In this Maple file we compute the Hamiltonian evolutions for the second element of the Painlevé 1
hierarchy and we obtain the Lax matrices in the geometric gauge in terms of the (q_i,p 1) Darboux
| coordinates. Formulas are compared with the theoretical ones.

Notation: The general deformation operator is \mathcal{L}=\hbar (alpha7*\partial {t {\infty"{(1)},7}
| +alpha6*\partial _{t_{\infty"{(1)},6}+... alphal*\partial _{t_{\infty"{(1)},1})
> restart:
with (LinearAlgebra) :
rinfty:=4:
g:=rinfty-2:
tinfty27:=-tinftyl7:
tinfty25:=-tinftyl5:
tinfty23:=-tinftyl3:
tinfty2l:=-tinftyll:
tinfty20:=-tinftyl0:
tinfty26:=tinftylé6:
tinfty24:=tinftyl4:
tinfty22:=tinftyl2:
tinftyl0:=0:

Pinfty0l := -tinftyl2;

Pinftyll := -tinftyl4;

Pinfty2l := -tinftylé6;

Pinfty22 := -(1/2)*tinftyll*tinftyl7+(1/2)*tinftyl2*tinftyl6-
(1/2) *tinftyl3*tinftyl5+(1/4) *tinftyl4*2;

Pinfty32 := -(1/2)*tinftyl3*tinftyl7+(1/2)*tinftyld*tinftyle6-
(1/4) *tinftyl5+2;

Pinftyd42 := -(1/2)*tinftyl5*tinftyl7+(1/4)*tinftyl6*2;
Pinfty52 := -(1/4)*tinftyl7+2;

Pl:=x-> Pinfty0l+Pinftyll*x+Pinfty21*x"2;

P2:=x-> Pinfty02+Pinftyl2*x+Pinfty22*x*2+Pinfty32*x*3+Pinfty42*
x*4+Pinfty52*x*5;

tdP2:=unapply (Pinfty22*x*2+Pinfty32*x*3+Pinfty42*x*4+Pinfty52*
x5, x);

dPldlambda:=unapply (diff (P1 (lambda) ,lambda) ,lambda) :
dP2dlambda:=unapply (diff (P2 (lambda) ,lambda) ,lambda) :
dtdP2dlambda :=unapply (diff (tdP2 (lambda) ,lambda) ,lambda) :

3:=-(7*alpha6*tinftyl7-6*alpha7*tinftyl6)/ (42*tinftyl7):
c2:=-(35*alphad4*tinftyl72-28*alpha5*tinftyl6é*tinftyl7-20*alpha7*
tinftyl4*tinftyl7+20*alpha7*tinftyl5*tinftyl6)/(140*tinftyl742):
1l:=-(105*alpha2*tinftyl743-70*alpha3*tinftyl6é*tinftyl7+2-42%*
alpha5*tinftyl4*tinftyl742+42*alphaS5*tinftyl5*tinftylé*tinftyl?7



-30*alpha7*tinftyl2*tinftyl742+30*alpha7*tinftyl3*tinftylé*
tinftyl7+30*alpha7*tinftyl4*tinftyl5*tinftyl7-30*alpha7¥*
tinftyl5%2*tinftyl6)/(210*tinftyl743):

nuMoinsl:=2*alpha7/ (7*tinftyl7) :

nul0:=(2* (7*alphaS*tinftyl7-5*alpha7*tinftyl5))/ (35*tinftyl7+2):
nul:=-(2* (tinftyl3*tinftyl7-tinftyl1542)) *alpha7/ (7*tinftyl7+3)-2*
tinftyl5*alpha5/ (5*tinftyl742)+2*alpha3/ (3*tinftyl7) :

nu2:=-(2* (tinftyll*tinftyl742-2*tinftyl3*tinftyl5*tinftyl7+
tinftyl523)) *alpha7/ (7*tinftyl744) - (2* (tinftyl3*tinftyl7-
tinftyl522)) *alpha5/ (5*tinftyl743)-2*tinftyl5*alpha3/ (3*
tinftyl772)+2*alphal/tinftyl7:

mul :=2* (-35*alpha3*q2*tinftyl743+21*alphaS5*q2*tinftyl5*
tinftyl742+15*alpha7*g2*tinftyl3*tinftyl742-15*alpha7*g2*
tinftyl5%2*tinftyl7+105*%*alphal*tinftyl743-35*alpha3*tinftyl5%*
tinftyl742-21*alphaS5*tinftyl3*tinftyl742+21*alpha5*tinftyl542%*
tinftyl7-15*%alpha7*tinftyll*tinftyl742+30*alpha7*tinftyl3*
tinftyl5*tinftyl7-15*%alpha7*tinftyl15+3)/(105*tinftyl724* (ql-q2)):
mu2:=-1/(105*tinftyl7+4* (gql-q2))* 2*(-35*alpha3*ql*tinftyl743+21%*
alphaS5*ql*tinftyl5*tinftyl742+15*%alpha7*ql*tinftyl3*tinftyl742
-15*alpha7*ql*tinftyl5%2*tinftyl7+105*alphal*tinftyl743-35%*
alpha3*tinftyl5*tinftyl742-21*alphaS5*tinftyl3*tinftyl742+21*
alphaS5*tinftyl572*tinftyl7-15*%*alpha7*tinftyll*tinftyl742+4+30*
alpha7*tinftyl3*tinftyl5*tinftyl7-15*alpha7*tinftyl1543):

dPldlambda:=unapply (diff (P1 (lambda) ,lambda) ,lambda) :
dP2dlambda :=unapply (diff (P2 (lambda) ,lambda) ,lambda) :
L:=Matrix(2,2,0):

L[1,1]:=0:

L[1,2]:=1:

L[2,1] :=-tdP2 (lambda) +Cl*lambda+C0 - h*pl/ (lambda-ql)-h*p2/
(lambda-g2) :

L[2,2]:= Pl(lambda) +h/(lambda-ql)+h/ (lambda-q2)

A:=Matrix(2,2,0):

