopws -

Now, consider n > 2. For the o-essential monomial uuy,.1, where u is a (n — 1)-generator of Sq(X),
and u,4; € Nf(X). We distinguish four cases. First, for n = 1, if uus = (¢| [uo])us, then
reads o(e|[upus = L(e|Luo))us- S€cONd, if u|tin1 € Sq(X), then imposes oyy,,, = w|ups1. Third,
if upup4 € Nf(X), then imposes 0yy,,,, = luu,,,- Otherwise, there exists a proper factorization
Up+1 = Up+1Wna1 such that ulo,y; € Sq(X). In that case, implies that the source and the target
of O(u|ops1) wasr are equal. On the one hand, we have

S(G(Elvn+l)wn+1) = (E|0n+l)wn+1 *0 O-tO(Elon+l)Wn+1 *1 e *n_z th—z (Elvn+l)wn+l’

and, on the other hand, we obtain

t(G(E|0n+1)Wn+l) = O-S(Elvnﬂ)wnﬂ = Us(o'yvnﬂ)wnﬂ = O-Eunﬂ*oo'to(g)unﬂ Wnt1X1° " KXn-201, o (u)vpy Wntl®

Since a x; b = a+ b — tx(a) and o commutes with ¢, we can rewrite the latter expression, by induction
on n, as a linear composition of n-cells containing ouu,.,» 0o, _, .., wai» and other lower-dimensional
cells. Thus, 0,,,, can be determined from the relation s(o(w|o,u.;) wn1) = (O (w|oper) wost)-

Finally, by Proposition we conclude that Sq(X) is a polygraphic resolution of X. ]
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6. Examples of resolutions of operated algebras

5.2.8. Example. Consider the Q-1-polygraph X! from Example This polygraph is convergent,
but not reduced. In order to construct Nf(X'), we consider

Oy = U(Dn, with @ = (ZU[Z*])" and ®, = (ZU[(®n-1)sz])" forn =1,

n>0

where (®,_1), denotes the set of all Q-monomials u in ®,_; satisfying bre(u) > 2. Note that the
construction of @ excludes all Q-monomials of the form g, in Z 2 so we have Nf(XT) = &;. We

then present the reduced polygraph X! = (Z, )?11 ), which is Tietze equivalent to X', where
X! o= {Bu Llul] = u | u e (@)sz oru € Z}.
Thus, the Q-algebra presented by X has the polygraphic resolution Sq()?l ), where
i) Sq,(X") = Z,
ii) Sql(j(vj) has the 1-generators ¢| | |u]] : [|u]] — u, forallu € (®;),»2 or u €Z,

iii) for every n > 1, Sq,, (X7) is empty.

6. EXAMPLES OF RESOLUTIONS OF OPERATED ALGEBRAS

In this final section, we apply the above constructions to some classical free Q-algebras, including
free Rota-Baxter algebras [[6] [15]], free differential algebras [6] [28] 33]], and free differential Rota-Baxter
algebras [6] [26] 34]).

6.1. Polygraphic resolutions of free Rota-Baxter algebras

This subsection presents a polygraphic resolution of the free Rota-Baxter algebra R$B,(Z) on Z.
6.1.1. Normal forms. The algebra RB,(Z) is presented by the Q-1-polygraph X with
Xf = {a[u, 0] : P(u)P(v) — P(P(u)v) + P(uP(v)) + AP(wo) | u,0 € Z% }
We set N = Z? and define a derivation d : Z% — N by
d(u) = (degQ(“): Z (degQ (u) — degg, (P)))’
Plu

for every u € Z*, where Plu denotes each occurrence of the operator P in u, and deg, (P) counts the
number of operators inside the operator P. For instance, we have d(P(1)) = (1,1), d(P(x)P(y)) = (2, 4),
and d(P(P(x)y)) = (2,3) for x,y € Z. For each (m;,my) € N and v, w € Z% with d(v) = (ny,ny)
and w # 1, we set

v-(my,my) = (Mg +ny, my+ny+2ming), (my,my)-w=(0,0), P((m,mz))=(m+1,my+mg+1).

