
> > 

In this Maple file, we compute the evolution equations for the Painlevé 24equation using the 
compatibility equation of the Lax system. We also obtain the expression of the Lax matrices in the 
geometric gauge without apparent singularities.
The deformation operator is h*(alpha12 \partial_{t_{\infty^{(1)},2}}+ alpha22 \partial_{t_{\infty^{(2)}
,2}}+alpha11\partial_{t_{\infty^{(1)},1}}+ alpha21\partial_{t_{\infty^{(2)},1}} +Lt *partial_t)) 
For convenience the irregular times and monodromies are denoted t_{i,j} at lambda=infinity and 
s_{i,j} at lambda=t

Summary of previous files:  We have the expression for some coefficients of the Lax matrix L and of 
A.

restart:

with(LinearAlgebra):

P011:=s10+s20;

P022:=s10*s20;

Pinfty11:=-t12-t22;

Pinfty01:=-t11-t21;

Pinfty22:=t12*t22;

Pinfty12:=t11*t22+t12*t21;

Pinfty02:=t12*t20+t10*t22+t11*t21;

CoherenceEquation:=t10+t20+s10+s20;

 

P1:=x-> P011/(x-t)+Pinfty01+Pinfty11*x;

P2:=x-> P022/(x-t)^2+P012/(x-t)+Pinfty02+Pinfty12*x+Pinfty22*x^2;

tdP2:=unapply(P2(lambda)-P012/(lambda-t),lambda);

c2bis:=(alpha12*t22-alpha22*t12)/(2*(t12-t22));

c1bis:=(1/2)*(t12*t21-t11*t22)/(t12-t22)^2*(alpha12-alpha22)+ 

(alpha11*t22-alpha21*t12)/(t12-t22);

mubis:=(1/2)*(t*(t12-t22)-t11+t21)*(q-t)/(-t22+t12)^2*(alpha12-

alpha22)+(alpha11-alpha21)*(q-t)/(t12-t22)+(q-t)*Lt/h;

nuMinus1bis:=(alpha12-alpha22)/(2*(-t22+t12));

nu0bis:=(1/2)*(t21-t11)/(t12-t22)^2*(alpha12-alpha22)+(alpha11-

alpha21)/(t12-t22);

dP1dlambda:=unapply(diff(P1(lambda),lambda),lambda):

dP2dlambda:=unapply(diff(P2(lambda),lambda),lambda):

L:=Matrix(2,2,0):

L[1,1]:=0:

L[1,2]:=1:

L[2,1]:=-P2(lambda)+P012/(lambda-t) +C/(lambda-t) -h*t12 -h*p/

(lambda-q):

L[2,2]:= P1(lambda)-h/(lambda-t)+h/(lambda-q):

C01:=C:
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A:=Matrix(2,2,0):

A[1,1]:= c2*lambda^2+ c1*lambda +c0+rho/(lambda-q):

A[1,2]:=nuMinus1*lambda+nu0+mu/(lambda-q):

A[2,1]:= AA21(lambda):

A[2,2]:= AA22(lambda):

dAdlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dAdlambda[i,j]:=diff(A

[i,j],lambda):  od: od:

L;

A;

Q2:=unapply(-p*(q-t),lambda):

J:=Matrix(2,2,0):

J[1,1]:=1:

J[1,2]:=0:

J[2,1]:=Q2(lambda)/(lambda-q):

J[2,2]:=(lambda-t)^1/(lambda-q):

J;

dJdlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dJdlambda[i,j]:=diff(J

[i,j],lambda): od: od:

J:

LJ:=Matrix(2,2,0):

LJ[1,1]:=0:

LJ[1,2]:=0:

LJ[2,2]:=diff(J[2,2],q)*Lq+diff(J[2,2],p)*Lp+h*diff(J[2,2],t)*Lt:

LJ[2,1]:=diff(J[2,1],q)*Lq+diff(J[2,1],p)*Lp+h*diff(J[2,1],t)*Lt:

LJ:

checkL:=simplify(Multiply(Multiply(J,L),J^(-1))+h*Multiply

(dJdlambda,J^(-1))):

checkA:=simplify(Multiply(Multiply(J,A),J^(-1))+Multiply(LJ,J^

(-1))):

P011 d s10Cs20
P022 d s10 s20

Pinfty11 d Kt12K t22
Pinfty01 d Kt11K t21

Pinfty22 d t12 t22
Pinfty12 d t11 t22Ct12 t21

Pinfty02 d t10 t22Ct11 t21Ct12 t20
CoherenceEquation d t10Ct20Cs10Cs20

P1 d x/
P011

xK t
CPinfty01CPinfty11 x
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P2 d x/
P022