A[l1l,1] :=c3*lambda”3+c2*lambda”*2+cl*lambda+c0+ rhol/ (lambda-ql)+
rho2/ (lambda-q2) :

A[1l, 2] :=nuMoinsl*lambda+nu0+ mul/ (lambda-ql)+ mu2/ (lambda-q2):
A[2,1] :=AA21 (lambda) :

A[2,2] :=AA22 (lambda) :

dAdlambda:=Matrix(2,2,0):



for i from 1 to 2 do for j from 1 to 2 do dAdlambda[i,j]:=diff (A
[1i,3],1lambda): od: od:

L:
A:

Q2:=unapply( -pl*(lambda-q2)/(ql-q2)-p2* (lambda-ql)/(q2-ql),
lambda) ;

simplify (Q2(ql));

simplify (Q2(q2)) ;

J:=Matrix(2,2,0):

J[1,1]:=1:

J[1,2]:=0:

J[2,1] :=Q2 (lambda) / (lambda-ql) / (lambda-g2) :

J[2,2]:=1/ (lambda-ql) / (lambda-q2) :

dJdlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dddlambda[i,j]:=diff (J
[i,3],1lambda): od: od:

J:

Lecheck:=simplify (Multiply (Multiply (J,L),J*(-1))+h*Multiply
(dJdlambda,J* (-1))) :

simplify (Multiply (Multiply(J,A),J*(-1))[1,1]1-A[1,1]+Q2 (lambda) *A
[1,21);
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[ The compatibility equation reads \mathcal{L } L=h\partial x A+[A,L]. Because the first line of L is
_trivial (0,1) we may obtain A[2,1] and A[2,2] to complete the knowledge of A

> CurlyL:=h*dAdlambda+ (Multiply (A,L)-Multiply(L,A)) :

Entryll:=CurlyL[1l,1]:
Entryl2:=CurlyL[1,2]:

AA2]1 :=unapply (solve (Entryl1=0,AA21 (lambda) ) ,lambda) :
AA21bis:=h*dAdlambda[l,1]+A[1,2]*L[2,1]:

simplify (AA21 (lambda) -AA21bis) ;
AA22:=unapply (solve (Entryl2=0,AA22 (lambda) ) ,lambda) :
AA22bis:=h*dAdlambda[l,2]+A[1,1]1+A[1l,2]*L[2,2]:

simplify (AA22 (lambda) -AA22bis) ;

simplify (Entryll) ;
simplify (Entryl2) ;
CurlyL:=h*dAdlambda+ (Multiply (A,L) -Multiply(L,3)):

0

0

0

0 (2)

;Let us now compute the action of \mathcal{L} on L[2,2] and L[2,1]

> Entry22:=simplify (CurlyL[2,2]):
Entry22TermLambdaMoinsglCube:=factor (residue (Entry22* (lambda-qgql)
~2,lambda=ql)) ;
Entry22TermLambdaMoinsqlSquare:=factor (residue (Entry22* (lambda-
ql) ,lambda=ql)) :
Entry22TermLambdaMoinsqgl :=factor (residue (Entry22,lambda=ql)) :

Entry22TermLambdaMoinsg2Cube:=factor (residue (Entry22* (lambda-g2)
~2,lambda=qg2)) ;
Entry22TermLambdaMoinsg2Square:=factor (residue (Entry22* (lambda-
g2) ,lambda=qg2)) :
Entry22TermLambdaMoinsg2 :=factor (residue (Entry22,lambda=g2)) :

Entry22TermLambdaInfty4:=factor (-residue (Entry22/lambda”5,lambda=




infinity));
Entry22TermLambdaInfty3:=factor (-residue (Entry22/lambda”4,lambda=
infinity));
Entry22TermLambdaInfty2:=factor (-residue (Entry22/lambda”3,lambda=
infinity));
Entry22TermLambdaInftyl:=factor (-residue (Entry22/lambda”2,lambda=
infinity));
Entry22TermLambdaInfty0:=factor (-residue (Entry22/lambda, lambda=
infinity));

simplify( Entry22- (Entry22TermLambdaMoinsqlSquare/ (lambda-ql) *2+
Entry22TermLambdaMoinsqgl/ (lambda-ql)
+Entry22TermLambdaMoinsg2Square/ (lambda-qg2) *2+
Entry22TermLambdaMoinsqg2/ (lambda-g2)
+Entry22TermLambdaInftyO0+Entry22TermLambdaInftyl*lambda+
Entry22TermLambdaInfty2*lambda*2+Entry22TermLambdaInfty3*
lambda*3+Entry22TermLambdaInfty4*lambda*4) ) ;
L[2,2];
Entry22TermLambdaMoinsqlCube = 0
Entry22TermLambdaMoinsq2Cube = 0

Entry22TermLambdalnfty4 := 0
Entry22TermLambdalnfty3 = 0

Entry22TermLambdalnfty? == -06 h
Entry22TermLambdalnftyl == - o4 h

Entry22TermLambdalnfty0 == -02 h
0

tinftyl6 02 — tinftyl 4\ — tinfiyl2 + —— 4 "

A—ql A—q2

| \partial_{t_{\infty”~{(1)},6}+... alphal*\partial {t_{\infty”{(1)},1}), we get

> L220rderLambda3:=-residue(L[2,2]/lambda”*4,lambda=infinity) ;
L220rderLambda2:=-residue (L[2,2] /lambda”3,lambda=infinity) ;
L220rderLambdal :=-residue (L[2,2] /lambda”*2,lambda=infinity) ;
L220rderLambda0 :=-residue (L[2,2] /lambda”l,lambda=infinity) ;
Equationl:=factor (simplify (h* (alpha7*diff (L220rderLambda2,
tinftyl7)+alpha6*diff (L220rderLambda2, tinftyl6)+alphaS5*diff
(L220rderLambda2, tinftyl5) +talphad4*diff (L220rderLambda2, tinftyl4)+
alpha3*diff (L220rderLambda2, tinftyl3)+alpha2*diff
(L220rderLambda2, tinftyl2)+alphal*diff (L220rderLambda2, tinftyll))
- Entry22TermLambdaInfty2)) ;
Equation2:=factor (simplify (h* (alpha7*diff (L220rderLambdal,
tinftyl7)+alpha6*diff (L220rderLambdal, tinftyl6)+alphaS5*diff
(L220rderLambdal, tinftyl5) +talphad4*diff (L220rderLambdal, tinftyl4)
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[ Because the deformation operator is \mathcal {L}=\hbar (alpha7*\partial {t {\infty”{(1)},7} +alpha6*



