[ In this Maple file, we check that the las for the Lax matrices are correct provided that the Hamiltonian
are given as the linear combination of the spectral invariants (Theorem 8.1). We check the formulas
| both in the oper or in the geometric gauge using also the symmetric Darboux coordinates.

| Loarding some procedures for the symmetric polynomials
> restart:

with (LinearAlgebra) :

with (ListTools):

with (combinat) :

with (PolynomialTools):

with (Groebner) :

chk:=proc|()

local VV,AA,pp,LL,K,N, KK:

VV:=[seq(args[i] ,i=2. .nargs)];

AA:=[seq(sigma[i],i=1. .nargs-1)];

pp:=simplify (expand(mul (x_-args[i],i=2..nargs)) ,x )’

LL := Reverse([seq((-1)”(r+nargs-1)*coeff(pp, x , r), r = 0..
nargs-2)])-AA;

K:=Basis (LL, tdeg(VV[])):

N:=NormalForm(args[1l] ,K,tdeg(VVI[]))
KK:=Basis (AA, tdeg(AA[]))

NormalForm (N,KK, tdeg (AA[])) ;

if is(NormalForm(N,KK,tdeg(AA[]))=0) then print("symmetric")else
print ("not symmetric")fi;

end proc:

es:=proc ()

local Vvv, AA, pp, LL, K;
VV:=[seq(args[i] ,i=2. .nargs) ] ,AA:=[seq(sigma[i] ,i=1. .nargs-1)];
pp:=simplify (expand(mul (x_-args[i],i=2..nargs)) ,x );

LL := Reverse([seq((-1)”(r+nargs-1)*coeff(pp, x , r), r = 0..
nargs-2)])-AA;

K:=Basis (LL, tdeg(VV[]));

NormalForm(args[1l] ,K,tdeg(VVI[]))

end proc:

ss:=proc() local 1L, LLL, t, LLLL, H, K;
LL:=[seq(args[i] ,i=2. .nargs)];

LLL:=[seq(map (x->x*r,LL) ,r=1. .nargs-1)];
t:=seq(s[i],i=1. .nargs-1);

LLLL:=[seq(add(i,i in LLL[u]) ,u=l..nops(LLL))];
H:=LLLL-[t];

K:=Basis (H,grlex (LL[]))




NormalForm(args[1l] ,K,grlex(LL[]));
end proc:

ElementaryS:= proc (k)
local aux,i,Coeff:
aux:=0: for i from 1 to g do aux:=aux+q[i]“*k od:

Coeff:=unapply (es (aux,q[l],q[2],q[3]) ,sigma[l],sigma[2],sigma[3])

return (Coeff (Q[1],Q[2],Q[3])):
end proc:

rinfty:=6:
g:=rinfty-3:

S[0] :=ElementaryS(0) ;
S[1] :=ElementaryS (1) ;
S[2] :=ElementaryS(2) ;
S[3] :=ElementaryS(3) ;
S[4] :=ElementaryS (4) ;
S[5] :=ElementaryS (5) ;
S[6] :=ElementaryS(6) ;
S[7] :=ElementaryS(7) ;
S[8] :=ElementaryS(8) ;

S, =3

S =0

Sy = Q%—2Q2
Sy = Q?_3Q1Q2+3Q3
Sy = Q?_4Q%Q2+4Q1Q3+2Q§
Ss ::Q?_SQ?Q2+5Q%Q3+5Q1Q§_5Q2Q3
Sgi=01—60]0,+60]0,+90/0,—120,0,0,—20,+3

S, =01 =700, +701Q+140] 0, —21 00,0~ 70,0, +7 0,0 +7 Q0
=0 ~8010,+80/0;+200/0,-320/0, 0~ 160, +120/0; +240, 0, 0,
+20,-80,0;
res:=-lambda” (2*rinfty-5) :
for k from (rinfty-2) to (2*rinfty-7) do aux:=2*tau[2*rinfty-k-6]

for m from (k-rinfty+6) to (rinfty-3) do aux:=aux+t+tau[rinfty-m-2]
*tau[rinfty-k+m-5]: od:
res:=res-aux*lambda“k: od:

aux2:=2*tau[rinfty-3]:

@)



for m from 3 to (rinfty-3) do aux2:=aux2+tau[rinfty-m-2]*tau[m-2]
od:

res:=res-aux2*lambda“” (rinfty-3) :

res;

—k7—2tlks—212k4—(1:?4—213)7»3 ?2)
tdP2:=unapply (-lambda”~7-2*tau[l] *1lambda”5-2*tau[2] *1lambda”*4- (tau
[1]*2+2*tau[3]) *1lambda”3,lambda) ;
for k from rinfty-3 to 2*rinfty-5 do P2[k] :=-residue (tdP2 (lambda)
/lambda” (k+1) , lambda=infinity): od:

P2[3];
P2[4];
P2[5];
P2[6];
P2[7];
ql:=q[l]:
q2:=q[2]:
g3:=q[3]:
pl:=p[1l]:
P2:=p[2]:
p3:=pl[3]:

Elementaryh:= proc (k)

local aux,i,Coeff:

aux:=1l: for i from 1 to g do aux:=aux/(l-t*q[i]): od:
Coeff:=unapply (es (residue (aux/t”* (k+1) ,t=0) ,q[1],9[2],9[3]) ,sigma
[1] ,sigma[2],sigma[3]):

return (Coeff (Q[1],Q0[2],Q[31)):

end proc:

h[0] :=simplify (Elementaryh(0)) ;
h[1l] :=simplify (Elementaryh (1)) ;
h[2] :=simplify (Elementaryh(2)) ;
h[3] :=simplify (Elementaryh(3)) ;
h[4] :=simplify (Elementaryh (4)) ;
h[5] :=simplify (Elementaryh(5)) ;
h[6] :=simplify (Elementaryh(6)) ;
h[7] :=simplify (Elementaryh (7)) ;
h[8] :=simplify (Elementaryh(8)) ;

Q[0]:=1:
Q[1]:=q[1l]+q[2]+q[3]:
Q[2] :=q[1l]*q[2]+q[1l]*q[3]1+q[2]*q[3]:



Q[3]:=q[1]*q[2]*q[3]:
SymMatrix:=Matrix(g,g,0):

[31,9[i]): od: od:

SymMatrix:

Vectorp:=Matrix(g,1,0):

for i from 1 to g do Vectorp[i,1l]:=p[i]: od:

Vectorp:
VectorP:=Multiply (SymMatrix” (-1) ,Vectorp) ;
for i from 1 to g do P[i] :=VectorP[i,1l]: od:
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| Computing the spectral invariants using the theoretical formulas

> V:=Matrix(3,3,0):

VI[1i,1]:=1:
VI[1,2]:=ql:
VI[1,3]:=ql”*2:
vV[2,1]:=1:
VI[2,2] :=g2:
VI[2,3] :=q2*2:
VI[3,1]:=1:
VI[3,2]:=93:
VI[3,3] :=g3*2:
v;

HVector:=Matrix(3,1,0):

HVector[1l,1] :=HO:

HVector[2,1] :=H1l:

HVector[3,1] :=H2:

HVector;

RHSH:=Matrix(3,1,0):

RHSH[1,1] :=pl1”*2+tdP2(ql) +h* (p2-pl) / (gl-g2) +h* (p3-pl) / (gl-g3) :
RHSH[2,1] :=p2~2+tdP2(g2) +h* (p1l-p2) / (gq2-g9l) +h* (p3-p2) / (92-93) :
RHSH[3,1] :=p3*2+tdP2 (g3) +h* (p1l-p3) / (g3-gql) +h* (p2-p3) / (g3-q92) :
RHSH;