xKt
2
C

P012

xKt
CPinfty02CPinfty12 xCPinfty22 x

2

tdP2 d λ/
s10 s20

λKt
2
Ct10 t22Ct11 t21Ct12 t20C t11 t22Ct12 t21  λCt12 t22 λ

2

c2bis d 
α12 t22Kα22 t12

2 t12K2 t22

c1bis d 
1

2
 

Kt11 t22C t12 t21  α12Kα22

t12Kt22
2

C
α11 t22Kα21 t12

t12Kt22

mubis d 
1

2
 

t t12Kt22 Kt11Ct21  qKt  α12Kα22

t12K t22
2

C
α11Kα21  qK t

t12Kt22

C
qKt  Lt

h

nuMinus1bis d 
α12Kα22

2 t12K2 t22

nu0bis d 
1

2
 

t21K t11  α12Kα22

t12K t22
2

C
α11Kα21

t12Kt22

0, 1 , 

K
s10 s20

λKt
2
Kt10 t22Kt11 t21Kt12 t20K t11 t22Ct12 t21  λKt12 t22 λ

2
C

C

λKt

Kh t12K
h p

λKq
, 

s10Cs20

λKt
Kt11Kt21C Kt12Kt22  λK

h

λKt
C

h

λKq

c2 λ
2
Cc1 λCc0C

ρ

λKq
nuMinus1 λCν0C

µ

λKq

AA21 λ AA22 λ

1 0

K
p qK t

λKq

λK t

λKq

Solving the compatibility equations to obtain the Hamiltonian 

evolutions.

The compatibility equation is \mathcal{L}L=h\partial_\lambda A+[A,L]
Since the first line of L is trivial, we may easily obtain A[2,1] et A[2,2] to obtain the full expression 
for A

LL:=h*dAdlambda+(Multiply(A,L)-Multiply(L,A)):

Entry11:=LL[1,1]:

Entry12:=LL[1,2]:

AA21:=unapply(solve(Entry11=0,AA21(lambda)),lambda):
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AA21bis:=h*dAdlambda[1,1]+A[1,2]*L[2,1]:

simplify(AA21(lambda)-AA21bis);

AA22:=unapply(solve(Entry12=0,AA22(lambda)),lambda):

AA22bis:=h*dAdlambda[1,2]+A[1,1]+A[1,2]*L[2,2]:

simplify(AA22(lambda)-AA22bis);

simplify(Entry11);

simplify(Entry12);

0
0
0
0

We now compute the action of  \mathcal{L} on L[2,2] et L[2,1] to obtain the evolution equations

Evolution of entry L_{2,2}

Entry22:=simplify(LL[2,2]);

Entry22TermLambdaMinusqCube:=factor(residue(Entry22*(lambda-q)

^2,lambda=q));

Entry22TermLambdaMinusqSquare:=factor(residue(Entry22*(lambda-

q),lambda=q));

Entry22TermLambdaMinusq:=factor(residue(Entry22,lambda=q));

Entry22TermLambdaInfty4:=factor(-residue(Entry22/lambda^5,

lambda=infinity));

Entry22TermLambdaInfty3:=factor(-residue(Entry22/lambda^4,

lambda=infinity));

Entry22TermLambdaInfty2:=factor(-residue(Entry22/lambda^3,

lambda=infinity));

Entry22TermLambdaInfty1:=factor(-residue(Entry22/lambda^2,

lambda=infinity));

Entry22TermLambdaInfty0:=factor(-residue(Entry22/lambda,lambda=

infinity));

Entry22TermLambdaInftyMinus1:=factor(-residue(Entry22/lambda^2,

lambda=infinity));

Entry22TermLambdaInftyMinus2:=factor(-residue(Entry22/lambda^3,

lambda=infinity));

Entry22TermLambdaTMinus1:=factor(residue(Entry22,lambda=t));

Entry22TermLambdaTMinus2:=factor(residue(Entry22*(lambda-t),

lambda=t));

simplify( Entry22-(Entry22TermLambdaMinusqSquare/(lambda-q)^2+
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Entry22TermLambdaMinusq/(lambda-q)

+Entry22TermLambdaInfty0+Entry22TermLambdaInfty1*lambda+

Entry22TermLambdaInfty2*lambda^2+Entry22TermLambdaInfty3*

lambda^3+Entry22TermLambdaInfty4*

lambda^4+Entry22TermLambdaTMinus1/(lambda-t)

+Entry22TermLambdaTMinus2/(lambda-t)^2) );

L[2,2];

