[ In this Maple file, we perform the gauge transformation to obtain the geometric Lax pairs for the
second element of the Painlevé 1 hierarchy. This Lax pair is then expressed in terms of the symmetric
| Darboux coordinates and formulas are checked with the theoretical ones.

We load the results on the Lax pair expressed in the oper gauge as well as some procedures to obtain
the elementary symmetric polynomials. We define \td{L} and \td{A} using the gauge transformation
| from the oper gauge.

> restart:
with (LinearAlgebra) :
with (ListTools):
with (combinat) :
with (PolynomialTools) :
with (Groebner) :

chk:=proc ()

local V,A,p,L,K,N,KK:

V:=[seq(args[i] ,i=2. .nargs)];

A:=[seq(sigma[i],i=1l. .nargs-1)];

p:=simplify (expand (mul (x_-args[i] ,i=2..nargs)) ,x );

L := Reverse([seq((-1)*(r+nargs-1)*coeff(p, x , r), r = 0..
nargs-2)])-A;

K:=Basis (L, tdeg(V[])):

N:=NormalForm(args[1l] ,K,tdeg(V[]));

KK:=Basis (A, tdeg(A[]))

NormalForm (N,KK, tdeg (A[])) ;

if is(NormalForm(N,KK,tdeg(A[]))=0) then print("symmetric")else
print("not symmetric") fi;

end proc:

es:=proc ()

local v, A, p, L, K;

V:=[seq(args[i] ,i=2. .nargs)] ;A:=[seq(sigma[i] ,i=1l. .nargs-1)];
p:=simplify (expand (mul (x_-args[i] ,i=2..nargs)) ,x_);

L := Reverse([seq((-1)”(r+nargs-1)*coeff(p, x , r), r = 0..
nargs-2)])-A;

K:=Basis (L, tdeg(VI[]))

NormalForm(args[1l] ,K,tdeg(V[]));

end proc:

ss:=proc() local L, LL, t, LLL, H, K;
L:=[seq(args[i] ,i=2. .nargs)];
LL:=[seq(map (x->x*r,L) ,r=1. .nargs-1)];
t:=seqg(s[i],i=1. .nargs-1);

LLL:=[seq(add(i,i in LL[u]),u=1l..nops(LL))];




H:=LLL-[t];

K:=Basis (H,grlex(L[]));
NormalForm(args[1l],K,grlex(L[]));
end proc:

rinfty:=4:
g:=rinfty-2:
tinfty27:=-tinftyl7:
tinfty25:=-tinftyl5:
tinfty23:=-tinftyl3:
tinfty2l:=-tinftyll:
tinfty20:=-tinftyl0:
tinfty26:=tinftyl6:
tinfty24:=tinftyl4:
tinfty22:=tinftyl2:
tinftyl0:=0:

Pinfty0l := -tinftyl2;

Pinftyll := -tinftyl4;

Pinfty2l := -tinftylé6;

Pinfty22 := -(1/2)*tinftyll*tinftyl7+(1/2)*tinftyl2*tinftyl6-
(1/2) *tinftyl3*tinftyl5+(1/4) *tinftyl4*2;

Pinfty32 := -(1/2)*tinftyl3*tinftyl7+(1/2)*tinftyl4*tinftyl6-
(1/4) *tinftyl5+2;

Pinftyd2 := -(1/2)*tinftyl5*tinftyl7+(1/4)*tinftyl6~2;
Pinfty52 := -(1/4)*tinftyl7+2;

Pinfty2[1l] :=Pinfty21l:
Pinfty2[2] :=Pinfty22:
Pinfty2[3] :=Pinfty32:
Pinfty2[4] :=Pinfty42:
Pinfty2[5] :=Pinfty52:

Pl:=x-> PinftyO0l+Pinftyll*x+Pinfty21*x"2;