HVector:=simplify (Multiply (V*(-1) ,RHSH)) ;
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| Defining the Hamiltonians as linear combination of the spectral invariants
> HO:=HVector[l,1]:

Hl:=HVector[2,1]:
H2:=HVector[3,1]:

TMatrix:=Matrix(3,3,0):
TMatrix[1l,1]:=1:

TMatrix[2,2]:=1:

TMatrix[3,3]:=1:

TMatrix[3,1] :=tau[l]:

TMatrix;

RHStaul:=Matrix(3,1,0):
RHStaul[l,1]:=1/(2*rinfty-2*1-5) *1:
RHStau2:=Matrix(3,1,0):
RHStau2[2,1]:=1/(2*rinfty-2*2-5) *1:
RHStau3:=Matrix(3,1,0):
RHStau3[3,1]:=1/(2*rinfty-2*3-5) *1:
RHStaul;

RHStau2;



RHStau3;

nutaulVector:=Multiply (TMatrix” (-1) ,RHStaul) ;
nutau2Vector:=Multiply (TMatrix” (-1) ,RHStau2) ;
nutau3Vector:=Multiply (TMatrix” (-1) ,RHStau3) ;

nultaul:=nutaulVector[1l,1];
nu2taul:=nutaulVector[2,1];
nu3taul:=nutaulVector[3,1];

nultau2:=nutau2Vector[l,1];
nu2tau2:=nutau2Vector[2,1];
nu3tau2:=nutau2Vector[3,1];

nultau3:=nutau3Vector[l,1];
nu2tau3d:=nutau3dVector[2,1];
nu3tau3:=nutau3Vector[3,1];

mutaulVector:=Multiply ( (LinearAlgebra[Transpose] (V))*
(-1) ,nutaulVector);

multaul :=mutaulVector[l,1]:

mu2taul :=mutaulVector[2,1]:

mu3taul :=mutaulVector[3,1]:

mutaulVector;

mutau2Vector:=Multiply((LinearAlgebra[Transpose] (V))*(-1),
nutau2Vector) ;

multau2:=mutau2Vector[1l,1]:

mu2tau2:=mutau2Vector[2,1]:

mu3tau2:=mutau2Vector[3,1]:

mutau3Vector:=Multiply((LinearAlgebra[Transpose] (V))*(-1),
nutau3Vector) ;

multau3:=mutau3Vector[1l,1]:

mu2tau3:=mutau3Vector[2,1]:

mu3tau3:=mutau3Vector[3,1]:

Hamtaul:= nultaul*HO+nu2taul*Hl+nu3taul*H2;
Hamtau2:= nultau2*HO+nu2tau2*Hl+nu3tau2*H2;
Hamtau3:= nultau3*HO+nu2tau3*Hl+nu3tau3*H2;

QQ:=unapply (-pl* (lambda-g2) * (lambda-q3) / (q1-q2) / (q1-g3) -p2*



(lambda-ql) * (lambda-q3) / (g2-ql) / (gq2-g3)
-p3* (lambda-qgql) * (lambda-q2) / (g3-ql) / (g3-92), lambda) ; ;

J:=Matrix(2,2,0):

J[1,1]:=1:

J[1,2]:=0:

J[2,1] :=QQ (lambda) / (lambda-ql) / (lambda-q2) / (lambda-g3) :
J[2,2]:=1/ (lambda-ql) / (lambda-q2) / (lambda-g3) :

J;

dJdlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do
dJddlambda[i,j] :=diff(J[i,j],lambda): od: od:

dJddlambda;
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Defining the Lax matrix in the oper gauge using the general formula. Then defining the normalized
| geometric Lax matrix using the gauge transformation.

> L:=Matrix(2,2,0):
L[1,1]:=0:
L[1,2]:=1:
L[2,1] :=-tdP2 (lambda) +H2*1lambda”2+Hl*lambda+HO-h*pl/ (lambda-ql) -
h*p2/ (lambda-q2) -h*p3/ (lambda-g3) :
L[2,2]:=h/ (lambda-ql)+h/ (lambda-gq2)+h/ (lambda-g3):
L:

2 b

CheckL:=simplify (Multiply (Multiply(J,L) ,J*(-1))+h*Multiply

| (dJdlambda,J”*(-1))):

| Defining the Hamiltonian evolutions

> dgldtaul:=factor (1/h*diff (Hamtaul,pl)) ;
dpldtaul:=factor (-1/h*diff (Hamtaul,ql)) ;
dg2dtaul:=factor (1/h*diff (Hamtaul,p2)) ;
dp2dtaul :=factor (-1/h*diff (Hamtaul,q2)) ;
dg3dtaul :=factor (1/h*diff (Hamtaul,p3));
dp3dtaul:=factor (-1/h*diff (Hamtaul,qg3)) ;

dgldtau2:=factor (1/h*diff (Hamtau2,pl)) ;
dpldtau2:=factor (-1/h*diff (Hamtau2,ql)) ;
dg2dtau2:=factor (1/h*diff (Hamtau2,p2)) ;
dp2dtau2:=factor (-1/h*diff (Hamtau2,q2)) ;
dg3dtau2:=factor (1/h*diff (Hamtau2,p3)) ;
dp3dtau2:=factor (-1/h*diff (Hamtau2,q3)) ;

dgldtau3:=factor (1/h*diff (Hamtau3,pl)) ;
dpldtau3:=factor (-1/h*diff (Hamtau3,ql)) ;
dg2dtau3:=factor (1/h*diff (Hamtau3,p2)) ;
dp2dtau3:=factor (-1/h*diff (Hamtau3,q2)) ;
dg3dtau3:=factor (1/h*diff (Hamtau3,p3)) ;
dp3dtau3:=factor (-1/h*diff (Hamtau3,q3)) ;

Ataul:=Matrix(2,2,0):

Ataul[l,1] :=-pl*multaul/ (lambda-ql) -p2*mu2taul/ (lambda-g2) -p3*
mu3taul/ (lambda-qg3) :

Ataul[l,2]:= multaul/ (lambda-gql)+mu2taul/ (lambda-q2)+mu3taul/
(lambda-g3) :

Ataul[2,1] :=h*diff (Ataul[l,1],lambda)+Ataul[l,2]*L[2,1]:




Ataul[2,2] :=h*diff (Ataul[l,2],lambda)+Ataul[l,1]+Ataul[l,2]*L[2,
2]:
Ataul:

Atau2:=Matrix(2,2,0):

Atau2[1l,1] :=-pl*multau2/ (lambda-ql) -p2*mu2tau2/ (lambda-g2) -p3*
mu3tau2/ (lambda-qg3) :

Atau2[1,2] :=multau2/ (lambda-ql)+mu2tau2/ (lambda-q2) +mu3tau2/
(lambda-g3) :

Atau2[2,1] :=h*diff (Atau2[1l,1],lambda)+Atau2[l,2]*L[2,1]:
Atau2[2,2] :=h*diff (Atau2[1l,2],lambda)+Atau2[l,1]+Atau2[l,2]*L[2,
2]:

Atau2:

Atau3:=Matrix(2,2,0):

Atau3[1l,1] :=-pl*multau3/ (lambda-gql) -p2*mu2tau3/ (lambda-g2) -p3*
mu3tau3/ (lambda-g3) :

