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Abstract – This paper introduces the structure of operated polygraphs as a categorical model for
rewriting in operated algebras, generalizing Gröbner-Shirshov bases with non-monomial termina-
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1. Introduction
An operated algebra, also known as Ω-algebra, is an associative algebra with linear operators. A well-
known example of such a structure is a differential algebra, introduced by Ritt [38, 39] in the theory of
differential equations. Equipped with a linear operator satisfying the Leibniz rule, differential algebras
have been developed in many areas, such as differential Galois theory [35, 46] and differential algebraic
group theory [32]. Rota-Baxter algebras form another important class of operated algebras, introduced
by Baxter [5] and developed in [3, 11, 40]. Characterized by a linear operator, they generalize the algebra
of continuous functions through integral operators. These algebras have found applications across
various fields of mathematics and physics, including renormalization in quantum field theory [24],
the analysis of Volterra integral equations [14, 25], Hopf algebras [14], Yang-Baxter equations [4], and
Rota-Baxter Lie algebras [27]. In the case with multiple operators, differential Rota-Baxter algebras are
equipped with both differential and integral operators. Introduced by Guo and Keigher [26], these
algebras describe the relationship between such operators that satisfy the first fundamental theorem
of calculus. The homological study of these operated algebras has been the subject of several works.
Homological properties such as Koszul duality, minimal model, deformations, and cohomology theory
have been explored in [12, 42, 47] for Rota-Baxter and differential algebras. Additionally, these algebras
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have also been studied from a computational approach, using Gröbner-Shirshov bases theory [6, 17, 28,
33, 34].

In this line of work, this paper introduces a new constructive rewriting method to compute resolu-
tions of operated algebras. Rewriting is a computational model widely used in algebra, logic and com-
puter science, which consists of calculating in an equational theory by generating the set of equalities
by means of a system of rewriting rules, and sequentially applying the rules that replace the subterms
of a formula by other terms. In algebra, rewriting theory enables the calculation of linear bases [8, 45]
and resolutions of algebraic structures in abelian and categorical settings [1, 7, 18, 20, 22, 30, 31, 36]. For
operated algebras, Gröbner–Shirshov bases, GS bases for short, introduced in [9, 41], are frequently used
alongside rewriting methods for the standardization of ideal representations in free operated algebras,
yielding linear bases and other related constructions [6, 16, 28, 37]. GS methods require a monomial
order compatible with the rewriting rules, ensuring the termination of calculations. Nevertheless, find-
ing a monomial order for an operated algebra is more complicated than in the associative case due to
the nesting of operators in monomials [6, 16, 34].

The aim of this paper is twofold: first, it introduces a new termination method in operated algebras
without relying on monomial orders, and second, it introduces the notion of polygraphic resolutions for
operated algebras. The linear rewriting strategies introduced in [20] allow one to compute resolutions
of an associative algebra by extending its rewriting presentation into a polygraphic resolution gener-
ated by confluence diagrams of the higher overlapping of rules. We extend this approach to operated
algebras by introducing the structure of Ω-polygraphs as a rewriting setting for operated algebras. It
can be used to derive their linear bases and resolutions.

Now we present the main results of this paper. The first part consists of setting up the polygraphic
framework for Ω-algebras. In Section 2, we introduce the structure of higher Ω-algebras, thereafter
called 𝜔-algebras, as internal 𝜔-categories in the category of Ω-algebras. Using the underlying linear
and operator structures, Proposition 2.2.9 characterizes𝜔-algebras in terms of globular bimodules over
Ω-algebras. Following this characterization, Subsection 2.3 introduces the notion of Ω-polygraphs as
systems of generators and relations for presentations of 𝜔-algebras. This construction is an extension
of the structure of linear polygraphs introduced for associative algebras in [20].

In Section 3, we expand the structure of Ω-1-polygraphs to rewriting systems for Ω-algebras. We
define the termination and confluence properties on Ω-1-polygraphs. We show that this polygraphic
approach allows us to define more general termination orders than those used in GS theory, see Re-
mark 3.3.5. In particular, Proposition 3.1.7 proves termination of an Ω-1-polygraph using the method
of derivations introduced in [19, 21]. Proposition 3.2.8 states that for convergent Ω-1-polygraphs, which
are both confluent and terminating, the set of normal forms is a linear basis for the presented algebra.
We classify the local branching of Ω-1-polygraphs, and state the coherent critical branching lemma in
Theorem 3.2.7. In Subsection 3.3, we make explicit the relationship between GS bases of Ω-algebras
and convergent Ω-1-polygraphs.

Due to possible nesting of operators, the critical branchings of the Ω-1-polygraph cannot be de-
scribed in terms of string overlaps in general, see Remark 3.2.5. In order to characterize the link between
Ω-1-polygraphs and linear 1-polygraphs, in Section 4, we encode their operator structure using push-
down automata (PDA). Explicitly, we construct a PDA AΩ accepting all monomials of the Ω-algebras
defined with respect to an indexed set Ω. Given a linear 1-polygraph Σ and a PDA A, we define a
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1-polyautomaton as a pair (Σ,A), where both 𝑠 (𝛼) and 𝑡 (𝛼) are linear combinations of monomials ac-
cepted by the PDA A, for every 𝛼 ∈ Σ1. Theorem 4.2.8 proves an equivalence between the category
of Ω-1-polygraphs and the category of linear 1-polygraphs. Using this correspondance, Theorem 4.3.1
provides an interpretation of the critical branchings in Ω-1-polygraphs in terms of the critical branch-
ings of linear 1-polygraphs.

Section 5 presents the main result of this paper. Starting with an Ω-algebra presented by a reduced
convergent left-monomial Ω-1-polygraph 𝑋 , Theorem 5.2.5 constructs its polygraphic resolution à la
Squier Sq(𝑋 ). The 0-generators and 1-generators of the 𝜔-polygraph Sq(𝑋 ) consist of the variables
and the rewriting rules defining the algebra, respectively. For 𝑛 ≥ 2, the 𝑛-generators are the sources
of the critical 𝑛-branchings of the polygraph 𝑋 , as defined in (4.3.6). An associative algebra being an
Ω-algebra with Ω empty, our polygraphic resolution generalizes the corresponding construction for
associative algebras [20]. In Section 6, we apply Theorem 5.2.5 to construct polygraphic resolutions
for Rota–Baxter algebras, differential algebras, and differential Rota–Baxter algebras. To this end, we
construct reduced and convergentΩ-1-polygraphs for theseΩ-algebras by defining derivations to prove
termination and applying the critical branchings theorem to prove confluence.

Organization of the paper. Section 2 recalls the main constructions of Ω-algebras used in this work.
It also introduces the structure of higher Ω-algebras and Ω-polygraphs. Section 3 deals with the rewrit-
ing properties of Ω-1-polygraphs, including the construction of derivations for termination proofs, the
operated version of the coherent critical branchings lemma, and comparisons with Gröbner–Shirshov
bases. Section 4 introduces the structure of polyautomata, encoding both the associative linear struc-
ture and the operator structure to establish the equivalence between the categories of Ω-1-polygraphs
and linear 1-polygraphs. This correspondence allows us to establish an interpretation of the critical
branchings of Ω-1-polygraphs in terms of those of polygraphs of associative algebras. Section 5 in-
troduces polygraphic resolutions of Ω-algebras. We characterize the property of an Ω-𝜔-polygraph
of being a resolution by the existence of a contraction defined on its generators. We then show how
to construct such a contraction starting with a reduced convergent Ω-1-polygraph. Finally, Section 6
presents constructions of polygraphic resolutions for some classical Ω-algebras.

Conventions and notations. Throughout this paper, we fix a field k of characteristic zero and an
element 𝜆 in k. Unless stated otherwise, all algebras in this paper are assumed to be associative and
unital. All operators of operated algebras are indexed by a set Ω and their set of variables will be
denoted by 𝑍 .

2. Higher operated algebras and operated polygraphs
In this section, we define the notion of higher Ω-algebras, which we characterize in terms of bimod-
ules. We introduce the structure of Ω-polygraphs as systems of generators and relations for higher
Ω-algebras.

2.1. Operated algebras

Operated algebraic structures were defined in [37]. In this subsection, we recall the notion of Ω-object
in a category and the construction of free Ω-algebras from [6, 23]. We also construct the free bimodule
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over an Ω-algebra.

2.1.1. Operated objects in a category. An (internal) Ω-object in a category C is an object 𝑋 of C
equipped with a family of operators T𝜏 : 𝑋 → 𝑋 indexed by 𝜏 ∈ Ω. A morphism of Ω-objects from
(𝑋,T𝜏 ) to (𝑋 ′,T ′𝜏 ) is a morphism 𝑓 : 𝑋 → 𝑋 ′ in C such that 𝑓 ◦ T𝜏 = T ′𝜏 ◦ 𝑓 , for every 𝜏 ∈ Ω. The
Ω-objects and their morphisms form a category, denoted by Ω-C. When C is k-linear, we require the
operators T𝜏 of Ω-objects to be k-linear as well.

In this paper, we will consider Ω-Set, Ω-Mon, Ω-Vect, and Ω-Alg as the categories of Ω-objects
in the categories Set, Mon, Vect, and Alg of sets, monoids, vector spaces, and associative algebras,
respectively. When no confusion is possible, we will write (𝑋,T) or 𝑋 for short. Note that if Ω is
empty, the categories C and Ω-C are isomorphic.

2.1.2. Free𝛀-algebras. We construct the free Ω-monoid𝑍Ω on a set𝑍 by induction as follows. Let𝑍 ∗
denote the free monoid on 𝑍 , and set 𝑍Ω

0 ≔ 𝑍 ∗. Denote by ⌊𝑍 ⌋𝜏 the set of all formal elements ⌊𝑧⌋𝜏 ,
where 𝜏 ∈ Ω and 𝑧 ∈ 𝑍 , and define

⌊𝑍 ⌋Ω ≔
⊔
𝜏∈Ω
⌊𝑍 ⌋𝜏 .

We set 𝑍Ω
1 ≔ (𝑍 ⊔ ⌊𝑍Ω

0 ⌋Ω)∗. The inclusion 𝑍 ↩→ 𝑍 ⊔ ⌊𝑍Ω
0 ⌋Ω induces an injective morphism

𝑖0,1 : 𝑍Ω
0 ↩→ 𝑍Ω

1 .

For 1 ≤ 𝑘 ≤ 𝑛 − 1, suppose 𝑍Ω
𝑘
constructed with injective morphisms 𝑖𝑘−1,𝑘 : 𝑍Ω

𝑘−1 ↩→ 𝑍Ω
𝑘
. We then set

𝑍Ω
𝑛 ≔ (𝑍 ⊔ ⌊𝑍Ω

𝑛−1⌋Ω)∗.

The inclusion 𝑍 ⊔ ⌊𝑍Ω
𝑛−2⌋Ω ↩→ 𝑍 ⊔ ⌊𝑍Ω

𝑛−1⌋Ω also induces an injective morphism

𝑖𝑛−1,𝑛 : 𝑍Ω
𝑛−1 ↩→ 𝑍Ω

𝑛 .

By construction, we thus have a sequence of inclusions

𝑍Ω
0 ⊂ 𝑍Ω

1 ⊂ · · · ⊂ 𝑍Ω
𝑛 ⊂ · · · ,

and define 𝑍Ω ≔ lim−−→𝑍Ω
𝑛 . The maps sending 𝑢 ∈ 𝑍Ω

𝑛 to ⌊𝑢⌋𝜏 ∈ 𝑍Ω
𝑛+1 induce a family of operators ⌊ ⌋𝜏

on 𝑍Ω indexed by 𝜏 ∈ Ω. As a result, (𝑍Ω, ⌊ ⌋𝜏 ), or simply 𝑍Ω , is the free Ω-monoid on 𝑍 . For every
𝑢 ∈ 𝑍Ω , we define ⌊𝑢⌋0 ≔ 𝑢, where 0 is a new element not included in Ω.

An Ω-monomial 𝑢 is a non-identity element of𝑍Ω , which can be uniquely written as𝑢 = 𝑢1𝑢2 · · ·𝑢𝑛 ,
where 𝑢𝑖 ∈ 𝑍 ⊔

⌊
𝑍Ω

⌋
𝜏
and 𝑛 is the breadth of 𝑢, denoted by bre(𝑢) = 𝑛. The depth of 𝑢 is defined by

dep(𝑢) ≔ min
{
𝑛 | 𝑢 ∈ 𝑍Ω

𝑛

}
.

We denote by (AΩ (𝑍 ), ⌊ ⌋𝜏 ), or simply AΩ (𝑍 ), the free Ω-algebra on 𝑍 , defined as the k-linear
span of Ω-monomials in 𝑍Ω , and whose operators ⌊ ⌋𝜏 are induced by linearity. This defines a functor
AΩ (−) : Set→ Ω-Alg, left adjoint to the forgetful functorU : Ω-Alg → Set.
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2.1.3. Examples. We present examples of free Ω-algebras, which will be further studied in Section 6.

i) The free differential algebra of weight 𝜆 on a set 𝑍 is the free Ω-algebra, denoted by D𝜆 (𝑍 ),
equipped with an operator 𝐷 such that

𝐷 (𝑎𝑏) = 𝐷 (𝑎)𝑏 + 𝑎𝐷 (𝑏) + 𝜆𝐷 (𝑎) (𝑏) and 𝐷 (1) = 0, for all 𝑎, 𝑏 ∈ D𝜆 (𝑍 ) . (2.1.4)

ii) The free Rota-Baxter algebra of weight 𝜆 on a set 𝑍 is the free Ω-algebra, denoted by RB𝜆 (𝑍 ),
equipped with an operator 𝑃 such that

𝑃 (𝑎)𝑃 (𝑏) = 𝑃 (𝑎𝑃 (𝑏)) + 𝑃 (𝑃 (𝑎)𝑏) + 𝜆𝑃 (𝑎𝑏), for all 𝑎, 𝑏 ∈ RB𝜆 (𝑍 ). (2.1.5)

iii) The free differential Rota-Baxter algebra of weight 𝜆 on a set 𝑍 is the free Ω-algebra, denoted by
DRB𝜆 (𝑍 ), equipped with two operators 𝐷 and 𝑃 satisfying (2.1.4), (2.1.5) and the relation

𝐷 (𝑃 (𝑎)) = 𝑎, for all 𝑎 ∈ DRB𝜆 (𝑍 ) .

We will use 𝐷 and 𝑃 to denote the differential operator and Rota-Baxter operator, respectively, instead
of ⌊ ⌋𝐷 and ⌊ ⌋𝑃 , following the conventions in [6, 16, 37].

2.1.6. Free operated bimodules. Let (𝐴,T) be an Ω-algebra. An (𝐴,T)-bimodule is an Ω-vector
space (𝑀,T𝑀 ), where𝑀 is an𝐴-bimodule. Amorphism of (𝐴,T)-bimodules from (𝑀,T𝑀 ) to (𝑀 ′,T𝑀 ′)
is a morphism 𝑓 : 𝑀 → 𝑀 ′ of both Ω-vector spaces and 𝐴-bimodules. We denote by Ω- Bimod(𝐴) the
category of (𝐴,T)-bimodules and their morphisms.

The free (𝐴,T)-bimodule on a set 𝑍 is constructed as follows. We setM0(𝑍 ) ≔ 𝐴 ⊗ 𝑍 ⊗𝐴, and for
each 𝑛 ≥ 0,

M𝑛+1(𝑍 ) ≔ 𝐴 ⊗ ⌊M𝑛 (𝑍 )⌋Ω⊔{0} ⊗ 𝐴.

By construction, we haveM𝑖 (𝑍 ) ⊂ M𝑖+1(𝑍 ) for 𝑖 ≥ 0, and defineM𝜔 (𝑍 ) ≔ lim−−→M𝑛 (𝑍 ). The maps
sending 𝑚 ∈ M𝑛 (𝑍 ) to ⌊𝑚⌋𝜏 ∈ M𝑛+1(𝑍 ) induce a family of operators ⌊ ⌋𝜏 on M𝜔 (𝑍 ) indexed by
𝜏 ∈ Ω. We denote by MΩ (𝑍 ) the linear span of the elements in M𝜔 (𝑍 ). Then, (MΩ (𝑍 ), ⌊ ⌋𝜏 ), or
simplyMΩ (𝑍 ), is the free (𝐴,T)-bimodule on 𝑍 .

2.1.7. Operated contexts. Let □ be a symbol not in 𝑍 . The Ω-monoid of (one hole) Ω-contexts is the
subset of (𝑍 ⊔ □)Ω , denoted by 𝑍Ω [□], consisting of Ω-monomials with □ occurring only once.

For 𝑞 ∈ 𝑍Ω [□] and 𝑢 ∈ 𝑍Ω , we define 𝑞 |𝑢 ∈ 𝑍Ω as the element obtained by replacing the symbol □
in 𝑞 by 𝑢. The composition of 𝑝 by 𝑞 in 𝑍Ω [□] is defined by 𝑞 ◦ 𝑝 ≔ 𝑝 |𝑞 . For 𝑎 =

∑
𝑖 𝜆𝑖𝑢𝑖 ∈ AΩ (𝑍 ),

with 𝜆𝑖 ∈ k and 𝑢𝑖 ∈ 𝑍Ω , we define
𝑞 |𝑎 ≔

∑︁
𝑖

𝜆𝑖𝑞 |𝑢𝑖 .

Similarly, we extend this structure by linearity into the bimodule of (one hole) Ω-contexts, denoted
byM𝜔 (𝑍 ) [□]. Any element ofMΩ (𝑍 ) can be written as a linear combination

𝐷 |𝑥 = (𝐶1 ◦𝐶2 ◦ · · · ◦𝐶𝑛) |𝑥 ,

where 𝑥 ∈ 𝑍 and 𝐶𝑘 = ⌊𝑎𝑘 ⊗ □ ⊗ 𝑏𝑘⌋𝜏𝑘 with 𝑎𝑘 , 𝑏𝑘 ∈ 𝐴, 𝜏𝑘 ∈ Ω ⊔ {0} and 1 ≤ 𝑘 ≤ 𝑛.
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2.1.8. Operated ideals. An Ω-ideal of an Ω-algebra (𝐴,T) is an ideal of the associative algebra 𝐴

closed under the action of its operators. We denote by 𝐼Ω (𝑆) the Ω-ideal of AΩ (𝑍 ) generated by a
subset 𝑆 of AΩ (𝑍 ), and by AΩ (𝑍 )/𝐼Ω (𝑆) the quotient Ω-algebra.

If Ω is empty, AΩ (𝑍 ) is the free associative algebra, and 𝐼Ω (𝑆) is made of all the linear combinations
of monomials 𝑝 |𝑠 , where 𝑠 ∈ 𝑆 and 𝑝 = 𝑢□𝑣 ∈ 𝑍Ω [□] with 𝑢, 𝑣 ∈ 𝑍Ω . If Ω is not empty, an element
in 𝐼Ω (𝑆) is a linear combination

𝑞 |𝑠 = (𝑝1 ◦ 𝑝2 ◦ · · · ◦ 𝑝𝑛) |𝑠 ,

where 𝑝𝑘 = ⌊𝑢𝑘□𝑣𝑘⌋𝜏𝑘 with 𝑢𝑘 , 𝑣𝑘 ∈ 𝑍Ω and 𝜏𝑘 ∈ Ω ⊔ {0}, for 1 ≤ 𝑘 ≤ 𝑛.

2.2. Higher operated algebras

This subsection introduces higher Ω-algebras as a generalization of higher associative algebras intro-
duced in [20]. We also make explicit their structure in terms of operated bimodules.

2.2.1. Globular objects. An (internal) globular object of a category C is a sequence 𝑋 ≔ (𝑋𝑘 )𝑘≥0 of
objects in C, equipped with the following families of morphisms in C

(𝑠𝑘 : 𝑋𝑘+1 → 𝑋𝑘 )𝑘≥0, (𝑡𝑘 : 𝑋𝑘+1 → 𝑋𝑘 )𝑘≥0, and (𝑖𝑘 : 𝑋𝑘−1 → 𝑋𝑘 )𝑘≥1,

satisfying the following globular and identity relations

𝑠𝑘𝑠𝑘+1 = 𝑠𝑘𝑡𝑘+1, 𝑡𝑘𝑠𝑘+1 = 𝑡𝑘𝑡𝑘+1 and 𝑠𝑘𝑖𝑘+1 = 𝑡𝑘𝑖𝑘+1 = Id𝑋𝑘
, (2.2.2)

for every 𝑘 ≥ 0. The elements of 𝑋𝑘 are 𝑘-cells of 𝑋 . For 𝑥 ∈ 𝑋𝑘 with 𝑘 ≥ 1, the (𝑘 − 1)-cells 𝑠𝑘−1(𝑥)
and 𝑡𝑘−1(𝑥) are the source and target of 𝑥 , also denoted by 𝑠 (𝑥) and 𝑡 (𝑥). A morphism of globular
objects 𝑓 : 𝑋 → 𝑌 is a family (𝑓𝑘 : 𝑋𝑘 → 𝑌𝑘 )𝑘≥0 ofmorphisms in C that commuteswithmorphisms 𝑠𝑘 , 𝑡𝑘
and 𝑖𝑘 . We denote by Glob(C) the category of globular objects of C and their morphisms. For 𝑛 ≥ 0,
we denote by Glob𝑛 (C) the full subcategory of Glob(C) consisting of globular objects indexed up to 𝑛,
and called 𝑛-globular objects.