P2:=x-> Pinfty02+Pinftyl2*x+Pinfty22*x*2+Pinfty32*x*3+Pinfty42*
x*4+Pinfty52*x45;

tdP2 :=unapply (Pinfty22*x*2+Pinfty32*x*3+Pinfty42*x*4+Pinfty52%*
x5, x);

dPldlambda:=unapply (diff (P1 (lambda) ,lambda) ,lambda) :
dP2dlambda :=unapply (diff (P2 (lambda) ,lambda) ,lambda) :
dtdP2dlambda :=unapply (diff (tdP2 (lambda) ,lambda) ,lambda) :



c3:=-(7*alpha6*tinftyl7-6*alpha7*tinftyl6)/(42*tinftyl7) :
c2:=-(35*alphad4*tinftyl742-28*alpha5*tinftyl6*tinftyl7-20*alpha7*
tinftyld*tinftyl7+20*alpha7*tinftyl5*tinftyl6)/(140*tinftyl7+2):
cl:=-(105*alpha2*tinftyl743-70*alpha3*tinftyl6*tinftyl742-42%*
alphaS5*tinftyl4*tinftyl742+42*alphaS5*tinftyl5*tinftyl6é*tinftyl?7
-30*alpha7*tinftyl2*tinftyl742+30*alpha7*tinftyl3*tinftylé6*
tinftyl7+30*alpha7*tinftyl4*tinftyl5*tinftyl7-30*alpha7¥*
tinftyl522*tinftyl6)/(210*tinftyl743):

c[0] :=c0:
c[l]:=cl:
c[2] :=c2:
c[3]:=c3:

alpha[l] :=alphal:
alpha[2] :=alpha2:
alpha[3] :=alpha3:
alpha[4] :=alpha4:
alpha[5] :=alpha5:
alpha[6] :=alpha6:
alpha[7] :=alpha’:

tinfty[1l] :=tinftyll:
tinfty[2] :=tinftyl2:
tinfty[3] :=tinftyl3:
tinfty[4] :=tinftyl4:
tinfty[5] :=tinftyl5:
tinfty[6] :=tinftylé6:
tinfty[7] :=tinftyl7:

nuMoinsl:=2*alpha7/ (7*tinftyl7) :

nul0:=(2* (7*alphaS*tinftyl7-5*alpha7*tinftyl5) )/ (35*tinftyl7+2):
nul:=-(2* (tinftyl3*tinftyl7-tinftyl542)) *alpha7/ (7*tinftyl7+3)-2*
tinftyl5*alpha5/ (5*tinftyl742)+2*alpha3/ (3*tinftyl7) :

nu2:=-(2* (tinftyll*tinftyl742-2*tinftyl3*tinftyl5*tinftyl7+
tinftyl523)) *alpha7/ (7*tinftyl744) - (2* (tinftyl3*tinftyl7-
tinftyl522)) *alpha5/ (5*tinftyl743)-2*tinftyl5*alpha3/ (3*
tinftyl772)+2*alphal/tinftyl7:

nu[-1] :=nuMoinsl:
nu[0] :=nul:
nu[l] :=nul:



nu[2] :=nu2:

mul:=2* (-35*alpha3*g2*tinftyl743+21*alphab5*g2*tinftyl5*
tinftyl742+15*alpha7*g2*tinftyl3*tinftyl742-15*alpha7*q2¥*
tinftyl572*tinftyl7+105*%*alphal*tinftyl743-35*alpha3*tinftyl5%*
tinftyl742-21*alphaS5*tinftyl3*tinftyl742+21*alphaS5*tinftyl5+2%*
tinftyl7-15*alpha7*tinftyll*tinftyl742+30*alpha7*tinftyl3¥*
tinftyl5*tinftyl7-15*%alpha7*tinftyl15+3)/(105*tinftyl724* (ql-q2)):
mu2:=-1/(105*tinftyl7~4* (gl-q2))* 2*(-35*alpha3*ql*tinftyl74+3+21%*
alpha5*ql*tinftyl5*tinftyl742+15*alpha7*ql*tinftyl3*tinftyl742
-15*alpha7*ql*tinftyl5%2*tinftyl7+105*alphal*tinftyl743-35%*
alpha3*tinftyl5*tinftyl7+2-21*alphab*tinftyl3*tinftyl742+21%*
alpha5*tinftyl572*tinftyl7-15*alpha7*tinftyll*tinftyl742+30*
alpha7*tinftyl3*tinftyl5*tinftyl7-15*%alpha7*tinftyl1543):

rhol:=-mul*pl:
rho2 :=-mu2*p2:

CO:=-(-qlA5*gq2*tinftyl742+ql*q2”5*tinftyl712-2*ql*4*q2*tinftyl5¥*
tinftyl7+ql*4*q2*tinftyl6°2+2*ql*q274*tinftylS5*tinftyl7-ql*g2”4*
tinftyl612-2*ql*3*g2*tinftyl3*tinftyl7+2*ql*3*g2*tinftyl4*
tinftyl6-ql*3*q2*tinftyl542+2*ql*gq2°3*tinftyl3*tinftyl7-2*ql*
g273*tinftyl4*tinftyl6+ql*q2°3*tinftyl5+2+4*pl*ql*2*g2*tinftylé6
-4*p2*ql*g272*tinftyl6-2*ql*2*g2*tinftyll*tinftyl7+2*ql*2*g2*
tinftyl2*tinftyl6-2*ql*2*q2*tinftyl3*tinftyl5+qlr2*g2*
tinftyl4*2+42*ql*q272*tinftyll*tinftyl7-2*ql*q272*tinftyl2¥*
tinftyl6+2*ql*q2°2*tinftyl3*tinftyl5-ql*g2+2*tinftyl4.2+4*pl*qgl¥*
g2*tinftyl4d-4*p2*ql*q2*tinftyl4d+4*plr2*q2+4*pl*q2*tinftyl2-4%*
p2°2*ql-4*p2*ql*tinftyl2+4*h*pl-4*h*p2) / (4* (ql-gq2)) :
Cl:=1/4/(ql-gq2) * (-qlA5*tinftyl7+2+q2*5*tinftyl742-2*ql*4*
tinftyl5*tinftyl7+ql*4*tinftyl612+2*q2°4*tinftyl5*tinftyl7-q2.4*
tinftyl612-2*ql*3*tinftyl3*tinftyl7+2*ql*3*tinftyl4d*tinftyl6-

gl 3*tinftyl572+2*g243*tinftyl3*tinftyl7-2*q243*tinftyl4¥*
tinftyl6+g2°3*tinftyl572+4*pl*ql*2*tinftyl6-4*p2*q2°2*tinftyl6-2*
gl*2*tinftyll*tinftyl7+2*ql*2*tinftyl2*tinftyl6-2*ql*2*tinftyl3*
tinftyl5+ql*2*tinftyl412+2*g2*2*tinftyll*tinftyl7-2*gq2+2*
tinftyl2*tinftyl6+2*gq2°2*tinftyl3*tinftyl5-q242*tinftyl442+4*pl*
gl*tinftyl4d-4*p2*q2*tinftyl4+4*pl*2+4*pl*tinftyl2-4*p2r2-4*p2*
tinftyl2) :

CurlyLql:=2*mul* (pl-1/2*P1(gl))-h*nu0-h*nuMoinsl*ql-h* (mul+mu2) /
(q1-q2) :



CurlylLg2:=2*mu2* (p2-1/2*P1 (g2) ) ~h*nu0-h*nuMoinsl*g2-h* (mu2+mul) /
(q2-ql) :

CurlyLpl:=h* (mu2+mul) * (p2-pl) / (q1l-g2) *2+mul* (pl*dPldlambda (ql) -
dtdP2dlambda (gl) +1*C1*ql~0) +h*nuMoinsl*pl+ h* (1*cl*ql” 0+2*c2*
ql*1+3*c3*ql”*2):

CurlyLp2:=h* (mul+mu2) * (pl-p2) / (q2-ql) *2+mu2* (p2*dPldlambda (g2) -
dtdP2dlambda (g2) +1*C1*g270) +h*nuMoinsl*p2+ h* (1*cl*g270+2*c2*
gq2”21+3*c3*q212) :