Atau3[1l,2] :=multau3/ (lambda-ql)+mu2tau3/ (lambda-q2) +mu3tau3/
(lambda-g3) :

Atau3[2,1] :=h*diff (Atau3[1l,1],lambda)+Atau3[1l,2]*L[2,1]:
Atau3[2,2] :=h*diff (Atau3[1l,2],lambda)+Atau3[l,1]+Atau3[1l,2]*L[2,
2]:

Atau3:

dJddtaul:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do

dJddtaul[i,j] :=diff(J[i,]j],taul)+diff(J[i,]],gl)*dgldtaul+diff(J
[1,3],p1) *dpldtaul+diff (J[i,]J],g2) *dg2dtaul+diff (J[i,]],p2)*
dp2dtaul+diff (J[i,j],g3) *dg3dtaul+diff (J[i,]],p3) *dp3dtaul: od:
od:

dJddtaul:

dJddtau2:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do

dJddtau2[i,j]l :=diff(J[i,]j],tau2)+diff(J[i,]],gql) *dgldtau2+diff(J
[1,3],p1) *dpldtau2+diff (J[i,]J],g2) *dg2dtau2+diff (J[i,]],p2)*
dp2dtau2+diff (J[i,]j],93) *dg3dtau2+diff (J[i,]j],p3) *dp3dtau2: od:
od:

dJdtau2:

dJdtau3:=Matrix(2,2,0):



dpldtaul = -

for i from 1 to 2 do for j from 1 to 2 do

dddtau3[i,j] :=diff(J[i,]j],tauld)+diff(J[i,j],gql) *dgldtau3+diff (JT
[1,3],p1) *dpldtau3+diff (J[i,]J],g2) *dg2dtau3+diff (J[i,]],p2)*
dp2dtau3+diff (J[i,]j],93) *dg3dtau3+diff (J[i,j],p3) *dp3dtau3: od:
od:

dJddtau3:

CheckAtaul:=simplify (Multiply (Multiply (J,Ataul) , Jd*(-1))+h*
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_2q3q2+<_2kq3+q3>q2+<_27‘q3+7‘q3+2q3)q2_2(k_37”‘13_37“13

3 2 3
+q§+’cl7u+2’cz) q3qg+2 (7» +A q3+%kq§+q§+’clk+2’cz) q§q§+2q§ (7»

1,2 1, 2,1 3 2 7 6 2 5 3
+37» q3+57»q3+3q3+rl7u+212)q2+(—2q3—2kq3—2k q3+(—2k



—2Tﬁv—4%)qg+2(pz—Pg(Pl—Pg)Q¢—2%(P2—PQ(Pl—Pﬁ)q1+q;i

th (A=) 340 a3 (h—as) 3+ (VX gy tr ot 2m) g — 203 (X

1,2 1 2, 1 3 3 7 6,142 5 3
+~5kqy+5%4f+3qy+ﬁk+25)%+(%%qu+kqf%O,+Hk

4 2 2 2 2
+212) qz — (Pl _p3) ) q, +2‘Z3 (Pl _P3) (Pl _Pz) 4> — 43 (Pl _Pz) )’
1

S (a—0) (0= 1) (=) (PP AR (P2 @t (hmp)
—A(Py=p3) 45 (P~ p2)<x—q3>>H
(Ps—P)ait(PL=P3) =93 (P1—P) D A 41 9
CheckAtau2 = 3 (92_%) a 93) (%_%) 73 + 3 3
)

(PZ_P3) q91 + (p3 _Pl) q, +Q3 (Pl _pz)

3(92=93) (91— 43) (91— %)

CheckAtau3 =

0 1
2q[+K+2ql+2q30

;Check of the theoretical formulas for the Lax matrix L
> tdLlltheo:=0:

for j from 0 to g-1 do aux:=0:
[1]*Q[i-3j-1]:
od:

tdLlltheo:=simplify (tdLl1ltheo) ;
simplify (tdLlltheo-CheckL[1,1]);

1

tdL11theo = ) (((Pg_Pz) q1+(p1—p3) 9 — 493 (pl

(ql _QQ) (ql _93) (QQ 43
2
o)) N+ ((P=p) dit (P P) Gt ds (P —Po)) A (“43py T aap3) 4y

+(Py@3—P3 @) 41+ P42 s (42— 43) )
0

> tdLl2theo:=0:

for m from 0 to g do tdLl2theo:=tdLl12theo+(-1)* (g-m)*Q[g-m]*
lambda’m: od:

tdLl12theo:=simplify (tdLl12theo) ;

simplify (tdLl12theo-CheckL[1,2]) ;

for i from j+1 to g do aux:=aux+P
od: tdLlltheo:=tdLlltheo-(-1)“"(j-1)*aux*lambda’j:

(6)

7



uﬂJZﬂw0===(k——q1)(k-—qz)(k-—q3)
B 0 ®
> Terml:=0:
for i from 0 to rinfty-2 do for j from g+i to 2*rinfty-5 do
Terml:=Terml- P2[j]*h[j-g-i]*lambda?i: od: od:
Terml:
Term2:=0:
for i from 0 to g-2 do for jl from i+l to g-1 do for j2 from g+i-
jl to g-1 do for il from jl+l to g do for i2 from j2+1 to g do
Term2:=Term2- (-1)”*(jl+j2)*P[i1]*Q[il-j1-1]*P[i2]*Q[i2-j2-1]*h
[j1+j2-g-i] *1lambda”i:
od: od: od: od: od:
Term2:
tdL21ltheo:=simplify (Terml+Term2) :
simplify (tdL21theo-CheckL[2,1]) ;
_ 0 )]
;Inverting the symmetric Darboux coordinates
> factor (P[1] -( q[l]”%2*(q[2]-q[3])*p[1]- q[2]"2*(q[1l]1-q[3])*p[2]+q
[3172*(q[1]-q[2])*p[3])/(ql1]-ql2])/(ql1l]1-q[3])/(ql2]-ql31));
factor (P[2]-(-(q[1]*(q[2]-q[3])*pP[1]- ql[2]*(q[1l]-q[3])*p[2]+q[3]*
(qal11-ql2])*p[3]1)/(ql1l]l-ql2]1)/(ql1l]1-ql3])/(al2]-q[3]) ));
factor (P[3]-(((q[2]-q[3])*p[1]- (ql[ll-q[3])*p[2]+(q[l]l-q[2])*p[3]
)/ (ql1]1-ql2]1)/(ql11-q[3]1)/(ql2]1-ql3]) )):

solve ({PP1 -( q[1]72*(q[2]-q[3])*p[1]- q[2]"2*(q[1]-q[3])*p[2]+q
[31%2*(q[1]-q[2]) *p[3])/(ql1]-ql2])/(qll]-ql[3]1)/(q[2]-q[3])=0,
PP2- (- (q[1]1*(q[2]-q[3])*p[1]- ql2]*(q[1]-ql3])*p[2]+q[3]*(q[l]l-q
[2])*p[3]1)/(all]l-ql2])/(ql[1l]1-q[3]1)/(al2]-q[3]) ), PP3-(((ql[2]-q
[31)*p[1]- (ql[ll-q[3])*p[2]+(ql[l]l-ql2])*p[3]1)/(qll]l-ql2])/(qll]l-q
[31)/(al2]1-q[3]1) )}, {p[1l],p[2],pP[31}):