Entry22 d K
1

λKq
2
 λKt

2
2 t12C2 t22  nuMinus1K4 c2  λ

5
C K4 t12

K4 t22  nuMinus1C8 c2  tC K4 t12K4 t22  nuMinus1C8 c2  qC t21

Ct11  nuMinus1C t12Ct22  ν0K2 c1  λ
4
C 2 t12C2 t22  nuMinus1

K4 c2  t
2
C 8 t12C8 t22  nuMinus1K16 c2  qC K2 t11K2 t21  nuMinus1

C K2 t12K2 t22  ν0C4 c1  tK2 Kt12Kt22  nuMinus1C2 c2  qC t21

Ct11  nuMinus1C t12Ct22  ν0K2 c1  q  λ
3
C K4 t12K4 t22  nuMinus1

C8 c2  qC t21Ct11  nuMinus1C t12Ct22  ν0K2 c1  t
2
C K4 t12

K4 t22  nuMinus1C8 c2  q
2
C 4 t11C4 t21  nuMinus1C 4 t12C4 t22  ν0

K8 c1  qKnuMinus1 hKs20Ks10  tC t21C t11  nuMinus1C t12C t22  ν0

K2 c1  q
2
C h nuMinus1Kµ t12Ct22  qC s10Cs20  ν0C Kt11K t21  µ

C2 ρ  λ
2
C K2 Kt12Kt22  nuMinus1C2 c2  qC t21C t11  nuMinus1C t12

Ct22  ν0K2 c1  q t
2
C K2 t11K2 t21  nuMinus1C K2 t12K2 t22  ν0

C4 c1  q
2
C K2 s20K2 s10  nuMinus1C2 µ t12Ct22  qK2 h ν0C 2 t11

C2 t21  µK4 ρ  tC2 ν0 qKµ  hKs20Ks10  λC t21Ct11  nuMinus1

C t12Ct22  ν0K2 c1  q
2
C h nuMinus1Kµ t12Ct22  qCh ν0C Kt11

Kt21  µC2 ρ  t
2
K q

2
 nuMinus1Kµ  hKs20Ks10  tKq ν0 qKµ  hKs20

Ks10  h

Entry22TermLambdaMinusqCube d 0

Entry22TermLambdaMinusqSquare d 
1

qKt
Kh q

2
 nuMinus1Ch q t nuMinus1

Cµ q
2
 t12Cµ q

2
 t22Kµ q t t12Kµ q t t22Kh ν0 qCh ν0 tCµ q t11Cµ q t21

Kµ t t11Kµ t t21Ch µKµ s10Kµ s20K2 q ρC2 ρ t  h

Entry22TermLambdaMinusq d 0
Entry22TermLambdaInfty4 d 0
Entry22TermLambdaInfty3 d 0
Entry22TermLambdaInfty2 d 0

Entry22TermLambdaInfty1 d 2 Kt12 nuMinus1K t22 nuMinus1C2 c2  h

Entry22TermLambdaInfty0 d h Kν0 t12Kν0 t22Kt11 nuMinus1Kt21 nuMinus1

C2 c1

Entry22TermLambdaInftyMinus1 d 2 Kt12 nuMinus1K t22 nuMinus1C2 c2  h
Entry22TermLambdaInftyMinus2 d 0
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Entry22TermLambdaTMinus1 d 0
Entry22TermLambdaTMinus2 d 

K
h Kq t nuMinus1Ct

2
 nuMinus1Kν0 qCν0 tCµ  hKs20Ks10

qKt
0

s10Cs20

λKt
K t11K t21C Kt12Kt22  λK

h

λK t
C

h

λKq

Since the deformation operator is  \hbar (alpha12\partial_{t_{\infty^{(1)},2} +alpha22\partial_{t_
{\infty^{(2)},2}+alpha11\partial_{t_{\infty^{(1)},1} +alpha21\partial_{t_{\infty^{(2)},1}))  we can 
obtain L[q]

nu0:=solve(Entry22TermLambdaTMinus2=(s10+s20-h)*Lt,nu0);

ν0 d K
h q t nuMinus1Kh t

2
 nuMinus1CLt qKLt tKh µ

qK t  h

L22OrderLambda2:=-residue(L[2,2]/lambda^3,lambda=infinity);

L22OrderLambda1:=-residue(L[2,2]/lambda^2,lambda=infinity);

L22OrderLambda0:=-residue(L[2,2]/lambda^1,lambda=infinity);

L22OrderLambdaMinus1:=-residue(L[2,2]/lambda^2,lambda=infinity)

;

L22OrderT1:=residue(L[2,2],lambda=t):

factor(simplify(h*(alpha12*diff(L22OrderLambda2,t12)+alpha22*

diff(L22OrderLambda2,t22)

+alpha11*diff(L22OrderLambda2,t11)+alpha21*diff

(L22OrderLambda2,t21)  +Lt*diff(L22OrderLambda2,t) )

- Entry22TermLambdaInfty2));

Equation1:=factor(simplify(h*(alpha12*diff(L22OrderLambda1,t12)

+alpha22*diff(L22OrderLambda1,t22)

+alpha11*diff(L22OrderLambda1,t11)+alpha21*diff

(L22OrderLambda1,t21)+Lt*diff(L22OrderLambda1,t))

- Entry22TermLambdaInfty1));

Equation2:=factor(simplify(h*(alpha12*diff(L22OrderLambda0,t12)

+alpha22*diff(L22OrderLambda0,t22)

+alpha11*diff(L22OrderLambda0,t11)+alpha21*diff

(L22OrderLambda0,t21)+Lt*diff(L22OrderLambda0,t))

- Entry22TermLambdaInfty0));