CurlyLQl:=CurlyLql+CurlylLqg2:
CurlyLQ2:=CurlyLql*q2+ql*CurlyLq2:

dPldlambda:=unapply (diff (Pl (lambda) ,lambda) , lambda) :
dP2dlambda:=unapply (diff (P2 (lambda) ,lambda) , lambda) :
L:=Matrix(2,2,0):

L[1,1]:=0:

L[1,2]:=1:

L[2,1] :=-tdP2 (lambda) +Cl*lambda+C0 - h*pl/ (lambda-ql)-h*p2/
(lambda-g2) :

L[2,2]:= Pl(lambda) +h/(lambda-ql)+h/ (lambda-q2)

A:=Matrix(2,2,0):

A[l1l,1] :=c3*lambda”*3+c2*lambda”*2+cl*lambda+c0+ rhol/ (lambda-ql)+
rho2/ (lambda-qg2) :

A[1l, 2] :=nuMoinsl*lambda+nu0+ mul/ (lambda-ql)+ mu2/ (lambda-q2):
A[2,1] :=AA21 (lambda) :

A[2,2] :=AA22 (lambda) :

dAdlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dAdlambda[i,j]:=diff (A
[1i,J],1lambda): od: od:

L:
A:

Q2Poly:=unapply( -pl* (lambda-q2)/(ql-gq2)-p2* (lambda-ql)/(g2-ql),
lambda) ;

simplify (Q2Poly(ql));

simplify (Q2Poly(g2));

J:=Matrix(2,2,0):
J[1,1]:=1:
J[1,2]:=0:



J[2,1] :=Q2Poly (lambda)/ (lambda-gql) / (lambda-g2)+1/2*tinftyl6:
J[2,2]:=1/ (lambda-ql) / (lambda-q2) :

dJddlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dddlambda[i,j]:=diff(J
[i,3],1lambda): od: od:

J:

Ltilde:=simplify (Multiply (Multiply(J,L),J*(-1))+h*Multiply
(ddJdlambda,J* (-1))):
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> Elementaryh:= proc (k)
local aux,i,Coeff:
aux:=1: for i from 1 to 2 do aux:=aux/(l-t*q[i]): od:
Coeff:=unapply (es (residue (aux/t”* (k+1) ,t=0) ,q[1l],9[2]) ,sigma[l],
sigma[2]):
return (Coeff (Ql1,02)):
end proc:

Q2Poly == A — -

hh[0] :=Elementaryh (0) ;
hh[l] :=Elementaryh (1) ;
hh[2] :=Elementaryh (2);
hh[3] :=Elementaryh(3);




hh[4] :=Elementaryh (4) ;
hh[5] :=Elementaryh(5) ;

e[0]:=1:
e[l]:=q[1]+q[2]:
e[2]:=q[1]*q[2]:
PolyP:=unapply (lambda”2-Ql*lambda+Q2, lambda) ;

hhy = 1

hh, = QI

hhy = QI* — Q2
hhy == QI’ —2 Q2 QI
hh, == QI' —3 QI* 02 + 02°
hhs == QI —4 QI 02 +3 Q1 02°

i PolyP = A > ~QI A+ X + 02 2)
The compatibility equation reads \mathcal{L.} L=h\partial x A+[A,L]

Because the first line of L is trivial (0,1) we may obtain A[2,1] and A[2,2] to complete the knowledge

| of A

> CurlyL:=h*dAdlambda+ (Multiply (A,L)-Multiply(L,A)) :

Entreell:=CurlyL[1l,1]:
Entreel2:=CurlyL[1,2]:

AA21 :=unapply (solve (Entreell=0,AA21 (lambda) ) ,lambda) :
AA21bis:=h*dAdlambda[l,1]+A[1,2]*L[2,1]:

simplify (AA21 (lambda)-AA21bis) ;
AA22:=unapply (solve (Entreel2=0,AA22 (lambda) ) ,1lambda) :
AA22bis:=h*dAdlambda[l,2]+A[1,1]+A[1l,2]*L[2,2]:

simplify (AA22 (lambda) -AA22bis) ;

simplify (Entreell) ;

simplify (Entreel2) ;
CurlyL:=h*dAdlambda+ (Multiply (A,L)-Multiply(L,A)):