QQfunction:=unapply (QQ (lambda) ,p[1l] ,p[2],p[3]):
simplify (series (es (simplify (QQfunction (PP3*q[2]*q[3]+PP2*q[2]+
PP2*q[3]+PP1,PP3*q[1l] *q[3]+PP2*q[1]+PP2*q[3]+PP1,PP3*q[1l] *q[2]+
PP2*q[1]+PP2*q[2]+PP1)) ,q[1],q9[2],9[3]),lambda=0)) ;

0

0

0
{pl=PP3q2%f+PP2qj+PP2q3+PPLp2=PP3q1%f+PP2qf+PP2q3+PPLp3

=PP3q1q24—PP2q14—PP2q24—PP]}
—szol——PP3cz——PP14—(PP3014—PP2)x——PP3A? (10)

|_Expressing the spectral invariants in terms of symmetric Darboux coordinates




> HOfunction:=unapply (HO,p[1l],p[2],p[3]):
Hlfunction:=unapply (H1,p[1],p[2],pP[3]):
H2function:=unapply (H2,p[1],p[2],pP[3]):
simplify (series (es(simplify (HOfunction (PP3*q[2]*q[3]+PP2*q[2]+
PP2*q[3]+PP1l,PP3*q[1l] *q[3]+PP2*q[1]+PP2*q[3]+PP1,PP3*qg[1l] *q[2]+
PP2*q[1]+PP2*q[2]+PP1)) ,q[1],q[2],q[3]) ,h=0));
simplify (series (es(simplify (Hlfunction (PP3*q[2]*q[3]+PP2*q[2]+
PP2*q[3]+PP1l,PP3*q[1l] *q[3]+PP2*q[1]+PP2*q[3]+PP1,PP3*qg[1l] *q[2]+
PP2*q[1]+PP2*q[2]+PP1)) ,q[1],q[2],q[3]) ,h=0));
simplify (series (es(simplify (H2function (PP3*q[2]*q[3]+PP2*q[2]+
PP2*q[3]+PP1l,PP3*q[1l] *q[3]+PP2*q[1]+PP2*q[3]+PP1,PP3*qg[1l] *q[2]+
PP2*q[1]+PP2*q[2]+PP1)) ,q[1],q[2],q[31) ,h=0));

-6,0, + PP? o, +2 PP2PP36, 6, — PP¥ 6, 6, + PPF 0, +36,0,0,~ 20

%7

G,

[NSTN \SRE ]

2
+2PPIPP2c, +2PPIPP3G,—2PP2PP36,—206,06,—20,0,T,—C
2 2

+20,0,7 —0,T +PPI"=20,1,+ (PP30 +2PP2) h
4 2 3 2 2 2
6,0,—2PP2PP36, —PP36,06,—0,06,—30,0,+20,0,T, —2 PPl PP3c,

2 3 2 2
—2 PP2 (51+PP32<53+4<51<52<53+2<51<521:2—2<51<5311+<52—2<521:1+<521:1
2
—2PPIPP2+20213—63—20312—PP3h
5 3 3 2 2 2
—01+40102—2clrl+2PP2PP361+PP3262—30163—26112—301624-4616211 (11)
2 2
i —0,T, +2PPIPP3+PP2"—-206,1,+20,0,+20,T,—20,T,
| Expressing \td{L} using the symmetric Draboux coordinates
> CheckLllfunction:= unapply (CheckL[1,1],p[1],p[2],p[3]):
CheckLl2function:= unapply (CheckL[1,2],p[1],p[2],p[3]):
ChecklL2lfunction:= unapply(CheckL[2,1],p[1l],p[2],p[3]):
simplify (series (es (simplify (CheckLllfunction (PP3*q[2]*qg[3]+PP2*q
[2]+PP2*q[3]+PP1,PP3*q[1l] *q[3]+PP2*q[1]+PP2*q[3]+PP1,PP3*q[1l] *gq
[2]+PP2*q[1]+PP2*q[2]+PP1)) ,q[1],q[2],q[3]) ,lambda=0)) ;
simplify (series (es (simplify (CheckLl2function (PP3*q[2]*qg[3]+PP2*q
[2]+PP2*q[3]+PP1,PP3*q[1] *q[3]+PP2*q[1]+PP2*q[3]+PP1,PP3*q[1l] *gq
[2]+PP2*q[1]+PP2*q[2]+PP1)) ,q[1l],q[2],9[3]) ,lambda=0)) ;
simplify (series (es (simplify (CheckL21lfunction (PP3*q[2]*qg[3]+PP2*q
[2]+PP2*q[3]+PP1,PP3*q[1] *q[3]+PP2*q[1]+PP2*q[3]+PP1,PP3*q[1l] *gq
[2]+PP2*q[1]+PP2*q[2]+PP1)) ,q[1l],q[2],9[3]) ,lambda=0)) ;
PP201%<PP3G2%<PPI%—(—PP361—<PP2)X—FPP3%2

2 3
—(53+627\.—(517\. + A
4 2 2 2
61+(21:1—302)61+(PP32+203+21:2>(51+2PP2PP3+1:1—2021:1+62+21:3+( (12)
3 2 2 3 4
cl—i-(211—262)01—PP32+212+63)k+(01—02+2tl)k +(517\4 +2A




|_Expressing the Hamiltonians in terms of symmetric Darboux coordinates

> Hamtaulfunction:=unapply (Hamtaul,p[1l],p[2],p[3]):
Hamtau2function:=unapply (Hamtau2,p[1l] ,p[2],p[3]):
Hamtau3function:=unapply (Hamtau3,p[1l] ,p[2],p[3]):
HamtaulR:=simplify (series (es(simplify (Hamtaulfunction (PP3*gq[2]*q
[3]+PP2*q[2]+PP2*q[3]+PP1,PP3*q[1l] *q[3]+PP2*q[1]+PP2*q[3]+PP1,
PP3*q[1]*q[2] +PP2*q[1]+PP2*q[2]+PP1)) ,q[1],q[2],q[3]) ,h=0)) ;
Hamtau2R:=simplify (series (es(simplify (Hamtau2function (PP3*gq[2]*q
[3]+PP2*q[2]+PP2*q[3]+PP1,PP3*q[1l] *q[3]+PP2*q[1]+PP2*q[3]+PP1,
PP3*q[1]*q[2] +PP2*q[1]+PP2*q[2]+PP1)) ,q[1],q[2],q[3]) ,h=0)) ;
Hamtau3R:=simplify (series (es(simplify (Hamtau3function (PP3*q[2]*q
[3]+PP2*q[2]+PP2*q[3]+PP1,PP3*q[1l] *q[3]+PP2*q[1]+PP2*q[3]+PP1,
PP3*q[1]*q[2] +PP2*q[1]+PP2*q[2]+PP1)) ,q[1],q[2],q[3]) ,h=0)) ;

HamtaulR := —% PP32cs1 c, + % 6?02 C, + % G? Gy T, — % PP2PP3 G, — % G,0,7T,
+%PPIPP302+%PPIPP201+%PPZZGT—%GT%—%GlGi—%Gi%
+%031?—%631:3+%PPfoi—%PPZPPﬂsltlnL%PP2PP30102+%PP12
—APP]PP311—%PPfrl—%cicztl—%PPfczrl—l-%616511—%01021f
—%GZTITZ-F%GTTITZ-F%GITIT3+%GTTI-F%GT’E?-F%GITT-F %
+PP3(51 A