- Entry22TermLambdaInftyl)) ;

- Entry22TermLambdaInfty0)) ;

| now look at the evolution of q 1 and q 2

;Let us now look at \mathcal {L}[L[2,1]]

> Entry2l:=simplify (CurlyL[2,1]):
~2,lambda=ql)) ;

ql) ,lambda=ql)) :

~2,lambda=qg2)) ;

g2) ,lambda=qgq2)) :

infinity));
infinity));
infinity));

infinity));

+alpha3*diff (L220rderLambdal, tinftyl3)+alpha2*diff
(L220rderLambdal, tinftyl2) +alphal*diff (L220rderLambdal, tinftyll))

Equation3:=factor (simplify (h* (alpha7*diff (L220rderLambdal,
tinftyl7)+alpha6*diff (L220rderLambdal,tinftyl6)+alpha5*diff
(L220rderLambdal, tinftyl5) +alphad4*diff (L220rderLambdal, tinftyl4)
+alpha3*diff (L220rderLambdal, tinftyl3) +talpha2*diff
(L220rderLambdal, tinftyl2) +alphal*diff (L220rderLambdal,tinftyll))

L220rderLambda3 == 0

L220rderLambda? = - tinftyl6

L220rderLambdal := -tinftyl4

L220rderLambda0 = - tinftyl2
Equationl := 0
Equation2 := 0
Equation3 := 0

> CurlyLqgql:=factor (Entry22TermLambdaMoinsglSquare/h) :
CurlylLg2:=factor (Entry22TermLambdaMoinsg2Square/h) :
Entry2lTermLambdaMoinsqlCube:=factor (residue (Entry21* (lambda-ql)
Entry2lTermLambdaMoinsqglSquare:=factor (residue (Entry2l* (lambda-
Entry21TermLambdaMoinsqgl :=factor (residue (Entry21,lambda=ql)) :
Entry2lTermLambdaMoinsg2Cube:=factor (residue (Entry21* (lambda-g2)
Entry2lTermLambdaMoinsg2Square:=factor (residue (Entry2l* (lambda-
Entry21TermLambdaMoinsg2:=factor (residue (Entry21,lambda=g2)) :
Entry2l1TermLambdaInfty8:=factor (-residue (Entry21l/lambda”9,lambda=
Entry2l1TermLambdaInfty7:=factor (-residue (Entry21l/lambda”8,lambda=
Entry2l1TermLambdaInfty6:=factor (-residue (Entry21l/lambda”7,lambda=
Entry2l1TermLambdaInfty5:=factor (-residue (Entry21l/lambda”6,lambda=

Entry2l1TermLambdaInfty4:=factor (-residue (Entry21l/lambda”5,lambda=

@

[ We have verified that the computations of ¢_{\infty,1}, c_{\infty,2} and c_{\infty,3} are correct. Let us



infinity)):
Entry2lTermLambdaInfty3:=factor (-residue (Entry2l1/lambda”4,lambda=
infinity)):
Entry2lTermLambdaInfty2:=factor (-residue (Entry21/lambda”3,lambda=
infinity)):
Entry2lTermLambdaInftyl:=factor (-residue (Entry21l/lambda”2,lambda=
infinity)):
Entry2lTermLambdaInfty0:=factor (-residue (Entry21l/lambda, lambda=
infinity)):

simplify( Entry2l- (Entry2lTermLambdaMoinsqlCube/ (lambda-ql) ~3+
Entry2lTermLambdaMoinsglSquare/ (lambda-ql) 2+
Entry21TermLambdaMoinsql/ (lambda-ql)
+Entry2lTermLambdaMoinsg2Cube/ (lambda-g2) ~3+
Entry2lTermLambdaMoinsg2Square/ (lambda-q2) 2+
Entry21TermLambdaMoinsq2/ (lambda-qg2)
+Entry2lTermLambdaInftyO0+Entry2lTermLambdaInftyl*lambda+
Entry2lTermLambdaInfty2*lambda*2+Entry2lTermLambdaInfty3*lambda“3
+Entry2lTermLambdaInfty4*lambda”“4+Entry21TermLambdaInfty5*
lambda*5+Entry21TermLambdaInfty6*lambda“”6
+Entry2l1TermLambdaInfty7*lambda”7

) )
L[2,1];

1
35 (gl — q2) tinftyl 7"
+42 o5 pl q2 tinftyl5 tinfzy172 + 30 o7 pl q2 tinftyl3 tinfty]72
—30 o7 pl q2 tinftyl5* tinftyl7 + 105 q1 pl tinftyl 7' — 105 g2 pl tinftyl7"
+ 210 tinftyl7 p1 o — 70 tinftyl 7 tinftyl5 p1 03 — 42 tinftyl 7 tinftyl3 pl o5
+ 42 tinftyl7 tinftyl5 p1 o5 — 30 tinftyl 7 tinftyl1 p1 o7
+ 60 tinftyl7 tinftylS5 tinftyl3 pl o7 — 30 tinftyl5° pl o7 ) h*)
Entry21TermLambdaMoinsq2Cube = - I ( ( =70 03 p2 ql tinftyl 7
35 (gl — q2) tinfryl 7"
+42 05 p2 ql tinftyl5 tinftyl 7 + 30 o7 p2 ql tinftyl3 tinftyl 7
—30 o7 p2 ql tinftyl5* tinftyl7 — 105 q1 p2 tinftyl 7" + 105 g2 p2 tinftyl7*
+ 210 tinftyl7 p2 o — 70 tinftyl 7 tinftyl5 p2 03 — 42 tinftyl 7 tinftyl3 p2 o5
+ 42 tinfty17 tinfty15” p2 o5 — 30 tinftyl 7 tinftyl1 p2 oF
+ 60 tinftyl7 tinftyl5 tinfty13 p2 o7 — 30 tinftyl5° p2 o7 ) h*)
Entry21TermLambdalnfty8 := 0

