[ In this Maple file, we compute the coefficients of the polynomials P_1 and P_2 in terms of the irregular
_times for the Painlevé 1 case.
> restart:
Pl:=x-> PinftyO0l+Pinftyll*x;
P2:=x-> Pinfty02+Pinftyl2*x+Pinfty22*x*2+Pinfty32*x"3;
Pl := x — Pinfty0l + Pinftyll x

i P2 = x — Pinfty02 + Pinftyl2 x + Pinfty22 x* + Pinfty32 x° 6))
> ClassicalSpectralCurve:=unapply (y*2-P1l (x) *y+P2 (x) ,y) ;
ClassicalSpectralCurve ==y — y2 — (Pinftyl I x + Pinfty0l) y + Pinfty32 X+ Pinfty22 ¥ 2)

+ Pinftyl2 x + Pinfty02

> Yinfty:=-1/2*tinftyl5*x*(3/2)-1/2*tinftyld*x-1/2*tinftyl3*x*
(1/2)-1/2*tinftyl2-1/2*tinftyll*x”* (-1/2)-1/2*tinftyl0*x~(-1)+
Unknown/x” (3/2) ;
Yinftybis:=-1/2*tinfty25*x*(3/2)-1/2*tinfty24*x-1/2*tinfty23*x*
(1/2)-1/2*tinfty22-1/2*tinfty21*x*(-1/2)-1/2*tinfty20*x* (-1)+
Unknownn/x” (3/2);
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| Expression of P1 in terms of both sheets
> series (Yinfty+Yinftybis-P1l (x) ,x=infinity) ;
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> tinfty25:=-tinftyl5:
tinfty23:=-tinftyl3:
tinfty2l:=-tinftyll:
tinfty20:=-tinftylO0:
Pinftyll:=-(tinftyl4+tinfty24)/2;
Pinfty0l:=-(tinftyl2+tinfty22)/2;




Unknownn :=-Unknown:
Unknownn2 :=Unknown2 :
series (Yinfty+Yinftybis-P1l (x) ,x=infinity) ;
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| This implies that coefficients in the second sheet are related to the one in the first sheet
> series(simplify(ClassicalSpectralCurve (Yinfty)) ,x=infinity)
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> tinfty24:=tinftyl4:

tinfty22:=tinftyl2:

tinftyl10:=0:

series (simplify (ClassicalSpectralCurve (Yinfty)) ,x=infinity) ;

(N



. 2 . . . 2
( nn@415 N Pinfty32) E ( tinfiyl3 tinfiyl5 _ tinfiyl4” Pmﬂyzzj 2 ™

2 4
N ( tmfty]]ztmﬁy]5 B tmfty]22tmfty]4 N tmfti;]32 + Pinfiy ]Zj ¥ — tinfiy]5 Unknown
: 2
sinfvl3 tinfivl 1 simfin] 2 —ﬁnﬁyl3l]nkn0wuz+—zzz%!l—
y dinftyl3 tinftyl L HAftyIZ” 05
2 4 X
Unknown tinftyl 1 Unknown®
a 2 + 3
L X X
| Study at infinity

> series(ClassicalSpectralCurve (Yinfty) ,x=infinity, 6) :
series (ClassicalSpectralCurve (Yinftybis) ,x=infinity, 6) :
EQinftyl:=residue (simplify (x* (-5) *ClassicalSpectralCurve (Yinfty)
) ,x=infinity) ;
EQinfty2:=residue (simplify (x* (-5) *ClassicalSpectralCurve
(Yinftybis) ) ,x=infinity) ;
EQinfty3:=residue (simplify (x* (-4) *ClassicalSpectralCurve (Yinfty)
) ,x=infinity) ;
EQinfty4d:=residue (simplify (x* (-4) *ClassicalSpectralCurve
(Yinftybis)) ,x=infinity) ;
EQinfty5:=residue (simplify (x* (-3) *ClassicalSpectralCurve (Yinfty)
) ,x=infinity) ;
EQinfty6:=residue (simplify (x* (-3) *ClassicalSpectralCurve
(Yinftybis)) ,x=infinity) ;
EQinfty7:=residue (simplify (x" (-2) *ClassicalSpectralCurve (Yinfty)
) ,x=infinity) ;
EQinfty8:=residue (simplify (x* (-2) *ClassicalSpectralCurve
(Yinftybis)) ,x=infinity) ;
EQinfty9:=residue (simplify (x* (-1) *ClassicalSpectralCurve (Yinfty)
) ,x=infinity) ;
EQinftyl0:=residue (simplify (x* (-1) *ClassicalSpectralCurve
(Yinftybis)) ,x=infinity) ;

EQinftyl =0
EQinfty2 == 0
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> Pinfty32:=factor (solve (EQinfty3,Pinfty32));
Pinfty22:=factor (solve (EQinfty5,Pinfty22)) ;
Pinftyl2:=factor (solve (EQinfty7,Pinftyl2)) ;

simplify (EQinfty4) ;
simplify (EQinfty6) ;
simplify (EQinfty8) ;
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;Summary of the coefficients
> Pinfty0l:=Pinfty01;
Pinftyll:=Pinftyll;

Pinfty02:=Pinfty02;
Pinftyl2:=Pinftyl2;
Pinfty22:=Pinfty22;
Pinfty32:=Pinfty32;

Pinfty01 = - tinftyl2
Pinftyl 1 := - tinftyl4
Pinfty02 := Pinfty02
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;We have one undetermined coefficients: Pinfty02
> Pl (lambda) ;

P2 (lambda) ;
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