By definition d satisfies (3.1.6). By equipping d(Z‘*) with a monotone lexicographic order, we ensure
that d(P(u)v), d(uP(v)) and d(uv) are all less than d(P(u)P(v)) for any u,v € Z%, with d(1) = (0,0) as
the minimal element. Thus, X* is terminating. There are three families of critical branchings in X*:
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6. Examples of resolutions of operated algebras

i) (P(w)alv,w], alu,v]P(w)) with the source P(u)P(v)P(w),
ii) (P(qla[uo)P(W), alqlp)p(o) - w]) with the source P(qlp,)p(o)) P (W),
iii) (P(w)P(qlyppw))> @[ qlp)p(w)]) With the source P(u)P(qlp(,)p(w))

which are all confluent by a straightforward computation, similar to Example Hence, X* is
convergent.

Now, we construct the set Nf(X?). Define the alternating product of objects U and V with the
operator P (see also [13]) as

AU,V = (| Jwpmyyu|u

r>0

U(UP(V))’) U (U(P(V)U)’Pm

rz1 r>0

U (U(P(V)U)’

r>1

We introduce the following notations
q)o =7z \ {1}, q)l = Ap(q)o, Z*), and q)n = AP((D(), CD,H)’ forn > 2,

and define the set

U {1}.

®p = (U @,

n>0

Thus, we have Nf(X") = ®p, since there are no Q-monomials of the form g P(u)P(v) in NE (XP), for
allu,0 € Z% and q € Z%[0O].

6.1.2. Remark. Similar to Example [4.2.6, we construct a PDA A"

&% — ¢ &% —> ¢
Z,e—> ¢
start H (6.1.3)
&e—$ &€ E
tp,e > P rp, P> ¢

which accepts all monomials in ®p. We obtain A” by modifying A to exclude monomials containing
the subword rpfp, since ®p = Z9\ {alp(u)p(v)} forany u,v € A

The polygraph X7 is not reduced, as it contains two families of inclusion branchings with sources
P(qlpu)p(v))P(w) and P(u)P(q|p(v)p(w)) for all u,o,w € Z9,

6.1.4. A reduced presentation. We write w = Nf (w, XP), for everyw € Z 2 and construct a reduced
Q-1-polygraph XP, which is Tietze equivalent to X*, with

X, = {a[u0] : P(u)P(v) — P(P(2)0) + P(uP(0)) + AP(i0) | u,0 € ®p}.
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6.1. Polygraphic resolutions of free Rota-Baxter algebras

It follows that Nf(X*) = Nf (XP ) = ®p. Indeed, it suffices to demonstrate that Q(XF) = Q(fp ), where
Q(xF) = {alpuyp) w0 € Z°}  and Q()?P) ={4lpw)p(o) lv.0 € Pp}.

The inclusion Q()?P) c Q(XP) is straightforward. For any 0l p(ug) P () 11 Q(xP), if uy, vy € ®p, then
it belongs to Q(X?). Suppose uy ¢ ®p, then there exists a decomposition uy = q1lp(u;)P () Repeating
this process, we eventually obtain qolp(,,)p(s) = klp(up)p(er) fOF Uk, vk € Pp. Thus we conclude

that O(X?) c Q(XP).
6.1.5. Theorem. The free Rota-Baxter algebra on Z has the polygraphic resolution Sq(X*), where

i) Sq,(X*) =2,

ii) for everyn > 1, Sqn(fp) has the n-generators P(uy)|P(uz)| - - - |P(un+1), whereuy, ..., upy1 € @p.
Proof. The proof follows from the fact that X" is reduced and convergent, along with (5.2.5). ]

6.1.6. Low-dimensional generators of Sq(X?). The following diagrams correspond the 1-generator
P(u1)|P(uy), the 2-generators P(uy)|P(u2)|P(us), and the 3-generators P(u;)|P(uy)|P(us)|P(us) to higher
critical branchings

m m m o

,.,.»"'P"GlJP(JQT\, ,.»"‘P"('ulJp@é‘)‘u., P P P PO
’ P Pu) "y | Plw) P(up) "y Plus) "y

respectively, where uy, us, us, us € ®p and

m = P(P(uy)uz) + P(u:P(us)) + AP(it103),
n = P(P(uy)us) + P(uP(u3)) + AP (it153),
0 = P(P(us)ug) + P(usP(us)) + AP(if30z).