Entry21TermLambdalnfty7 = 0
Entry21TermLambdalnfty6 = 0

Entry21TermLambdaMoinsq1Cube = ( ( =70 a3 pl q2 tinftyl 7




o7 tinftyl7 h

Entry21TermLambdalnfty5 = )

0
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+

;We check that tho _j=-p j*mu_j cancel the cubic pole at lambda=q_j
> rhol:=-pl*mul:

rho2:=-p2*mu2:
simplify (Entry2lTermLambdaMoinsqlCube) ;
simplify (Entry2lTermLambdaMoinsqg2Cube) ;

0
0

;We check that the value of \td{P} 2 are compatible with the system
> L210rderLambda5:=-residue (L[2,1]/lambda”6,lambda=infinity) ;

L210rderLambda4 :=-residue (L[2,1] /lambda”5,lambda=infinity) ;
L210rderLambda3:=-residue (L[2,1] /lambda”*4,lambda=infinity) ;
L210rderLambda2:=-residue (L[2,1]/lambda”3,lambda=infinity) ;
L210rderLambdal :=-residue (L[2,1] /lambda”*2,lambda=infinity) ;
L210rderLambda0:=-residue (L[2,1] /lambda”l,lambda=infinity) ;
Equationl:=factor (simplify (h* (alpha7*diff (L210rderLambda5,
tinftyl7)+alpha6*diff (L210rderLambda5, tinftyl6)+alphaS5*diff
(L210rderLambda5, tinftyl5) +talphad4*diff (L210rderLambda5, tinftyl4)+
alpha3*diff (L210rderLambda5,tinftyl3)+alpha2*diff
(L210rderLambda5, tinftyl2)+alphal*diff (L210rderLambda5, tinftyll))
- Entry2lTermLambdaInfty5)) ;
Equation2:=factor (simplify (h* (alpha7*diff (L210rderLambda4,
tinftyl7)+alpha6*diff (L210rderLambda4, tinftyl6)+alpha5*diff
(L210rderLambda4,tinftyl5) +alphad4*diff (L210rderLambda4, tinftyl4)+
alpha3*diff (L210rderLambda4,tinftyl3)+alpha2*diff
(L210rderLambda4,tinftyl2)+alphal*diff (L210rderLambda4,tinftyll))
- Entry2lTermLambdaInfty4)) ;
Equation3:=factor (simplify (h* (alpha7*diff (L210rderLambda3,
tinftyl7)+alpha6*diff (L210rderLambda3,tinftyl6)+alphaS5*diff
(L210rderLambda3, tinftyl5) +alpha4*diff (L210rderLambda3, tinftyl4)
+alpha3*diff (L210rderLambda3, tinftyl3)+alpha2*diff
(L210rderLambda3, tinftyl2)+alphal*diff (L210rderLambda3, tinftyll))
- Entry2lTermLambdaInfty3)) ;
Equationd:=factor (simplify (h* (alpha7*diff (L210rderLambda2,
tinftyl7)+alpha6*diff (L210rderLambda2, tinftyl6)+alphaS5*diff

C))
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(L210rderLambda2, tinftyl5) +alphad4*diff (L210rderLambda2, tinftyl4)+
alpha3*diff (L210rderLambda2, tinftyl3)+alpha2*diff
(L210rderLambda2, tinftyl2)+alphal*diff (L210rderLambda2, tinftyll))
- Entry2lTermLambdaInfty2)) ;

L210rderLambda? = M
tinftyl5 tinftyl7 _ tinftyl6”

L210rderLambda4 = > 4
. . . . . 2
L2]ChukkLambda3===t”#bdignqbd7 __tnﬁbdi;n#bd6 +_nné3]5
. . . . . . . 2
L2]ChukkLambda2===t”#bdﬂgnqbd7 __tn#bd%;nﬁbd6 +_tnﬁbdi;n#bd5 __nnéz]4

L210rderLambdal = Cl
L210rderLambda0 = CO

Equationl := 0
Equation2 := 0
Equation3 := 0
Equation4 := 0 )

> CurlyLplFonction:=unapply (-Entry2lTermLambdaMoinsqgl/h,C0,Cl1) :

CurlyLp2Fonction:=unapply (-Entry21TermLambdaMoinsq2/h,C0,C1) :

> Equation5:=simplify (Entry2lTermLambdaMoinsqglSquare- (-pl*h¥*

CurlylLql)):
Equation6:=simplify (Entry2lTermLambdaMoinsg2Square- (-p2*h¥*
CurlylLg2?)) :

> CO:=-(-ql”5*gq2*tinftyl7*2+ql*q2°5*tinftyl7+2-2*ql*4*g2*tinftyl5*

tinftyl7+ql*4*q2*tinftyl6°2+2*ql*q274*tinftylS5*tinftyl7-ql*g2.4*
tinftyl612-2*ql*3*q2*tinftyl3*tinftyl7+2*ql*3*g2*tinftyl4~*
tinftyl6-ql*3*g2*tinftyl542+2*ql*q23*tinftyl3*tinftyl7-2*ql¥*
g273*tinftyl4*tinftyl6+ql*q2°3*tinftyl572+4*pl*ql*2*g2*tinftylé6
-4*p2*ql*q2°2*tinftyl6-2*ql*2*g2*tinftyll*tinftyl7+2*qlr2*g2*
tinftyl2*tinftyl6-2*ql*2*g2*tinftyl3*tinftyl5+ql*2*g2*
tinftyl4*2+2*ql*q272*tinftyll*tinftyl7-2*ql*qgq2*2*tinftyl2¥*
tinftyl6+2*ql*q242*tinftyl3*tinftyl5-ql*q242*tinftyl4*2+4*pl*gl*
g2*tinftyl4d-4*p2*ql*q2*tinftyl4+4*pl 2*q2+4*pl*g2*tinftyl2-4*
p2°2*ql-4*p2*ql*tinftyl2+4*h*pl-4*h*p2) / (4* (ql-gq2)) :
Cl:=1/4/(ql-g2) * (-ql*5*tinftyl7+2+q2*5*tinftyl742-2*ql*4*
tinftyl5*tinftyl7+gql*4*tinftyl642+2*gq274*tinftyl5*tinftyl7-q224%*
tinftyl612-2*ql*3*tinftyl3*tinftyl7+2*ql*3*tinftyl4d*tinftyl6-