SO OO

_ 3
> el:=ql+g2:
e2:=ql*qg2:
pl:=Pl*diff (el,ql)+P2*diff (e2,ql);
p2:=P1l*diff (el,q2)+P2*diff (e2,q2);
Q2Polyfunction:=unapply (es (simplify (-pl* (lambda-q2)/ (ql-q2) -p2*




(lambda-ql) / (g2-ql)) ,ql,92) ,sigma[l] ,sigma[2]):
Q2Poly:=unapply( Q2Polyfunction(Q[1],Q[2]), lambda) ;

Q[0] :=1:
Q[1]:=0Q1:
Q[2] :=02:
P[1]:=P1:
P[2] :=P2:
ql[l]:=gql:
ql2] :=g2:
pll]:=pl:
pl2] :=p2:
tinfty[1l] :=tinftyll:
tinfty[2] :=tinftyl2:
tinfty[3] :=tinftyl3:
tinfty[4] :=tinftyl4:
tinfty[5] :=tinftyl5:
tinfty[6] :=tinftylé6:
tinfty[7] :=tinftyl7:

COfunction:=unapply (es (simplify (C0O) ,ql,qg2) ,sigma[l],sigma[2]):
Clfunction:=unapply(es (simplify(Cl) ,ql,q2) ,sigma[l],sigma[2]):
C[0] :=COfunction(Q[1],Q[2]):
C[1l] :=Clfunction(Q[1]1,QI[2]):
pl = P2 g2 + Pl
p2 = P2qgl + Pl
Q2Poly := A — P2\ — P2 0, —PI )]

> solve ({ppl=PP1l*diff (el,ql)+PP2*diff (e2,ql) ,pp2=PP1l*diff (el,q2)+
PP2*diff (e2,q2) }, {PP1,PP2}):
PP1 := (ppl*ql-pp2*q2)/(ql-q2):
PP2 := -(ppl-pp2)/(ql-q2):
CurlyLPlfonction:=unapply (diff (PPl,ppl) *Curlylpl+diff (PP1,pp2) *
CurlyLp2+diff (PP1,ql) *CurlyLql+diff (PP1,g2) *CurlyLg2,ppl,pp2) :
CurlyLP2fonction:=unapply (diff (PP2,ppl) *CurlyLpl+diff (PP2,pp2) *
CurlyLp2+diff (PP2,ql) *CurlylLgl+diff (PP2,qg2) *Curlylg2,ppl,pp2) :
CurlyLPl:=simplify (CurlyLPlfonction(pl,p2)):
CurlyLP2:=simplify (CurlyLP2fonction(pl,p2)):
simplify (CurlyLpl-CurlyLP2*q2-P2*CurlyLg2-CurlyLPl) ;
simplify (CurlyLp2-CurlyLP2*ql-P2*CurlyLgl-CurlyLPl) ;
0
B 0 C))
| Expression of \td{L} in the Darboux coordinates (q_1,q 2,p_1,p_2)
> Ltildell:=simplify(Ltilde[1,1])




Ltildel2:=simplify(Ltilde[1,2]);

Ltilde2l:=simplify(Ltilde[2,1]):

Ltilde22:=simplify(Ltilde[2,2]);

- 2) (- 1) tinftyl6

(-A+4q2) ( ;Hrq ) tinfiyl6 . . (24l +22q2)P2
Ltildel2 :== (-A+ql) (-A+q2)