We also illustrate their shapes in low dimensions. For the 1-generators P(u;)|P(uz), we have
P(u1)|P(uz) : P(u1)P(uz) — P(u1)P(uz).

By Theorem the 2-generators P(u;)|P(uz)|P(u3) and the 3-generators P(u;)|P(uz)|P(us)|P(us)
have the following shapes
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d o

abc

—  abdd

—_ tﬁc ——
m —
abcd abed auow

anoa albleld AN
(alb)ed Oaved dﬂ %d > (alb)ed JL Tzbed Oabed
/ %oabe (alb)ed \

abed ___ , abcd abed ___  abcd
Oabced Oabced

where a, b, ¢ and d correspond to P(uy), P(uz), P(us3), and P(uy), respectively.

6.2. Polygraphic resolutions of free differential algebras

This subsection presents two polygraphic resolutions of the free differential algebra 9,(Z) on Z.

6.2.1. A reduced presentation. The algebra D, (Z) is presented by the convergent polygraph XP,
as defined in (3.2.11). We construct a reduced Q-1-polygraph XP with

—D B
Xy = {Of[ul,uz, coUn] s D(ugug - up) — Z Ak "Diyi (Ut ),
1<i;<---<irx<n
1<k<n

¢:D(1) >0 |u,...,u, € D’(Z)\ {1},n > 2},
where Di1 ..... i (ul, . .,un) =Upcc D(uil) .. -D(u,-k) st Up.
6.2.2. Lemma. The polygraphs X" and XP are Tietze equivalent.

Proof. The polygraph XD is convergent since it contains no critical branchings. We prove this lemma
in two steps. First, we show that Nf(X?) = Nf(XP). It suffices to prove that Q(XP) = Q(XP), where

O(X”) = {qlp(usy w0 € Z°\ {1} and  Q(X®) = {qlp (., lui € D'(2) \ {1},n > 2}.

The inclusion Q(XP) c Q(XP) is straightforward. For any qlp,,....,) € Q(XP) with bre(u;) = 1,
if all u; € D%(Z) \ {1}, then it belongs to Q(XP). If not, suppose u; = D(v; -+ vp,) € Q(XP) with
bre(v;) = 1, and repeat this process for D(v; - - - vp,). Eventually, we obtain Q|D(u1~-~u") = q’|D(W1,,,Wk),
where wy, ..., wi € D?(Z) \ {1}, which shows that Q(XP) c Q(XP).

Next, we demonstrate that Nf(w, XP) = Nf(w, XP) for every w € Z. We only consider the case
of w = D(u) with u € Z%. There exists a decomposition D(u) = D(s; - - - s,,) with bre(s;) = 1. For the
case of max(dep(s;)) = 0, meaning all s; € Z, we have

D(u) = D(s1 e Sn) e Z Ak_lDil)_._,ik (31, ey Sn),
1<ij<---<ix<n
1<k<n
in XP. It follows that Nf(D(u), X?) = Nf(D(u),XP). Now, assume that it holds for all cases of
max(dep(s;)) < m. Consider the case of max(dep(s;)) = m + 1, we have s; = D(v;) with dep(v;) = m
for some 1 < v; < n. By the induction hypothesis, Nf (v, XP) = Nf(v;, XP) holds, implying that the
normal forms of D(u) are equal in both X and XP. Therefore, we conclude that X? and X are Tietze
equivalent. ]
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6.2.3. Theorem. The free differential algebra on Z has the polygraphic resolution Sq(iD), where
i) Sqo(XP) =7,
ii) Sql()ﬂ(vD) has the 1-generators ¢|D(1) and e|D(uv), whereu,o € (D?(2))* \ {1},
iii) for everyn > 2,Sq, (XP) is empty.
If A # 0, we provide another polygraphic resolution of D;(Z), similar to Sq(fp ).

6.2.4. A reduced presentation for A # 0. When 1 # 0, we give another presentation Y? := {Z, Y/}
of D,(Z) with

YP = {alu,v] : D()D(v) = A~'D(uv) = A7'D(u)o — A~'uD(v),
9:D(1) - 0| w0 GZQ\{l}}.