gl *3*tinftyl572+2*%gq243*tinftyl3*tinftyl7-2*q2*3*tinftyl4*
tinftyl6+g243*tinftyl572+4*pl*ql*2*tinftyl6-4*p2*q2°2*tinftyl6-2%*
gl*2*tinftyll*tinftyl7+2*ql*2*tinftyl2*tinftyl6-2*ql*2*tinftyl3¥*
tinftyl5+ql*2*tinftyl4*2+2*q222*tinftyll*tinftyl7-2*gq212%*
tinftyl2*tinftyl6+2*gq272*tinftyl3*tinftyl5-gq242*tinftyl4+2+4*pl¥*



gl*tinftyld-4*p2*q2*tinftyl4+4*pl*2+4*pl*tinftyl2-4*p212-4*p2*
tinftyl2):
simplify (Equation5) ;
simplify (Equation®6) ;
0
0

;We check that C_0 and C_1 are in accordance with the theoretical ones

> Vinfty:=Matrix(g,qg,0):
Vinfty[1l,1]:=1:
Vinfty[1l,2]:=1:
Vinfty[2,1] :=ql:
Vinfty[2,2] :=g2:
Vinfty;
RHSC:=Matrix(2,2,0):
RHSC[1,1] :=p1*2-P1(ql) *pl+tdP2 (ql) +h* (p2-pl)/ (ql-g2) :
RHSC[2,1] :=p2”2-P1 (g2) *p2+tdP2 (q2) +h* (p1l-p2) / (9q2-ql) :
CVectorTheo:=Multiply ( (Transpose (Vinfty))* (-1) ,RHSC) :
COTheo:=CVectorTheo[l,1]:
ClTheo:=CVectorTheo[2,1]:
simplify (CO-COTheo) ;
simplify (C1-ClTheo) ;

1 1

ql q2
0
0

;We now compute the evolution of p 1 andp 2

> Curlylpl:=factor (simplify (CurlyLplFonction(CO0,C1))):

| CurlyLp2:=factor (simplify (CurlyLp2Fonction(C0,C1))):

| We check the evolutions of q_1,q 2,p_1,p_2 in accordance with our general formulas:

> CurlyLglTheo:=2*mul* (pl-1/2*P1(ql))-h*nu0-h*nuMoinsl*ql-h* (mul+
mu2) / (ql-q2):
CurlyLg2Theo:=2*mu2* (p2-1/2*P1 (q2) ) ~-h*nu0-h*nuMoinsl*g2-h* (mu2+
mul)/(q2-ql) :
simplify (CurlyLgl-CurlyLglTheo) ;
simplify (CurlylLg2-CurlyLgq2Theo) ;

CurlyLplTheo:=h* (mu2+mul) * (p2-pl) / (gl-g2) *2+mul* (pl*dPldlambda
(gql) -dtdP2dlambda (ql) +1*C1*ql~0) +h*nuMoinsl*pl+ h* (1*cl*ql~0+2*
c2*gql”*1+3*c3*ql*2) :
CurlyLp2Theo:=h* (mul+mu2) * (pl1-p2) / (g2-ql) *2+mu2* (p2*dPldlambda
(g2) -dtdP2dlambda (gq2) +1*C1*q270) +h*nuMoinsl*p2+ h* (1*cl*q2/0+2*
c2*g2*1+3*c3*gq212) :

@®

€))



series (factor (simplify (CurlyLpl-CurlyLplTheo)) ,pl1=0) ;
simplify (CurlyLp2-CurlyLp2Theo) ;

(NN N}

L (10)
;We check the expression of the general Hamiltonian
> Hamiltonian:=-h/2* (mul+mu2) * (pl-p2) / (ql-g2)-h/2* (mu2+mul) * (p2-pl)
/ (gq2-gql) -h* (nu0* (pl+p2) +nuMoinsl* (gl*pl+g2*p2))
+ mul* (pl~2-pl*P1(gql)+tdP2(gql) )+ mu2* (p2°2-p2*P1(g2)+tdP2(g2)) -h*
(cl*gql*1l+c2*ql*2+c3*gql”*3+cl*gq2”1+c2*gq272+c3*g2+3) :
simplify (CurlyLpl- (-diff (Hamiltonian,ql)))
simplify (CurlyLgql- (diff (Hamiltonian,pl)))
simplify (CurlyLp2- (-diff (Hamiltonian,g2)))
simplify (CurlyLg2- (diff (Hamiltonian,p2)))
0
0
0
_ 0 (11)
> factor (simplify (Hamiltonian- (nul*CO+nu2*Cl-h*nu0* (pl+p2)-h¥*
nuMoinsl* (gql*pl+g2*p2) -h*cl* (gl+g2) -h*c2* (ql*2+g2+2)-h*c3* (ql*3+
qz2+3) )));
L 0 12)
| We check the first gauge transformation to remove apparent singularities
> Lcheck[1,1];
Lcheck|[1, 2],
Lcheck([2, 2] :
ProductLambdaMinusq:=unapply ( (lambda-ql) * (lambda-g2) ,lambda) :
LcheckllTheo:=-Q2 (lambda) :
Lcheckl2Theo:=(lambda-ql) * (lambda-g2) :
Lcheck22Theo:=P1 (lambda) +Q2 (1lambda) :
Lcheck21Theo:=h*diff (Q2 (lambda) /ProductLambdaMinusq(lambda) ,
lambda) +L[2,1]/ProductLambdaMinusq(lambda)-P1 (lambda) *Q2 (lambda)
/ProductLambdaMinusq (lambda) - (Q2 (lambda) ) *2/ProductLambdaMinusq
(lambda) :
simplify (Lcheck[1l,1]-Lcheckl1Theo);
simplify (Lcheck[1l, 2] -Lcheckl2Theo);
simplify (Lcheck[2, 2] -Lcheck22Theo) ;
simplify (Lcheck[2, 1] -Lcheck21Theo) ;
(pl —p2) A—pl q2 +p2 gl
ql —q2
(-A+4ql) (-2+q2)
0