For a globular object 𝑋 and 0 ≤ 𝑚 ≤ 𝑘 ≤ 𝑛, the 𝑘-source, 𝑘-target, and 𝑘-identity maps are defined
by iterated composition

𝑠𝑛−1 . . . 𝑠𝑘 : 𝑋𝑛 → 𝑋𝑘 , 𝑡𝑛−1 . . . 𝑡𝑘 : 𝑋𝑛 → 𝑋𝑘 and 𝑖𝑚+1 . . . 𝑖𝑘 : 𝑋𝑚 → 𝑋𝑘 ,

also respectively denoted by 𝑠𝑘 , 𝑡𝑘 and 𝑖𝑘 for short. By injectivity of 𝑖𝑘 , we write 𝑥 instead of 𝑖𝑘 (𝑥).
For 𝑘 ≥ 0, we denote by 𝑋 ★𝑘 𝑋 the pullback of the morphisms 𝑠𝑘 , 𝑡𝑘 : 𝑋 → 𝑋𝑘 .

For 𝑛 ≥ 1, two 𝑛-cells 𝑎 and 𝑏 are parallel if 𝑠 (𝑎) = 𝑠 (𝑏) and 𝑡 (𝑎) = 𝑡 (𝑏). An 𝑛-sphere of 𝑋 is a pair
of parallel 𝑛-cells.

2.2.3. Higher categories. For 𝑛 ≥ 0, an (internal) 𝑛-category in C consists of an 𝑛-globular object 𝑋
of C and a 𝑘-composition map 𝑋𝑛 ★𝑘 𝑋𝑛 → 𝑋𝑛 for all 𝑘 < 𝑛, along with 𝑘-source and 𝑘-target maps

𝑋𝑘 𝑋𝑛,
𝑠𝑘

oo

𝑡𝑘

oo
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such that the 2-globular object

𝑋 𝑗 𝑋𝑘

𝑠 𝑗
oo

𝑡 𝑗
oo 𝑋𝑙

𝑠𝑘
oo

𝑡𝑘

oo

is a 2-category in C for all 𝑗 < 𝑘 < 𝑙 . We denote by Cat𝑛 (C) the category of 𝑛-categories in C and
byCat𝜔 (C) the category of𝜔-categories, defined as the limit of the sequence

(
Cat𝑖 (C) ← Cat𝑖+1(C)

)
𝑖≥0

of forgetful functors.

2.2.4. Higher 𝛀-algebras. For 𝑛 ∈ N ⊔ {𝜔}, we denote by Ω-Alg𝑛 the category Cat𝑛 (Ω-Alg), whose
objects are called Ω-𝑛-algebras or n-algebras for short.

Given an 𝑛-algebra (𝐴,T𝜏 ), for each 𝜏 ∈ Ω, there is a corresponding operator T𝜏,𝑘 on𝐴𝑘 . The source,
target, and identity maps being morphisms of Ω-algebras, the following commuting relations

𝑠 (T𝜏,𝑘 (𝑎)) = T𝜏,𝑘−1(𝑠 (𝑎)), 𝑡 (T𝜏,𝑘 (𝑎)) = T𝜏,𝑘−1(𝑡 (𝑎)) and 𝑖 (T𝜏,𝑘 (𝑎)) = T𝜏,𝑘+1(𝑖 (𝑎)), (2.2.5)

hold for every 𝑎 ∈ 𝐴𝑘 and 𝜏 ∈ Ω. The third relation can also be written as 1T𝜏,𝑘 (𝑎) = T𝜏,𝑘+1(1𝑎). In
the sequel, we will omit the 𝜏 notation in such formulas. From this structure, we deduce the following
Ω-algebraic properties.

2.2.6. Proposition. For an 𝜔-algebra (𝐴,T), the following conditions hold
i) For all 0 ≤ 𝑘 < 𝑛 and every 𝑘-composable pair (𝑎, 𝑏) of 𝐴, we have 𝑎 ★𝑘 𝑏 = 𝑎 − 𝑡𝑘 (𝑎) + 𝑏,

ii) For all 𝑛 ≥ 1, every 𝑛-cell 𝑎 of 𝐴 is invertible with inverse 𝑎− = 𝑠 (𝑎) − 𝑎 + 𝑡 (𝑎),

iii) For all 0 ≤ 𝑘 < 𝑛 and 𝑘-composable pair (𝑎, 𝑏) of 𝐴, we have T𝑛 (𝑎−) = T𝑛 (𝑎)− and T𝑛 (𝑎 ★𝑘 𝑏) =
T𝑛 (𝑎) ★𝑘 T𝑛 (𝑏).

Proof. The proofs of i) and ii) are given in [20, Prop. 1.2.3] using the underlying associative structure.
Property iii) follows directly from (2.2.5). □

2.2.7. Globular operated bimodules. We denote by Glob(Ω- Bimod) the category of globular oper-
ated bimodules whose objects are pairs

(
(𝐴,T), (𝑀,T ′)

)
, where (𝐴,T) is an Ω-algebra and (𝑀,T ′) is

a globular (𝐴,T)-bimodule. LetGlobsub(Ω- Bimod) denote its full subcategory, consisting of those pairs
for which (𝑀0,T ′0 ) is isomorphic to (𝐴,T) with its canonical (𝐴,T)-bimodule structure, and satisfying
the following relation for all 𝑛-cells 𝑎 and 𝑏 in𝑀𝑛 .

𝑎𝑠0(𝑏) + 𝑡0(𝑎)𝑏 − 𝑡0(𝑎)𝑠0(𝑏) = 𝑠0(𝑎)𝑏 + 𝑎𝑡0(𝑏) − 𝑠0(𝑎)𝑡0(𝑏) . (2.2.8)

The following isomorphism of categories extends that known for associative algebras [20, Thm. 1.3.3].

2.2.9. Proposition. The categories Ω-Alg𝜔 and Globsub(Ω-Bimod) are isomorphic.

2.3. Polygraphs for operated algebras

The structure of polygraphs was introduced by Street [44] and Burroni [10] as systems of generators
and relations for strict 𝜔-categories. We refer to [2] for a comprehensive presentation of the struc-
ture of polygraphs in rewriting theory and higher category theory. More recently, polygraphs have
been introduced for presentations of higher associative algebras [20] and shuffle operads [36]. In this
subsection, we develop the structure of polygraphs for presentations of higher Ω-algebras.
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2. Higher operated algebras and operated polygraphs

2.3.1. Extended higher 𝛀-algebras. For 𝑛 ≥ 0, the category Ω-Alg+𝑛 of extended 𝑛-algebras is defined
as the pullback of forgetful functors

Ω-Alg+𝑛 //

��

Glob𝑛+1(Set)
U𝑛

��

Ω-Alg𝑛 VΩ
𝑛

// Glob𝑛 (Set)

where the functorU𝑛 forgets the structure of (𝑛 + 1)-cells and the functorVΩ
𝑛 forgets the Ω-algebraic

structure. Explicitly, an object in Ω-Alg+𝑛 is a pair
(
(𝐴,T), 𝑋

)
, where (𝐴,T) is an 𝑛-algebra and 𝑋 is a

cellular extension of 𝐴𝑛 , that is a set 𝑋 equipped with two maps

𝐴𝑛 𝑋
𝑠
oo

𝑡
oo

such that the pair (𝑠 (𝑥), 𝑡 (𝑥)) is an 𝑛-sphere of 𝐴, for every 𝑥 ∈ 𝑋 . The morphism between two
objects

(
(𝐴,T), 𝑋

)
and

(
(𝐵,T ′), 𝑌

)
in Ω-Alg+𝑛 consists of a pair (𝑓 , 𝑔), where 𝑓 : (𝐴,T) → (𝐵,T ′) is a

morphism of 𝑛-algebras, and 𝑔 : 𝑋 → 𝑌 is a map that commutes with the source and target maps.

2.3.2. Free higher 𝛀-algebras. For 𝑛 ≥ 1, let
(
(𝐴,T), 𝑋

)
be an extended (𝑛 − 1)-algebra. We define

the free𝑛-algebra𝐴[𝑋 ] on
(
(𝐴,T), 𝑋

)
as follows. First, we construct a (𝐴0,T0)-bimodule (𝑀,T ′) where

𝑀 = MΩ (𝑋 ) ⊕ 𝐴𝑛−1,

whereMΩ (𝑋 ) is the free (𝐴0,T0)-bimodule on 𝑋 as defined in (2.1.6), and we set

T ′𝜏 (𝑚 + 𝑐) ≔ ⌊𝑚⌋𝜏 + T𝜏,𝑛−1(𝑐),

for all 𝜏 ∈ Ω, 𝑚 ∈ MΩ (𝑋 ) and 𝑐 ∈ 𝐴𝑛−1. Following (2.1.7), the elements of (𝑀,T ′) are the linear
combinations of 𝐷 |𝑥 and (𝑛 − 1)-cells 𝑐 of (𝐴,T), where 𝑥 ∈ 𝑋 and 𝐷 ∈ M𝜔 (𝑍 ) [□]. The source, target
and identity maps 𝑠, 𝑡 and 𝑖 in (𝑀,T ′) are defined by

𝑠 (𝐷 |𝑥 ) = 𝐷 |𝑠 (𝑥 ) , 𝑡 (𝐷 |𝑥 ) = 𝐷 |𝑡 (𝑥 ) and 𝑠 (𝑐) = 𝑡 (𝑐) = 𝑖 (𝑐) = 𝑐.

We define the (𝐴0,T0)-bimodule 𝐴[𝑋 ]𝑛 as the quotient of (𝑀,T ′) by the (𝐴0,T0)-bimodule ideal gen-
erated by elements (

𝑎𝑠0(𝑏) + 𝑡0(𝑎)𝑏 − 𝑡0(𝑎)𝑠0(𝑏)
)
−

(
𝑠0(𝑎)𝑏 + 𝑎𝑡0(𝑏) − 𝑠0(𝑎)𝑡0(𝑏)

)
,

for all 𝑎, 𝑏 inMΩ (𝑋 ). By Proposition 2.2.9, the (𝐴0,T0)-bimodule 𝐴[𝑋 ]𝑛 extends (𝐴,T) uniquely into
an 𝑛-algebra 𝐴[𝑋 ].

2.3.3. Operated polygraphs. Let us define the category Pol𝑛 (Ω-Alg) of Ω-𝑛-polygraphs. For 𝑛 = 0,
we define Pol0(Ω-Alg) as the category of sets. The free 0-algebra functor maps a set 𝑍 to the free Ω-
algebra AΩ (𝑍 ). For 𝑛 ≥ 1, assuming that the category Pol𝑛−1(Ω-Alg) and the free (𝑛 − 1)-algebra
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2.3. Polygraphs for operated algebras

functor F𝑛−1 : Pol𝑛−1(Ω-Alg) → Ω-Alg𝑛−1 have been constructed, we define the category Pol𝑛 (Ω-Alg)
as the pullback

Pol𝑛 (Ω-Alg) //

��

Ω-Alg+𝑛−1

W𝑛−1

��

Pol𝑛−1(Ω-Alg) F𝑛−1
// Ω-Alg𝑛−1

(2.3.4)

of the functor F𝑛−1 and the forgetful functorW𝑛−1, which forgets the cellular extension. The free
𝑛-algebra functor is defined as the composition

F𝑛 : Pol𝑛 (Ω-Alg) −→ Ω-Alg+𝑛−1 −→ Ω-Alg𝑛,

of the functor Pol𝑛 (Ω-Alg) → Ω-Alg+𝑛−1 from (2.3.4), followed by the functor mapping (𝐴,𝑋 ) to 𝐴[𝑋 ].
The category Pol𝜔 (Ω-Alg) of Ω-𝜔-polygraphs is defined as the limit of the following sequence

· · · → Pol𝑛 (Ω-Alg) → Pol𝑛−1(Ω-Alg) → · · · → Pol1(Ω-Alg) → Pol0(Ω-Alg),

where each arrow is a forgetful functor that forgets higher structures.
Expanding this definition, an Ω-𝑛-polygraph is a sequence 𝑋 = (𝑍,𝑋1, . . . , 𝑋𝑛) made of a set 𝑍

of 0-generators, a cellular extension 𝑋1 of AΩ (𝑍 ), and, for each 1 ≤ 𝑘 ≤ 𝑛 − 1, a cellular extension 𝑋𝑘+1
of the free 𝑘-algebra on (𝑍,𝑋1, . . . , 𝑋𝑘 ). The elements of𝑋𝑘 are called 𝑘-generators of𝑋 . We will denote
the free 𝑛-algebra on 𝑋 by AΩ (𝑋 ).

2.3.5. Higher 𝛀-monomials. Let 𝑋 be an Ω-𝜔-polygraph. Every 0-cell 𝑎 of AΩ (𝑋 ) can be uniquely
written as a linear combination

𝑎 =

𝑝∑︁
𝑖=1

𝜆𝑖𝑢𝑖

of distinct Ω-monomials 𝑢1, . . . , 𝑢𝑝 of AΩ (𝑍 ) with nonzero scalars 𝜆1, . . . , 𝜆𝑝 . The support of 𝑎 is the set
supp(𝑎) ≔ {𝑢1, . . . , 𝑢𝑝 }.

For 𝑛 ≥ 1, an Ω-𝑛-monomial, or 𝑛-monomial for short, 𝑞 |𝛼 of AΩ (𝑋 ) is an 𝑛-cell of AΩ (𝑋 ) where 𝛼
is an 𝑛-generator of 𝑋 and 𝑞 ∈ 𝑍Ω [□]. Following the construction of the free 𝑛-algebra, every 𝑛-cell 𝑎
of AΩ (𝑋 ) can be written as a linear combination

𝑎 =

𝑝∑︁
𝑖=1

𝜆𝑖𝑣𝑖 + 1𝑐 (2.3.6)

of distinct Ω-𝑛-monomials 𝑣1, . . . , 𝑣𝑝 and an (𝑛−1)-cell 𝑐 . This decomposition is unique up to the linear
exchange relations (2.2.8). The size of 𝑎 is the minimum number of Ω-𝑛-monomials of AΩ (𝑋 ) required
to write 𝑎 as in (2.3.6).

2.3.7. Remark. When Ω is empty, an Ω-𝑛-polygraph corresponds to the notion of linear 𝑛-polygraph,
presenting 𝜔-associative algebras as introduced in [20]. We denote Pol𝑛 (Alg) the category of linear 𝑛-
polygraphs and their morphisms. Ω-polygraphs are thus natural generalizations of linear polygraphs.
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3. Rewriting in operated algebras

3. Rewriting in operated algebras
This section presents the main rewriting properties of Ω-1-polygraphs and the coherent critical branch-
ing theorem in the operated setting. We compare the shape of critical branchings generated by Ω-1-
polygraphs with those of linear 1-polygraphs, with further exploration in Section 4. Additionally, we
relate convergent Ω-1-polygraphs to Gröbner–Shirshov theory for Ω-algebras.

3.1. Polygraphic presentations of operated algebras

In this subsection, we expand the structure and rewriting properties of Ω-1-polygraphs. Inspired
by [21], we introduce the notion of derivations to prove the termination of Ω-1-polygraphs.

3.1.1. Operated polygraphic rewriting. An Ω-1-polygraph is a pair 𝑋 = (𝑍,𝑋1), where 𝑍 is a set
and 𝑋1 is a cellular extension

AΩ (𝑍 ) 𝑋1.
𝑠
oo

𝑡
oo

A 1-cell 𝑓 in the free 1-algebra AΩ (𝑋 ) can be written as

𝑓 =

𝑝∑︁
𝑖=1

𝜆𝑖 𝑞𝑖 |𝛼𝑖 + 1𝑐 ,

where 𝛼𝑖 ∈ 𝑋1, 𝑞𝑖 ∈ 𝑍Ω [□], 𝑐 ∈ AΩ (𝑍 ) and 𝑞𝑖 |𝛼𝑖 are 1-monomials as in (2.3.4) for 𝑛 = 1.
An Ω-1-polygraph 𝑋 is left-monomial if, for every 𝛼 ∈ 𝑋1, the source 𝑠 (𝛼) is an Ω-monomial

in AΩ (𝑍 ) that does not appear in Supp
(
𝑡 (𝛼)

)
. A rewriting step in 𝑋 is the 1-cell 𝜆𝑓 + 1𝑐 in AΩ (𝑋 ),

where 𝜆 ≠ 0, 𝑓 is of size 1, and 𝑠 (𝑓 ) ∉ Supp(𝑐). A 1-cell in AΩ (𝑋 ) is positive if it is a (possibly empty)
0-composition 𝑓1 ★0 · · ·★0 𝑓𝑝 of rewriting steps in 𝑋 .

3.1.2. Presentations of 𝛀-algebras. For 𝛼 ∈ 𝑋1, we set 𝜕(𝛼) ≔ 𝑠 (𝛼) − 𝑡 (𝛼). The ideal 𝐼Ω (𝑋 ) of 𝑋 is
the Ω-ideal of AΩ (𝑍 ) generated by the set of 0-cells

𝜕(𝑋1) ≔ {𝜕(𝛼) | 𝛼 ∈ 𝑋1}.

It consists of linear combinations of the form 𝑞𝑖 |𝜕 (𝛼𝑖 ) , where 𝛼𝑖 ∈ 𝑋1 and 𝑞𝑖 ∈ 𝑍Ω [□]. The Ω-algebra
presented by 𝑋 is the quotient Ω-algebra

𝑋 ≔ AΩ (𝑍 )/𝐼Ω (𝑋 ).

A presentation of an Ω-algebra 𝐴 is an Ω-1-polygraph 𝑋 such that 𝐴 is isomorphic to 𝑋 . Two Ω-1-
polygraphs 𝑋 and 𝑌 are Tietze-equivalent if 𝑋 � 𝑌 . Note that any Ω-1-polygraph is Tietze equivalent
to a left-monomial one. Therefore, throughout this paper, we will assume left-monomiality.

3.1.3. Termination and monomial orders. An Ω-1-polygraph 𝑋 is terminating if the 1-algebra
AΩ (𝑋 ) does not contain any positive cell composed of an infinite number of rewriting steps. A mono-
mial order on 𝑍Ω is a well-order ≺ on 𝑍Ω stable under products and operators, meaning that

𝑢 ≺ 𝑣 ⇒ 𝑞 |𝑢 ≺ 𝑞 |𝑣 for all 𝑢, 𝑣 ∈ 𝑍Ω and 𝑞 ∈ 𝑍Ω [□] .

We say that ≺ is compatible with 𝑋1 if 𝑣 ≺ 𝑢 holds for all 𝛼 : 𝑢 → 𝑎 in 𝑋1 and 𝑣 in Supp(𝑎). If there
exists a monomial order ≺ on 𝑍Ω compatible with 𝑋1, then 𝑋 is terminating.
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3.2. Confluence and critical branchings of operated polygraphs

3.1.4. Normal forms. For an Ω-1-polygraph 𝑋 , a 0-cell 𝑎 of AΩ (𝑋 ) is a normal form if there is no
rewriting step with source 𝑎, else it is reducible. A normal form of a 0-cell 𝑎, denoted by Nf (𝑎,𝑋 ) or 𝑎
for short, is a normal form such that there exists a positive 1-cell from 𝑎 to Nf (𝑎,𝑋 ). We denote by
Nf (𝑋 ) the set of normal forms of AΩ (𝑋 ).

3.1.5. Derivations. A derivation of AΩ (𝑍 ) with values in a AΩ (𝑍 )-bimodule 𝑁 is a linear map 𝑑 :
AΩ (𝑍 ) → 𝑁 satisfying the following conditions:

𝑑 (𝑎𝑏) = 𝑑 (𝑎) · 𝑏 + 𝑎 · 𝑑 (𝑏), 𝑑 (1) = 0, and 𝑑 (⌊𝑎⌋𝜏 ) = ⌊𝑑 (𝑎)⌋𝜏 , (3.1.6)

for all 𝑎, 𝑏 ∈ AΩ (𝑍 ). A well-order ≺ in 𝑁 is monotone if the following hold

𝑚1 + 𝑛 +𝑚2 ≻𝑚1 + 𝑛′ +𝑚2, 𝑢 · 𝑛 · 𝑣 ≻ 𝑢 · 𝑛′ · 𝑣 and ⌊𝑛⌋𝜏 ≻ ⌊𝑛′⌋𝜏 ,

for all𝑚1,𝑚2, 𝑛, 𝑛
′ ∈ 𝑁 and 𝑢, 𝑣 ∈ 𝑍Ω such that 𝑛 ≻ 𝑛′.

3.1.7. Proposition. Let𝑋 be an Ω-1-polygraph, and𝑁 be aAΩ (𝑍 )-bimodule equipped with a monotone
well-order ≺ on the image 𝑑 (𝑍Ω). If there exists a derivation 𝑑 of AΩ (𝑍 ) into 𝑁 satisfying 𝑑 (𝑢) ≻ 𝑑 (𝑣)
for all 𝛼 : 𝑢 → 𝑎 ∈ 𝑋1 and 𝑣 ∈ Supp(𝑎), then 𝑋 is terminating.

Proof. Suppose 𝑢, 𝑣,𝑤, 𝑣 ′ ∈ 𝑍Ω and 𝑑 (𝑣) ≻ 𝑑 (𝑣 ′), we have

𝑑 (𝑢𝑣𝑤) = 𝑑 (𝑢) · 𝑣𝑤 + 𝑢 · 𝑑 (𝑣) ·𝑤 + 𝑢𝑣 · 𝑑 (𝑤) ≻ 𝑑 (𝑢) · 𝑣𝑤 + 𝑢 · 𝑑 (𝑣 ′) ·𝑤 + 𝑢𝑣 · 𝑑 (𝑤) = 𝑑 (𝑢𝑣 ′𝑤)

and
𝑑 (⌊𝑣⌋𝜏 ) = ⌊𝑑 (𝑣)⌋𝜏 ≻ ⌊𝑑 (𝑣 ′)⌋𝜏 = 𝑑 (⌊𝑣 ′⌋𝜏 ).