The termination of Y? follows from the decrease in the number of operators under the application of
the rules a[u, v] and ¢. This polygraph is also confluent, as it has five families of critical branchings

i) (D(u)a[v, w], a[u,v]D(w)) with the source D(u)D(v)D(w),

ii) (D(qlgy,0))P (W), alqlp(u)p (o) » wl) with the source D(qlp ) p (o)) D (W),
iii) (D(w)D(qlq[o,))> @8 Glp(0)p(aw)]) With the source D(u)D(qlp(y)p(w))
iv) (D(qlw)D(w), alqlp()>w]) with the source D(q|p;))D(w),

v) (D(u)D(ql,), a[u, qlp(y)]) with the source D(u)D(qlp(y)),

all of which can be verified as confluent through straightforward computation. Define the alternating
product of U and V with operator D as

U U U

| Jomuypv)

r>0

| Jwbpm)y

r>1

U(D(V)U)’) :

r>1

Ap(U,V) = (U(UD(V))’U

r>0

We introduce the notations ®y := Z* \ {1} and ®,, := Ap(®y, ®,,_1) for n > 1, and define the set

e,

n>0

(I)D = U {1}

Thus, we have Nf(YP) = ®p. Note that the construction of ®p differs from that of ®p in (6.1.1),
as ®; = Ap(®y, ®y), which implies D(1) ¢ ®p. Next, we write w = Nf(w, YP) for every w € 72 and
present a reduced convergent polygraph Y, which is Tietze equivalent to Y?, with

YlD = {a[u, o] : D(u)D(v) — A7 'D(u)v — A 'uD(v) — A7 'D(ww),
9:D(1) - 0| u0 E@D\{l}}.

Similarly to the explanation of Nf(X?) and Nf(X”) in (6.1.4), we have Nf(Y?) = Nf(Y?) = @p.
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6. Examples of resolutions of operated algebras

6.2.5. Theorem. When A # 0, the free differential algebra on Z has the polygraphic resolution Sq(?D),
where

i) Sq,(YP) = Z,
ii) Sql(?D) has the 1-generators €|D(1) and D(u;)|D(uy), where uy, u; € ®p \ {1},
iii) for everyn > 2, Sqn(?D) has the n-generators D(u1)|D(uz)| - - - |D(un+1), where uq,...,up41 €
®p \ {1}.

6.3. Polygraphic resolutions of free differential Rota-Baxter algebras

In this subsection, we consider the case with multiple operators and construct a polygraphic resolution
of the free differential Rota-Baxter algebra DRB,(Z) on Z, assuming that A # 0.

6.3.1. A presentation of DRSB,(Z). The algebra DRB,(Z) is presented by the Q-1-polygraph X
with
: P(u)P(v) — P(P(u)v) + P(uP(v)) + AP(uv),

|
Blw1, w] : D(w1)D(wy) = A7 D(wiwy) — A7 D(wi)wz — A~ wiD(w),
1:D(P(w) — u,
@ :D(1) > 0| u,0,wy,wy € 7% and wy, wo # 1}.
We set N = Z? and construct a derivation similar to the one in (6.1.1). For each u € Z%, we define
d:Z% — Nby
d(u) = (degQ(u), D (degg(u) — degg(P)) + ) (degq(u) — degq(D)) |-
Plu Dlu
For (my, my) € N and v, w € Z% with d(v) = (n1,n) and w # 1, we set
v - (my,my) = (my + ny, my + np+2many),  (my,my) - w = (0,0),

P((my,mz)) = (my+1,my+my+1), D((my,my)) =(my+1,my+m;+1).