0
0
L 0 a3)
| We now check the second gauge transformation

> G:=Matrix(2,2,0):

G[1,1]:=1:

G[2,2]:=1:
G[2,1]:=1/2*tinftyl6:
G;

dGdlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dGdlambda[i,j]:=diff (G
[1,J],1lambda) : od: od:

CurlyLG:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do CurlylG[i, j]:=

h* (alpha7*diff (G[i, j],tinftyl7)+alpha6*diff (G[i, j],tinftyl6)+
alpha5*diff (G[i, j],tinftyl5)+alphad*diff (G[i, j],tinftyl4)+alpha3*
diff(G[i, j],tinftyl3)+alpha2*diff(G[i, j],tinftyl2)+alphal*diff (G
[1i,3],tinftyll)): od: od:

dGdlambda;

CurlylG;

Ltilde:=simplify (Multiply (Multiply (G, Lcheck) ,G*(-1))+h*Multiply
(dGdlambda,G”* (-1))):
Atilde:=simplify (Multiply (Multiply (G,Acheck) ,G* (-1))+Multiply
(CurlylG,G"(-1))):

1 0

tinftyl6 |
2

0 0
0 0
0 O

ab h 14)

— Y
LtildellOrderlambda3:=factor (-residue (Ltilde[1l,1]/lambda”4,
lambda=infinity)) ;
Ltildel20rderlambda3:=factor (-residue (Ltilde[1l,2]/lambda*4,
lambda=infinity)) ;
Ltilde2l10rderlambda3:=factor (-residue (Ltilde[2,1]/lambda”4,
lambda=infinity)) ;
Ltilde220rderlambda3:=factor (-residue (Ltilde[2,2]/lambda*4,
lambda=infinity)) ;




Ltildel 1 Orderlambda3 :
Ltildel12Orderlambda3 :

Ltilde2 1 Orderlambda3 = M%]ﬁ

L Ltilde22Orderlambda3 = 0 (15)
> LtildellOrderlambda2:=factor (-residue (Ltilde[1l,1]/lambda”3,
lambda=infinity)) ;
Ltildel20rderlambda2:=factor (-residue (Ltilde[1,2]/lambda”3,
lambda=infinity)) ;
Ltilde2lOrderlambda2:=factor (-residue (Ltilde[2,1]/lambda”3,
lambda=infinity)) ;
Ltilde220rderlambda2:=factor (-residue (Ltilde[2,2]/lambda”3,
lambda=infinity)) ;

Ltildel I Orderlambda? = - m;ym

Ltildel2Orderlambda? = 1

tinftyl7 (gl tinftyl7 + q2 tinftyl7 + 2 tinftyl5)

=0
=0

Ltilde2 1Orderlambda? = h
Ltilde22Orderlambda? = - M%m (16)
> Multiply (G,J) ;
1 0
pl(h—q2)  p2(A—ql) -
tinftyl6 gl —q2 g2 —ql 1
+
I 2 (A—ql) (A —q2) (h—ql) (A—q2)

> CurlyLJ:=Matrix(2,2,0):

CurlyLJ[1,1]:=0:

CurlyLJ[1,2] :=0:

CurlylLJ[2,2] :=diff(J[2,2],ql) *CurlyLql+diff (J[2,2] ,pl)*
CurlylLpl+diff (J[2,2],92) *CurlyLg2+diff (J[2,2] ,p2) *CurlylLp2

+h* (alpha7*diff (J[2,2],tinftyl7)+alpha6*diff (J[2,2],tinftyl6)+
alpha5*diff (J[2,2],tinftyl5)+alphad4*diff (J[2,2],tinftyl4)+alpha3*
diff(J[2,2],tinftyl3)+alpha2*diff(J[2,2],tinftyl2)+alphal*diff (J
[2,2] ,tinftyll))

CurlylLJ[2,1] :=diff(J[2,1],ql) *CurlyLql+diff(J[2,1],p1l)*
CurlyLpl+diff (J[2,1],92) *CurlyLg2+diff (J[2,1] ,p2) *CurlylLp2

+h* (alpha7*diff (J[2,1],tinftyl7)+alpha6*diff (J[2,1],tinftyl6)+
alpha5*diff (J[2,1],tinftyl5)+alphad4*diff(J[2,1],tinftyl4)+alpha3*
diff(J[2,1],tinftyl3)+alpha2*diff(J[2,1],tinftyl2)+alphal*diff (J
[2,1],tinftyll)):

CurlylLdJd:

Acheck:=simplify (Multiply (Multiply (J,A) ,J*(-1))+Multiply (CurlyLdJd,
Jr(-1))):




Y Expression in canonical coordinates after reduction

> tinftyl7:=2:
tinftyl5:=0:
tinftyl6:=0:
tinftyl4:=0:
tinftyl2:=0:
tinftyl3:=2*taul:
tinftyll:=2*tau2:
> tdP2 (lambda) ;