tinfty]67»2 n ((-ql —q2) tinftyl6 + 2 P2 — 2 tinftyl4) A n ql g2 tinftyl6

Ltildel ] :=- + Pl

Ltilde22 = - ) > > (6)
224! _22‘]2) P2 p1—tinfiyi2
;Expression of \td{L} in the Darboux coordinates (Q 1,Q 2,P 1,P 2)
> LtildellNewVar:=unapply( es(simplify(Ltildell), gql, g2),sigma[l],
sigma[2]):
Ltildel2NewVar:=unapply( es(simplify(Ltildel2), gl, g2),sigma[l],
sigma[2]):
Ltilde22NewVar:=unapply( es(simplify(Ltilde22), gql, g2),sigma[l],
sigma[2]) :
LtildellNewVar (Q1l,0Q2) ;
Ltildel2NewVar (Q1l,Q2) ;
Ltilde22NewVar (Q1l,Q2) ;
2
ﬂéﬁWWMK%“%kﬁWWMQ]—P2k+P2QFr%ﬁWWMQ2+P]
AQT+ X+ 02
2
“%ﬁWUMK—~%kﬁMWMQI+P2k—RMﬂ—ﬁm®MK+ﬂ%ﬁWWMQZ—PI )

— tinftyl2

;Let us now check that the matrix \td{L} matches with the theoretical formulas.

> LtildellTheo:=proc()
local res,j,aux,i:
res:=0:
for j from 0 to g-1 do aux:=0: if j+1<=g then for i from j+1 to
g do aux:=aux+P[i]*Q[i-j-1]: od: fi: res:=res-(-1)7(j-1)*aux*
lambda”j: od:
for j from 0 to g do res:=res-1/2*tinftylé*(-1)"(g-j)*Q[g-jl*
lambda”j: od:
return (res) :
end proc:

LtildellTheo() ;
simplify (LtildellNewVar (Q1l,Q2)-LtildellTheo()) ;

- % tinfryl6 - + % A tinftyl6 Q1 — P2 A+ P2 Q1 — % tinftyl6 Q2 + P1
L 0 ®




> Ltildel2Theo:=proc()
local res,m:
res:=0:
for m from 0 to g do res:=res+(-1)”(g-m)*Q[g-m]*lambda’“m: od:
return (res) :
end proc:

Ltildel2Theo() ;
simplify (Ltildel2NewVar (Ql1,Q2)-Ltildel2Theo()) ;
AOT+ X+ 02
_ 0 9)
> Ltilde22Theo:=proc()
local res,j,aux,i,s:
res:=0:
for j from 0 to g-1 do aux:=0: if j+1<=g then for i from j+l1 to
g do aux:=aux+P[i]*Q[i-j-1]: od: fi: res:=res+(-1)"(j-1)*aux*
lambda”*j: od:
for j from 0 to g do res:=res+l/2*tinftyl6*(-1)"(g-j)*Q[g-jl*
lambda”j: od:
for s from 0 to rinfty-2 do res:=res- tinfty[2*s+2]*lambda”s: od:
return (res) :
end proc:

Ltilde22Theo() ;

simplify (Ltilde22NewVar (Q1,Q2)-Ltilde22Theo()) ;
- % tinftyl6 7u2 — % Atinftyl6 Q1 + P2\ — P2 Q1 — tinftyl4 A + % tinftyl6 Q2 — P1

— tinftyl2

| 0 10)
> Ltilde21Theo:=proc()

local res,j,i,jl,32,il1,i2,r,s,m:

res:=0:

for i from 0 to rinfty-1 do for j from g+i to 2*rinfty-3 do res:=

res-Pinfty2[j]l*hh[j-g-i] *lambda®i: od: od:

for i from 0 to g-1 do for j from i to g do for s from g+i-j to g
do for r from j+1 to g do

res:=res+ (-1)"(j-1)*tinfty[2*s+2]*P[r]*Q[r-j-1]*hh[s+j-i-g]*
lambda”* (i) : od: od: od: od:

for i from 0 to g-2 do for jl from i+l to g-1 do for j2 from g+i-
jl1 to g-1 do for il from jl+l1l to g do for i2 from j2+1 to g do
res:=res- (-1)7(jl1+j2)*P[i1]1*Q[il1l-jl1-1]*P[i2]*Q[i2-j2-1]*hh[j1l+]2