By induction, we deduce that 𝑑 (𝑞 |𝑣) ≻ 𝑑 (𝑞 |𝑣′) for 𝑞 ∈ 𝑍Ω [□]. Since 𝑑 (𝑢) ≻ 𝑑 (𝑣) holds for any
𝛼 : 𝑢 → 𝑎 ∈ 𝑋1 with 𝑣 ∈ Supp(𝑎), the existence of a positive cell composed of an infinite number of
rewriting steps in the 1-algebra AΩ (𝑋 ) would imply the construction of a strictly decreasing chain

𝑑 (𝑢1) ≻ 𝑑 (𝑢2) ≻ · · · ≻ 𝑑 (𝑢𝑛) ≻ · · · , with 𝑢𝑖 ∈ 𝑍Ω,

contradicting the well-foundedness of ≺. Therefore, the polygraph 𝑋 terminates. □

3.2. Confluence and critical branchings of operated polygraphs

This subsection deals with confluence properties of Ω-1-polygraphs. The classification of local branch-
ings in Ω-1-polygraphs extends the case of linear 1-polygraphs in [20]. We highlight the differences in
their critical branchings, and state the coherent critical branching theorem in the operated setting.

3.2.1. Branchings and confluence. A branching of an Ω-1-polygraph 𝑋 is a pair (𝑓 , 𝑔) of positive
1-cells such that 𝑠 (𝑓 ) = 𝑠 (𝑔). It is local if both 𝑓 and 𝑔 are rewriting steps of 𝑋 . Given a cellular
extension 𝑌 of AΩ (𝑋 ), a branching (𝑓 , 𝑔) is 𝑌 -confluent if there exist positive 1-cells ℎ and 𝑘 in AΩ (𝑋 )
and a 2-cell 𝐹 in AΩ (𝑋 ) [𝑌 ] as follows

𝑏 ℎ

��

𝐹��𝑎

𝑓 00

𝑔 ..

𝑑

𝑐 𝑘

AA
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3. Rewriting in operated algebras

We say that 𝑋 is 𝑌 -confluent (resp. locally 𝑌 -confluent) at a 0-cell 𝑎 if every branching (resp. local
branching) of 𝑋 with source 𝑎 is 𝑌 -confluent, and that 𝑋 is 𝑌 -confluent (resp. locally 𝑌 -confluent) if it is
so at every 0-cell of AΩ (𝑋 ). When 𝑌 contains all 1-spheres of AΩ (𝑋 ), 𝑌 -confluence corresponds to the
classical notion of confluence. We say that 𝑋 is convergent when it is both terminating and confluent.
Each 0-cell 𝑎 of AΩ (𝑋 ) then has a unique normal form.

3.2.2. Classification of local branchings. The local branchings of Ω-1-polygraphs fall into the fol-
lowing families

i) Aspherical branchings: (𝜆𝑓 +𝑐, 𝜆𝑓 +𝑐), where 𝑓 is a rewriting step of 𝑋 , and 𝜆 is a nonzero scalar.

ii) Additive branchings: (𝜆𝑓 + 𝜇𝑣 +𝑐, 𝜆𝑢 + 𝜇𝑔 +𝑐), where 𝑓 : 𝑢 → 𝑎 and 𝑔 : 𝑣 → 𝑏 are 1-monomials in
AΩ (𝑋 ), 𝜆, 𝜇 are nonzero scalars, and 𝑐 is a 0-cell in AΩ (𝑋 ), satisfying 𝑢 ≠ 𝑣 and 𝑢, 𝑣 ∉ Supp(𝑐).

iii) Peiffer branchings: (𝜆𝑞 | ⌊ 𝑓 𝑣⌋𝜏 + 𝑐, 𝜆𝑞 | ⌊𝑢𝑔⌋𝜏 + 𝑐), where 𝑓 : 𝑢 → 𝑎 and 𝑔 : 𝑣 → 𝑏 are 1-monomials
in AΩ (𝑋 ), 𝜆 is a nonzero scalar, and 𝑐 is a 0-cell in AΩ (𝑋 ), satisfying 𝑞 | ⌊𝑢𝑣⌋𝜏 ∉ Supp(𝑐). This
case corresponds to the Peiffer branching in the associative setting, as defined in [20, Def. 3.2.2],
when 𝑞 = □ and 𝜏 = 0.

iv) Overlapping branchings: (𝜆𝑓 + 𝑐, 𝜆𝑔 + 𝑐), where 𝑓 : 𝑢 → 𝑎 and 𝑔 : 𝑢 → 𝑏 are 1-monomials in
AΩ (𝑋 ) such that the pair (𝑓 , 𝑔) is neither aspherical, additive, nor Peiffer. Here, 𝜆 is a nonzero
scalar, and 𝑐 is any 0-cell of AΩ (𝑋 ), with 𝑢 ∉ Supp(𝑐).

3.2.3. Critical branchings. The critical branchings of anΩ-1-polygraph𝑋 are the overlapping branch-
ings in (3.2.2) for which 𝜆 = 1 and 𝑐 = 0, and which cannot be factored as (𝑓 , 𝑔) = (𝑞 | 𝑓 ′ , 𝑞 |𝑔′),
where 𝑞 ∈ 𝑍Ω [□] and 𝑞 ≠ □. Specifically, if we define a well-order ≺ on overlapping branchings
as follows

(𝑞 | 𝑓 ′ , 𝑞 |𝑔′) ≻ (𝑓 ′, 𝑔′) for 𝑞 ∈ 𝑍Ω [□] and 𝑞 ≠ □,

then the critical branching is minimal with respect to this order. Explicitly, every overlapping branching
has a unique decomposition as (𝑞 | 𝑓 + 𝑐, 𝑞 |𝑔 + 𝑐), where (𝑓 , 𝑔) is the critical branching. We denote the
set of critical branchings of a polygraph 𝑋 by CB(𝑋 ). In particular, there are the following two shapes
of critical branchings, called intersection (𝑓 𝑤,𝑢𝑔) and inclusion branching (𝑞 |ℎ , 𝑘) respectively,

𝑎𝑤

𝑢𝑣𝑤

𝑓 𝑤 00

𝑢𝑔 .. 𝑢𝑏

𝑞 |𝑎′

𝑞 |𝑣′

𝑞 |ℎ 22

𝑘
.. 𝑏′

(3.2.4)

where 𝑢, 𝑣,𝑤, 𝑣 ′ ∈ 𝑍Ω \ {1}, 𝑞 ≠ □ and 𝑓 : 𝑢𝑣 → 𝑎, 𝑔 : 𝑣𝑤 → 𝑏, ℎ : 𝑣 ′ → 𝑎′, 𝑘 : 𝑞 |𝑣′ → 𝑏′ belong to 𝑋1.
Let 𝑌 be a cellular extension of AΩ (𝑋 ). We say that 𝑋 is critical 𝑌 -confluent at a 0-cell 𝑎 if every

critical branching of 𝑋 with source 𝑎 is 𝑌 -confluent, and that 𝑋 is critical 𝑌 -confluent if it is so at
every 0-cell of AΩ (𝑋 ).
3.2.5. Remark. When Ω = ∅, in (3.2.4), 𝑞 takes the form 𝑢′□𝑤 ′, which corresponds to the inclusion
branchings (𝑢′ℎ𝑤 ′, 𝑘) in the associative setting. However, operators introduce additional complexity
in the structure of critical branchings. For example, the rules 𝑘 : ⌊𝑥𝑦⌋ → 𝑦𝑥 and ℎ : 𝑥𝑦 → 𝑧 give rise
to an inclusion branching (⌊ℎ⌋ , 𝑘) that cannot be expressed in the associative setting. In Section 4, we
explain how to describe these critical branchings in terms of string overlaps.
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3.2. Confluence and critical branchings of operated polygraphs

The following lemma is the operated analogue of [20, Lemmata 3.1.3 and 4.1.2]:

3.2.6. Lemma. Let 𝑋 be an Ω-1-polygraph, and 𝑌 be a cellular extension of AΩ (𝑋 ) such that 𝑋 is 𝑌 -
confluent at every 0-cell 𝑏, where there exists a positive 1-cell 𝑎 → 𝑏 for some fixed 0-cell 𝑎 of AΩ (𝑋 ).
Let 𝑓 be a 1-cell of AΩ (𝑋 ) that admits a decomposition

𝑎0
𝑓1−→ 𝑎1

𝑓2−→ · · ·
𝑓𝑝
−→ 𝑎𝑝

into 1-cells of size 1. If there exist positive 1-cells 𝑎 → 𝑎𝑖 for every 0 < 𝑖 < 𝑝 , then there exist positive
1-cells 𝑔 and ℎ in AΩ (𝑋 ) and a 2-cell 𝐹 in AΩ (𝑋 ) [𝑌 ] as in

𝑎𝑝 ℎ

��𝐹��
𝑎0

𝑓 33

𝑔

33 𝑎′

3.2.7. Theorem. Let 𝑋 be a terminating Ω-1-polygraph, and 𝑌 be a cellular extension of AΩ (𝑋 ). If 𝑋 is
critically 𝑌 -confluent, then 𝑋 is 𝑌 -confluent.

Proof. We prove this result by considering the four cases of local branchings in (3.2.2). The confluence
of these branchings follows the method used in [20, Thm. 4.2.1] for associative algebras, except for the
Peiffer branchings. In this case, its source is given by 𝜆 𝑞 | ⌊𝑢𝑣⌋𝜏 +𝑐 , instead of 𝜆𝑢𝑣+𝑐 . Now, fix a reducible
0-cell 𝑎 of AΩ (𝑋 ), we assume that 𝑋 is locally 𝑌 -confluent at every 𝑏, if there exists a positive 1-cell
𝑓 : 𝑎 → 𝑏. We have coherently confluent diagram as follows

𝜆 𝑞 | ⌊𝑎𝑣⌋𝜏 + 𝑐
𝑓 ′1

,,

𝜆 𝑞 | ⌊𝑎𝑔⌋𝜏 + 𝑐
%%

𝑎′

𝑓 ′2

��

𝐻��
𝜆 𝑞 | ⌊𝑢𝑣⌋𝜏 + 𝑐

𝜆 𝑞 | ⌊ 𝑓 𝑣⌋𝜏 + 𝑐 66

𝜆 𝑞 | ⌊𝑢𝑔⌋𝜏 + 𝑐 ((

= 𝜆 𝑞 | ⌊𝑎𝑏 ⌋𝜏 + 𝑐

ℎ

==

𝑘
!!

𝐹 −��

𝐺��

𝑑

𝜆 𝑞 | ⌊𝑢𝑏 ⌋𝜏 + 𝑐

𝜆 𝑞 | ⌊ 𝑓 𝑏 ⌋𝜏 + 𝑐
99

𝑔′1

22 𝑏′
𝑔′2

EE

Note that the dotted 1-cells 𝜆 𝑞 | ⌊𝑎𝑔⌋𝜏+𝑐 and 𝜆 𝑞 | ⌊ 𝑓 𝑏 ⌋𝜏+𝑐 may not be positive 1-cells if either supp(𝑞 | ⌊𝑎𝑣⌋𝜏 )∩
supp(𝑐) or supp(𝑞 | ⌊𝑢𝑏 ⌋𝜏 ) ∩ supp(𝑐) is not empty. Following Lemma 3.2.6, we derive positive 1-cells
𝑓 ′1 , 𝑔

′
1, ℎ, 𝑘 and 2-cells 𝐹 and 𝐺 . Since (ℎ, 𝑘) is 𝑌 -confluent by hypothesis, we further obtain positive

1-cells 𝑓 ′2 , 𝑔
′
2, and a 2-cell 𝐻 through noetherian induction. Finally, we apply the coherent version of

Newman’s Lemma, as stated in [20, Pro. 4.1.3], which also holds in the operated setting, to conclude
that 𝑋 is 𝑌 -confluent. □

As in the case of associative algebras [20, Thm. 3.4.2], convergent polygraphs provide canonical
linear bases, as stated by the following result.

3.2.8. Proposition. When 𝑋 is a convergent Ω-1-polygraph, the set Nf (𝑋 ) forms a linear basis of the
Ω-algebra 𝑋 .
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3. Rewriting in operated algebras

3.2.9. Reduced convergent presentations. An Ω-1-polygraph 𝑋 is left-reduced if the only rewrit-
ing step in 𝑋 with source 𝑠 (𝛼) is 𝛼 itself, for every 1-generator 𝛼 . It is right-reduced if, for every
1-generator 𝛼 , the 0-cell 𝑡 (𝛼) is a normal form. The polygraph 𝑋 is reduced if it is both left-reduced
and right-reduced. Following [43, Theorem 2.4], every (finite) convergent string rewriting is Tietze
equivalent to a (finite) reduced convergent one. This result also holds for Ω-1-polygraphs.

3.2.10. Example. The free differential algebra D𝜆 (𝑍 ) is presented by the following Ω-1-polygraph

𝑋𝐷 ≔ (𝑍,𝑋𝐷
1 ), 𝑋𝐷

1 ≔
{
𝛼 [𝑢, 𝑣] : 𝐷 (𝑢𝑣) → 𝐷 (𝑢)𝑣 + 𝑢𝐷 (𝑣) + 𝜆𝐷 (𝑢)𝐷 (𝑣),

𝜑 : 𝐷 (1) → 0 | 𝑢, 𝑣 ∈ 𝑍Ω \ {1}
}
.

(3.2.11)

We set 𝑁 ≔ Z3 and define a derivation 𝑑 : 𝑍Ω → 𝑁 by

𝑑 (𝑢) =
(∑︁
𝐷 |𝑢

max{degΩ (𝐷) + deg𝑍 (𝐷) − 1, 0}, degΩ (𝑢), deg𝑍 (𝑢)
)
,

for every 𝑢 ∈ 𝑍Ω , where 𝐷 |𝑢 denotes each occurrence of the operator 𝐷 in 𝑢. Here, degΩ (𝐷) and
deg𝑍 (𝐷) count the number of operators and 0-generators inside the operator 𝐷 , respectively, while
degΩ (𝑢) and deg𝑍 (𝑢) count the number of operators and 0-generators in 𝑢. For instance, we have
𝑑 (𝐷 (1)) = (0, 1, 0), 𝑑 (𝐷 (𝑥𝑦)) = (1, 1, 2), and 𝑑 (𝐷 (𝑥)𝐷 (𝑦)) = (0, 2, 2) for 𝑥,𝑦 ∈ 𝑍 . For (𝑚1,𝑚2,𝑚3) ∈ 𝑁
and 𝑎 ∈ D𝜆 (𝑍 ), we define

𝑎·(𝑚1,𝑚2,𝑚3) = (𝑚1,𝑚2,𝑚3)·𝑎 = (𝑚1,𝑚2,𝑚3), 𝐷
(
(𝑚1,𝑚2,𝑚3)

)
= (max{𝑚1+𝑚2+𝑚3−1, 0},𝑚2+1,𝑚3) .

By definition 𝑑 satisfies the conditions in (3.1.6). Next, we endow 𝑑 (𝑍Ω) ⊆ 𝑁 with a monotone lex-
icographic order≺, comparing tuples (𝑚,𝑛, 𝑙) ∈ 𝑑 (𝑍Ω) lexicographically, where 𝑑 (1) = (0, 0, 0) is the
minimal element. This ensures that 𝑑 (𝐷 (𝑢)𝐷 (𝑣)), 𝑑 (𝐷 (𝑢)𝑣) and 𝑑 (𝑢𝐷 (𝑣)) are all less than 𝑑 (𝐷 (𝑢𝑣))
for any 𝑢, 𝑣 ∈ 𝑍Ω , and 𝑑 (𝐷 (1)) ≻ (0, 0, 0). Hence, 𝑋𝐷 is terminating.

If we define 𝛼 [1, 1] ≔ 𝜑 , then the polygraph 𝑋𝐷 has two families of critical branchings

𝑎1
$$

𝐷 (𝑞 |𝐷 (𝑢𝑣) 𝑤)

𝛼 [ 𝑞 |𝐷 (𝑢𝑣) ,𝑤 ] //

𝐷 (𝑞 |𝛼 [𝑢,𝑣 ]𝑤 )
//

𝑎3

𝑎2

::

𝑏1
##

𝐷 (𝑤 𝑞 |𝐷 (𝑢𝑣) )

𝛼 [𝑤,𝑞 |𝐷 (𝑢𝑣) ] 00

𝐷 (𝑤𝑞 |𝛼 [𝑢,𝑣 ] )
..

𝑏3

𝑏2

;;

indexed by 𝑢, 𝑣,𝑤 ∈ 𝑍Ω and𝑤 ≠ 1, both of which are confluent. Here, we have

𝑎1 = 𝐷 (𝑞 |𝐷 (𝑢𝑣) )𝑤 + 𝑞 |𝐷 (𝑢𝑣) 𝐷 (𝑤) + 𝜆𝐷 (𝑞 |𝐷 (𝑢𝑣) )𝐷 (𝑤),
𝑎2 = 𝐷 (𝑞 |𝐷 (𝑢 )𝑣𝑤) + 𝐷 (𝑞 |𝑢𝐷 (𝑣) 𝑤) + 𝜆𝐷 (𝑞 |𝐷 (𝑢 )𝐷 (𝑣) 𝑤),
𝑎3 = 𝐷 (𝑞 |𝐷 (𝑢 )𝑣)𝑤 + 𝐷 (𝑞 |𝑢𝐷 (𝑣) )𝑤 + 𝜆𝐷 (𝑞 |𝐷 (𝑢 )𝐷 (𝑣) )𝑤

+ 𝑞 |𝐷 (𝑢 )𝑣 𝐷 (𝑤) + 𝑞 |𝑢𝐷 (𝑣) 𝐷 (𝑤) + 𝜆 𝑞 |𝐷 (𝑢 )𝐷 (𝑣) 𝐷 (𝑤)
+ 𝜆𝐷 (𝑞 |𝐷 (𝑢 )𝑣)𝐷 (𝑤) + 𝜆𝐷 (𝑞 |𝑢𝐷 (𝑣) )𝐷 (𝑤) + 𝜆2𝐷 (𝑞 |𝐷 (𝑢 )𝐷 (𝑣) )𝐷 (𝑤),

14



3.3. Gröbner-Shirshov bases and convergence

and 𝑏1, 𝑏2 and 𝑏3 can be similarly written. Thus 𝑋𝐷 is convergent. Let 𝐷𝜃 (𝑍 ) ≔ {𝐷𝑖 (𝑥) | 𝑥 ∈ 𝑍, 𝑖 ≥ 0},
where 𝐷0(𝑥) ≔ 𝑥 . The set

Nf (𝑋𝐷 ) =
(
𝐷𝜃 (𝑍 )

)∗
forms a linear basis ofD𝜆 (𝑍 ). Since 𝑋𝐷 contains inclusion branchings, it is not reduced. We construct
a reduced presentation of D𝜆 (𝑍 ) in Subsection 6.2.

3.3. Gröbner-Shirshov bases and convergence

In this subsection, we establish the relationship between Gröbner–Shirshov bases [6, 16, 37] and con-
vergent Ω-1-polygraphs.

3.3.1. Gröbner-Shirshov bases. Let𝑋 be an Ω-1-polygraph and 𝑆 be a nonzero subset ofAΩ (𝑍 ). For
the critical branchings in (3.2.4), we set 𝑟 = 𝑢𝑣𝑤 (resp. 𝑟 = 𝑞 |𝑣′ ) and define the 0-cells

(𝑎, 𝑏)𝑟 ≔ 𝑎𝑤 − 𝑢𝑏
(
resp. (𝑎′, 𝑏′)𝑟 ≔ 𝑞 |𝑎′ − 𝑏′

)
. (3.3.2)

Given a monomial order ≺ on 𝑍Ω compatible with 𝑋1 and a nonzero 0-cell 𝑐 in AΩ (𝑍 ), we denote by
lm≺ (𝑐) themaximalΩ-monomial in Supp(𝑐). The cell 𝑐 is trivial modulo (𝑆, 𝑟 ) if there is a decomposition

𝑐 = Σ𝑖𝜆𝑖 𝑞𝑖 |𝑠𝑖 with 𝑞𝑖 |lm≺ (𝑠𝑖 ) ≺ 𝑟,

where 𝜆𝑖 ∈ k, 𝑞𝑖 ∈ 𝑍Ω [□], and 𝑠𝑖 ∈ 𝑆 .
A nonzero subset 𝑆 is a Gröbner-Shirshov (GS) basis of AΩ (𝑍 ) with respect to ≺ if, for all critical

branchings (3.2.4), the 0-cells in (3.3.2) are trivial modulo (𝑆, 𝑟 ).

3.3.3. Proposition. Let 𝑋 be an Ω-1-polygraph. If the set 𝜕(𝑋1) forms a GS basis of AΩ (𝑍 ) with respect
to a monomial order ≺ compatible with 𝑋1, then the polygraph 𝑋 is convergent.