5

Hamtau2R = % 5 0, % PP2PP3 G, — % PPF 0,0, — % G 0,— 0,0+ % G 0,1,
—%PP]PP361—%PP2261+%PP3263+%6102034-%616212—%010311
+%GZ—%GETI—F%%T?—%PPIPP2+%621:3—%0§—%631: —%PPSh

2
5 3 3 2 2 2 2
Hamtau3R =-0, —i—4cs1 62—261 T, —|—2PP2PP3cs1 + PP 62—361 63—261 12—361 o, 13)

i +40,0,1, —csltf-1—2PP]PP3—i—PP22—2cslT3—|—2c5263—|—2c5212—2cs311

> Hamtaulbis:=((1/5) *PP3*sigma[l1]+2*PP2* (1/5))*h-(1/5) *PP3*2*sigma
[2] *tau[l]-(1/5) *PP3*2*sigma[l] *sigma[3]+(1/5) *sigma[l]*2*sigma
[3]1*tau[l]+(1/5) *sigma[1l]~5*tau[l]+(1/5) *PP2*2*sigma[1]*2+(1/5)*
sigma[l]*tau[l1l]~3-(1/5)*sigma[l]*4*sigma[3]-(1/5) *sigma[2]*2*
sigma[3]+(1/5) *sigma[3]*tau[l]~2+(1/5) *PP3*2*sigma[2]*2-(2/5*PP1)
*PP3*tau[l]-(2/5*sigma[3]) *tau[3]-(2/5*sigma[l]) *sigma[3]*2+(2/5%*
(sigma[1]+3))*tau[l]~2+(1/5) *PP1*2-(2/5*sigma[l]) *sigma[3] *tau[2]
- (2/5*PP2) *PP3*sigma[3]+(2/5* (sigma[1]~2) ) *tau[l] *tau[2]+(2/5*
sigma[l])*tau[l]*tau[3]+(2/5*PP1) *PP2*sigma[l]+(3/5*sigma[1l])*
sigma[2]*2*tau[l]-(4/5*sigma[l]) *sigma[2] *tau[1l]*2+(3/5* (sigma[1l]




~2))*sigma[2] *sigma[3]+(2/5*PP1l) *PP3*sigma[2]-(2/5*sigma[2]) *tau
[1]*tau[2]-(1/5) *PP2*2*tau[l]-(4/5* (sigma[l]*3)) *sigma[2]*tau[l]+
(2/5*PP2) *PP3*sigma[l] *sigma[2] - (2/5*PP2) *PP3*sigma[l] *tau[l]:
simplify (HamtaulR-Hamtaulbis) ;

Hamtaulter:=1/5* ((sigma[2]*2-sigma[l] *sigma[3]) *PP342+2* (sigma[1l]
+sigma[2]) *PP1*PP3 +sigma[l]*2*PP2*2+2*sigma[l] *PP1*PP2+PP1"2+ (2*
sigma[l] *sigma[2]-2*sigma[3]) *PP2*PP3 -2*sigma[l] *PP1*PP3-sigma
[3]*(sigma[l]*4-3*sigma[l]*2*sigma[2]+2*sigma[l] *sigma[3]+sigma
[2]1*2)

+ 2*sigma[l]“*2*tau[l]*tau[2]-2*sigma[2]*tau[l]*tau[2]+ 2*sigma[l]
*tau[l] *tau[3]+sigma[l] *tau[l]*3+(sigma[3]+2*sigma[l]*3-4*sigma
[1]*sigma[2]) *tau[l]*2

- (2*PP1*PP3+2*sigma[l] *PP2*PP3+PP2”2+sigma[2] *PP3*2-sigma[1l] "5~
sigma[l]*2*sigma[3]-3*sigma[l] *sigma[2]*2+4*sigma[l]*3*sigma[2])*
tau[l]-2*sigma[l] *sigma[3]*tau[2]- 2*sigma[3]*tau[3]+ (PP3*sigma
[1]1+2*PP2)*h ):

factor (simplify (series (Hamtaulbis-Hamtaulter,PP3=0))) ;

Hamtaulter;
0
0
2 2
(—(51 03—I-02) PP3 N 2 (o, +a,) PP1 PP3 ) PPZZGI ) 2 PPIPP2o, ) PP "
5 5 5 5 5
4 2 2
(20,0,-20,) PP2PP3 2PPIPP3c,  o,(0 —30,0,+20 0,+0,)
+ —_ —_
5 5 5
2 3 3 2
N 261’51’52 B 2021112 N 2011113 N c, T, N (261—46162+63) T
5 5 5 5 5
1 5 3 2 2
~ < ((-o,+40]0,+2PP2PP30, +PP$ 0, ~ 0,0, ~ 30,0, +2 PPI PP3
26,0,7T 206,71 (PP30-+2}¥Q)h
2 17372 373 1
+PP2)1:1) - —+ 5

> Hamtau2bis:=(1/3) *sigma[l]“~4*sigma[2]-(2/3*PP2) *PP3*sigma[l]*2-
(1/3) *PP3~2*sigma[l] *sigma[2]-(1/3) *sigma[l]*3*sigma[3]-sigma[1l]
~2*sigma[2] 72+ (2/3* (sigma[1l]*2)) *sigma[2] *tau[l]-(2/3*PP1) *PP3*
sigma[l]-(2/3* (PP2~2)) *sigma[l]+(1/3) *PP3*2*sigma[3]+(4/3*sigma
[1]) *sigma[2] *sigma[3]+(2/3*sigma[l]) *sigma[2] *tau[2]-(2/3*sigma
[1]) *sigma[3]*tau[l]+(1/3) *sigma[2]*3-(2/3* (sigma[2]~2)) *tau[l]+
(1/3) *sigma[2] *tau[l1]~2-(2/3*PP1l) *PP2+ (2/3*sigma[2]) *tau[3]-(1/3)
*sigma[3]*2-(2/3*sigma[3]) *tau[2]-h* (1/3) *PP3:

simplify (Hamtau2R-Hamtau2bis) ;

Hamtau2ter:=1/3* (-2*sigma[l] *2*PP2*PP3-2*sigma[l] *PP1*PP3-2*PP1¥*
PP2+ (sigma[3]-sigma[l] *sigma[2]) *PP3*2-2*sigma[l] *PP2”*2+4*sigma




[1]*sigma[2] *sigma[3]+sigma[l]*4*sigma[2]-3*sigma[l]*2*sigma[2]"2
-sigma[l]*3*sigma[3]+sigma[2]*3-sigma[3]*2+ sigma[2]*tau[l]*2+2%*
(sigma[l]*2*sigma[2]-sigma[l] *sigma[3]-sigma[2]*2) *tau[l]+ 2%
(sigma[l] *sigma[2]-sigma[3]) *tau[2]+2*sigma[2] *tau[3]-PP3*h) :
factor (simplify (series (Hamtau2bis-Hamtau2ter,tau[1]=0)))

Hamtau2ter;
0
0
2
2PP2PP3G,  2PPIPP3G, 5 pp;pp> (—6162+G3)PP32 2 PP o,
- — — + — 15
3 3 3 3 3 (15)
4 3 3 2 2
4(51 G, O, c,0, » » 0,0, c, G, o,T,
+ + —0,0,— +5 -5
3 3 172 3 3 3 3
2 2
2 (61 6, ~90,6G; _Gz) T 2 <G1 62_63) ) 20,1 PP3h
+ 3 + 3 T3 T3