It follows that d satisfies (3.1.6). By equipping d(Z*) with a monotone lexicographic order, where
d(1) = (0,0) is the minimal element, we ensure that X is terminating.
The critical branchings of X are all confluent (see Appendix), except for the following two cases

YW uD(v)
D(P(u))D(v)
ﬂm\» AT'D(P(u)v) — A7 D(P(u))o — A"1P(u)D(v)
Dw D(o)w
D(0)D(P(w))
ﬁm 27D (vP(w)) — A7'D(0)P(w) — A"'oD(P(w)).
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6.3. Polygraphic resolutions of free differential Rota-Baxter algebras

where u,0,w € Z% and v # 1. By the completion procedure in (3.3.6) and the derivation d above, we
complete the polygraph X into a convergent one, denoted X*'?, where

Xf)D = {a[u,0v] : P(u)P(v) = P(P(u)v) + P(uP(v)) + AP(uv),
Blwi, wa] : D(w1)D(wy) = A7ID(wywy) — A7 D(wy)wy — A7 'wi D (wy),
:D(P(u)) — u,
: P(u)D(wy) — P(D(u)ws) + uwy + AuD(wy),
b2[w1,0] : D(wy)P(v) = D(w1P(v)) + wio + AD(w1)o,

@ :D(1) = 0| u0,w,w, € Z%and wy, wy # 1}.

We list all critical branchings of X in the appendix, which are all confluent.

6.3.2. Normal forms. We denote L (u) := P' (D’(u)) for every u € Z% and set P°(1) := 1, then
define the set

App(U,V) =

UPk(l) (ULY (V)" UP*(1)

r>0

U (U (LY (vyu) LY (V)) U

r>1

y (U PE(1) (ULY (V))r)

r>1

L) @i vyu) P

r>1

for i, j,k > 0. We introduce the notations Z* := Z* \ {1}, and set
r
@ = (Z+Pk(1)) z+
r=0

for k > 0. Inductively, we define ®; := App(®y, Z*) and ®,, := App(Pg, P,—1) for n > 1. Finally, we set

®:=|_J @ @pp = LY(@) UP)

n>0

for i, j,k > 0. Thus, Nf(X*P) = ®pp. Here, the construction of App (U, V) differs from that of Ap(U, V)
and Ap(U, V), as it is designed to exclude Q-monomials of the form q|p(p(v)) from ®pp.

6.3.3. Remark. Similar to (4.2.7) and (6.1.3), we construct a PDA A"” that accepts the monomials
in (DPD

ty tp; Z

(6.3.4)
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For simplicity, we display only the input symbols in certain instructions while omitting the correspond-
ing stack operations

ge—> ¢ L,e—e Up,e—>D; tp,e—>P;, rp,Poe rp,D—o e

From the construction of Xf D it suffices to modify Aq to exclude monomials containing the subwords
tplp, ' plp, Iplp, Yplp, €ptp, and €pbpurpry, where u € {€p, rp, €p, rp, Z}.

6.3.5. Areduced presentation. We write w = Nf (w, X*P) for every w € Z% and construct a reduced
presentation XFP , which is Tietze equivalent to XPDP with

XPP = {alu,0] : P(u)P(v) — P(P(u)v) + P(uP(v)) + AP(i0),
Blu, 0] : D(wi)D(wz) — A~ D(wiwz) = A7 D(wi)wz — A~ wiD(wy),
ylu] : D(P(w) > u,
81[u, wa] : P(u)D(wz) — P(D()ws) + itwz + AuD(wy),
83[ w1, 0] : D(w1)P(0) — D(wiP(0)) + w10 + AD(w1)o,
¢ :D(1) > 0| u,0,wy,wz € ®pp and wy, wp # 1}.
It follows that Nf(XFP) = Nf(XFP) = ®pp.

6.3.6. Theorem. When A # 0, the free differential Rota-Baxter algebra on Z has the polygraphic resolu-
tion Sq(XPP), where

i) Sqo()zPD) =Z

ii) Sql(j(vPD) has the 1-generators €|D(1), €|D(P(ug)) and R(u1)|R(uz), where R is either the operator
P or D, and ug, R(u1), R(us) € ®pp.

iii) foreveryn > 2, Sqn(j(VPD) has then-generators R(u;)|R(uz)| - - - |R(up+1), where R(uy), . .., R(up41) €
®pp.
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APPENDIX

The sources of all critical branchings of the polygraph X*P in (6.3.1) are listed below. Here, we denote
by a A S the set of sources for critical branchings of the form (a[u, v], f[u, v]), with similar conventions
for other notations. This enumeration is also presented in [34] Thm.3.7], which studies the GS theory
of free differential Rota—Baxter algebras. For all u,0,w € Z Qs t,reZ?%\{1},and qe”Z 2[o], we have
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