Equation3:=factor(simplify(h*(alpha12*diff

(L22OrderLambdaMinus1,t12)+alpha22*diff(L22OrderLambdaMinus1,

t22)

+alpha11*diff(L22OrderLambdaMinus1,t11)+alpha21*diff

(L22OrderLambdaMinus1,t21)+Lt*diff(L22OrderLambdaMinus1,t))

- Entry22TermLambdaInftyMinus1));
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Equation3bis:=factor(simplify(h*(alpha12*diff(L22OrderT1,t12)+

alpha22*diff(L22OrderT1,t22)

+alpha11*diff(L22OrderT1,t11)+alpha21*diff(L22OrderT1,t21)+

Lt*diff(L22OrderT1,t))

- Entry22TermLambdaTMinus1));

L22OrderLambda2 d 0
L22OrderLambda1 d Kt12Kt22
L22OrderLambda0 d Kt11Kt21

L22OrderLambdaMinus1 d Kt12Kt22
0

Equation1 d Kh K2 t12 nuMinus1K2 t22 nuMinus1Cα12Cα22C4 c2

Equation2 d K
1

qK t
h q t t12 nuMinus1Ch q t t22 nuMinus1Kh t

2
 t12 nuMinus1

Kh t
2
 t22 nuMinus1Kh q t11 nuMinus1Kh q t21 nuMinus1Ch t t11 nuMinus1

Ch t t21 nuMinus1CLt q t12CLt q t22KLt t t12KLt t t22Cα11 h qKα11 h t

Cα21 h qKα21 h tC2 c1 h qK2 c1 h tKh µ t12Kh µ t22

Equation3 d Kh K2 t12 nuMinus1K2 t22 nuMinus1Cα12Cα22C4 c2

Equation3bis d 0

Lq:=factor(Entry22TermLambdaMinusqSquare/h):

Lqbis:=-2*rho-mu*q*P1(q)-(1/2)*h*q/(t12-t22)*(alpha12-alpha22):

We now look at \mathcal{L}[L[2,1]]

Entry21:=simplify(LL[2,1]):

Entry21TermLambdaMinusqCube:=factor(residue(Entry21*(lambda-q)

^2,lambda=q));

Entry21TermLambdaMinusqSquare:=factor(residue(Entry21*(lambda-

q),lambda=q));

Entry21TermLambdaMinusq:=factor(residue(Entry21,lambda=q));

Entry21TermLambdaInfty2:=factor(-residue(Entry21/lambda^3,

lambda=infinity));

Entry21TermLambdaInfty1:=factor(-residue(Entry21/lambda^2,

lambda=infinity));

Entry21TermLambdaInfty0:=factor(-residue(Entry21/lambda,lambda=

infinity));

Entry21TermLambdaT1:=factor(residue(Entry21,lambda=t));

Entry21TermLambdaT2:=factor(residue(Entry21*(lambda-t),lambda=

t));

simplify( Entry21-(Entry21TermLambdaMinusqCube/(lambda-q)^3+

Entry21TermLambdaMinusqSquare/(lambda-q)^2+

Entry21TermLambdaMinusq/(lambda-q)

+Entry21TermLambdaInfty0+Entry21TermLambdaInfty1*
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lambda+Entry21TermLambdaInfty2*lambda^2

+Entry21TermLambdaT1/(lambda-t)

) );

L[2,1];