Proof. The termination of 𝑋 follows from the compatibility of the rewriting rules with the monomial
order ≺. We consider every intersection branching (𝑓 𝑤,𝑢𝑔) in (3.2.4). Since 𝜕(𝑋1) forms a GS basis of
AΩ (𝑍 ) with respect to ≺, there is a decomposition

𝑎𝑤 − 𝑢𝑏 = Σ𝑖𝜆𝑖 𝑞𝑖 |𝜕 (𝛼𝑖 ) , (3.3.4)

where 𝛼𝑖 ∈ 𝑋1 and 𝑞𝑖 |𝑠 (𝛼𝑖 ) ≺ 𝑢𝑣𝑤 . Since 𝜕(𝛼𝑖) and 0 have the same image in AΩ (𝑍 ), the normal
form of every 0-cell 𝜕(𝛼𝑖) is 0. Applying the normal form to both sides of (3.3.4), we obtain 𝑎𝑤 = 𝑢𝑏.
Hence every critical branching (𝑓 𝑤,𝑢𝑔) is confluent. A similar reasoning can be applied to inclusion
branchings. By Theorem 3.2.7, we take 𝑌 as the canonical cellular extension containing all 1-spheres
of AΩ (𝑋 ) to conclude that 𝑋 is confluent. □

3.3.5. Remark. The converse of Proposition 3.3.3 does not hold in general. Indeed, an Ω-1-polygraph
can be terminating without admitting a monomial order ≺ on 𝑍Ω compatible with𝑋1. For example, the
Ω-1-polygraph

𝑋 =
{
𝑥,𝑦, 𝑧 | 𝑥 ⌊𝑦⌋ 𝑧 → ⌊𝑥⌋ 𝑦 ⌊𝑧⌋ + ⌊𝑥⌋ ⌊𝑦⌋ 𝑧 + 𝑥 ⌊𝑦⌋ ⌊𝑧⌋

}
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4. Polyautomata and operated polygraphs

is terminating since, for every 𝑞 ∈ 𝑍Ω [□], the Ω-monomial 𝑞 |𝑥 ⌊𝑦⌋𝑧 contains one more factor 𝑥 ⌊𝑦⌋ 𝑧
than 𝑞 | ⌊𝑥 ⌋𝑦⌊𝑧 ⌋ , 𝑞 | ⌊𝑥 ⌋ ⌊𝑦⌋𝑧 , or 𝑞 |𝑥 ⌊𝑦⌋ ⌊𝑧 ⌋ . However, there does not exist a monomial order ≺ compatible
with 𝑋1. Such an order ≺ would imply 𝑥 ⌊𝑦⌋ 𝑧 ≻ ⌊𝑥⌋ ⌊𝑦⌋ 𝑧 and 𝑥 ⌊𝑦⌋ 𝑧 ≻ 𝑥 ⌊𝑦⌋ ⌊𝑧⌋, leading to 𝑥 ≻ ⌊𝑥⌋
and 𝑧 ≻ ⌊𝑧⌋. This implies that

𝑥 ≻ ⌊𝑥⌋ ≻ ⌊⌊𝑥⌋⌋ ≻ . . . and 𝑧 ≻ ⌊𝑧⌋ ≻ ⌊⌊𝑧⌋⌋ ≻ . . . ,

contradicting that ≺ is a well-order.

3.3.6. Completion procedure. When𝑋 is a non-confluent terminating Ω-1-polygraph, we can com-
plete the set of 1-generators of𝑋 , without changing the presented algebra, in order to reach confluence.
This completion procedure is well known in rewriting theory, see [8] for commutative algebras and [29]
for term rewriting. Starting with a monomial order ≺ compatible with 𝑋1, the procedure examines
each non-confluent critical branching (𝑓 , 𝑔) in𝑋 , and reduces 𝑡 (𝑓 ) and 𝑡 (𝑔) to some normal forms 𝑡 (𝑓 )
and 𝑡 (𝑔). A new 1-generator lm≺ (𝑎) → 𝜆−1𝑎 − lm≺ (𝑎) is then added to the polygraph. When it termi-
nates, the procedure produces a terminating Ω-1-polygraph 𝑌 such that 𝑋 � 𝑌 .

4. Polyautomata and operated polygraphs
In this section, we introduce the structure of polyautomata to encode the operator structure of Ω-1-
polygraphs. We interpret their critical branchings in terms of string overlaps in Theorem 4.3.1 and
establish a categorical equivalence between Ω-1-polygraphs and linear 1-polygraphs in Theorem 4.2.8.

4.1. Pushdown automata

Automata theory provides mathematical models for describing computational mechanisms. Among
these, pushdown automata (PDA) use a last-in-first-out stack to process context-free languages. Their
state transitions depend on both the input symbol and the top of the stack, enabling them to handle
nested structures such as operators.

4.1.1. Recall that a pushdown automaton (PDA) on Σ0 is a tuple A = (𝑄, Σ0, Γ, 𝛿, 𝑞0, 𝐹 ), where:

i) 𝑄 is a finite set of internal states,

ii) Σ0 is the input alphabet,

iii) Γ is a finite set of symbols called the stack alphabet,

iv) 𝛿 : 𝑄 × {Σ0 ∪ 𝜀} × {Γ ∪ 𝜀 ∪ $} → 𝑄 × Γ∗ is the state transition function, where 𝜀 is an empty
string. In a given state, the PDA reads both the input symbol and the top symbol of the stack,
then transitions to a new state and updates the stack top,

v) 𝑞0 ∈ 𝑄 is the initial state,

vi) 𝐹 ⊆ 𝑄 is the set of accepting states.
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4.2. Polyautomatic formulation of rewriting in operated algebras

A monomial accepted by A is a word 𝑤 = 𝑎1 · · ·𝑎𝑛 ∈ Σ∗0 if there exists a finite sequence of valid
transitions

(𝑞0, $) −−→
𝑎1
(𝑞1, Γ1) −−→

𝑎2
· · · −−−→

𝑎𝑛
(𝑞𝑛, Γ𝑛),

such that 𝑞𝑛 ∈ 𝐹 . We denote by ΣA0 the set of monomials accepted by A. Note that ΣA0 does not form a
monoid in general. We further denote by kΣA0 the set of polynomials accepted by A, consisting of linear
combinations of monomials in ΣA0 .

4.1.2. Examples. A PDA is trivial if it accepts all monomials in Σ∗0. It can be pictured as follows

𝑞0start 𝑞1 𝑞2
𝜀, 𝜀 → $

Σ0, 𝜀 → 𝜀

𝜀, $→ 𝜀

where Σ0, 𝜀 → 𝜀 denotes the set of instruction 𝑥, 𝜀 → 𝜀 for every 𝑥 ∈ Σ0. The accepting states 𝑞2 is
represented by a double circle.

As a nontrivial example, consider the PDA A = ({𝑞0, 𝑞1, 𝑞2}, {𝑎, 𝑏}, {$, 0}, 𝛿, 𝑞0, 𝑞2), with

𝛿 (𝑞0, 𝜀, 𝜀) = (𝑞1, $), 𝛿 (𝑞1, 𝑎, 𝜀) = (𝑞1, 0), 𝛿 (𝑞1, 𝑏, 0) = (𝑞1, 𝜀), 𝛿 (𝑞1, 𝜀, $) = (𝑞2, 𝜀) .

Its transition diagram is given below

𝑞0start 𝑞1 𝑞2
𝜀, 𝜀 → $

𝑎, 𝜀 → 0; 𝑏, 0→ 𝜀

𝜀, $→ 𝜀

This PDA accepts monomials of the form 𝑎𝑛𝑏𝑛 for𝑛 ≥ 0. The keymechanism lies in its stack operations:
each 𝑎 pushes a 0 onto the stack, while each 𝑏 pops a 0, ensuring a balanced number of 𝑎’s and 𝑏’s. For
instance, For instance, when processing the word 𝑎𝑎𝑏𝑏, the automaton follows these transitions:

Input: 𝑎𝑎𝑏𝑏, Stack: 𝜀
𝜀−→ $

𝑎−→ $0
𝑎−→ $00

𝑏−→ $0
𝑏−→ $

𝜀−→ 𝜀.

The PDA reaches the accepting state 𝑞2 once the stack is emptied and all transitions are completed.

4.2. Polyautomatic formulation of rewriting in operated algebras

This subsection introduces the notion of polyautomata. We show how to make explicit the structure
of an Ω-algebra by a polyautomaton. We deduce an equivalence between the categories of Pol(Ω-Alg)
and Pol(Alg).

4.2.1. Polyautomata. As mentioned in Remark 2.3.7, a linear 1-polygraph Σ = (Σ0, Σ1), as introduced
in [20], is an Ω-1-polygraph with an empty set Ω. A 1-polyautomaton is a pair (Σ,A) consisting of a
linear 1-polygraph Σ and a PDA A on Σ0, such that for every 𝛼 ∈ Σ1, both the source 𝑠 (𝛼) and the
target 𝑡 (𝛼) are polynomials accepted by A. We denote by Pol1(A) the full subcategory of Pol1(Alg)
consisting of 1-polyautomata on A. When A is trivial, these two categories coincide.
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4. Polyautomata and operated polygraphs

4.2.2. Bracket polyautomaton. The bracket 1-polyautomaton is a data (Σ,AΩ) made of

i) Σ0 ≔ 𝑍 ⊔ Brck(Ω), where the bracket set Brck(Ω) is defined as follows

Brck(Ω) ≔
⋃
𝜏𝑖 ∈Ω
{ℓ𝜏𝑖 , r𝜏𝑖 }.

For simplicity, we will write ℓ𝜏𝑖 and r𝜏𝑖 as ℓ𝑖 and r𝑖 when there is no ambiguity.

ii) The PDA AΩ is illustrated by the following state transition diagram

𝑞0start 𝑞1 𝑞2
𝜀, 𝜀 → $

ℓ𝑖 , 𝜀 → 𝑖; r𝑗 , 𝑗 → 𝜀

𝑍, 𝜀 → 𝜀

𝜀, $→ 𝜀
(4.2.3)

4.2.4. Lemma. The set ΣAΩ
0 forms a monoid isomorphic to the free Ω-monoid 𝑍Ω . Moreover, this induces

an isomorphism of associative algebras between AΩ (𝑍 ) and kΣAΩ
0 .

Proof. First, we define a map𝜓 : ΣAΩ
0 → 𝑍Ω . For any𝑢 ∈ ΣAΩ

0 and 𝜏𝑖 ∈ Ω,𝜓 (𝑢) is obtained by replacing
each ℓ𝑖 with the left bracket "⌊" and each r𝑖 with the right bracket "⌋𝜏𝑖 " of the bracket ⌊ ⌋𝜏𝑖 . For example,

𝜓 (ℓ1𝑥r1ℓ2𝑦r2) = ⌊𝑥⌋𝜏1 ⌊𝑦⌋𝜏2
.

In particular, we set𝜓 (ℓ𝑖r𝑖) = ⌊1⌋𝜏𝑖 and𝜓 (𝜀) = 1.
We prove that 𝜓 is surjective. As shown in (4.2.3), state 𝑞0 transitions to 𝑞1 by reading the empty

string 𝜀, initializing the stack with $. To reach 𝑞2 from 𝑞1, the stack must remain unchanged as $. In
particular, a direct transition from𝑞1 to𝑞2 without additional instructions results in an output of 𝜀. At𝑞1,
by repeatedly reading instructions of the form 𝑥, 𝜀 ↦→ 𝜀 for all 𝑥 ∈ 𝑍 , AΩ can output any monomial
in 𝑍 ∗ while keeping the stack unchanged as $, and then transition to 𝑞2 to stop the process. Thus, we
have𝜓 (𝑍 ∗) = 𝑍Ω

0 , where 𝑍
Ω
0 is defined in (2.1.2).

Alternatively, at 𝑞1, AΩ may first read the instruction ℓ𝑖 , 𝜀 ↦→ 𝑖 , output ℓ𝑖 , and push 𝑖 onto the stack.
Since the presence of 𝑖 in the stack does not interfere with the instructions 𝑥, 𝜀 ↦→ 𝜀, AΩ can continue
to output any monomial in 𝑍 ∗. Finally, by reading r𝑖 , 𝑖 ↦→ 𝜀, AΩ outputs a monomial of the form ℓ𝑖𝑍

∗r𝑖 ,
remove 𝑖 from the stack, and reach 𝑞2. Similarly, AΩ can accept monomials of the form

(𝑍 ⊔ ℓ𝑖𝑛 · · · ℓ𝑖1𝑍 ∗r𝑖1 · · · r𝑖𝑛 )∗

Thus, we have 𝜓
(
(𝑍 ⊔ ℓ𝑖𝑛 · · · ℓ𝑖1𝑍 ∗r𝑖1 · · · r𝑖𝑛 )∗

)
= 𝑍Ω

1 . By similar reasoning, for any subset 𝑍Ω
𝑘
⊆ 𝑍Ω ,

we can construct its preimage under 𝜓 . Since 𝑍Ω is defined by 𝑍Ω ≔ lim−−→𝑍Ω
𝑛 , we conclude that 𝜓 is

surjective. The injectivity of𝜓 is straightforward. Since𝜓 (𝑎𝑏) = 𝜓 (𝑎)𝜓 (𝑏) for all 𝑎, 𝑏 ∈ ΣAΩ
0 , it follows

that𝜓 is a monoid isomorphism between ΣAΩ
0 and 𝑍Ω .

By extending 𝜓 linearly over k, we obtain a bijective morphism k𝜓 : kΣAΩ
0 → AΩ (𝑍 ). Therefore,

AΩ (𝑍 ) and kΣAΩ
0 are isomorphic as associative algebras. □
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4.2. Polyautomatic formulation of rewriting in operated algebras

4.2.5. Operated rewriting system. We define a functor

Σ(−) : Pol1(Ω-Alg) −→ Pol1(AΩ),

whichmaps anΩ-1-polygraph𝑋 to the 1-polyautomaton Σ(𝑋 ) = (Σ0, Σ1,AΩ), where Σ0 := 𝑍⊔Brck(Ω)
and Σ1 := k𝜓 −1(𝑋1). Here,

k𝜓 −1(𝑋1) ≔ {k𝜓 −1(𝛼) : k𝜓 −1(𝑎) → k𝜓 −1(𝑏), for all 𝛼 : 𝑎 → 𝑏 ∈ 𝑋1},

with k𝜓 defined in Lemma 4.2.4. Since k𝜓 −1(𝑎), k𝜓 −1(𝑏) ∈ kΣAΩ
0 , the cellular extension Σ1 is well-

defined.
This functor establishes a one-to-one correspondence betweenΩ-1-polygraphs and 1-polyautomata.

Moreover, we have the algebraic isomorphism

kΣAΩ
0 /Σ1 � 𝑋 .

The 1-polyautomaton (Σ0, Σ1,AΩ) is called an operated rewriting system or an Ω-rewriting system.

4.2.6. Example. According to (3.2.10) and that
(
𝐷𝜃 (𝑍 )

)∗ is a linear basis of the free differential alge-
bra D𝜆 (𝑍 ), the following PDA, denoted by A𝐷 , accepts the normal forms of D𝜆 (𝑍 )

𝑞0start 𝑞1

𝑞2 𝑞3

𝑞5
𝜀, 𝜀 → $

𝑍, 𝜀 → 𝜀

𝜀, $→ 𝜀

𝜀, 𝜀 → 𝜀 𝜀, 𝜀 → 𝜀

ℓ𝐷, 𝜀 → 𝐷 r𝐷, 𝐷 → 𝜀
𝑍, 𝜀 → 𝜀

(4.2.7)

A differential algebra𝐴 can thus be presented by a 1-polyautomaton (Σ,A𝐷), where Σ0 ≔ 𝑍 ⊔Brck(Ω)
and Σ1 is its set of defining relations. The algebra𝐴 is thus isomorphic to the quotient algebra kΣA𝐷0 /Σ1.
For instance, for commutative differential algebras as in [13], we set Σ1 ≔ {𝑢𝑣 → 𝑣𝑢 | 𝑢, 𝑣 ∈ ΣA𝐷0 }.

4.2.8. Theorem. The categories Ω-Alg and Alg are equivalent, as are the categories Pol1(Ω-Alg) and
Pol1(Alg).

Proof. We denote by Std(𝐴) the standard Ω-1-polygraph of an Ω-algebra (𝐴,T𝜏 ). Its 0-generators are
elements of 𝐴 and its 1-generators are 𝑢 ⊗ 𝑣 → 𝑢𝑣 and ⌊𝑢⌋𝜏 → T𝜏 (𝑢), for all 𝑢, 𝑣 ∈ 𝐴 and 𝜏 ∈ Ω, where
𝑢 ⊗ 𝑣 denotes the product of 𝑢 and 𝑣 in the free algebra AΩ (𝐴), and 𝑢𝑣 as their product in 𝐴. We define
the functor 𝐹 : Ω-Alg → Alg by setting 𝐹 (𝐴) = kΣAΩ

0 /Σ1, where Σ(Std(𝐴)) is the 1-polyautomaton
on the Ω-1-polygraph Std(𝐴) as defined in (4.2.5). The action of 𝐹 on morphisms is defined naturally.
Conversely, we define the functor 𝐺 : Alg → Ω-Alg by regarding every associative algebra as an
Ω-algebra with an empty set Ω.

Next, for every Ω-algebra 𝐴, we define the natural transformation 𝜂𝐴 : 𝐴 → 𝐺𝐹 (𝐴) by setting
𝜂𝐴 (𝑎) = k𝜓 −1(𝑎) for every 𝑎 ∈ 𝐴, where k𝜓 −1 is the bijective map defined in Lemma 4.2.4, replacing
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4. Polyautomata and operated polygraphs

the brackets of ⌊ ⌋𝜏𝑖 with ℓ𝑖 and r𝑖 . For every associative algebra 𝐵, we define the natural transforma-
tion 𝜂′

𝐵
: 𝐵 → 𝐹𝐺 (𝐵) as the identity morphism. These natural transformations satisfy the following

commutative diagrams

𝐴1
𝜂𝐴1
//

𝑓

��

𝐺𝐹 (𝐴1)
𝐺𝐹 (𝑓 )
��

𝐴2 𝜂𝐴2
// 𝐺𝐹 (𝐴2)

𝐵1
𝜂′
𝐵1
//

𝑔

��

𝐹𝐺 (𝐵1)
𝐹𝐺 (𝑔)
��

𝐵2
𝜂′
𝐵2

// 𝐹𝐺 (𝐵2)

for all Ω-algebras 𝐴1, 𝐴2 and associative algebras 𝐵1, 𝐵2. Therefore, we establish an equivalence of the
categories between Ω-Alg and Alg.

By (4.2.5), the equivalence between Pol1(Ω-Alg) and Pol1(Alg) follows from that between Ω-Alg
and Alg. □

4.2.9. Remark. One can gain insight into the construction of AΩ in (4.2.3) by alternatively defining
a subset of Σ∗0, consisting of monomials 𝑢 that satisfy the following three conditions. Let degℓ𝑖 (𝑢) and
degr𝑖 (𝑢) denote the number of occurrences of ℓ𝑖 and r𝑖 in 𝑢, respectively.

i) For each 𝑖 , degℓ𝑖 (𝑢) = degr𝑖 (𝑢) = 𝑛𝑖 .

ii) Write 𝑢 = 𝑢0ℓ𝑖𝑢1ℓ𝑖𝑢2 · · ·𝑢𝑛−1ℓ𝑖𝑢𝑛𝑖 , where 𝑢0, . . . , 𝑢𝑛𝑖 ∈ {Σ0 \ ℓ𝑖}∗. The following condition holds

degr𝑖 (𝑢0) + degr𝑖 (𝑢1) + · · · + degr𝑖 (𝑢𝑚) ≤ 𝑚, for 0 ≤ 𝑚 ≤ 𝑛𝑖 .

For each ℓ𝑖 located between 𝑢𝑚 and 𝑢𝑚+1, we first search for the first occurrence of r𝑖 in 𝑢𝑚+1
from left to right. If no such r𝑖 is found, we then search for the second occurrence of r𝑖 in 𝑢𝑚+2,
the third occurrence in 𝑢𝑚+3, and so on, until it is found. Such a pair (ℓ𝑖 , r𝑖) is called an Ω-pair.

iii) For each Ω-pair (ℓ𝑖 , r𝑖) in the monomial 𝑢 = 𝑤1ℓ𝑖𝑣r𝑖𝑤2, the submonomial 𝑣 satisfies conditions i)
and ii).

Monomials satisfying these conditions are also isomorphic to Ω-monomials, similarly to those in ΣAΩ
0 .

4.3. From operated to non-operated: critical branchings

In this subsection, we show how to represent critical branchings of an Ω-1-polygraph as critical branch-
ings of the associated linear 1-polygraph. In this subsection, 𝑋 stands for an Ω-1-polygraph.

4.3.1. Theorem. There is a one-to-one correspondence between the sets of critical branchings CB(𝑋 ) and
CB(Σ(𝑋 )).

Proof. We consider a critical branching (𝑓 , 𝑔) ∈ CB(𝑋 ), where 𝑓 : 𝑎 → 𝑏 and 𝑔 : 𝑎 → 𝑐 . We map (𝑓 , 𝑔)
to (𝑓 ′, 𝑔′) in CB(Σ(𝑋 )), where 𝑓 ′ : k𝜓 −1(𝑎) → k𝜓 −1(𝑏) and 𝑔′ : k𝜓 −1(𝑎) → k𝜓 −1(𝑐). By Lemma 4.2.4,
the bijective map k𝜓 −1 induces a correspondence between CB(𝑋 ) and CB(Σ(𝑋 )). □
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4.3. From operated to non-operated: critical branchings

4.3.2. Remark. We denote by d and→ the 0-cells and 1-cells of Σ(𝑋 ), respectively, and denote by
𝑎
d

𝑏
d the 0-cells 𝑎𝑏. Following Theorem 4.3.1, the intersection and inclusion branching shapes of 𝑋 can

be illustrated as follows

𝑢
//

��𝑣
//

BB
𝑤

//

𝛼

OO

𝛽
��

𝑢′
// ""

𝑣′ //

HH 𝑤′
//

𝛼

OO

𝛽

��

(4.3.3)

respectively, with 1-generators 𝛼 and 𝛽 in Σ(𝑋 ). For the inclusion branchings in (4.3.3), although
𝑢′, 𝑣 ′,𝑤 ′ ∈ Σ∗0, they are not elements of ΣAΩ

0 in general. For instance, consider the example from (3.2.5)

𝑋 ≔ {𝑥,𝑦, 𝑧 | 𝑓 : ⌊𝑥𝑦⌋ → 𝑦𝑥,𝑔 : 𝑥𝑦 → 𝑧}.

We have the 1-polyautomaton Σ(𝑋 ) = (Σ0, Σ1,AΩ), where Σ0 = {𝑥,𝑦, 𝑧, ℓ, r} and Σ1 = {𝛼 : ℓ𝑥𝑦r →
𝑦𝑥, 𝛽 : 𝑥𝑦 → 𝑧}. Then, the critical branching of 𝑋 can be illustrated as follows

ℓ
//

𝑦𝑥

""𝑥
//

𝑧

EE

𝑦
//

r
//

𝛼

OO

𝛽
��

Here, we have 𝑥,𝑦, ℓ, r ∈ Σ∗0, but ℓ, r ∉ ΣAΩ
0 , as they are not accepted by the PDA AΩ .