> Hamtau3bis:=-sigma[l]*5+4*sigma[l]*3*sigma[2]-2*sigma[l]*3*tau[l]
+2*PP2*PP3*sigma[l1]+PP3%2*sigma[2]-3*sigma[l]*2*sigma[3]-2*sigma
[1]*2*tau[2]-3*sigma[l] *sigma[2] *2+4*sigma[l] *sigma[2] *tau[l] -
sigma[l]*tau[l]*2+2*PP1*PP3+PP242-2*sigma[l] *tau[3]+2*sigma[2]*
sigma[3]+2*sigma[2] *tau[2]-2*sigma[3]*tau[l]:
simplify (Hamtau3R-Hamtau3bis) ;
Hamtau3ter:=2*PP1*PP3+PP2”*2+sigma[2] *PP3*2+2*sigma[l] *PP2*PP3-
sigma[l]*5+4*sigma[l]*3*sigma[2]-3*sigma[l]*2*sigma[3]-3*sigma[l]
*sigma[2]*2+2*sigma[2] *sigma[3]-sigma[l] *tau[l]*2+2* (2*sigma[l]*
sigma[2]-sigma[l]*3-sigma[3]) *tau[l]+ 2* (sigma[2]-sigma[l]*2) *tau
[2]-2*sigma[l] *tau[3]:
factor (simplify (series (Hamtau3bis-Hamtau3ter,tau[l]=0)))

Hamtau3ter;
0
0

2 PP PP3 + PPY + PP3 6,42 PP2PP3 G, —of +40?02—3 cfo3 —30, oi +20,0, (16)
2 3 2

i —011:1—|—2(—01+20102—03)1:1+2(—014—02)1:2—2011:3

| Verification of the formulas for the matrix A* {taul}.

> nu[l] :=nultaul;

nu[2] :=nu2taul;
nu[3] :=nu3taul;

nu[rinfty-2]:=0:

for k from 1 to g do nu[rinfty-2]:=nu[rinfty-2]+(-1)“* (g-k)*nul[k]*
Q[g+l-k]: od:

nu[rinfty-2];




419,93 T (91 T 92T 43)

i 5 — 5 a7
> tdAlltheo:=0:
for i from 0 to g-2 do for m from 1 to g-1-i do for r from i+m+l
to g do tdAlltheo:=tdAlltheo-(-1)” (i+m-1)*nu[m]*P[r]*Q[r-i-m-1]%*
lambda”?i od: od: od:
tdAlltheo:=simplify (tdAlltheo) ;
factor (simplify (tdAlltheo-CheckAtaul[1l,1]));
tdAlltheo =
1 ((Py=P3) @i =% (Py=P3) 4y + (P3—P1) %
5 (ql'_'qz) (q1'_'q3) (qz'_'qa) 2 P3) 91 2 P3) 91 3 1) 12
A (Py=Ps) = as (P P) (A 43) )
| 0 (18)
> tdAl2theo:=0:
for j from 0 to g-1 do for m from 1 to g-j do tdAl2theo:=
tdAl2theo+ (-1)* (g-j-m) *nu[m] *Q[g-j-m] *1lambda”j: od: od:
tdAl2theo:=simplify (tdAl2theo) ;
factor (simplify (tdAl2theo-CheckAtaul[1,2]));
. 7»2 (_ql_QQ_%)}\' (Q2+Q3) q, 4349, Y
tdA12theo = 5 + 5 + 5 + s T 5
i 0 (19)

> tdA2ltheoTerml:=0:
for i from 0 to g do lowerpoint:=max(g,g+i-1): for j from
lowerpoint to 2*rinfty-5 do for m from 1 to j-g-i do

tdA21ltheoTerml :=tdA21theoTerml-nu[m]*h[j-g-m-i] *P2[j] *lambda’i:

od: od: od:
tdA21theoTerml;
tdA21ltheoTerm2:=0:
for i from 0 to g do for jl from 0 to g-1 do for j2 from 1 to g-1
do for m from 1 to jl+j2-g-i do for rl from jl+l to g do for r2
from j2+1 to g do
tdA21theoTerm2:=tdA21theoTerm2- (-1)* (j1+3j2) *nu[m]*h[jl+j2-g-i-m] *
P[rl]*P[r2]*Q[rl-jl-1]1*Q[r2-j2-1]*lambda“i:
od: od: od: od: od: od:
tdA21ltheoTerm2:
tdA21theo:=simplify (tdA21theoTerml+tdA21theoTerm2) :
factor (simplify (tdA21theo-CheckAtaul[2,1]));




21:2_+ (q14-q2+wh)3 2(q14-q24-q3)(q1q24-q3q14-q3q2)_+ 2q1q2q3_+ T, A

5 5 5 5 5
2 2
(-1 — 301 — 30+ (1 T4 +43)°) A (g ta) N )
+ + +
5 5 5
| 0 (20)
| Verification of the formulas for the Hamiltonians

> TermOHamtheo:=0:
for i from 1 to g do for k from i+l to g do TermOHamtheo:=
TermOHamtheo-h*nu[i] * (-1)*i* (g-i) *P[k] *Q[k-1-i]: od: od:

TermlHamtheo:=0:

for i from 1 to g do for k from i+l to g do for m from i+l to k-1

do TermlHamtheo:=TermlHamtheo-h*nu[i]* (-1)“m*P[k]*Q[k-1-m]*S[m-1i]
od: od: od:

Term2Hamtheo:=0:

for i from 1 to g do for k1l from 1 to g do for k2 from 1 to g do
for rl from max(0,i-k2) to min(kl-1,i-1) do

Term2Hamtheo :=Term2Hamtheo+nu[i] *P[k1l] *P[k2]* (-1) ~ (i-1) *Q[k1l-1-
rl]*Q[k2-i+rl]: od: od: od: od:

for i from 1 to g do for k1l from 1 to g do for k2 from 1 to g do
for rl from 0 to kl-1 do for r2 from 0 to k2-1 do for m from i to
g do if rl+r2>=g then Term2Hamtheo:=Term2Hamtheo+nu[i]*P[kl]*P
[k2]* (-1) * (r1+r2) *Q[k1l-1-r1]*Q[k2-1-r2]* (-1)* (g-m) *Q[g-m] *h[rl+
r2+m-i-g+l1]: fi: od: od: od: od: od: od:

Term3Hamtheo:=0:

for i from 1 to g do for r from g to 2*rinfty-5 do for m from i
to g do Term3Hamtheo:=Term3Hamtheo+nu[i]*(-1)*(g-m)*P2[r]*Q[g-m]*
h[r+m-i-g+1]: od: od: od:

Hamilton:=simplify (TermOHamtheo+TermlHamtheo+Term2Hamtheo+
Term3Hamtheo) :
simplify (Hamilton-Hamtaul) ;
0 21
> TermlHamtheo:=0:
for i from 1 to g do for k from i+l to g do TermlHamtheo:=
TermlHamtheo-h*nu[i] * (-1) *i* (g-i) *P[k]*Q[k-1-i]: od: od:
for i from 1 to g do for k from i+l to g do for m from i+l to k-1
do TermlHamtheo:=TermlHamtheo-h*nu[i]* (-1)*m*P[k]*Q[k-1-m]*S[m-i]
od: od: od:




Term2Hamtheo:=0:

for i from 1 to g do for k1l from 1 to g do for k2 from 1 to g do
for rl from max(0,i-k2) to min(kl-1,i-1) do