Entry21TermLambdaMinusqCube d 3 µ pCρ  h
2

Entry21TermLambdaMinusqSquare d K
1

qKt
2

K2 µ q
4
 t12 t22C4 µ q

3
 t t12 t22

K2 µ q
2
 t

2
 t12 t22Kh p q

3
 nuMinus1C3 h p q

2
 t nuMinus1K3 h p q t

2
 nuMinus1

Ch p t
3
 nuMinus1K2 µ q

3
 t11 t22K2 µ q

3
 t12 t21C4 µ q

2
 t t11 t22C4 µ q

2
 t t12 t21

K2 µ q t
2
 t11 t22K2 µ q t

2
 t12 t21K2 h µ q

2
 t12C4 h µ q t t12K2 h µ t

2
 t12

K2 µ q
2
 t10 t22K2 µ q

2
 t11 t21K2 µ q

2
 t12 t20C4 µ q t t10 t22C4 µ q t t11 t21

C4 µ q t t12 t20K2 µ t
2
 t10 t22K2 µ t

2
 t11 t21K2 µ t

2
 t12 t20Cq

3
 ρ t12Cq

3
 ρ t22

K2 q
2
 ρ t t12K2 q

2
 ρ t t22Cq ρ t

2
 t12Cq ρ t

2
 t22CLt p q

2
K2 Lt p q tCLt p t

2

Kh µ p qCh µ p tCq
2
 ρ t11Cq

2
 ρ t21K2 q ρ t t11K2 q ρ t t21Cρ t

2
 t11Cρ t

2
 t21

C2 C µ qK2 C µ tCh q ρKh ρ tK2 µ s10 s20Kq ρ s10Kq ρ s20Cρ s10 t

Cρ s20 t  h

Entry21TermLambdaMinusq d 
1

qKt
3

h 2 µ q
4
 t12 t22K6 µ q

3
 t t12 t22

C6 µ q
2
 t

2
 t12 t22K2 µ q t

3
 t12 t22K2 c2 h q

4
C6 c2 h q

3
 tK6 c2 h q

2
 t

2
C2 c2 h q t

3

Kh p q
3
 nuMinus1C3 h p q

2
 t nuMinus1K3 h p q t

2
 nuMinus1Ch p t

3
 nuMinus1

Cµ q
3
 t11 t22Cµ q

3
 t12 t21K3 µ q

2
 t t11 t22K3 µ q

2
 t t12 t21C3 µ q t

2
 t11 t22

C3 µ q t
2
 t12 t21Kµ t

3
 t11 t22Kµ t

3
 t12 t21Kc1 h q

3
C3 c1 h q

2
 tK3 c1 h q t

2

Cc1 h t
3
Kq

3
 ρ t12Kq

3
 ρ t22C3 q

2
 ρ t t12C3 q

2
 ρ t t22K3 q ρ t

2
 t12K3 q ρ t

2
 t22

Cρ t
3
 t12Cρ t

3
 t22CC µ qKC µ tCh q ρKh ρ tK2 µ s10 s20Kq ρ s10Kq ρ s20

Cρ s10 tCρ s20 t

Entry21TermLambdaInfty2 d 2 K2 t12 t22 nuMinus1Cc2 t12Cc2 t22  h

Entry21TermLambdaInfty1 d 
1

qKt
2 h q t t12 t22 nuMinus1K2 h t

2
 t12 t22 nuMinus1

K3 h q t11 t22 nuMinus1K3 h q t12 t21 nuMinus1C3 h t t11 t22 nuMinus1

C3 h t t12 t21 nuMinus1C2 Lt q t12 t22K2 Lt t t12 t22Cc1 h q t12Cc1 h q t22

Kc1 h t t12Kc1 h t t22C2 c2 h q t11C2 c2 h q t21K2 c2 h t t11K2 c2 h t t21

K2 h µ t12 t22

Entry21TermLambdaInfty0 d 
1

qKt
h q t t11 t22 nuMinus1Ch q t t12 t21 nuMinus1

Kh t
2
 t11 t22 nuMinus1Kh t

2
 t12 t21 nuMinus1K2 h

2
 q t12 nuMinus1

C2 h
2
 t t12 nuMinus1K2 h q t10 t22 nuMinus1K2 h q t11 t21 nuMinus1

K2 h q t12 t20 nuMinus1C2 h t t10 t22 nuMinus1C2 h t t11 t21 nuMinus1

C2 h t t12 t20 nuMinus1CLt q t11 t22CLt q t12 t21KLt t t11 t22KLt t t12 t21

Cc1 h q t11Cc1 h q t21Kc1 h t t11Kc1 h t t21C2 c2 h
2
 qK2 c2 h

2
 tK2 c2 h q s10
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K2 c2 h q s20C2 c2 h s10 tC2 c2 h s20 tKh µ t11 t22Kh µ t12 t21

Entry21TermLambdaT1 d K
1

qKt
3

K2 c2 h q
3
 tC6 c2 h q

2
 t

2
K6 c2 h q t

3
C2 c2 h t

4

C2 c2 q
3
 s10 tC2 c2 q

3
 s20 tK6 c2 q

2
 s10 t

2
K6 c2 q

2
 s20 t

2
C6 c2 q s10 t

3

C6 c2 q s20 t
3
K2 c2 s10 t

4
K2 c2 s20 t

4
KC q

3
 nuMinus1C3 C q

2
 t nuMinus1

K3 C q t
2
 nuMinus1CC t

3
 nuMinus1Kc1 h q

3
C3 c1 h q

2
 tK3 c1 h q t

2
Cc1 h t

3

Cc1 q
3
 s10Cc1 q

3
 s20K3 c1 q

2
 s10 tK3 c1 q

2
 s20 tC3 c1 q s10 t

2
C3 c1 q s20 t

2

Kc1 s10 t
3
Kc1 s20 t

3
CC µ qKC µ tCh q ρKh ρ tK2 µ s10 s20Kq ρ s10Kq ρ s20

Cρ s10 tCρ s20 t  h

Entry21TermLambdaT2 d C Lt

tKλ  CC2 s10 s20  Lt

tKλ
3

K
s10 s20

λKt
2
Kt10 t22Kt11 t21Kt12 t20K t11 t22Ct12 t21  λKt12 t22 λ

2
C

C

λK t

Kh t12K
h p

λKq

rho:=factor(solve(Entry21TermLambdaMinusqCube,rho));

simplify(rho-(-p*q*mu));

simplify(Entry21TermLambdaMinusqCube);

ρ d Kp µ

p µ qK1

0

L21OrderLambda3:=-residue(L[2,1]/lambda^4,lambda=infinity);