4.3.4. Lemma. Let 𝑢, 𝑣,𝑤 ∈ Σ∗0 be as defined in (4.2.2). If both 𝑢𝑣 and 𝑣𝑤 belong to ΣAΩ
0 , then 𝑢, 𝑣,𝑤 also

belong to ΣAΩ
0 .

Proof. If either𝑢𝑣 or 𝑣𝑤 is 𝜀, the result follows trivially. Let𝑢 = 𝑥1 · · · 𝑥𝑚 , 𝑣 = 𝑦1 · · ·𝑦𝑛 , and𝑤 = 𝑧1 · · · 𝑧𝑘 ,
where 𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 ∈ Σ0. Since 𝑣𝑤 ∈ ΣAΩ

0 , the PDA AΩ can accept the monomial 𝑦1 · · ·𝑦𝑛𝑧1 · · · 𝑧𝑘 . This
implies that AΩ can output 𝑦1 · · ·𝑦𝑛 while remaining in state 𝑞1 in (4.2.3). At this point, the top of the
stack may contain either the symbol 𝑖 or $.

Since 𝑢𝑣 ∈ ΣAΩ
0 , AΩ also accepts the monomial 𝑥1 · · · 𝑥𝑚𝑦1 · · ·𝑦𝑛 . If the top of the stack contains

the symbol 𝑖 after outputting 𝑦1 · · ·𝑦𝑛 , it will still contain 𝑖 after outputting 𝑥1 · · · 𝑥𝑚𝑦1 · · ·𝑦𝑛 . This
prevents AΩ from transitioning to 𝑞2 and halting, which contradicts 𝑢𝑣 ∈ ΣAΩ

0 .
Therefore, when AΩ outputs 𝑦1 · · ·𝑦𝑛 , the top of the stack must be $, ensuring that AΩ accepts

𝑦1 · · ·𝑦𝑛 , transitions to state 𝑞2, and halts. Hence, 𝑣 ∈ ΣAΩ
0 . Finally, if either 𝑢 or 𝑤 were not in ΣAΩ

0 , it
would contradict the assumption that both𝑢𝑣 and 𝑣𝑤 belong to ΣAΩ

0 . Thus, we conclude that𝑢, 𝑣,𝑤 ∈ ΣAΩ
0 .
□

4.3.5. Corollary. For the intersection branchings in (4.3.3), we have 𝑢, 𝑣,𝑤 ∈ ΣAΩ
0 .
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5. Polygraphic resolutions of operated algebras

4.3.6. Higher critical branchings. For 𝑛 ≥ 2, a critical 𝑛-branching of 𝑋 is a tuple (𝑓1, . . . , 𝑓𝑛) of
1-cells 𝑓𝑖 with the same source, such that each pair (𝑓𝑖 , 𝑓𝑗 ) is a critical branching of 𝑋 for all 𝑖 ≠ 𝑗 .

4.3.7. Example. Consider an Ω-1-polygraph 𝑋 𝐼 with 𝑋 𝐼
1 ≔ {𝛽𝑢 : ⌊⌊𝑢⌋⌋ → 𝑢 | 𝑢 ∈ 𝑍Ω} . We denote

by ⌊𝑢⌋𝑘 the 𝑘-fold bracketing of 𝑢. Then, for 𝑛 ≥ 2, the 𝑛-tuple(
𝛽⌊𝑢 ⌋𝑛−1,

⌊
𝛽⌊𝑢 ⌋𝑛−2

⌋
,

⌊
𝛽⌊𝑢 ⌋𝑛−3

⌋2
, . . . , ⌊𝛽𝑢⌋𝑛−1

)
is a critical 𝑛-branching with source ⌊𝑢⌋𝑛+1 for every 0-cells 𝑢. In particular, we have the 2-critical
branching (𝛽⌊𝑢 ⌋, ⌊𝛽𝑢⌋) and the 3-critical branching (𝛽⌊𝑢 ⌋2,

⌊
𝛽⌊𝑢 ⌋

⌋
, ⌊𝛽𝑢⌋2) as follows

⌊⌊⌊𝑢⌋⌋⌋

⌊𝛽𝑢 ⌋

  

𝛽⌊𝑢⌋

>>
⌊𝑢⌋ ⌊⌊⌊⌊𝑢⌋⌋⌋⌋

⌊ ⌊𝛽𝑢 ⌋ ⌋

$$

⌊𝛽⌊𝑢⌋⌋ //

𝛽⌊ ⌊𝑢⌋⌋

::
⌊⌊𝑢⌋⌋

All critical branchings of 𝑋 𝐼 are confluent. The termination of 𝑋 𝐼 follows from the decrease in the
number of operators under the application of the rule 𝛽𝑢 . Consequently, 𝑋 𝐼 is convergent.

4.3.8. Remark. When the polygraph 𝑋 is reduced, all its critical branchings are intersection branch-
ings as in (4.3.3). Indeed, the inclusion branchings in (4.3.3) imply that there exist two rewriting steps 𝛼
and 𝑢′𝛽𝑤 ′ with source 𝑢′𝑣 ′𝑤 ′. Therefore, for any critcial 𝑛-branching (𝑓1, . . . , 𝑓𝑛) of𝑋 , each pair (𝑓𝑖 , 𝑓𝑗 )
is an intersection branching of 𝑋 for all 𝑖 ≠ 𝑗 . For instance, we illustrate critical 3-branchings of 𝑋 as
follows

𝑢1
//

��𝑢2
//

@@

𝑢3
//

𝑢4
//

��

𝑢5
//

OO

��

OO

𝑢1
//

��

𝑢2
//

@@

𝑢3
//

��

𝑢4
//

𝑢5
//

OO

��

OO

5. Polygraphic resolutions of operated algebras
In this section, we present the acyclic properties of an Ω-𝜔-polygraph using homotopical contractions,
as introduced in [20]. The main result of this paper, Theorem 5.2.5, constructs polygraphic resolutions
for Ω-algebras from convergent and reduced presentations, extending the constructions for associative
algebras [20], categories [22], and operads [36] to Ω-algebras.

5.1. Polygraphic resolutions and contractions

A notion of homotopy on associative 𝜔-algebras were introduced in [20]. In this subsection, we extend
this notion to Ω-𝜔-algebras. To account for the operator structure, we introduce the notion of bracket
contraction to characterize acyclic Ω-𝜔-algebras.

22



5.1. Polygraphic resolutions and contractions

5.1.1. Polygraphic resolutions. A cellular extension 𝑌 of an 𝑛-algebra 𝐴 is acyclic if, for every 𝑛-
sphere (𝑓 , 𝑔) in𝐴𝑛 , there exists an (𝑛+1)-cell of the free (𝑛+1)-algebra𝐴[𝑌 ] with source 𝑓 and target𝑔.
An Ω-𝜔-polygraph 𝑋 is a polygraphic resolution of an Ω-algebra 𝐴 if its underlying Ω-1-polygraph
(𝑍,𝑋1) is a presentation of 𝐴 and all the cellular extensions 𝑋𝑛 are acyclic.

5.1.2. Homotopies. Let 𝐹,𝐺 : 𝐴→ 𝐵 be two morphisms of Ω-𝜔-algebras. A homotopy from 𝐹 to𝐺 is
an indexed morphism of Ω-𝜔-algebras

𝜂 : 𝐴 −→ 𝐵

of degree 1, namely, a sequence 𝜂 = (𝜂𝑘 : 𝐴𝑘 → 𝐵𝑘+1)𝑘≥0 of morphisms of Ω-algebras, satisfying the
following conditions, where we write 𝜂𝑎 ≔ 𝜂𝑘 (𝑎) for every 𝑎 ∈ 𝐴𝑘 ,

i) for every 0-cell 𝑎 of 𝐴,
𝑠 (𝜂𝑎) = 𝐹 (𝑎) and 𝑡 (𝜂𝑎) = 𝐺 (𝑎),

ii) for 𝑛 ≥ 1 and every 𝑛-cell 𝑎 of 𝐴,

𝑠 (𝜂𝑎) = 𝐹 (𝑎) ★0 𝜂𝑡0 (𝑎) ★1 · · ·★𝑛−1 𝜂𝑡𝑛−1 (𝑎) , (5.1.3)

𝑡 (𝜂𝑎) = 𝜂𝑠𝑛−1 (𝑎) ★𝑛−1 · · ·★1 𝜂𝑠0 (𝑎) ★0 𝐺 (𝑎), (5.1.4)

iii) for 𝑛 ≥ 0 and every 𝑛-cell 𝑎 of 𝐴,
𝜂1𝑎 = 1𝜂𝑎 .

Following [20, Def. 5.1.1] in the associative setting, (5.1.3) and (5.1.4) are well-defined. The globu-
larity of 𝜂𝑎 , for every 𝑛-cell 𝑎 of 𝐴, follows from

𝑠𝑠 (𝜂𝑎) = 𝑠 (𝐹 (𝑎)) ★0 𝜂𝑡0 (𝑎) ★1 · · ·★𝑛−2 𝜂𝑡𝑛−2 (𝑎) = 𝑠 (𝜂𝑠 (𝑎) ) = 𝑠𝑡 (𝜂𝑎)
and 𝑡𝑠 (𝜂𝑎) = 𝑡 (𝜂𝑡 (𝑎) ) = 𝜂𝑠𝑛−2 (𝑎) ★𝑛−2 · · ·★1 𝜂𝑠0 (𝑎) ★0 𝑡 (𝐺 (𝑎)) = 𝑡𝑡 (𝜂𝑎) .

5.1.5. Remark. From this definition, we prove by induction on 𝑛 that for every 𝑎 ∈ 𝐴𝑛 , the following
relation holds

𝜂⌊𝑎⌋ = ⌊𝜂𝑎⌋ .

Indeed, for 𝑎 ∈ 𝐴0, since ⌊ ⌋ commutes with the morphisms 𝐹 and 𝐺 , we have 𝜂⌊𝑎⌋ = ⌊𝜂𝑎⌋. Assume
𝜂⌊𝑎⌋ = ⌊𝜂𝑎⌋ holds for every 𝑎 ∈ 𝐴𝑘 with 0 ≤ 𝑘 ≤ 𝑛. Given 𝑎 ∈ 𝐴𝑛+1, using the inductive hypothesis and
the commutativity of ⌊ ⌋ with 𝐹 , 𝑠 , and ★0, we have

𝑠 (𝜂⌊𝑎⌋) = ⌊𝐹 (𝑎)⌋ ★0
⌊
𝜂𝑡0 (𝑎)

⌋
★1 · · ·★𝑛−1

⌊
𝜂𝑡𝑛−1 (𝑎)

⌋
= ⌊𝑠 (𝜂𝑎)⌋ .

Similarly, we deduce 𝑡 (𝜂⌊𝑎⌋) = ⌊𝑡 (𝜂𝑎)⌋.

5.1.6. Example. In low dimensions, the homotopy 𝜂 maps a 1-cell 𝑓 : 𝑎 → 𝑎′ of 𝐴 to a 2-cell

𝐹 (𝑎′) 𝜂𝑎′

##

𝜂𝑓��𝐹 (𝑎)

𝐹 (𝑓 ) 22

𝜂𝑎
,,

𝐺 (𝑎′)
𝐺 (𝑎) 𝐺 (𝑓 )

::
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5. Polygraphic resolutions of operated algebras

of 𝐵, and a 2-cell 𝐻 : 𝑓 ⇒ 𝑓 ′ : 𝑎 → 𝑎′ of 𝐴 to a 3-cell

𝐹 (𝑎′) 𝜂𝑎′

((

𝜂𝑓 ′��𝐹 (𝑎)

𝐹 (𝑓 ) ''

𝐹 (𝑓 ′)
77

𝐹 (𝐻 )

!

𝜂𝑎
..

𝐺 (𝑎′)
𝐺 (𝑎) 𝐺 (𝑓 ′ )

66

⇛𝜂𝐻

𝐹 (𝑎′) 𝜂𝑎′

((

𝜂𝑓��𝐹 (𝑎)

𝐹 (𝑓 ) 00

𝜂𝑎
..

𝐺 (𝑎′)
𝐺 (𝑎)

𝐺 (𝑓 ) 00

𝐺 (𝑓 ′ )

FF

𝐺 (𝐻 )
� 

of 𝐵, and a 3-cell Γ : 𝐻 ⇛ 𝐻 ′ : 𝑓 ⇒ 𝑓 ′ : 𝑎 → 𝑎′

𝑎

𝑓

$$

𝑓 ′

::𝐻
��

𝐻 ′

��

Γ
%9 𝑎′

to a 4-cell of 𝐵 whose the source is

𝐹 (𝑎)

𝐹 (𝑓 )★0𝜂𝑎′

**

𝜂𝑎★0𝐺 (𝑓 ′ )

44
𝐹 (𝐻 )★0𝜂𝑎′★1𝜂𝑓 ′

��
𝐹 (𝐻 ′ )★0𝜂𝑎′★1𝜂𝑓 ′

��

𝜂𝑓 ★1𝜂𝑎★0𝐺 (𝐻 ′ )

��

𝐹 (Γ)★0𝜂𝑎′★1𝜂𝑓 ′
%9

𝜂𝐻 ′
%9

𝐺 (𝑎′)

and target is

𝐹 (𝑎)

𝐹 (𝑓 )★0𝜂𝑎′

**

𝜂𝑎★0𝐺 (𝑓 ′ )

44
𝐹 (𝐻 )★0𝜂𝑎′★1𝜂𝑓 ′

��
𝜂𝑓 ★1𝜂𝑎★0𝐺 (𝐻 )

��

𝜂𝑓 ★1𝜂𝑎★0𝐺 (𝐻 ′ )

��

𝜂𝐻
%9

𝜂𝑓 ★1𝜂𝑎★0𝐺 (Γ)
%9

𝐺 (𝑎′)

The following result is proved as in the case of linear-polygraphs [20, Lem. 5.1.4].

5.1.7. Lemma. Let 𝑋 be an Ω-𝜔-polygraph, (𝐴,T) an 𝜔-algebra, and 𝐹,𝐺 : AΩ (𝑋 ) → 𝐴 morphisms
of 𝜔-algebras. A homotopy 𝜂 from 𝐹 to 𝐺 is uniquely and entirely determined by its values on the 𝑛-
monomials of AΩ (𝑋 ), for 𝑛 ≥ 0, provided the relation

𝜂𝑢𝑠0 (𝑣) + 𝜂𝑡0 (𝑢 )𝑣 − 𝜂𝑡0 (𝑢 )𝑠0 (𝑣) = 𝜂𝑠0 (𝑢 )𝑣 + 𝜂𝑢𝑡0 (𝑣) − 𝜂𝑠0 (𝑢 )𝑡0 (𝑣) (5.1.8)

is satisfied for all 𝑛-monomials 𝑢 and 𝑣 of AΩ (𝑋 ).
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5.2. Operated polygraphic resolutions from convergence

5.1.9. Unital sections and contractions. Let 𝑋 be an Ω-𝜔-polygraph, the presented algebra 𝑋 can
be viewed as an 𝜔-algebra whose all 𝑛-cells are identities for 𝑛 ≥ 1. An unital section of 𝑋 is a linear
map of 𝜔-algebras 𝜄 : 𝑋 → AΩ (𝑋 ) that is a section of the canonical projection 𝜋 : AΩ (𝑋 ) ↠ 𝑋 and
that satisfies 𝜄 (1) = 1. For any 𝑛-cell 𝑎 of AΩ (𝑋 ), we write 𝑎 for 𝜄𝜋 (𝑎), and have 𝑎 = 1 �𝑠0 (𝑎) for 𝑛 ≥ 1.

An 𝜄-contraction of 𝑋 is a homotopy 𝜎 from IdAΩ (𝑋 ) to 𝜄𝜋 such that 𝜎𝑎 = 1𝑎 for every 𝑛-cell 𝑎
of AΩ (𝑋 ) that belongs to the image of 𝜄 or of 𝜎 . The 𝜄-contraction 𝜎 is right and bracketed if, for
every 𝑛 ≥ 0, for all 𝑛-cells 𝑓 , 𝑔, ℎ in AΩ (𝑋 ) with respective 0-sources 𝑎, 𝑏, 𝑐 , and for any Ω-monomial 𝑣
in AΩ (𝑍 ), the following conditions hold

𝜎𝑓 𝑔 = 𝑎𝜎𝑔 ★0 𝜎𝑓 𝑏, (5.1.10)

𝜎⌊ℎ⌋𝑣 = ⌊𝜎ℎ⌋ 𝑣 ★0 𝜎⌊𝑐̂ ⌋𝑣 . (5.1.11)

The composition on the right-hand side of (5.1.11) is well-defined, as 𝑡0(⌊𝜎ℎ⌋ 𝑣) = ⌊𝑐̂⌋ 𝑣 = 𝑠0(𝜎⌊𝑐̂ ⌋𝑣)
holds.

5.1.12. Example. Let us explain the right and bracketed 𝜄-contraction 𝜎 in low dimensions. For 0-cells
𝑎, 𝑏 and 𝑐 , we have

𝑎𝑏 𝜎
𝑎𝑏

  
=

𝑎𝑏

𝑎𝜎𝑏 33

𝜎𝑎𝑏

33 𝑎𝑏

⌊𝑐̂⌋ 𝑣 𝜎⌊𝑐⌋𝑣

##
=

⌊𝑐⌋ 𝑣

⌊𝜎𝑐 ⌋𝑣 33

𝜎⌊𝑐⌋𝑣

22�⌊𝑐⌋ 𝑣
For 1-cells 𝑓 : 𝑎 → 𝑏, 𝑔 : 𝑐 → 𝑑 and a 0-cell 𝑣 , we have

𝑏𝑑 𝜎𝑏𝑑

��𝜎𝑓 𝑔��
𝑎𝑐

𝑓 𝑔 22

𝜎𝑎𝑐

33 𝑎𝑐
=

𝑏𝑑 𝜎𝑏𝑑

��

𝑏𝜎𝑑
&&

=𝑎𝑑

𝑓 𝑑

88

𝑓 𝜎𝑑
&&

𝑎𝜎𝑔��

𝑏𝑐̂

𝜎𝑏𝑐̂
&&

𝜎𝑓 𝑐̂��

=

𝑎𝑐

𝑓 𝑔
..

=

𝑎𝑔
88

𝑎𝜎𝑐 //

𝜎𝑎𝑐

55𝑎𝑐̂

𝑓 𝑐̂

88

𝜎𝑎𝑐̂ //

=

𝑎𝑐

⌊𝑏⌋ 𝑣 𝜎⌊𝑏⌋𝑣

##𝜎⌊ 𝑓 ⌋𝑣��⌊𝑎⌋ 𝑣

⌊ 𝑓 ⌋𝑣 33

𝜎⌊𝑎⌋𝑣

22�⌊𝑎⌋ 𝑣 =

⌊𝑏⌋ 𝑣

⌊𝜎𝑏 ⌋𝑣

$$

⌊𝜎𝑓 ⌋𝑣
��

𝜎⌊𝑏⌋𝑣

##

⌊𝑎⌋ 𝑣

⌊ 𝑓 ⌋𝑣

66

⌊𝜎𝑎 ⌋𝑣 //

𝜎⌊𝑎⌋𝑣

44⌊𝑎⌋ 𝑣 𝜎⌊𝑎⌋𝑣 //

=

= �⌊𝑎⌋ 𝑣
5.2. Operated polygraphic resolutions from convergence

This subsection presents the main result of this paper, Theorem 5.2.4, that constructs a polygraphic
resolution for an Ω-algebra from a convergent presentation. Such a resolution à la Squier is generated
in each dimension 𝑛 ≥ 2 by the sources of the critical 𝑛-branchings of the presentation.
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5. Polygraphic resolutions of operated algebras

5.2.1. Reduced and essential 𝛀-monomials. Let 𝜄 be an unital section of an Ω-𝜔-polygraph 𝑋 . An
Ω-monomial 𝑢 of AΩ (𝑍 ) is 𝜄-reduced if 𝑢 = 𝑢. A non-𝜄-reduced Ω-monomial 𝑢 is 𝜄-essential if

i) 𝑢 = 𝑥𝑣 , where 𝑥 is a 0-generator of 𝑋 and 𝑣 is an 𝜄-reduced Ω-monomial of AΩ (𝑍 ),

ii) 𝑢 = ⌊𝑤⌋ 𝑣 , where𝑤 and 𝑣 are both 𝜄-reduced Ω-monomials of AΩ (𝑍 ).

If 𝜎 is an 𝜄-contraction of 𝑋 , for 𝑛 ≥ 1, an 𝑛-cell 𝑎 of AΩ (𝑋 ) is 𝜎-reduced if it is an identity or in the
image of 𝜎 . If the 𝜄-contraction 𝜎 is a right and bracketed, for 𝑛 ≥ 1, a non-𝜎-reduced 𝑛-monomial 𝑎
of AΩ (𝑋 ) is 𝜎-essential if

iii) 𝑢 = 𝛼𝑣 , where 𝛼 is an 𝑛-generator of 𝑋 and 𝑣 is a 𝜄-reduced Ω-monomial of AΩ (𝑍 ).

5.2.2. Lemma. Let 𝑋 be an Ω-𝜔-polygraph and 𝜄 be a unital section of 𝑋 . A right and bracketed 𝜄-
contraction 𝜎 of 𝑋 is uniquely and entirely determined by its values on the 𝜄-essential Ω-monomials
of AΩ (𝑍 ) and, for 𝑛 > 1, on the 𝜎-essential Ω-monomials of AΩ (𝑋 ).