Term2Hamtheo :=Term2Hamtheo+nu[i] *P[k1l] *P[k2]* (-1) ~ (i-1) *Q[k1l-1-
rl]*Q[k2-i+rl]: od: od: od: od:

for i from 1 to g do for k1l from 1 to g do for k2 from 1 to g do
for rl from 0 to kl-1 do for r2 from 0 to k2-1 do for m from i to
g do if rl+r2>=g then Term2Hamtheo:=Term2Hamtheo+nu[i]*P[kl]*P
[k2]* (-1) * (r1+r2) *Q[k1l-1-r1]*Q[k2-1-r2]* (-1)* (g-m) *Q[g-m] *h[rl+
r2+m-i-g+l1]: fi: od: od: od: od: od: od:

Term3Hamtheo:=0:

for i from 1 to g do for r from g to 2*rinfty-5 do for m from i
to g do Term3Hamtheo:=Term3Hamtheo+nu[i]*(-1)* (g-m) *P2[r]*Q[g-m]*
h[r+m-i-g+1]: od: od: od:

Hamilton:=simplify (TermlHamtheo+Term2Hamtheo+Term3Hamtheo) :

simplify (Hamilton-Hamtaul) ;

L 0 22)

| Expression of \td{A} in terms of the symmetric Darboux coordinates

> CheckAlltaulfunction:= unapply (CheckAtaul[l,1],p[1],p[2],p[3]):
CheckAl2taulfunction:= unapply (CheckAtaul[l,2],p[1],p[2],p[3]):
CheckA2ltaulfunction:= unapply (CheckAtaul[2,1],p[1],p[2],p[3]):
simplify (series (es (simplify (CheckAlltaulfunction (PP3*q[2]*q[3]+
PP2*q[2]+PP2*q[3]+PP1,PP3*q[1] *q[3]+PP2*q[1]+PP2*q[3]+PP1l,PP3*q
[1]*q[2]+PP2*q[1]+PP2*q[2]+PP1)) ,q[1],9[2],9[3]) ,1ambda=0)) ;
simplify (series (es (simplify (CheckAl2taulfunction (PP3*q[2]*q[3]+
PP2*q[2]+PP2*q[3]+PP1,PP3*q[1] *q[3]+PP2*q[1]+PP2*q[3]+PP1l,PP3*q
[1]*q[2]+PP2*q[1]+PP2*q[2]+PP1)) ,q[1],9[2],9[3]) ,1lambda=0)) ;
simplify (series (es (simplify (CheckA2ltaulfunction (PP3*q[2]*q[3]+
PP2*q[2]+PP2*q[3]+PP1,PP3*q[1] *q[3]+PP2*q[1]+PP2*q[3]+PP1l,PP3*q
[1]*q[2]+PP2*q[1]+PP2*q[2]+PP1)) ,q[1],9[2],9[3]) ,1lambda=0)) ;
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| We have verified the \td {A}"1 formula. Let us do A*{tau2}.
> nu[l] :=nultau2;
nu[2] :=nu2tau2;




nu[3] :=nu3tau2;

nu[rinfty-2]:=0:

for k from 1 to g do nu[rinfty-2]:=nu[rinfty-2]+(-1) " (g-k)*nul[k]*
Q[g+l-k]: od:

nu[rinfty-2];

v1==0
1
v, =3
;=0
1 1 1
3N 3 Bh Ty B 24)

tdAlltheo:=0:
for i from 0 to g-2 do for m from 1 to g-1-i do for r from i+m+l
to g do tdAlltheo:=tdAlltheo-(-1)*(i+m-1)*nu[m]*P[r]*Q[r-i-m-1]*
lambda”i od: od: od:
tdAlltheo:=simplify (tdAlltheo) ;
factor (simplify (tdAlltheo-CheckAtau2[1,1]))
(p3 _pz) q91 + (pl _p3) 9, — 493 (pl _pz)
3(92=43) (41— 43) (91— 92)
0 (25)

tdA 1 I1theo =

tdAl2theo:=0:
for j from 0 to g-1 do for m from 1 to g-j do tdAl2theo:=
tdAl2theo+(-1) * (g-j-m) *nu[m] *Q[g-j-m] *1lambda”*j: od: od:
tdAl2theo:=simplify (tdAl2theo) ;
factor (simplify (tdAl2theo-CheckAtau2[1,2]));

“ 4 0

tdA [2theo = - ? + g 3 3

0 (26)

tdA21ltheoTerml:=0:

for i from 0 to g do lowerpoint:=max(g,g+i-1l): for j from
lowerpoint to 2*rinfty-5 do for m from 1 to j-g-i do

tdA21ltheoTerml :=tdA21theoTerml-nu[m]*h[j-g-m-i] *P2[j] *lambda’i:
od: od: od:

tdA21theoTerml;
tdA21ltheoTerm2:=0:
for i from 0 to g do for jl from 0 to g-1 do for j2 from 1 to g-1
do for m from 1 to jl+j2-g-i do for rl from jl+l to g do for r2
from j2+1 to g do
tdA21theoTerm2:=tdA21theoTerm2-(-1)* (j1l+j2) *nu[m]*h[jl+j2-g-i-m]*
P[rl]*P[r2]*Q[rl-jl-1]1*Q[r2-j2-1]*lambda“i:
od: od: od: od: od: od:



tdA21theoTerm2:
tdA21ltheo:=simplify (tdA21ltheoTerml+tdA2ltheoTerm?2) :
factor (simplify (tdA21theo-CheckAtau2([2,1]))

2
27 B 24,9, B 2459, B 2439, n (91 a4, * 43) n (‘h"“b"“h)7L n
3 3 3 3 3 3
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x
3

TermlHamtheo:=0:

for i from 1 to g do for k from i+l to g do TermlHamtheo:=

TermlHamtheo-h*nu[i] * (-1) *i* (g-1i) *P[k] *Q[k-1-i]: od: od:

for i from 1 to g do for k from i+l to g do for m from i+l to k-1

do TermlHamtheo:=TermlHamtheo-h*nu[i]* (-1)*m*P[k]*Q[k-1-m]*S[m-1i]
od: od: od:

Term2Hamtheo:=0:

for i from 1 to g do for kl from 1 to g do for k2 from 1 to g do
for rl from max(0,i-k2) to min(kl-1,i-1) do

Term2Hamtheo :=Term2Hamtheo+nu[i] *P[k1l] *P[k2]* (-1) ~ (i-1) *Q[k1l-1-
rl]*Q[k2-i+rl]: od: od: od: od:

for i from 1 to g do for k1l from 1 to g do for k2 from 1 to g do
for rl from 0 to kl-1 do for r2 from 0 to k2-1 do for m from i to
g do if rl+r2>=g then Term2Hamtheo:=Term2Hamtheo+nu[i]*P[kl]*P
[k2]* (-1) * (r1+r2) *Q[k1l-1-r1]*Q[k2-1-r2]* (-1)* (g-m) *Q[g-m] *h[rl+
r2+m-i-g+l]: fi: od: od: od: od: od: od:

Term3Hamtheo:=0:

for i from 1 to g do for r from g to 2*rinfty-5 do for m from i
to g do Term3Hamtheo:=Term3Hamtheo+nu[i]*(-1)* (g-m) *P2[r]*Q[g-m]*
h[r+m-i-g+1]: od: od: od:

Hamilton:=simplify (TermlHamtheo+Term2Hamtheo+Term3Hamtheo) :
simplify (Hamilton-Hamtau2) ;