L21OrderLambda2:=-residue(L[2,1]/lambda^3,lambda=infinity);

L21OrderLambda1:=-residue(L[2,1]/lambda^2,lambda=infinity);

L21OrderLambda0:=-residue(L[2,1]/lambda^1,lambda=infinity);

L21OrderLambdaMinus1:=-residue(L[2,1]/lambda^2,lambda=infinity)

;

L21OrderLambdaMinus2:=-residue(L[2,1]/lambda^3,lambda=infinity)

;

L21TOrder2:=factor(residue(L[2,1]*(lambda-t),lambda=t));

L21TOrder1:=residue(L[2,1],lambda=t);

Equation4:=simplify(h*(alpha12*diff(L21OrderLambda2,t12)+

alpha22*diff(L21OrderLambda2,t22)+alpha11*diff(L21OrderLambda2,

t11)+alpha21*diff(L21OrderLambda2,t21)+Lt*diff(L21OrderLambda2,

t))- Entry21TermLambdaInfty2);

Equation5:=simplify(h*(alpha12*diff(L21OrderLambda1,t12)+

alpha22*diff(L21OrderLambda1,t22)+alpha11*diff(L21OrderLambda1,

t11)+alpha21*diff(L21OrderLambda1,t21)+Lt*diff(L21OrderLambda1,

t))- Entry21TermLambdaInfty1);

Equation6:=simplify(h*(alpha12*diff(L21TOrder2,t12)+alpha22*
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diff(L21TOrder2,t22)+alpha11*diff(L21TOrder2,t11)+alpha21*diff

(L21TOrder2,t21)+Lt*diff(L21TOrder2,t))- Entry21TermLambdaT2);

L21OrderLambda3 d 0
L21OrderLambda2 d Kt12 t22

L21OrderLambda1 d Kt11 t22Kt12 t21
L21OrderLambda0 d Kh t12K t10 t22K t11 t21K t12 t20

L21OrderLambdaMinus1 d Kt11 t22Kt12 t21
L21OrderLambdaMinus2 d Kt12 t22

L21TOrder2 d Ks10 s20

L21TOrder1 d 
KC qCC t

KqCt

Equation4 d K2 K2 t22 nuMinus1Cc2C
1

2
 α22  t12Ct22 c2C

1

2
 α12  h

Equation5 d 
1

qKt
2 t22 nuMinus1 t12 t

2
C K2 t12 t22 nuMinus1 qC

K3 t21 nuMinus1Cα21Cc1  t12C K3 t11 nuMinus1Cα11Cc1  t22C α22

C2 c2  t11Ct21 α12C2 c2  tC 3 t21 nuMinus1Kα21Kc1  t12

C 3 t11 nuMinus1Kα11Kc1  t22C Kα22K2 c2  t11Kt21 α12C2 c2  q

C2 t12 t22 µ  hK2 t12 t22 Lt qKt

Equation6 d KC Lt

c2:=factor(solve(Equation1,c2));

mu:=factor(solve(Equation2,mu));

nuMinus1:=factor(solve(Equation4,nuMinus1));

c1:=factor(solve(Equation5,c1));

c2:=simplify(c2);

mu:=factor(mu);

c2 d 
1

2
 t12 nuMinus1C

1

2
 t22 nuMinus1K

1

4
 α12K

1

4
 α22

µ d 
1

h t12C t22
h t t12 nuMinus1Ch t t22 nuMinus1Kh t11 nuMinus1

Kh t21 nuMinus1CLt t12CLt t22Cα11 hCα21 hC2 c1 h  qK t

nuMinus1 d 
1

2
 
α12Kα22

t12Kt22

c1 d 
1

2
 

1

t12Kt22
2

2 α11 t12 t22K2 α11 t22
2
Kα12 t11 t22Cα12 t12 t21

K2 α21 t12
2
C2 α21 t12 t22Cα22 t11 t22Kα22 t12 t21

c2 d 
α12 t22Kα22 t12

2 t12K2 t22

µ d 
1

2
 

1

h t12Kt22
2

qKt  α12 h t t12Kα12 h t t22Kα22 h t t12Cα22 h t t22

C2 Lt t12
2
K4 Lt t12 t22C2 Lt t22

2
C2 α11 h t12K2 α11 h t22Kα12 h t11

Cα12 h t21K2 α21 h t12C2 α21 h t22Cα22 h t11Kα22 h t21
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(1.10)(1.10)

> > 

> > 

> > 

(1.9)(1.9)

simplify(Equation1);

simplify(Equation2);

simplify(Equation3);

simplify(Equation4);

simplify(Equation5);

simplify(c1-c1bis);

simplify(c2-c2bis);

simplify(mu-mubis);

simplify(nu0-nu0bis);

simplify(nuMinus1-nuMinus1bis);

0
0
0
0
0
0
0
0
0
0

simplify(Entry21TermLambdaMinusqSquare-(-p*h*Lq)):

Lpfunction:=unapply(-Entry21TermLambdaMinusq/h,C):