Proof. By Lemma 5.1.7, it suffices to check that the values of 𝜎 on the 𝜄-essential Ω-monomials and
on 𝜎-essential Ω-monomials determine its values on other Ω-monomials and 𝑛-monomials, and that
equation (5.1.8) holds. If 𝑢 is a non-𝜄-essential Ω-monomial, we consider three cases

i) 𝑢 = 1. Then 𝜎1 = 1 is forced since 1 is 𝜄-reduced.

ii) 𝑢 = 𝑦𝑣 , where 𝑦 is either a 0-generator of 𝑋 or an 𝜄-reduced monomial ⌊𝑤⌋, and 𝑣 is a non-𝜄-
reduced Ω-monomial ofAΩ (𝑍 ). Then (5.1.10) imposes 𝜎𝑦𝑣 = 𝑦𝜎𝑣★0𝜎𝑦𝑣̂ . We proceed by induction
on the length of 𝑣 to define 𝜎𝑣 .

iii) 𝑢 = ⌊𝑤⌋ 𝑣 , where𝑤 is a non-𝜄-reduced Ω-monomial of AΩ (𝑋 ) and 𝑣 is an arbitrary Ω-monomial.
Then (5.1.11) imposes 𝜎⌊𝑤 ⌋𝑣 = ⌊𝜎𝑤⌋ 𝑣 ★0 𝜎⌊𝑤 ⌋𝑣 . When 𝑣 is 𝜄-reduced, ⌊𝑤⌋ 𝑣 is 𝜄-reduced. We
define 𝜎𝑤 by induction on the number of operators in𝑤 and its length. When 𝑣 is not 𝜄-reduced,
we define 𝜎⌊𝑤 ⌋𝑣 based on the previous case.

If 𝑤 is an 𝑛-monomial, then 𝑤 can be written as (𝑝1 ◦ 𝑝2 ◦ · · · ◦ 𝑝𝑛) |𝛼 , where 𝛼 is a 1-generator with
0-source 𝑎 and 𝑝𝑘 ≔ ⌊𝑢𝑘□𝑣𝑘⌋𝜏𝑘 ∈ 𝑍

Ω [□] with 𝑢𝑘 , 𝑣𝑘 ∈ 𝑍Ω . We distinguish between two cases:

i) 𝑤 = 𝑢𝛼𝑣 . Then (5.1.10) imposes 𝜎𝑢𝛼𝑣 = 𝑢𝑎𝜎𝑣 ★0 𝑢𝜎𝛼𝑣̂ ★0 𝜎𝑢𝑎𝑣 . We proceed by induction on the
length of 𝑢 and 𝑣 to define 𝜎𝑣 and 𝜎𝑢𝑎𝑣 .

ii) 𝑤 = 𝑢
⌊
𝑞 |𝛼

⌋
𝑣 . Then (5.1.10) imposes 𝜎𝑢⌊𝑞 |𝛼⌋𝑣 = 𝑢

⌊
𝑞 |𝑎

⌋
𝜎𝑣 ★0 𝑢𝜎⌊𝑞 |𝛼⌋ 𝑣̂ ★0 𝜎

𝑢 �⌊𝑞 |𝑎⌋𝑣 . We proceed
by induction on the length of 𝑢 and 𝑣 to define 𝜎𝑣 and 𝜎

𝑢 �⌊𝑞 |𝑎⌋𝑣 . As for 𝜎⌊𝑞 |𝛼⌋ 𝑣̂ , (5.1.11) imposes

𝜎⌊𝑞 |𝛼⌋ 𝑣̂ =
⌊
𝜎𝑞 |𝛼

⌋
𝑣̂ ★0 𝜎 ⌊

𝑞̂ |𝑎
⌋
𝑣̂
. We then proceed by induction on the number of operators and the

length of 𝑞 |𝛼 to define 𝜎𝑞 |𝛼 .

To verify (5.1.8), we refer to the case of associative algebras in [20, Lemma5.2.5] and that of the shuffle
operad in [36, Lemma5.1.6], as their proofs do not differ significantly. □

5.2.3. Proposition. Let 𝑋 be an Ω-𝜔-polygraph with a fixed unital section 𝜄. Then 𝑋 is a polygraphic
resolution of the 𝑋 if, and only if, it admits a right and bracketed 𝜄-contraction.
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5.2. Operated polygraphic resolutions from convergence

Proof. Assume that 𝑋 is a polygraphic resolution of 𝑋 . We define a right and bracketed 𝜄-contractions
using Lemma 5.2.2. For an essential monomial 𝑥𝑣 , both 𝑥𝑣 and 𝑥𝑣 map to the same element in AΩ (𝑍 ),
so there exists a 1-cell 𝜎𝑥𝑣 : 𝑥𝑣 → 𝑥𝑣 in AΩ (𝑋 ). Similarly, for an essential monomial of the form ⌊𝑤⌋ 𝑣 ,
𝜎⌊𝑤 ⌋𝑣 is defined analogously. Assume that 𝜎 is defined on all 𝑛-cells of AΩ (𝑋 ). We now extend it to
the 𝜎-essential 𝑛-monomial 𝛼𝑣 . By hypothesis, 𝑠 (𝜎𝛼𝑣) and 𝑡 (𝜎𝛼𝑣) are parallel, ensuring the existence of
an (𝑛 + 1)-cell 𝜎𝛼𝑣 .

Conversely, for 𝑛 ≥ 1, let 𝜎 be a right and bracketed 𝜄-contraction, and let 𝑓 and 𝑔 be parallel 𝑛-cells
in AΩ (𝑋 ). We show that 𝑡 (𝜎𝑓 ) = 𝜎𝑠 (𝑓 ) = 𝜎𝑠 (𝑔) = 𝑡 (𝜎𝑔), ensuring that the (𝑛 + 1)-cell 𝜎𝑓 ★𝑛 𝜎−𝑔 is
well-defined. The fact that 𝑡𝑘 (𝑓 ) = 𝑡𝑘 (𝑔) for all 0 ≤ 𝑘 < 𝑛 implies that

𝜎𝑓 ★𝑛 𝜎
−
𝑔 ★𝑛−1 𝜎

−
𝑡𝑛−1 (𝑓 ) ★𝑛−2 · · ·★0 𝜎

−
𝑡0 (𝑓 )

is a well-defined 𝑛-cell of AΩ (𝑋 ) with the source 𝑓 and target 𝑔. Hence, 𝑋𝑛+1 is acyclic. □

In the following, we assume that each 0-generator of 𝑋 is a normal form; if not, we reduce this
polygraph to a smaller one using a collapsing mechanism from [20, Subsec.5.3].

5.2.4. Operated polygraphic resolutions. Let𝑋 be a reduced convergent Ω-1-polygraph. We define
Sq(𝑋 ) as the family of generators

(
Sq𝑛 (𝑋 )

)
𝑛⩾0, where

i) Sq0(𝑋 ) = 𝑍 ,

ii) Sq1(𝑋 ) is the set of tuples (𝑢1, 𝑢2), written 𝑢1 |𝑢2, satisfying one of the following two cases

a) 𝑢1 ∈ 𝑍 , or there exists 𝑢0 ∈ 𝑍Ω such that 𝑢1 = ⌊𝑢0⌋ ∈ Nf (𝑋 ), and 𝑢2 ∈ Nf (𝑋 ),
b) 𝑢1 = 𝜀 and 𝑢2 = ⌊𝑢0⌋, where 𝑢0 ∈ Nf (𝑋 ),

plus the following condition

c) 𝑢1𝑢2 is reducible, and every proper left-factor of 𝑢1𝑢2 is a normal form,

iii) For 𝑛 ≥ 2, Sq𝑛 (𝑋 ) is the set of tuples (𝑢1, . . . , 𝑢𝑛+1), written 𝑢1 | · · · |𝑢𝑛+1, such that the following
conditions hold

a) (𝑢1, 𝑢2) ∈ Sq1(𝑋 ) satisfying the cases ii)-a) and ii)-c),

b) 𝑢𝑖 ∈ Nf (𝑋 ), for every 𝑖 > 2,

c) For every 2 ≤ 𝑖 < 𝑛 + 1, 𝑢𝑖𝑢𝑖+1 is reducible, and every proper left-factor of 𝑢𝑖𝑢𝑖+1 is a normal
form.

5.2.5. Theorem. Let𝑋 be a reduced convergent Ω-1-polygraph. There exists a unique polygraphic struc-
ture on Sq(𝑋 ) and a unique unital section 𝜄, as well as a right and bracketed 𝜄-contraction 𝜎 of Sq(𝑋 ), such
that 𝜄𝜋 (𝑢) = 𝑢 for every 𝑢 ∈ 𝑍Ω , and

𝜎 (𝑢1 | · · · |𝑢𝑛 )𝑢𝑛+1 =

{
𝑢1 | · · · |𝑢𝑛+1 if 𝑢1 | · · · |𝑢𝑛+1 ∈ Sq𝑛 (𝑋 ),
1(𝑢1 | · · · |𝑢𝑛 )𝑢𝑛+1 if 𝑢𝑛𝑢𝑛+1 ∈ Nf (𝑋 ),

(5.2.6)
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for all (𝑛 − 1)-generators 𝑢1 | · · · |𝑢𝑛 in Sq𝑛−1(𝑋 ), and 𝑢𝑛+1 ∈ Nf (𝑋 ) with 𝑛 ≥ 1. When 𝑛 = 1, we allow
writing 𝑢1 = ⌊𝑢0⌋ ∈ Nf (𝑋 ). We also set

𝜎⌊𝑢0 ⌋ = 𝜀 | ⌊𝑢0⌋ and 𝜎 (𝜀 | ⌊𝑢0 ⌋ )𝑢3 = 1(𝜀 | ⌊𝑢0 ⌋ )𝑢3, (5.2.7)

for all reducible Ω-monomial ⌊𝑢0⌋ with 𝑢0 ∈ Nf (𝑋 ), and all 1-generators 𝜀 | ⌊𝑢0⌋ with 𝑢3 ∈ Nf (𝑋 ). Then
this structure makes Sq(𝑋 ) a polygraphic resolution of AΩ (𝑍 ).

Proof. When (5.2.6) holds, the source and target maps of Sq(𝑋 ), except for the 1-generators 𝜀 | ⌊𝑢0⌋, are
determined by the first case. Writing 𝑢 = 𝑢1 | · · · |𝑢𝑛 for short, we obtain

𝑠 (𝑢1 | · · · |𝑢𝑛+1) = 𝑠 (𝜎𝑢𝑢𝑛+1) = 𝑢𝑢𝑛+1 ★0 𝜎𝑡0 (𝑢 )𝑢𝑛+1 ★1 · · ·★𝑛−2 𝜎𝑡𝑛−2 (𝑢 )𝑢𝑛+1,

and

𝑡 (𝑢1 | · · · |𝑢𝑛+1) = 𝑡 (𝜎𝑢𝑢𝑛+1) =
{
𝑢1𝑢2 if 𝑛 = 1,
𝜎𝑠 (𝑢 )𝑢𝑛+1 otherwise.

We determine 𝑠 (𝜀 | ⌊𝑢0⌋) = ⌊𝑢0⌋ and 𝑡 (𝜀 | ⌊𝑢0⌋) = ⌊̂𝑢0⌋ by (5.2.7). Next, we define the values of 𝜎 on
𝑛-cells of AΩ (Sq(𝑋 )). According to Lemma 5.2.2, it suffices to define 𝜎 on the 𝜄-essential Ω-monomials
and 𝜎-essential 𝑛-monomials.

For the 𝜄-essential Ω-monomial ⌊𝑢0⌋ 𝑢3, where 𝑢0, 𝑢3 ∈ Nf (𝑋 ) but ⌊𝑢0⌋ is reducible. If 𝑢3 is identity,
we have 𝜎⌊𝑢0 ⌋ = 𝜀 | ⌊𝑢0⌋. Otherwise, (5.2.7) reads 𝜎 (𝜀 | ⌊𝑢0 ⌋ )𝑢3 = 1(𝜀 | ⌊𝑢0 ⌋ )𝑢3 , that is the source and target
of 𝜎 (𝜀 | ⌊𝑢0 ⌋ )𝑢3 must be equal, giving the value of 𝜎 on ⌊𝑢0⌋ 𝑢3:

𝜎⌊𝑢0 ⌋𝑢3 = 𝑡 (𝜎 (𝜀 | ⌊𝑢0 ⌋ )𝑢3) = 𝑠 (𝜎 (𝜀 | ⌊𝑢0 ⌋ )𝑢3) = (𝜀 | ⌊𝑢0⌋)𝑢3 ★0 𝜎�⌊𝑢0 ⌋𝑢3
.

For the 𝜄-essential monomial 𝑢1𝑢2, where 𝑢1 ∈ 𝑍 or 𝑢1 = ⌊𝑢0⌋ ∈ Nf (𝑋 ), 𝑢2 ∈ Nf (𝑋 ), and 𝑢1𝑢2 is
reducible. If𝑢1 |𝑢2 ∈ Sq1(𝑋 ), then (5.2.6) imposes 𝜎𝑢1𝑢2 = 𝑢1 |𝑢2. If not, there exists a proper factorization
𝑢2 = 𝑣2𝑤2 such that 𝑢1 |𝑣2 ∈ Sq1(𝑋 ). We have 𝜎 (𝑢1 |𝑣2 )𝑤2 = 1(𝑢1 |𝑣2 )𝑤2 by the second case in (5.2.6), that is

𝜎𝑢1𝑢2 = 𝑡 (𝜎 (𝑢1 |𝑣2 )𝑤2) = 𝑠 (𝜎 (𝑢1 |𝑣2 )𝑤2) = (𝑢1 |𝑣2)𝑤2 ★0 𝜎𝑢1𝑣2𝑤2 .

Now, consider 𝑛 ≥ 2. For the 𝜎-essential monomial 𝑢𝑢𝑛+1, where 𝑢 is a (𝑛 − 1)-generator of Sq(𝑋 ),
and 𝑢𝑛+1 ∈ Nf (𝑋 ). We distinguish four cases. First, for 𝑛 = 1, if 𝑢𝑢3 = (𝜀 | ⌊𝑢0⌋)𝑢3, then (5.2.7)
reads 𝜎 (𝜀 | ⌊𝑢0 ⌋ )𝑢3 = 1(𝜀 | ⌊𝑢0 ⌋ )𝑢3 . Second, if 𝑢 |𝑢𝑛+1 ∈ Sq(𝑋 ), then (5.2.6) imposes 𝜎𝑢𝑢𝑛+1 = 𝑢 |𝑢𝑛+1. Third,
if 𝑢𝑛𝑢𝑛+1 ∈ Nf (𝑋 ), then (5.2.6) imposes 𝜎𝑢𝑢𝑛+1 = 1𝑢𝑢𝑛+1 . Otherwise, there exists a proper factorization
𝑢𝑛+1 = 𝑣𝑛+1𝑤𝑛+1 such that 𝑢 |𝑣𝑛+1 ∈ Sq(𝑋 ). In that case, (5.2.6) implies that the source and the target
of 𝜎 (𝑢 |𝑣𝑛+1 )𝑤𝑛+1 are equal. On the one hand, we have

𝑠 (𝜎 (𝑢 |𝑣𝑛+1 )𝑤𝑛+1) = (𝑢 |𝑣𝑛+1)𝑤𝑛+1 ★0 𝜎𝑡0 (𝑢 |𝑣𝑛+1 )𝑤𝑛+1 ★1 · · ·★𝑛−2 𝜎𝑡𝑛−2 (𝑢 |𝑣𝑛+1 )𝑤𝑛+1,

and, on the other hand, we obtain

𝑡 (𝜎 (𝑢 |𝑣𝑛+1 )𝑤𝑛+1) = 𝜎𝑠 (𝑢 |𝑣𝑛+1 )𝑤𝑛+1 = 𝜎𝑠 (𝜎𝑢𝑣𝑛+1 )𝑤𝑛+1 = 𝜎𝑢𝑢𝑛+1★0𝜎𝑡0 (𝑢)𝑣𝑛+1𝑤𝑛+1★1 · · ·★𝑛−2𝜎𝑡𝑛−2 (𝑢)𝑣𝑛+1𝑤𝑛+1 .

Since 𝑎 ★𝑘 𝑏 = 𝑎 + 𝑏 − 𝑡𝑘 (𝑎) and 𝜎 commutes with 𝑡 , we can rewrite the latter expression, by induction
on 𝑛, as a linear composition of 𝑛-cells containing 𝜎𝑢𝑢𝑛+1 , 𝜎𝜎𝑡𝑛−2 (𝑢)𝑣𝑛+1𝑤𝑛+1 , and other lower-dimensional
cells. Thus, 𝜎𝑢𝑢𝑛+1 can be determined from the relation 𝑠 (𝜎 (𝑢 |𝑣𝑛+1 )𝑤𝑛+1) = 𝑡 (𝜎 (𝑢 |𝑣𝑛+1 )𝑤𝑛+1).

Finally, by Proposition 5.2.3, we conclude that Sq(𝑋 ) is a polygraphic resolution of 𝑋 . □
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5.2.8. Example. Consider the Ω-1-polygraph 𝑋 𝐼 from Example 4.3.7. This polygraph is convergent,
but not reduced. In order to construct Nf (𝑋 𝐼 ), we consider

Φ𝐼 =
⋃
𝑛≥0

Φ𝑛, with Φ0 = (𝑍 ∪ ⌊𝑍 ∗⌋)∗ and Φ𝑛 =
(
𝑍 ∪

⌊
(Φ𝑛−1)≥2

⌋ )∗ for 𝑛 ≥ 1,

where (Φ𝑛−1)≥2 denotes the set of all Ω-monomials 𝑢 in Φ𝑛−1 satisfying bre(𝑢) ≥ 2. Note that the
construction of Φ𝐼 excludes all Ω-monomials of the form 𝑞 | ⌊ ⌊𝑢 ⌋ ⌋ in 𝑍Ω , so we have Nf (𝑋 𝐼 ) = Φ𝐼 . We
then present the reduced polygraph 𝑋 𝐼 = (𝑍,𝑋 𝐼

1), which is Tietze equivalent to 𝑋 𝐼 , where

𝑋 𝐼
1 ≔ {𝛽𝑢 : ⌊⌊𝑢⌋⌋ → 𝑢 | 𝑢 ∈ (Φ𝐼 )𝑛≥2 or 𝑢 ∈ 𝑍 }.

Thus, the Ω-algebra presented by 𝑋 𝐼 has the polygraphic resolution Sq(𝑋 𝐼 ), where

i) Sq0(𝑋 𝐼 ) = 𝑍 ,

ii) Sq1(𝑋 𝐼 ) has the 1-generators 𝜀 | ⌊⌊𝑢⌋⌋ : ⌊⌊𝑢⌋⌋ → 𝑢, for all 𝑢 ∈ (Φ𝐼 )𝑛≥2 or 𝑢 ∈Z,

iii) for every 𝑛 > 1, Sq𝑛 (𝑋 𝐼 ) is empty.

6. Examples of resolutions of operated algebras
In this final section, we apply the above constructions to some classical free Ω-algebras, including
free Rota-Baxter algebras [6, 15], free differential algebras [6, 28, 33], and free differential Rota-Baxter
algebras [6, 26, 34].

6.1. Polygraphic resolutions of free Rota-Baxter algebras

This subsection presents a polygraphic resolution of the free Rota-Baxter algebra RB𝜆 (𝑍 ) on 𝑍 .

6.1.1. Normal forms. The algebra RB𝜆 (𝑍 ) is presented by the Ω-1-polygraph 𝑋𝑃 with

𝑋𝑃
1 ≔

{
𝛼 [𝑢, 𝑣] : 𝑃 (𝑢)𝑃 (𝑣) → 𝑃 (𝑃 (𝑢)𝑣) + 𝑃 (𝑢𝑃 (𝑣)) + 𝜆𝑃 (𝑢𝑣) | 𝑢, 𝑣 ∈ 𝑍Ω

}
.

We set 𝑁 = Z2 and define a derivation 𝑑 : 𝑍Ω → 𝑁 by

𝑑 (𝑢) =
(

degΩ (𝑢),
∑︁
𝑃 |𝑢

(
degΩ (𝑢) − degΩ (𝑃)

) )
,

for every 𝑢 ∈ 𝑍Ω , where 𝑃 |𝑢 denotes each occurrence of the operator 𝑃 in 𝑢, and degΩ (𝑃) counts the
number of operators inside the operator 𝑃 . For instance, we have𝑑 (𝑃 (1)) = (1, 1), 𝑑 (𝑃 (𝑥)𝑃 (𝑦)) = (2, 4),
and 𝑑 (𝑃 (𝑃 (𝑥)𝑦)) = (2, 3) for 𝑥,𝑦 ∈ 𝑍 . For each (𝑚1,𝑚2) ∈ 𝑁 and 𝑣,𝑤 ∈ 𝑍Ω with 𝑑 (𝑣) = (𝑛1, 𝑛2)
and𝑤 ≠ 1, we set

𝑣 · (𝑚1,𝑚2) = (𝑚1 +𝑛1,𝑚2 +𝑛2 + 2𝑚1𝑛1), (𝑚1,𝑚2) ·𝑤 = (0, 0), 𝑃 ((𝑚1,𝑚2)) = (𝑚1 + 1,𝑚2 +𝑚1 + 1) .