-g-i]*lambda”i:
od: od: od: od: od:

for m from 0 to g do res:=res-1/4*tinfty[2*rinfty-2]72*(-1)" (g-m)
*Q[g-m] *lambda’m: od:

for s from 0 to g do res:=res+l/2*tinfty[2*rinfty-2]*tinfty[2%*
s+2] *lambda“s: od:

for j from 0 to g-1 do for i from j+1 to g do res:=res-tinfty[2¥*
rinfty-2]*(-1)*(j-1)*P[i]*Q[i-j-1]*1lambda”j: od: od:

return (res) :
end proc:

> Ltilde2lNewVar:=unapply( es(simplify(Ltilde2l1l), gl, g2),sigma[l],
sigma[2]):
Ltilde21NewVar (Q1l,Q2) ;
factor (series (simplify (Ltilde21lNewVar (Q1,Q2)-Ltilde21Theo()),
lambda=0)) ;

% tinfiyl 7210 + % A tinfiyl 7 Q1 + % Mtinfiyl 7 QI + % tinfryl 7 OF
+ % 73 tinftyl5 tinftyl7 + % A tinftyl5 tinftyl7 Q1 — % Minﬁy172 Q2
+ % tinftyl5 tinftyl 7 Q1> — % tinftyl6> QI* — % tinftyl 7> Q1 Q2 + P2 tinftyl6 Q1

+ 1 A tinftyl3 tinftyl7 + % A tinfty]52 + % tinftyl3 tinftyl7 Q1 — % tinftyl4 tinfty16 Q1
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Let us now compute the auxiliary matrix \td{A} and check that it corresponds to
| the theoretical formulas.
> J:=simplify (J):
CurlyLJ:=Matrix(2,2,0):
for i from 1 to 2 do for j from 1 to 2 do CurlyLJ[i,]j]:=
h* (alpha7*diff (J[i,j],tinftyl7)+alpha6*diff (J[i,]j],tinftyl6)+
alpha5*diff (J[i,j], tinftyl5)+alphad*diff (J[i,j],tinftyl4)+alpha3*
diff (J[i,j],tinftyl3)+alpha2*diff (J[i,j],tinftyl2)+alphal*diff (J
[i,3],tinftyll))
+CurlyLgl*diff (J[i,j],gql)+CurlylLg2*diff (J[i,j],g2)+CurlyLPl1*diff
(J[1i,3],P1l)+CurlyLP2*diff (J[1i,]J],P2): od: od:




Atilde:=simplify (Multiply (Multiply(J,A) ,J*(-1))+Multiply (CurlyLd,
L 3~ (-1))):
Let us now check that the formula for \td{A} matches with the theoretical formulas for each of its
| entries.
> Atildel2Theo:=proc()
local res,j,m:
res:=0:
for j from 0 to g+l do for m from max(-1,-j) to g-j do res:=res+
(-1)*(g-j-m) *nu[m] *Q[g-j-m] *lambda”j: od: od:
return (res) :
end proc:
> Atildel2fonction:=unapply (es (Atilde[1,2],q[1],g9[2]),sigma[l],
sigma[2]):
Atildel2NewCoordinates:=Atildel2fonction (Ql,Q2) :
simplify (Atildel2NewCoordinates-Atildel2Theo()) ;
] 0 (12)
> AtildellTheo:=proc()
local res,i,r,]j,m:
res:=0:
for i from 0 to rinfty-1 do res:=res+c[i]*lambda”i: od:
for i from 0 to g do for m from (max(-1,-i)) to g-1-i do for r
from i+m+l to g do res:=res+(-1)*(i+m)*nu[m]*P[r]*Q[r-i-m-1]%*
lambda”i: od: od: od:

for i from 0 to g+l do for m from (max(-1,-i)) to g-i do res:=
res-1/2*tinfty[2*rinfty-2]*(-1)*(g-i-m) *Q[g-i-m] *nu[m] *1lambda”i:
od: od:

return (res) :

end proc:

> Atildellfonction:=unapply (es (simplify (Atilde[1,1]),q9l1],9[2]),
sigma[l],sigma[2]):
AtildellNewCoordinates:=Atildellfonction(Q1l,Q2) :
simplify (AtildellNewCoordinates-AtildellTheo()) ;
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> Atilde22Theo:=proc()
local res,s,j:
res:=—AtildellTheo () :
res:=res+2*c0+h* (g+1) *nu[-1]:
for s from 1 to rinfty-1 do res:=res-1/s*alpha[2*s]*lambda’“s: od:
for j from 0 to rinfty-2 do res:=res-tinfty[2*j+2]*nu[j]: od:
return (res) :




end proc:

Atilde22fonction:=unapply (es (simplify (Atilde[2,2]),q9l[1],q9[2]),
sigma[l],sigma[2]):
Atilde22NewCoordinates:=Atilde22fonction (Ql,Q2) :
simplify (Atilde22NewCoordinates-Atilde22Theo()) ;
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Atilde21Theo:=proc()
local res,i,j,s,m,r,jl,j2,rl,r2:
res:=-1/2*h* (g+1l) *nu[-1] *tinfty[2*rinfty-2]+h/2*alpha[2*rinfty-2]
+h* (rinfty-1) *c[rinfty-1]+nu[-1]*C[rinfty-3]:

for i from 0 to g do for j from max(0,i-1) to g-1 do for s from
g+i-j-1 to g do for r from j+1 to g do for m from -1 to s+j-g-i
do
res:=res-(-1)*j*tinfty[2*s+2] *nu[m] *hh[s+j-g-m-i]*P[r] *Q[r-j-1]*
lambda“*i:

od: od: od: od: od:

for i from 0 to rinfty do for j from (max(g,g+i-1)) to 2*rinfty-3
do for m from -1 to j-g-i do
res:=res-nu[m] *hh[j-g-m-i] *Pinfty2[j] *lambda”i: od: od: od:

for i from 0 to g do for jl from 0 to g-1 do for j2 from 0 to g-1
do

if jl+j2-g-i>=-1 then for m from -1 to jl+j2-g-i do

for rl from jl+l to g do for r2 from j2+1 to g do
res:=res-(-1)*(jl+j2) *nu[m] *hh[jl+j2-g-i-m] *P[rl1l] *P[r2] *Q[rl-jl
-1]1*Q[r2-j2-1] *lambda’i:

od: od: od: fi: od: od: od:

for i from 0 to rinfty-1 do for s from max(0,i-1) to rinfty-2 do
res:=res+1l/2*tinfty[2*rinfty-2]*tinfty[2*s+2]*nu[s-i] *lambda*i:
od: od:

for i from 0 to g do for j from max(0,i-1) to g-1 do for r from
j+1 to g do res:=res-tinfty[2*rinfty-2]*(-1)"(j-1)*nu[j-i]*P[r]*Q
[r-j-1]*lambda”i: od: od: od:

for i from 0 to g+l do for j from max(0,i-1) to g do res:=
res-1/4* (tinfty[2*rinfty-2])*2*(-1)*(g-]j)*Q[g-jl*nu[j-i]*
lambda”?i: od: od:



return (res) :
end proc:

Atilde2lfonction:=unapply(es (simplify (Atilde[2,1]) ,qg9l1],q9[2]),

sigma[l] ,sigma[2]):
Atilde21NewCoordinates:=Atilde2lfonction (Ql,Q2) :
Atilde2l1NewCoordinates:

simplify (factor (Atilde21NewCoordinates-Atilde21Theo())):

nu3fonction:=unapply (es (simplify (ql*g*mul+gq2*g*mu2) ,ql,q2) ,sigma

[1],sigma[2]):

nu3fonction(Ql,0Q2) :

nu[3] :=nu3fonction (Q1l,Q2) :

factor (Atilde21NewCoordinates-Atilde21Theo()) ;
0

VerifSomme :=proc ()

local res,k:

res:=0:

for k from 0 to g-1 do res:=res+(g-k)*Q[k]*P[k+1]:

return (res) :
end proc:

VerifSomme () ;

es (simplify (pl+p2) ,q9l,92) ;
P2Q1+2PI
P2o, +2PI
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