CObis:=-h* (pl-p2)/(ql-q2)+(ql*p2°2-q2*pl”*2) / (gql-q2) +2*gl*g2*
tau2+2* (ql+g2) *ql*g2*taul+ (ql+qg2) * (q1l*2+g2+2) *ql*qg2;
Clbis:=(pl1+2-p222)/(ql-q2) -2*(ql”*2+ql*q2+q2”2)*taul -2*(ql+q2)
*tau2 -ql*4-q2*ql”*3-ql*2*q2°2-ql*gq273-q2+4;
factor (simplify (series (C0-CObis,tau2=0))) ;
factor (simplify (series (Cl1l-Clbis, tau2=0))) ;
5 3 2
AN —=2Nd—2A 2

h(pl —p2) . -q2pl*+ql p2*

- +
ql —q2 ql —q2
2 2

+4q2) (¢I°+4¢2°) ql q2

+2qlq212+2 (gl +q2) ql g2 71 + (gl

2 2
Clbis = % —2(qgl*+q2ql +q2*) 11 —2 (gl +q2) 2 —ql* —q2 g’

——q12q22——q1q23——q24
| 0 1.1)
> mulfonction:=unapply (mul,
alpha7,alpha6,alpha5,alpha4,alpha3,alpha2,alphal);
mu2fonction:=unapply (mu2,alpha7,alpha6,alpha5,alpha4,alpha3,
alpha2,alphal);
CurlylLglfonction:=unapply (CurlylLql,alpha7,alpha6,alpha5,alpha4,
alpha3,alpha2,alphal):
Curlylplfonction:=unapply (CurlyLpl,alpha7,alpha6,alpha5,alpha4,
alpha3,alpha2,alphal):
CurlylLg2fonction:=unapply (CurlylLg2,alpha7,alpha6,alpha5,alpha4,
alpha3,alpha2,alphal):
Curlylp2fonction:=unapply (CurlyLp2,alpha7,alpha6,alpha5,alpha4,
alpha3,alpha2,alphal):
mulfonction := (0{7, o, oo, o4, o3, o2, 0(])
. 120 o7 g2 71 —280 03 g2 — 168 o6 71 — 120 o7 72 + 840 ol
840 (gl —q2)
mu2fonction := (0{7, o, oo, o4, o3, o2, 0(]) — (1.2)




120 o7 g1 71 —280 o3 gl — 168 o6 71 — 120 o7 72 + 840 ol
L 840 (q1 —q2)
> multaul:=mulfonction(0,0,0,0,2,0,0);
multau2:=mulfonction(0,0,0,0,0,0,2);

2 g2
muhmdt=————41———
3 (g1 —q2)
L 2
! multau2 = —ql — 2 (1.3)

> mu2taul :=mu2fonction(0,0,0,0,2,0,0);
mu2tau2:=mu2fonction(0,0,0,0,0,0,2);
2ql
mu2taul =

3 (g1 . q2)
! multau? = - m 1.4)
> CurlyLgltaul:=CurlyLglfonction(0,0,0,0,2,0,0):
CurlyLgltaulbis:=-2*h/3/(ql-q2)-4/3*gq2*pl/ (ql-gq2) ;
simplify (series (CurlyLgltaul-CurlyLgltaulbis, h=0));
CurlyLpltaul:=CurlyLplfonction(0,0,0,0,2,0,0):
CurlylLpltaulbis:=-2/3* (gq2*pl*2-q2*p2~2)/(ql-q2)*2-2*h/3* (pl-p2)
/ (ql-q2) ~*2-2/3* (q2*4+2*q2~3*ql+3*q2°2*ql*2+4*q2*ql*3) -4/3*qg2*
(g2+2*ql) *taul-4/3*g2*tau2;
simplify (series (CurlylLpltaul-CurlylLpltaulbis,p2=0)) ;

— 2h 4pl g2

CurlyLqItaulbis 3 (%] —2) 3 (gl —q2)
. 2 (g2pl* —p2*q2)  2h(pl —p2) 8q24ql’ 2 2
CurlyLpltaulbis = - 5 — 5 —2ql g2

3 (gl —q2) 3 (gl —q2) 3

4qlq2 242" A@2(@2+2qh)d 4q2
3 3 3 3
| 0 (1.5)

> CurlyLg2taul:=CurlyLg2fonction(0,0,0,0,2,0,0):
CurlylLg2taulbis:=2*h/3/(ql-q2)+4/3*ql*p2/(ql-q2) ;

simplify (series (CurlylLg2taul-CurlyLg2taulbis, h=0)) ;
CurlyLp2taul :=CurlyLp2fonction(0,0,0,0,2,0,0):
CurlyLp2taulbis:=2/3* (ql*pl+2-ql*p2+2) /(ql-gq2) ~*2+2*h/3* (p1l-p2)/
(ql-g2) ~2-2/3* (q1*4+2*ql*3*q2+3*ql”*2*q2~2+4*ql*q2+3) -4/3*ql*
(gl+2*g2) *taul-4/3*ql*tau2;

simplify (series (CurlyLp2taul-CurlyLp2taulbis,p2=0)) ;

2h n 4 p2ql

3 (qol —q2) 3 (gl —q2)

2 (pI*ql —qlp2®) | 2h(pl=p2) _ 2qI" _ 4q2qI°
3 (gl —g2)° 3ql—q2)" 3 3

CurlyLg2taulbis =

CurlyLp2taulbis =




gl - 8qlq2® Aql(ql+2q2) 7  4ql 2
3 3 3

_ 0 1.6)

> CurlyLgltau2:=CurlyLglfonction(0,0,0,0,0,0,2):
CurlyLgltau2bis:=4*pl/ (ql-q2) ;
simplify (series (CurlyLgltau2-CurlyLgltau2bis, h=0)) ;
Curlylpltau2:=CurlyLplfonction(0,0,0,0,0,0,2):
CurlylLpltau2bis:=2* (pl*2-p272)/(ql-q2) *2+4* (2*ql+q2) *taul+4*
tau2+2* (4*ql*3+3*ql*2*q2+2*ql*q2°2+1*q2+3) ;
simplify (series (CurlyLpltau2-CurlyLpltau2bis, taul=0));