0 (28)
CheckAlltau2function:= unapply (CheckAtau2[1,1],p[1],p[2],p[3]):
CheckAl2tau2function:= unapply (CheckAtau2[1,2],p[1],p[2],p[3]):
CheckA2ltau2function:= unapply (CheckAtau2[2,1],p[1],p[2],p[3]):
simplify (series (es (simplify (CheckAlltau2function (PP3*qg[2]*q[3]+
PP2*q[2]+PP2*q[3]+PP1,PP3*q[1] *q[3]+PP2*q[1]+PP2*q[3]+PP1,PP3*q
[1]*q[2]+PP2*q[1]+PP2*q[2]+PP1)) ,q[1],q[2],q[3]),lambda=0)) ;
simplify (series (es (simplify (CheckAl2tau2function (PP3*qg[2]*q[3]+
PP2*q[2]+PP2*q[3]+PP1,PP3*q[1] *q[3]+PP2*q[1]+PP2*q[3]+PP1,PP3*q
[11*q[2]+PP2*q[1]+PP2*q[2]+PP1)) ,q[1],q[2],q[3]) ,1lambda=0)) ;



simplify (series (es (simplify (CheckA21ltau2function (PP3*q[2]*q[3]+
PP2*q[2]+PP2*q[3]+PP1,PP3*q[1l] *q[3]+PP2*q[1] +PP2*q[3]+PP1,PP3*q
[1]1*q[2]+PP2*q[1]+PP2*q[2]+PP1)) ,q[1],q[2],9[3]) ,lambda=0)) ;
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;We have verified the \td{A}"2 formula. Let us do A" {tau3}.
> nu[l] :=nultau3;

nu[2] :=nu2tau3;

nu[3] :=nu3tau3;

nu[rinfty-2]:=0:

for k from 1 to g do nu[rinfty-2]:=nu[rinfty-2]+(-1) " (g-k)*nulk]*
Q[g+l-k]: od:

nu[rinfty-2];

v1==0
v2:=0
v3==1
q91 +QQ +Q3 (30)

> tdAlltheo:=0:
for i from 0 to g-2 do for m from 1 to g-1-i do for r from i+m+l
to g do tdAlltheo:=tdAlltheo-(-1)”* (i+m-1)*nu[m]*P[r]*Q[r-i-m-1]%*
lambda”?i od: od: od:
tdAlltheo:=simplify (tdAlltheo) ;
factor (simplify (tdAlltheo-CheckAtau3[1,1]));
tdAlltheo == 0
L 0 (D
> tdAl2theo:=0:
for j from 0 to g-1 do for m from 1 to g-j do tdAl2theo:=
tdAl2theo+(-1) * (g-j-m) *nu[m] *Q[g-j-m] *1lambda”*j: od: od:
tdAl2theo:=simplify (tdAl2theo) ;
factor (simplify (tdAl2theo-CheckAtau3[1,2]));
tdA12theo = 1
L 0 (32)
> tdA2ltheoTerml:=0:
for i from 0 to g do lowerpoint:=max(g,g+i-1): for j from
lowerpoint to 2*rinfty-5 do for m from 1 to j-g-i do
tdA21theoTerml :=tdA21theoTerml-nu[m] *h[j-g-m-i] *P2[j]*lambda’i:




od: od: od:
tdA21theoTerml;
tdA21theoTerm2:=0:
for i from 0 to g do for jl from 0 to g-1 do for j2 from 1 to g-1
do for m from 1 to jl+j2-g-i do for rl from jl+l to g do for r2
from j2+1 to g do
tdA21ltheoTerm2:=tdA21theoTerm2-(-1)* (j1l+3j2) *nu[m]*h[jl+j2-g-i-m]*
P[rl]*P[r2]*Q[rl-jl-1]1*Q[r2-j2-1]*lambda“i:
od: od: od: od: od: od:
tdA21ltheoTerm2:
tdA21ltheo:=simplify (tdA21ltheoTerml+tdA2ltheoTerm?2) :
factor (simplify (tdA21theo-CheckAtau3[2,1]));
2q,+A+2q,+2q,
0 (33)
TermlHamtheo:=0:
for i from 1 to g do for k from i+l to g do TermlHamtheo:=
TermlHamtheo-h*nu[i] * (-1) *i* (g-1i) *P[k] *Q[k-1-i]: od: od:
for i from 1 to g do for k from i+l to g do for m from i+l to k-1
do TermlHamtheo:=TermlHamtheo-h*nu[i]* (-1)*m*P[k]*Q[k-1-m]*S[m-i]
od: od: od:

Term2Hamtheo:=0:

for i from 1 to g do for kl from 1 to g do for k2 from 1 to g do
for rl from max(0,i-k2) to min(kl-1,i-1) do
Term2Hamtheo:=Term2Hamtheo+nu[i] *P[k1l] *P[k2]* (-1)*(i-1) *Q[kl-1-
rl]*Q[k2-i+rl]: od: od: od: od:

for i from 1 to g do for kl from 1 to g do for k2 from 1 to g do
for rl from 0 to kl-1 do for r2 from 0 to k2-1 do for m from i to
g do if rl+r2>=g then Term2Hamtheo:=Term2Hamtheo+nu[i]*P[kl]*P
[k2]*(-1) * (rl+r2) *Q[kl-1-rl1l]*Q[k2-1-r2]*(-1)* (g-m) *Q[g-m] *h[rl+
r2+m-i-g+l1]: fi: od: od: od: od: od: od:

Term3Hamtheo:=0:

for i from 1 to g do for r from g to 2*rinfty-5 do for m from i
to g do Term3Hamtheo:=Term3Hamtheo+nu[i] * (-1)*(g-m) *P2[r] *Q[g-m] *
h[r+m-i-g+1]: od: od: od:

Hamilton:=simplify (TermlHamtheo+Term2Hamtheo+Term3Hamtheo) :
simplify (Hamilton-Hamtau3) ;

S 0 34)
> CheckAlltau3function:= unapply (CheckAtau3[1l,1],p[1],p[2],p[3]):



CheckAl2tau3function:= unapply (CheckAtau3[1,2],p[1],p[2],p[3]):
CheckA2ltau3function:= unapply (CheckAtau3[2,1],p[1],p[2],p[3]):
simplify (series (es (simplify (CheckAlltau3function (PP3*q[2]*q[3]+
PP2*q[2]+PP2*q[3]+PP1,PP3*q[1] *q[3]+PP2*q[1]+PP2*q[3]+PP1,PP3*q
[1]*q[2]+PP2*q[1]+PP2*q[2]+PP1)) ,q[1],9[2],9[3]) ,1lambda=0)) ;

simplify (series (es (simplify (CheckAl2tau3function (PP3*q[2]*q[3]+
PP2*q[2]+PP2*q[3]+PP1,PP3*q[1] *q[3]+PP2*q[1]+PP2*q[3]+PP1,PP3*q
[1]*q[2]+PP2*q[1]+PP2*q[2]+PP1)) ,q[1],9[2],9[3]) ,1lambda=0)) ;

simplify (series (es (simplify (CheckA21ltau3function (PP3*q[2]*q[3]+
PP2*q[2]+PP2*q[3]+PP1,PP3*q[1] *q[3]+PP2*q[1]+PP2*q[3]+PP1,PP3*q
[1]*q[2]+PP2*q[1]+PP2*q[2]+PP1)) ,q[1],9[2],9[3]) ,1lambda=0)) ;
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