By definition 𝑑 satisfies (3.1.6). By equipping 𝑑 (𝑍Ω) with a monotone lexicographic order, we ensure
that 𝑑 (𝑃 (𝑢)𝑣), 𝑑 (𝑢𝑃 (𝑣)) and 𝑑 (𝑢𝑣) are all less than 𝑑 (𝑃 (𝑢)𝑃 (𝑣)) for any 𝑢, 𝑣 ∈ 𝑍Ω , with 𝑑 (1) = (0, 0) as
the minimal element. Thus, 𝑋𝑃 is terminating. There are three families of critical branchings in 𝑋𝑃 :
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i) (𝑃 (𝑢)𝛼 [𝑣,𝑤], 𝛼 [𝑢, 𝑣]𝑃 (𝑤)) with the source 𝑃 (𝑢)𝑃 (𝑣)𝑃 (𝑤),

ii) (𝑃 (𝑞 |𝛼 [𝑢,𝑣 ])𝑃 (𝑤), 𝛼 [𝑞 |𝑃 (𝑢 )𝑃 (𝑣) ,𝑤]) with the source 𝑃 (𝑞 |𝑃 (𝑢 )𝑃 (𝑣) )𝑃 (𝑤),

iii) (𝑃 (𝑢)𝑃 (𝑞 |𝛼 [𝑣,𝑤 ]), 𝛼 [𝑢, 𝑞 |𝑃 (𝑣)𝑃 (𝑤 ) ]) with the source 𝑃 (𝑢)𝑃 (𝑞 |𝑃 (𝑣)𝑃 (𝑤 ) ),

which are all confluent by a straightforward computation, similar to Example 3.2.10. Hence, 𝑋𝑃 is
convergent.

Now, we construct the set Nf (𝑋𝑃 ). Define the alternating product of objects 𝑈 and 𝑉 with the
operator 𝑃 (see also [15]) as

Λ𝑃 (𝑈 ,𝑉 ) ≔
(⋃
𝑟≥0
(𝑈𝑃 (𝑉 ))𝑟𝑈

)
∪

(⋃
𝑟≥1
(𝑈𝑃 (𝑉 ))𝑟

)
∪

(⋃
𝑟≥0
(𝑃 (𝑉 )𝑈 )𝑟𝑃 (𝑉 )

)
∪

(⋃
𝑟≥1
(𝑃 (𝑉 )𝑈 )𝑟

)
.

We introduce the following notations

Φ0 ≔ 𝑍 ∗ \ {1}, Φ1 ≔ Λ𝑃 (Φ0, 𝑍
∗), and Φ𝑛 ≔ Λ𝑃 (Φ0,Φ𝑛−1), for 𝑛 ≥ 2,

and define the set

Φ𝑃 ≔

(⋃
𝑛≥0

Φ𝑛

)
∪ {1}.

Thus, we have Nf (𝑋𝑃 ) = Φ𝑃 , since there are no Ω-monomials of the form 𝑞 |𝑃 (𝑢 )𝑃 (𝑣) in Nf (𝑋𝑃 ), for
all 𝑢, 𝑣 ∈ 𝑍Ω and 𝑞 ∈ 𝑍Ω [□].

6.1.2. Remark. Similar to Example 4.2.6, we construct a PDA A𝑃

𝑞0start 𝑞1 𝑞2

𝑞3 𝑞4

𝜀, 𝜀 → $

ℓ𝑃 , 𝜀 → 𝑃

𝜀, 𝜀 → 𝜀

r𝑃 , 𝑃 → 𝜀

𝑍, 𝜀 → 𝜀
𝜀, $→ 𝜀 𝜀, $→ 𝜀

(6.1.3)

which accepts all monomials in Φ𝑃 . We obtain A𝑃 by modifying AΩ to exclude monomials containing
the subword r𝑃ℓ𝑃, since Φ𝑃 = 𝑍Ω \ {𝑞 |𝑃 (𝑢 )𝑃 (𝑣) } for any 𝑢, 𝑣 ∈ 𝑍Ω .

The polygraph 𝑋𝑃 is not reduced, as it contains two families of inclusion branchings with sources
𝑃 (𝑞 |𝑃 (𝑢 )𝑃 (𝑣) )𝑃 (𝑤) and 𝑃 (𝑢)𝑃 (𝑞 |𝑃 (𝑣)𝑃 (𝑤 ) ) for all 𝑢, 𝑣,𝑤 ∈ 𝑍Ω .

6.1.4. A reduced presentation. Wewrite𝑤 = Nf (𝑤,𝑋𝑃 ), for every𝑤 ∈ 𝑍Ω , and construct a reduced
Ω-1-polygraph 𝑋𝑃 , which is Tietze equivalent to 𝑋𝑃 , with

𝑋1
𝑃
≔ {𝛼 [𝑢, 𝑣] : 𝑃 (𝑢)𝑃 (𝑣) → 𝑃 (�𝑃 (𝑢)𝑣) + 𝑃 (�𝑢𝑃 (𝑣)) + 𝜆𝑃 (𝑢𝑣) | 𝑢, 𝑣 ∈ Φ𝑃 }.
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It follows that Nf (𝑋𝑃 ) = Nf (𝑋𝑃 ) = Φ𝑃 . Indeed, it suffices to demonstrate that 𝑄 (𝑋𝑃 ) = 𝑄 (𝑋𝑃 ), where

𝑄 (𝑋𝑃 ) ≔ {𝑞 |𝑃 (𝑢 )𝑃 (𝑣) |𝑢, 𝑣 ∈ 𝑍Ω} and 𝑄 (𝑋𝑃 ) ≔ {𝑞 |𝑃 (𝑢 )𝑃 (𝑣) |𝑢, 𝑣 ∈ Φ𝑃 }.

The inclusion 𝑄 (𝑋𝑃 ) ⊂ 𝑄 (𝑋𝑃 ) is straightforward. For any 𝑞0 |𝑃 (𝑢0 )𝑃 (𝑣0 ) in 𝑄 (𝑋𝑃 ), if 𝑢0, 𝑣0 ∈ Φ𝑃 , then
it belongs to 𝑄 (𝑋𝑃 ). Suppose 𝑢0 ∉ Φ𝑃 , then there exists a decomposition 𝑢0 = 𝑞1 |𝑃 (𝑢1 )𝑃 (𝑣1 ) . Repeating
this process, we eventually obtain 𝑞0 |𝑃 (𝑢0 )𝑃 (𝑣0 ) = 𝑞𝑘 |𝑃 (𝑢𝑘 )𝑃 (𝑣𝑘 ) for 𝑢𝑘 , 𝑣𝑘 ∈ Φ𝑃 . Thus we conclude
that 𝑄 (𝑋𝑃 ) ⊂ 𝑄 (𝑋𝑃 ).

6.1.5. Theorem. The free Rota-Baxter algebra on 𝑍 has the polygraphic resolution Sq(𝑋𝑃 ), where

i) Sq0(𝑋𝑃 ) = 𝑍 ,

ii) for every 𝑛 ≥ 1, Sq𝑛 (𝑋𝑃 ) has the 𝑛-generators 𝑃 (𝑢1) |𝑃 (𝑢2) | · · · |𝑃 (𝑢𝑛+1), where 𝑢1, . . . , 𝑢𝑛+1 ∈ Φ𝑃 .

Proof. The proof follows from the fact that 𝑋𝑃 is reduced and convergent, along with (5.2.5). □

6.1.6. Low-dimensional generators of Sq(˜𝑿𝑷 ). The following diagrams correspond the 1-generator
𝑃 (𝑢1) |𝑃 (𝑢2), the 2-generators 𝑃 (𝑢1) |𝑃 (𝑢2) |𝑃 (𝑢3), and the 3-generators 𝑃 (𝑢1) |𝑃 (𝑢2) |𝑃 (𝑢3) |𝑃 (𝑢4) to higher
critical branchings

𝑃 (𝑢1 )
//

𝑚

��

𝑃 (𝑢2 )
//

𝑃 (𝑢1 ) |𝑃 (𝑢2 )
OO

𝑃 (𝑢1 )
//

𝑚

��𝑃 (𝑢2 )
//

𝑛

CC

𝑃 (𝑢3 )
//

𝑃 (𝑢1 ) |𝑃 (𝑢2 )
OO

𝑃 (𝑢2 ) |𝑃 (𝑢3 )
��

𝑃 (𝑢1 )
//

𝑚

��𝑃 (𝑢2 )
//

𝑛

BB

𝑃 (𝑢3 )
//

𝑜

��

𝑃 (𝑢4 )
//

𝑃 (𝑢1 ) |𝑃 (𝑢2 )
OO

𝑃 (𝑢2 ) |𝑃 (𝑢3 )
��

𝑃 (𝑢3 ) |𝑃 (𝑢4 )
OO

respectively, where 𝑢1, 𝑢2, 𝑢3, 𝑢4 ∈ Φ𝑃 and

𝑚 = 𝑃 (�𝑃 (𝑢1)𝑢2) + 𝑃 (�𝑢1𝑃 (𝑢2)) + 𝜆𝑃 (𝑢1𝑢2),
𝑛 = 𝑃 (�𝑃 (𝑢2)𝑢3) + 𝑃 (�𝑢2𝑃 (𝑢3)) + 𝜆𝑃 (𝑢2𝑢3),
𝑜 = 𝑃 (�𝑃 (𝑢3)𝑢4) + 𝑃 (�𝑢3𝑃 (𝑢4)) + 𝜆𝑃 (𝑢3𝑢4) .

We also illustrate their shapes in low dimensions. For the 1-generators 𝑃 (𝑢1) |𝑃 (𝑢2), we have

𝑃 (𝑢1) |𝑃 (𝑢2) : 𝑃 (𝑢1)𝑃 (𝑢2) → �𝑃 (𝑢1)𝑃 (𝑢2) .

By Theorem 5.2.5, the 2-generators 𝑃 (𝑢1) |𝑃 (𝑢2) |𝑃 (𝑢3) and the 3-generators 𝑃 (𝑢1) |𝑃 (𝑢2) |𝑃 (𝑢3) |𝑃 (𝑢4)
have the following shapes

𝑎𝑏𝑐
𝜎
𝑎𝑏𝑐

��𝑎 |𝑏 |𝑐
��

𝑎𝑏𝑐

(𝑎 |𝑏 )𝑐
55

𝜎𝑎𝑏𝑐

22 𝑎𝑏𝑐
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𝑎𝑏𝑐𝑑

𝜎
𝑎𝑏𝑐

𝑑

,,

(𝑎 |𝑏 |𝑐 )𝑑

��

𝑎𝑏𝑐𝑑

𝜎
𝑎𝑏𝑐𝑑

��
𝜎𝜎𝑎𝑏𝑐𝑑 ��

𝑎𝑏𝑐𝑑

(𝑎 |𝑏 )𝑐𝑑

JJ

𝜎𝑎𝑏𝑐𝑑

<<

𝜎𝑎𝑏𝑐𝑑

22
�𝑎𝑏𝑐𝑑

𝑎 |𝑏 |𝑐 |𝑑
⇛

𝑎𝑢𝑣𝑤

𝜎
𝑎𝑏𝑐

𝑑

,,

𝜎
𝑎𝑏𝑐𝑑

""
𝜎 (𝑎 |𝑏)𝑐𝑑��

𝑎𝑏𝑐𝑑

𝜎
𝑎𝑏𝑐𝑑

��

𝜎𝜎
𝑎𝑏𝑐

𝑑

��

𝑎𝑏𝑐𝑑

(𝑎 |𝑏 )𝑐𝑑

JJ

𝜎𝑎𝑏𝑐𝑑

22
�𝑎𝑏𝑐𝑑

where 𝑎, 𝑏, 𝑐 and 𝑑 correspond to 𝑃 (𝑢1), 𝑃 (𝑢2), 𝑃 (𝑢3), and 𝑃 (𝑢4), respectively.

6.2. Polygraphic resolutions of free differential algebras

This subsection presents two polygraphic resolutions of the free differential algebra D𝜆 (𝑍 ) on 𝑍 .

6.2.1. A reduced presentation. The algebra D𝜆 (𝑍 ) is presented by the convergent polygraph 𝑋𝐷 ,
as defined in (3.2.11). We construct a reduced Ω-1-polygraph 𝑋𝐷 with

𝑋1
𝐷
≔

{
𝛼 [𝑢1, 𝑢2, . . . , 𝑢𝑛] : 𝐷 (𝑢1𝑢2 · · ·𝑢𝑛) →

∑︁
1≤𝑖1<· · ·<𝑖𝑘≤𝑛

1≤𝑘≤𝑛

𝜆𝑘−1𝐷𝑖1,...,𝑖𝑘 (𝑢1, . . . , 𝑢𝑛) ,

𝜑 : 𝐷 (1) → 0 | 𝑢1, . . . , 𝑢𝑛 ∈ 𝐷𝜃 (𝑍 ) \ {1}, 𝑛 ≥ 2
}
,

where 𝐷𝑖1,...,𝑖𝑘 (𝑢1, . . . , 𝑢𝑛) ≔ 𝑢1 · · ·𝐷 (𝑢𝑖1) · · ·𝐷 (𝑢𝑖𝑘 ) · · ·𝑢𝑛 .

6.2.2. Lemma. The polygraphs 𝑋𝐷 and 𝑋𝐷 are Tietze equivalent.

Proof. The polygraph 𝑋𝐷 is convergent since it contains no critical branchings. We prove this lemma
in two steps. First, we show that Nf (𝑋𝐷 ) = Nf (𝑋𝐷 ). It suffices to prove that 𝑄 (𝑋𝐷 ) = 𝑄 (𝑋𝐷 ), where

𝑄 (𝑋𝐷 ) ≔ {𝑞 |𝐷 (𝑢𝑣) |𝑢, 𝑣 ∈ 𝑍Ω \ {1}} and 𝑄 (𝑋𝐷 ) ≔ {𝑞 |𝐷 (𝑢1 · · ·𝑢𝑛 ) |𝑢𝑖 ∈ 𝐷
𝜃 (𝑍 ) \ {1}, 𝑛 ≥ 2}.

The inclusion 𝑄 (𝑋𝐷 ) ⊂ 𝑄 (𝑋𝐷 ) is straightforward. For any 𝑞 |𝐷 (𝑢1 · · ·𝑢𝑛 ) ∈ 𝑄 (𝑋𝐷 ) with bre(𝑢𝑖) = 1,
if all 𝑢𝑖 ∈ 𝐷𝜃 (𝑍 ) \ {1}, then it belongs to 𝑄 (𝑋𝐷 ). If not, suppose 𝑢1 = 𝐷 (𝑣1 · · · 𝑣𝑚) ∈ 𝑄 (𝑋𝐷 ) with
bre(𝑣𝑖) = 1, and repeat this process for 𝐷 (𝑣1 · · · 𝑣𝑚). Eventually, we obtain 𝑞 |𝐷 (𝑢1 · · ·𝑢𝑛 ) = 𝑞′ |𝐷 (𝑤1 · · ·𝑤𝑘 ) ,
where𝑤1, . . . ,𝑤𝑘 ∈ 𝐷𝜃 (𝑍 ) \ {1}, which shows that 𝑄 (𝑋𝐷 ) ⊂ 𝑄 (𝑋𝐷 ).

Next, we demonstrate that Nf (𝑤,𝑋𝐷 ) = Nf (𝑤,𝑋𝐷 ) for every 𝑤 ∈ 𝑍Ω . We only consider the case
of 𝑤 = 𝐷 (𝑢) with 𝑢 ∈ 𝑍Ω . There exists a decomposition 𝐷 (𝑢) = 𝐷 (𝑠1 · · · 𝑠𝑛) with bre(𝑠𝑖) = 1. For the
case of max(dep(𝑠𝑖)) = 0, meaning all 𝑠𝑖 ∈ 𝑍 , we have

𝐷 (𝑢) = 𝐷 (𝑠1 · · · 𝑠𝑛) →
∑︁

1≤𝑖1<· · ·<𝑖𝑘≤𝑛
1≤𝑘≤𝑛

𝜆𝑘−1𝐷𝑖1,...,𝑖𝑘 (𝑠1, . . . , 𝑠𝑛),

in 𝑋𝐷 . It follows that Nf (𝐷 (𝑢), 𝑋𝐷 ) = Nf (𝐷 (𝑢), 𝑋𝐷 ). Now, assume that it holds for all cases of
max(dep(𝑠𝑖)) ≤ 𝑚. Consider the case of max(dep(𝑠𝑖)) = 𝑚 + 1, we have 𝑠 𝑗 = 𝐷 (𝑣 𝑗 ) with dep(𝑣 𝑗 ) = 𝑚

for some 1 ≤ 𝑣 𝑗 ≤ 𝑛. By the induction hypothesis, Nf (𝑣 𝑗 , 𝑋𝐷 ) = Nf (𝑣 𝑗 , 𝑋𝐷 ) holds, implying that the
normal forms of 𝐷 (𝑢) are equal in both𝑋𝐷 and𝑋𝐷 . Therefore, we conclude that𝑋𝐷 and𝑋𝐷 are Tietze
equivalent. □
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6.2.3. Theorem. The free differential algebra on 𝑍 has the polygraphic resolution Sq(𝑋𝐷 ), where

i) Sq0(𝑋𝐷 ) = 𝑍 ,

ii) Sq1(𝑋𝐷 ) has the 1-generators 𝜀 |𝐷 (1) and 𝜀 |𝐷 (𝑢𝑣), where 𝑢, 𝑣 ∈ (𝐷𝜃 (𝑍 ))∗ \ {1},

iii) for every 𝑛 ≥ 2, Sq𝑛 (𝑋𝐷 ) is empty.

If 𝜆 ≠ 0, we provide another polygraphic resolution of D𝜆 (𝑍 ), similar to Sq(𝑋𝑃 ).

6.2.4. A reduced presentation for 𝝀 ≠ 0. When 𝜆 ≠ 0, we give another presentation 𝑌𝐷 ≔ {𝑍,𝑌𝐷
1 }

of D𝜆 (𝑍 ) with

𝑌𝐷
1 ≔

{
𝛼 [𝑢, 𝑣] : 𝐷 (𝑢)𝐷 (𝑣) → 𝜆−1𝐷 (𝑢𝑣) − 𝜆−1𝐷 (𝑢)𝑣 − 𝜆−1𝑢𝐷 (𝑣),

𝜑 : 𝐷 (1) → 0 | 𝑢, 𝑣 ∈ 𝑍Ω \ {1}
}
.

The termination of 𝑌𝐷 follows from the decrease in the number of operators under the application of
the rules 𝛼 [𝑢, 𝑣] and 𝜑 . This polygraph is also confluent, as it has five families of critical branchings

i) (𝐷 (𝑢)𝛼 [𝑣,𝑤], 𝛼 [𝑢, 𝑣]𝐷 (𝑤)) with the source 𝐷 (𝑢)𝐷 (𝑣)𝐷 (𝑤),

ii) (𝐷 (𝑞 |𝛼 [𝑢,𝑣 ])𝐷 (𝑤), 𝛼 [𝑞 |𝐷 (𝑢 )𝐷 (𝑣) ,𝑤]) with the source 𝐷 (𝑞 |𝐷 (𝑢 )𝐷 (𝑣) )𝐷 (𝑤),

iii) (𝐷 (𝑢)𝐷 (𝑞 |𝛼 [𝑣,𝑤 ]), 𝛼 [𝑢, 𝑞 |𝐷 (𝑣)𝐷 (𝑤 ) ]) with the source 𝐷 (𝑢)𝐷 (𝑞 |𝐷 (𝑣)𝐷 (𝑤 ) ),

iv) (𝐷 (𝑞 |𝜑 )𝐷 (𝑤), 𝛼 [𝑞 |𝐷 (1) ,𝑤]) with the source 𝐷 (𝑞 |𝐷 (1) )𝐷 (𝑤),

v) (𝐷 (𝑢)𝐷 (𝑞 |𝜑 ), 𝛼 [𝑢, 𝑞 |𝐷 (1) ]) with the source 𝐷 (𝑢)𝐷 (𝑞 |𝐷 (1) ),

all of which can be verified as confluent through straightforward computation. Define the alternating
product of𝑈 and 𝑉 with operator 𝐷 as

Λ𝐷 (𝑈 ,𝑉 ) ≔
(⋃
𝑟≥0
(𝑈𝐷 (𝑉 ))𝑟𝑈

)
∪

(⋃
𝑟≥1
(𝑈𝐷 (𝑉 ))𝑟

)
∪

(⋃
𝑟≥0
(𝐷 (𝑉 )𝑈 )𝑟𝐷 (𝑉 )

)
∪

(⋃
𝑟≥1
(𝐷 (𝑉 )𝑈 )𝑟

)
.

We introduce the notations Φ0 ≔ 𝑍 ∗ \ {1} and Φ𝑛 ≔ Λ𝐷 (Φ0,Φ𝑛−1) for 𝑛 ≥ 1, and define the set

Φ𝐷 ≔

(⋃
𝑛≥0

Φ𝑛

)
∪ {1}.

Thus, we have Nf (𝑌𝐷 ) = Φ𝐷 . Note that the construction of Φ𝐷 differs from that of Φ𝑃 in (6.1.1),
as Φ1 = Λ𝐷 (Φ0,Φ0), which implies 𝐷 (1) ∉ Φ𝐷 . Next, we write 𝑤 = Nf (𝑤,𝑌𝐷 ) for every 𝑤 ∈ 𝑍Ω and
present a reduced convergent polygraph 𝑌𝐷 , which is Tietze equivalent to 𝑌𝐷 , with

𝑌𝐷
1 ≔

{
𝛼 [𝑢, 𝑣] : 𝐷 (𝑢)𝐷 (𝑣) → 𝜆−1�𝐷 (𝑢)𝑣 − 𝜆−1�𝑢𝐷 (𝑣) − 𝜆−1𝐷 (𝑢𝑣),

𝜑 : 𝐷 (1) → 0 | 𝑢, 𝑣 ∈ Φ𝐷 \ {1}
}
.

Similarly to the explanation of Nf (𝑋𝑃 ) and Nf (𝑋𝑃 ) in (6.1.4), we have Nf (𝑌𝐷 ) = Nf (𝑌𝐷 ) = Φ𝐷 .
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6.2.5. Theorem. When 𝜆 ≠ 0, the free differential algebra on 𝑍 has the polygraphic resolution Sq(𝑌𝐷 ),
where

i) Sq0(𝑌𝐷 ) = 𝑍 ,

ii) Sq1(𝑌𝐷 ) has the 1-generators 𝜀 |𝐷 (1) and 𝐷 (𝑢1) |𝐷 (𝑢2), where 𝑢1, 𝑢2 ∈ Φ𝐷 \ {1},

iii) for every 𝑛 ≥ 2, Sq𝑛 (𝑌𝐷 ) has the 𝑛-generators 𝐷 (𝑢1) |𝐷 (𝑢2) | · · · |𝐷 (𝑢𝑛+1), where 𝑢1, . . . , 𝑢𝑛+1 ∈
Φ𝐷 \ {1}.