Equation7:=unapply( simplify(Entry21TermLambdaMinusqSquare-(-p*

h*Lq)),C):

Cter:=(q^4*t12*t22-2*q^3*t*t12*t22+q^2*t^2*t12*t22+p*q^3*t12+p*

q^3*t22-2*p*q^2*t*t12-2*p*q^2*t*t22+p*q*t^2*t12+p*q*t^2*t22+

q^3*t11*t22+q^3*t12*t21-2*q^2*t*t11*t22-2*q^2*t*t12*t21+q*t^2*

t11*t22+q*t^2*t12*t21+h*q^2*t12-2*h*q*t*t12+h*t^2*t12+p^2*q^2

-2*p^2*q*t+p^2*t^2+p*q^2*t11+p*q^2*t21-2*p*q*t*t11-2*p*q*t*t21+

p*t^2*t11+p*t^2*t21+q^2*t10*t22+q^2*t11*t21+q^2*t12*t20-2*q*t*

t10*t22-2*q*t*t11*t21-2*q*t*t12*t20+t^2*t10*t22+t^2*t11*t21+

t^2*t12*t20+h*p*q-h*p*t-p*q*s10-p*q*s20+p*s10*t+p*s20*t+s10*

s20)/(q-t):

simplify(Equation7(Cter));

solve(Equation7(C),C):

Cbis:=(q-t)*p^2+h*p-(q-t)*P1(q)*p+(q-t)*P2(q)-P012+h*t12*(q-t);

simplify(Equation7(Cbis));

simplify(series(Cter-Cbis,p));

C:=Cbis:

0

Cbis d qK t  p
2
Ch pK qKt  

s10Cs20

qK t
Kt11Kt21C Kt12K t22  q  pC q



(1.11)(1.11)

> > 

> > 

(1.13)(1.13)

> > 

(1.12)(1.12)

Kt  
s10 s20

qKt
2
C

P012

qKt
Ct10 t22Ct11 t21Ct12 t20C t11 t22Ct12 t21  q

Ct12 t22 q
2

KP012Ch t12 qK t

0
0

Lp:=factor(simplify(Lpfunction(Cbis))):

Lpbis:=mu*(p*diff(P1(q),q)+p*h*1/(q-t)^2-diff(tdP2(q),q)- C01/

(q-t)^2)+h*nuMinus1*p +h*c1+2*h*c2*q:

factor(series(Lp-Lpbis,P012=0));

0

Lqter:=2*mu*(p-P1(q)/2+1/2*h*1/(q-t))-h*nu0-h*nuMinus1*q:

simplify(Lq-Lqter);

0

nuMinus1:=nuMinus1;

nu0:=nu0;

c1:=c1;

c2:=c2;

nuMinus1 d 
1

2
 
α12Kα22

t12Kt22

ν0 d K
1

qKt  h

1

2
 

h q t α12Kα22

t12Kt22
K

1

2
 

h t
2
 α12Kα22

t12K t22
CLt qKLt t

K
1

2
 

1

t12Kt22
2

qKt  α12 h t t12Kα12 h t t22Kα22 h t t12Cα22 h t t22

C2 Lt t12
2
K4 Lt t12 t22C2 Lt t22

2
C2 α11 h t12K2 α11 h t22Kα12 h t11

Cα12 h t21K2 α21 h t12C2 α21 h t22Cα22 h t11Kα22 h t21

c1 d 
1

2
 

1

t12Kt22
2

2 α11 t12 t22K2 α11 t22
2
Kα12 t11 t22Cα12 t12 t21

K2 α21 t12
2
C2 α21 t12 t22Cα22 t11 t22Kα22 t12 t21

c2 d 
α12 t22Kα22 t12

2 t12K2 t22

We thus get that
L[q]=2*mu*q*(p-P1(q)/2)-(1/2)*h*q/(t12-t22)*(alpha12-alpha22) -h*mu
L[p] = -mu*p^2+mu*diff(p*q*P1(q)-q*P2(q),q)-h*t12*mu +1/2*h*(alpha12-alpha22)/(t12-t22)*p+
h*c1+2*h*c2*q
with 

nuMinus1 d
α12Kα22

2 t12K t22

ν0 d K
1

qK t  h

h q t α12Kα22

2 t12K t22
K

h t
2
 α12Kα22

2 t12K t22
CLt qKLt t
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(2.1)(2.1)

> > 

(1.14)(1.14)