CurlyLqltau2bis = ﬁ
0

2 (pI* —p2*)

(g —q2)°
+4q1g2*+24¢2°

CurlyLptau2bis = +4(q2+2ql) d+42+8q° +64q1°q2

N 0 1.7)
> CurlyLg2tau2:=CurlyLg2fonction(0,0,0,0,0,0,2):
CurlylLg2tau2bis:=-4*p2/(ql-q2) ;

simplify (series (CurlylLg2tau2-CurlylLg2tau2bis, h=0)) ;
Curlylp2tau2:=CurlyLp2fonction(0,0,0,0,0,0,2):
CurlyLp2tau2bis:=-2* (pl*2-p2°2)/(ql-q2) *2+4* (2*q2+ql) *taul+4*
tau2+2* (4*q2°3+3*gq272*ql+2*q2*ql*2+1*ql*3) ;

simplify (series (CurlyLp2tau2-CurlyLp2tau2bis, taul=0)) ;

CurlyLq2tau2bis := - _4p2
ql —q2
0
. 2 (p1”> —p2*) 3 2
CurlyLp2tau2bis = - FREpPY: +4 (gl +2q2)td +42+2ql" +4q1"q2
(gl —q2)

+6ql g2° +84¢2°

| 0 (1.8)
> HamiltonianFonction:=unapply (simplify

(Hamiltonian) ,alpha7,alpha6,alpha5,alpha4,alpha3,alpha2,alphal)

Hl:=HamiltonianFonction(0,0,0,0,2,0,0):

Hlbis:=2* (ql*p242-q2*pl*2) /3/(ql-g2)-2*h/3* (p1-p2)/ (ql-g2)+2/3*
(gl+g2) * (q1*2+q272) *ql*q2+4/3* (ql+g2) *ql*qgq2*taul+4/3*ql*g2*
tau2;

simplify (series (H1-Hlbis, tau2=0)) ;

H2:=HamiltonianFonction(0,0,0,0,0,0,2):
H2bis:=2* (p1l*2-p2+2) / (ql-9q2) -2* (q1*4+ql*3*gq2+ql*2*q2°2+ql*q2*3+
g2”4)-4* (ql*2+gql*gq2+g2+2) *taul-4*tau2* (ql+g2) ;




simplify (series (H2-H2bis,pl=0)) ;
Hibis e 20a2p +q1p2") 2 (pl—p2) | 2(ql +42) (qI"+¢2°) g1 g2

3 (gl —q2) 3 (gl —q2) 3
4 (gl 2) gl g2 7l 4 gl g2 12
+(q+q)qqf+qqf
3 3
0
.2 (plz-pZZ) 4 3 2 A2 3 4 2
H2bis = ] > —2ql —2q2ql” —2ql g2 —2ql q2” —2q2 —4(q1
qi —4q

+q2ql +q2*) 11 —4 (gl +q2) 2

i 0 1.9

> simplify(Ltilde);

(pl —p2) A —pl q2 +p2 ql
ql —q2

,(~A+ql) (-A+4q2) |, (1.10)

[ (g] 1 2)2'(q15+(7»—q2)q14+(7~2—q27~+2ﬂ)q13+((‘7“2_“’)‘12
gl —q

X+ 2ovd +22) gt — (2 + 2 h+ (W +24d) @2 +200 +40

+42)@2ql +¢2 +rg2t+ (W +2d) @22+ (W +2nd +22) ¢2°

__(p]__pZ)Z),(p2-—p])h-%p]q2——p2q]
L ql —q2

> Ltilde2l:=simplify(Ltilde[2,1]):
Ltilde2lbis:=lambda”3+ (gql+g2) *1lambda”*2+ (ql*2+gql*g2+gq2+2+2*taul)
*]lambda

+ql*3+ql*2*gq2+ql*q242+g2+3+ 2* (ql+g2) *taul+2*tau2
-(pl-p2)*2/(ql-q2)*2 ;

simplify (series (Ltilde21-Ltilde21bis,pl=0));

Liilde21bis ==X + (g1 +q2) X' + (qI* +q2 gl +q2* +2 11) A+ qI° +q1*> g2 + 1 ¢2°

2
+¢2 42 (gl +q2) Tl +2 2 — L”Z)z

(g1 —q2)

| 0 (1.11)

> c0:=0:

Acheckll :=unapply (simplify (Acheck[1,1]),alpha7,alpha6,alpha5,

alpha4,alpha3,alpha2,alphal):

Acheckl?2:=unapply (simplify (Acheck[1l,2]) ,alpha7,alpha6,alpha$5,

alpha4,alpha3,alpha2,alphal):

Acheck2l :=unapply (simplify (Acheck[2,1]) ,alpha7,alpha6,alpha5,

alpha4,alpha3,alpha2,alphal):

Acheck22:=unapply (simplify (Acheck[2,2]) ,alpha7,alpha6,alpha$5,

alpha4,alpha3,alpha2,alphal):

Achecklll:=factor (Acheckl11(0,0,0,0,2,0,0));




Acheckll2:=factor (Acheckl12(0,0,0,0,2,0,0));
Acheckl2l:=factor (Acheck21(0,0,0,0,2,0,0));
Acheckl22:=factor (Acheck22(0,0,0,0,2,0,0));

14

Acheckl]] = 2L =p2)

- 3 (gl —q2)
Acheck] 12 = == — 2;]1 — 23‘12
Acheckl2] = % 2+ % gl A+ % P2+ % gl* + % q22+% o
2 (pl —p2
Acheckl22 = - % (112)

> Achecklll:=factor (Acheckl1l1(0,0,0,0,0,0,2));
Acheckll2:=factor (Acheckl1l2(0,0,0,0,0,0,2));
Acheckl2l:=factor (Acheck21(0,0,0,0,0,0,2));
Acheckl22:=factor (Acheck22(0,0,0,0,0,0,2));

Achecklll := 0
Acheckl12 := 2

Acheckl2] =4 ql +2A+4q2
| Acheckl22 == 0 (1.13)