6.3. Polygraphic resolutions of free differential Rota-Baxter algebras

In this subsection, we consider the case with multiple operators and construct a polygraphic resolution
of the free differential Rota-Baxter algebra DRB𝜆 (𝑍 ) on 𝑍 , assuming that 𝜆 ≠ 0.

6.3.1. A presentation of DRB𝝀 (𝒁). The algebra DRB𝜆 (𝑍 ) is presented by the Ω-1-polygraph 𝑋

with
𝑋1 ≔ {𝛼 [𝑢, 𝑣] : 𝑃 (𝑢)𝑃 (𝑣) → 𝑃 (𝑃 (𝑢)𝑣) + 𝑃 (𝑢𝑃 (𝑣)) + 𝜆𝑃 (𝑢𝑣),

𝛽 [𝑤1,𝑤2] : 𝐷 (𝑤1)𝐷 (𝑤2) → 𝜆−1𝐷 (𝑤1𝑤2) − 𝜆−1𝐷 (𝑤1)𝑤2 − 𝜆−1𝑤1𝐷 (𝑤2),
𝛾 [𝑢] : 𝐷 (𝑃 (𝑢)) → 𝑢,

𝜑 : 𝐷 (1) → 0 | 𝑢, 𝑣,𝑤1,𝑤2 ∈ 𝑍Ω and𝑤1,𝑤2 ≠ 1}.

We set 𝑁 = Z2 and construct a derivation similar to the one in (6.1.1). For each 𝑢 ∈ 𝑍Ω , we define
𝑑 : 𝑍Ω −→ 𝑁 by

𝑑 (𝑢) =
(

degΩ (𝑢),
∑︁
𝑃 |𝑢

(
degΩ (𝑢) − degΩ (𝑃)

)
+

∑︁
𝐷 |𝑢

(
degΩ (𝑢) − degΩ (𝐷)

) )
.

For (𝑚1,𝑚2) ∈ 𝑁 and 𝑣,𝑤 ∈ 𝑍Ω with 𝑑 (𝑣) = (𝑛1, 𝑛2) and𝑤 ≠ 1, we set

𝑣 · (𝑚1,𝑚2) = (𝑚1 + 𝑛1,𝑚2 + 𝑛2+2𝑚2𝑛2), (𝑚1,𝑚2) ·𝑤 = (0, 0),
𝑃 ((𝑚1,𝑚2)) = (𝑚1 + 1,𝑚2 +𝑚1 + 1), 𝐷 ((𝑚1,𝑚2)) = (𝑚1 + 1,𝑚2 +𝑚1 + 1) .

It follows that 𝑑 satisfies (3.1.6). By equipping 𝑑 (𝑍Ω) with a monotone lexicographic order, where
𝑑 (1) = (0, 0) is the minimal element, we ensure that 𝑋 is terminating.

The critical branchings of 𝑋 are all confluent (see Appendix), except for the following two cases

𝑢𝐷 (𝑣)

𝐷 (𝑃 (𝑢))𝐷 (𝑣)

𝛾 [𝑢 ]𝐷 (𝑣) 33

𝛽 [𝑃 (𝑢 ),𝑣 ] ++ 𝜆−1𝐷 (𝑃 (𝑢)𝑣) − 𝜆−1𝐷 (𝑃 (𝑢))𝑣 − 𝜆−1𝑃 (𝑢)𝐷 (𝑣)

𝐷 (𝑣)𝑤

𝐷 (𝑣)𝐷 (𝑃 (𝑤))

𝐷 (𝑣)𝛾 [𝑤 ] 33

𝛽 [𝑣,𝑃 (𝑤 ) ] ++ 𝜆−1𝐷 (𝑣𝑃 (𝑤)) − 𝜆−1𝐷 (𝑣)𝑃 (𝑤) − 𝜆−1𝑣𝐷 (𝑃 (𝑤)) .
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where 𝑢, 𝑣,𝑤 ∈ 𝑍Ω and 𝑣 ≠ 1. By the completion procedure in (3.3.6) and the derivation 𝑑 above, we
complete the polygraph 𝑋 into a convergent one, denoted 𝑋𝑃𝐷 , where

𝑋𝑃𝐷
1 ≔ {𝛼 [𝑢, 𝑣] : 𝑃 (𝑢)𝑃 (𝑣) → 𝑃 (𝑃 (𝑢)𝑣) + 𝑃 (𝑢𝑃 (𝑣)) + 𝜆𝑃 (𝑢𝑣),

𝛽 [𝑤1,𝑤2] : 𝐷 (𝑤1)𝐷 (𝑤2) → 𝜆−1𝐷 (𝑤1𝑤2) − 𝜆−1𝐷 (𝑤1)𝑤2 − 𝜆−1𝑤1𝐷 (𝑤2),
𝛾 [𝑢] : 𝐷 (𝑃 (𝑢)) → 𝑢,

𝛿1 [𝑢,𝑤2] : 𝑃 (𝑢)𝐷 (𝑤2) → 𝑃 (𝐷 (𝑢)𝑤2) + 𝑢𝑤2 + 𝜆𝑢𝐷 (𝑤2),
𝛿2 [𝑤1, 𝑣] : 𝐷 (𝑤1)𝑃 (𝑣) → 𝐷 (𝑤1𝑃 (𝑣)) +𝑤1𝑣 + 𝜆𝐷 (𝑤1)𝑣,

𝜑 : 𝐷 (1) → 0 | 𝑢, 𝑣,𝑤1,𝑤2 ∈ 𝑍Ω and𝑤1,𝑤2 ≠ 1}.

We list all critical branchings of 𝑋𝑃𝐷 in the appendix, which are all confluent.

6.3.2. Normal forms. We denote 𝐿𝑖 𝑗 (𝑢) ≔ 𝑃𝑖
(
𝐷 𝑗 (𝑢)

)
for every 𝑢 ∈ 𝑍Ω and set 𝑃0(1) ≔ 1, then

define the set

Λ𝑃𝐷 (𝑈 ,𝑉 ) ≔
(⋃
𝑟≥0

𝑃𝑘 (1)
(
𝑈𝐿𝑖 𝑗 (𝑉 )

)𝑟
𝑈𝑃𝑘 (1)

)
∪

(⋃
𝑟≥1

𝑃𝑘 (1)
(
𝑈𝐿𝑖 𝑗 (𝑉 )

)𝑟 )
∪

(⋃
𝑟≥1

(
𝐿𝑖 𝑗 (𝑉 )𝑈

)𝑟
𝐿𝑖 𝑗 (𝑉 )

)
∪

(⋃
𝑟≥1

(
𝐿𝑖 𝑗 (𝑉 )𝑈

)𝑟
𝑃𝑘 (1)

)
for 𝑖, 𝑗, 𝑘 ≥ 0. We introduce the notations 𝑍+ ≔ 𝑍 ∗ \ {1}, and set

Φ0 ≔
⋃
𝑟≥0

(
𝑍+𝑃𝑘 (1)

)𝑟
𝑍+

for 𝑘 ≥ 0. Inductively, we define Φ1 ≔ Λ𝑃𝐷 (Φ0, 𝑍
+) and Φ𝑛 ≔ Λ𝑃𝐷 (Φ0,Φ𝑛−1) for 𝑛 > 1. Finally, we set

Φ ≔
⋃
𝑛≥0

Φ𝑛, Φ𝑃𝐷 ≔ 𝐿𝑖 𝑗 (Φ) ∪ 𝑃𝑘 (1)

for 𝑖, 𝑗, 𝑘 ≥ 0. Thus, Nf (𝑋𝑃𝐷 ) = Φ𝑃𝐷 . Here, the construction of Λ𝑃𝐷 (𝑈 ,𝑉 ) differs from that of Λ𝑃 (𝑈 ,𝑉 )
and Λ𝐷 (𝑈 ,𝑉 ), as it is designed to exclude Ω-monomials of the form 𝑞 |𝐷 (𝑃 (𝑢 ) ) from Φ𝑃𝐷 .

6.3.3. Remark. Similar to (4.2.7) and (6.1.3), we construct a PDA A𝑃𝐷 that accepts the monomials
in Φ𝑃𝐷

𝑞0start 𝑞1 𝑞2 𝑞3

𝑞4𝑞5𝑞6

ℓ𝐷 ℓ𝑃 ; Z

r𝑃r𝑃 ; r𝐷

ℓ𝑃

𝜀, 𝜀 → $
ℓ𝐷

𝜀𝑍

ℓ𝑃

𝑍 ℓ𝐷
r𝑃

Z
𝜀, $→ 𝜀

𝜀, $→ 𝜀
(6.3.4)
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For simplicity, we display only the input symbols in certain instructions while omitting the correspond-
ing stack operations

𝜀, 𝜀 → 𝜀; 𝑍, 𝜀 → 𝜀; ℓ𝐷, 𝜀 → 𝐷 ; ℓ𝑃 , 𝜀 → 𝑃 ; r𝑃 , 𝑃 → 𝜀; r𝐷, 𝐷 → 𝜀.

From the construction of 𝑋𝑃𝐷
1 , it suffices to modify AΩ to exclude monomials containing the subwords

r𝑃 ℓ𝑃 , r𝐷ℓ𝐷, r𝑃 ℓ𝐷, r𝐷ℓ𝑃 , ℓ𝐷r𝐷 , and ℓ𝐷ℓ𝑃𝑢r𝑃 r𝐷 , where 𝑢 ∈ {ℓ𝑃 , r𝑃 , ℓ𝐷, r𝐷, 𝑍 }∗.

6.3.5. A reduced presentation. Wewrite𝑤 = Nf (𝑤,𝑋𝑃𝐷 ) for every𝑤 ∈ 𝑍Ω and construct a reduced
presentation 𝑋𝑃𝐷 , which is Tietze equivalent to 𝑋𝑃𝐷 , with

𝑋𝑃𝐷
1 ≔ {𝛼 [𝑢, 𝑣] : 𝑃 (𝑢)𝑃 (𝑣) → 𝑃 (�𝑃 (𝑢)𝑣) + 𝑃 (�𝑢𝑃 (𝑣)) + 𝜆𝑃 (𝑢𝑣),

𝛽 [𝑢, 𝑣] : 𝐷 (𝑤1)𝐷 (𝑤2) → 𝜆−1 �𝐷 (𝑤1𝑤2) − 𝜆−1 �𝐷 (𝑤1)𝑤2 − 𝜆−1 �𝑤1𝐷 (𝑤2),
𝛾 [𝑢] : 𝐷 (𝑃 (𝑢)) → 𝑢,

𝛿1 [𝑢,𝑤2] : 𝑃 (𝑢)𝐷 (𝑤2) → 𝑃 (�𝐷 (𝑢)𝑤2) + 𝑢𝑤2 + 𝜆�𝑢𝐷 (𝑤2),
𝛿2 [𝑤1, 𝑣] : 𝐷 (𝑤1)𝑃 (𝑣) → �𝐷 (𝑤1𝑃 (𝑣)) +𝑤1𝑣 + 𝜆�𝐷 (𝑤1)𝑣,

𝜑 : 𝐷 (1) → 0 | 𝑢, 𝑣,𝑤1,𝑤2 ∈ Φ𝑃𝐷 and𝑤1,𝑤2 ≠ 1}.

It follows that Nf (𝑋𝑃𝐷 ) = Nf (𝑋𝑃𝐷 ) = Φ𝑃𝐷 .

6.3.6. Theorem. When 𝜆 ≠ 0, the free differential Rota-Baxter algebra on 𝑍 has the polygraphic resolu-
tion Sq(𝑋𝑃𝐷 ), where

i) Sq0(𝑋𝑃𝐷 ) = 𝑍 ,

ii) Sq1(𝑋𝑃𝐷 ) has the 1-generators 𝜀 |𝐷 (1), 𝜀 |𝐷 (𝑃 (𝑢0)) and 𝑅(𝑢1) |𝑅(𝑢2), where 𝑅 is either the operator
𝑃 or 𝐷 , and 𝑢0, 𝑅(𝑢1), 𝑅(𝑢2) ∈ Φ𝑃𝐷 .

iii) for every𝑛 ≥ 2, Sq𝑛 (𝑋𝑃𝐷 ) has the𝑛-generators𝑅(𝑢1) |𝑅(𝑢2) | · · · |𝑅(𝑢𝑛+1), where𝑅(𝑢1), . . . , 𝑅(𝑢𝑛+1) ∈
Φ𝑃𝐷 .
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Appendix
The sources of all critical branchings of the polygraph 𝑋𝑃𝐷 in (6.3.1) are listed below. Here, we denote
by 𝛼∧𝛽 the set of sources for critical branchings of the form (𝛼 [𝑢, 𝑣], 𝛽 [𝑢, 𝑣]), with similar conventions
for other notations. This enumeration is also presented in [34, Thm.3.7], which studies the GS theory
of free differential Rota–Baxter algebras. For all 𝑢, 𝑣,𝑤 ∈ 𝑍Ω , 𝑠, 𝑡, 𝑟 ∈ 𝑍Ω \ {1}, and 𝑞 ∈ 𝑍Ω [□], we have

𝛼 ∧ 𝛼 𝑃 (𝑢)𝑃 (𝑣)𝑃 (𝑤), 𝑃

(
𝑞 |𝑃 (𝑢 )𝑃 (𝑣)

)
𝑃 (𝑤), 𝑃 (𝑢) 𝑃

(
𝑞 |𝑃 (𝑣)𝑃 (𝑤 )

)
𝛼 ∧ 𝛽 𝑃

(
𝑞 |𝐷 (𝑠 )𝐷 (𝑡 )

)
𝑃 (𝑢), 𝑃 (𝑢) 𝑃

(
𝑞 |𝐷 (𝑠 )𝐷 (𝑡 )

)
,

𝛼 ∧ 𝛾 𝑃

(
𝑞 |𝐷 (𝑃 (𝑢 ) )

)
𝑃 (𝑣), 𝑃 (𝑢) 𝑃

(
𝑞 |𝐷 (𝑃 (𝑣) )

)
,

𝛼 ∧ 𝛿1 𝑃 (𝑢)𝑃 (𝑣)𝐷 (𝑠), 𝑃

(
𝑞 |𝑃 (𝑢 )𝐷 (𝑠 )

)
𝑃 (𝑣), 𝑃 (𝑢) 𝑃

(
𝑞 |𝑃 (𝑣)𝐷 (𝑠 )

)
,

𝛼 ∧ 𝛿2 𝑃

(
𝑞 |𝐷 (𝑠 )𝑃 (𝑢 )

)
𝑃 (𝑣), 𝑃 (𝑢) 𝑃

(
𝑞 |𝐷 (𝑠 )𝑃 (𝑣)

)
,

𝛼 ∧ 𝜑 𝑃

(
𝑞 |𝐷 (1)

)
𝑃 (𝑤), 𝑃 (𝑢) 𝑃

(
𝑞 |𝐷 (1)

)
,

𝛽 ∧ 𝛼 𝐷

(
𝑞 |𝑃 (𝑢 ) (𝑃 (𝑣)

)
𝐷 (𝑠), 𝐷 (𝑠) 𝐷

(
𝑞 |𝑃 (𝑢 )𝑃 (𝑣)

)
,

𝛽 ∧ 𝛽 𝐷 (𝑠)𝐷 (𝑡)𝐷 (𝑟 ) , 𝐷

(
𝑞 |𝐷 (𝑠 )𝐷 (𝑡 )

)
𝐷 (𝑟 ), 𝐷 (𝑠) 𝐷

(
𝑞 |𝐷 (𝑡 )𝐷 (𝑟 )

)
,

𝛽 ∧ 𝛾 𝐷 (𝑃 (𝑢))𝐷 (𝑠), 𝐷 (𝑠)𝐷 (𝑃 (𝑢)), 𝐷

(
𝑞 |𝐷 (𝑃 (𝑢 ) )

)
𝐷 (𝑠), 𝐷 (𝑠) 𝐷

(
𝑞 |𝐷 (𝑃 (𝑢 ) )

)
,

𝛽 ∧ 𝛿1 𝐷

(
𝑞 |𝑃 (𝑢 )𝐷 (𝑠 )

)
𝐷 (𝑡), 𝐷 (𝑠) 𝐷

(
𝑞 |𝑃 (𝑢 )𝐷 (𝑡 )

)
,

𝛽 ∧ 𝛿2 𝐷 (𝑠)𝐷 (𝑡)𝑃 (𝑢), 𝐷

(
𝑞 |𝐷 (𝑠 )𝑃 (𝑢 )

)
𝐷 (𝑡), 𝐷 (𝑠) 𝐷

(
𝑞 |𝐷 (𝑡 )𝑃 (𝑢 )

)
,

𝛽 ∧ 𝜑2 𝐷

(
𝑞 |𝐷 (1)

)
𝐷 (𝑠), 𝐷 (𝑠) 𝐷

(
𝑞 |𝐷 (1)

)
,

𝛾 ∧ 𝛼 𝐷

(
𝑃

(
𝑞 |𝑃 (𝑢 )𝑃 (𝑣)

))
,

𝛾 ∧ 𝛽 𝐷

(
𝑃

(
𝑞 |𝐷 (𝑠 )𝐷 (𝑡 )

))
,

𝛾 ∧ 𝛾 𝐷

(
𝑃

(
𝑞 |𝐷 (𝑃 (𝑢 ) )

))
,

𝛾 ∧ 𝛿1 𝐷

(
𝑃

(
𝑞 |𝑃 (𝑢 )𝐷 (𝑠 )

))
,

𝛾 ∧ 𝛿2 𝐷

(
𝑃

(
𝑞 |𝐷 (𝑠 )𝑃 (𝑢 )

))
,
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𝛾 ∧ 𝜑 𝐷

(
𝑃

(
𝑞 |𝐷 (1)

))
,

𝛿1 ∧ 𝛼 𝑃

(
𝑞 |𝑃 (𝑢 )𝑃 (𝑣)

)
𝐷 (𝑠), 𝑃 (𝑢) 𝐷

(
𝑞 |𝑃 (𝑣)𝑃 (𝑤 )

)
,

𝛿1 ∧ 𝛽 𝑃 (𝑢)𝐷 (𝑠)𝐷 (𝑡), 𝑃

(
𝑞 |𝐷 (𝑠 )𝐷 (𝑡 )

)
𝐷 (𝑢), 𝑃 (𝑢) 𝐷

(
𝑞 |𝐷 (𝑠 )𝐷 (𝑡 )

)
,

𝛿1 ∧ 𝛾 𝑃 (𝑢)𝐷 (𝑃 (𝑣)), 𝑃

(
𝑞 |𝐷 (𝑃 (𝑢 ) )

)
𝐷 (𝑠), 𝑃 (𝑢) 𝐷

(
𝑞 |𝐷 (𝑃 (𝑣) )

)
,

𝛿1 ∧ 𝛿1 𝑃

(
𝑞 |𝑃 (𝑢 )𝐷 (𝑠 )

)
𝐷 (𝑡), 𝑃 (𝑢) 𝐷

(
𝑞 |𝑃 (𝑣)𝐷 (𝑠 )

)
,

𝛿1 ∧ 𝛿2 𝑃 (𝑢)𝐷 (𝑠)𝑃 (𝑣), 𝑃

(
𝑞 |𝐷 (𝑠 )𝑃 (𝑢 )

)
𝐷 (𝑡), 𝑃 (𝑢) 𝐷

(
𝑞 |𝐷 (𝑠 )𝑃 (𝑣)

)
,

𝛿1 ∧ 𝜑 𝑃

(
𝑞 |𝐷 (1)

)
𝐷 (𝑠), 𝑃 (𝑢) 𝐷

(
𝑞 |𝐷 (1)

)
,

𝛿2 ∧ 𝛼 𝐷 (𝑠)𝑃 (𝑢)𝑃 (𝑣), 𝐷

(
𝑞 |𝑃 (𝑢 )𝑃 (𝑣)

)
𝑃 (𝑤), 𝐷 (𝑠) 𝑃

(
𝑞 |𝑃 (𝑢 )𝑃 (𝑣)

)
,

𝛿2 ∧ 𝛽 𝐷

(
𝑞 |𝐷 (𝑠 )𝐷 (𝑡 )

)
𝑃 (𝑢), 𝐷 (𝑠) 𝑃

(
𝑞 |𝐷 (𝑡 )𝐷 (𝑟 )

)
,

𝛿2 ∧ 𝛾 𝐷 (𝑃 (𝑢))𝑃 (𝑣), 𝐷

(
𝑞 |𝐷 (𝑃 (𝑢 ) )

)
𝑃 (𝑣), 𝐷 (𝑠) 𝑃

(
𝑞 |𝐷 (𝑃 (𝑢 ) )

)
,

𝛿2 ∧ 𝛿1 𝐷 (𝑠)𝑃 (𝑢)𝐷 (𝑡), 𝐷

(
𝑞 |𝑃 (𝑢 )𝐷 (𝑠 )

)
𝑃 (𝑣), 𝐷 (𝑠) 𝑃

(
𝑞 |𝑃 (𝑢 )𝐷 (𝑡 )

)
,

𝛿2 ∧ 𝛿2 𝐷

(
𝑞 |𝐷 (𝑠 )𝑃 (𝑢 )

)
𝑃 (𝑣), 𝐷 (𝑠) 𝑃

(
𝑞 |𝐷 (𝑡 )𝑃 (𝑢 )

)
,

𝛿2 ∧ 𝜑 𝐷

(
𝑞 |𝐷 (1)

)
𝑃 (𝑢), 𝐷 (𝑠) 𝑃

(
𝑞 |𝐷 (1)

)
.
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