K
1

2 t12K t22
2

qK t  α12 h t t12Kα12 h t t22Kα22 h t t12Cα22 h t t22

C 2 Lt t12
2
K 4 Lt t12 t22C 2 t22

2
 LtC 2 α11 h t12K 2 α11 h t22Kα12 h t11Cα12 h t21

K 2 α21 h t12C 2 α21 h t22Cα22 h t11Kα22 h t21

c1 d
1

2 t12K t22
2

2 t12 α11 t22K 2 t22
2
 α11K t11 α12 t22C t21 α12 t12K 2 t12

2
 α21

C 2 t12 α21 t22C t11 α22 t22K t21 α22 t12

c2 d
α12 t22Kα22 t12

2 t12K 2 t22

Hamiltonian:= mu*(p^2-P1(q)*p+P2(q))-1/2*h*(alpha12-alpha22)/

(t12-t22)*p*q+h*t12*mu -h*c1*q-h*c2*q^2+p*((2*Lt*t12-2*Lt*t22+

h*t*(alpha12-alpha22))/(2*t12-2*t22)):

simplify(Lp-(-diff(Hamiltonian,q)));

simplify(Lq-(diff(Hamiltonian,p)));

Hamiltonianbis:= mu*(p^2-P1(q)*p+h*p*1/(q-t) +tdP2(q)+h*t12 )-

h*nu0*p-h*nuMinus1*q*p-h*c1*q-h*c2*q^2  :

factor(simplify(Lp-(-diff(Hamiltonianbis,q))));

simplify(Lq-(diff(Hamiltonianbis,p)));

0
0
0
0

Expression of the Lax matrix in the geometric gauge and 

normalisation at infinity

simplify(checkL[1,1]);

simplify(checkL[1,2]);

checkL22bis:=P1(lambda)-p*(q-t)/(lambda-t);

simplify(checkL[2,2]-checkL22bis);

checkL21:=factor(checkL[2,1]);

simplify(series(checkL[2,1],lambda=t)):

checkL21bis:=(p*(q-t)-s10)*(p*(q-t)-s20)/((q-t)*(lambda-t))-

t12*t22*lambda^2+(((-q+t)*t22-t21)*t12-t11*t22)*lambda+((-q^2+

q*t)*t22+(-t21-p)*q+(t21+p)*t-h-t20)*t12+((-p-t11)*q+(t11+p)*t-

t10)*t22-t11*t21:

simplify(checkL21-checkL21bis);

p qKt

λKt

KλCq

tKλ



(2.2)(2.2)

> > 

checkL22bis d 
s10Cs20

λKt
K t11K t21C Kt12Kt22  λK

p qK t

λKt

0

checkL21 d K
1

λK t  qKt
λ

3
 q t12 t22Kλ

3
 t t12 t22Cλ

2
 q

2
 t12 t22K3 λ

2
 q t t12 t22

C2 λ
2
 t

2
 t12 t22Cλ q

3
 t12 t22K3 λ q

2
 t t12 t22C3 λ q t

2
 t12 t22Kλ t

3
 t12 t22

Kq
3
 t t12 t22C2 q

2
 t

2
 t12 t22Kq t

3
 t12 t22Cλ

2
 q t11 t22Cλ

2
 q t12 t21Kλ

2
 t t11 t22

Kλ
2
 t t12 t21Cλ p q

2
 t12Cλ p q

2
 t22K2 λ p q t t12K2 λ p q t t22Cλ p t

2
 t12

Cλ p t
2
 t22Cλ q

2
 t11 t22Cλ q

2
 t12 t21K3 λ q t t11 t22K3 λ q t t12 t21

C2 λ t
2
 t11 t22C2 λ t

2
 t12 t21Kp q

2
 t t12Kp q

2
 t t22C2 p q t

2
 t12C2 p q t

2
 t22

Kp t
3
 t12Kp t

3
 t22Kq

2
 t t11 t22Kq

2
 t t12 t21C2 q t

2
 t11 t22C2 q t

2
 t12 t21

Kt
3
 t11 t22K t

3
 t12 t21Ch λ q t12Kh λ t t12Kh q t t12Ch t

2
 t12Cλ q t10 t22

Cλ q t11 t21Cλ q t12 t20Kλ t t10 t22Kλ t t11 t21Kλ t t12 t20Kp
2
 q

2
C2 p

2
 q t

Kp
2
 t

2
Kq t t10 t22Kq t t11 t21Kq t t12 t20Ct

2
 t10 t22Ct

2
 t11 t21C t

2
 t12 t20

Cp q s10Cp q s20Kp s10 tKp s20 tKs10 s20

0

G1:=Matrix(2,2,0):

G1[1,1]:=1:

G1[2,2]:=1:

G1[1,2]:=0:

G1[2,1]:=t12*lambda+eta0:

g1:=t12:

eta0:=(q-t)*t12+t11;

dG1dlambda:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dG1dlambda[i,j]:=diff

(G1[i,j],lambda): od: od:

tdL:=simplify(Multiply(Multiply(G1,checkL),G1^(-1))+h*Multiply

(dG1dlambda,G1^(-1))):

simplify(tdL);

series(tdL[1,1],lambda=infinity,1);

series(tdL[1,2],lambda=infinity,1);

series(tdL[2,1],lambda=infinity,1);

η0 d qKt  t12Ct11

λ
2
 t12C Kt t12Ct11  λKq qKt  t12C KpK t11  qCp t

tKλ
, 
KλCq

tKλ
, 
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1

λKt  qKt
Kt12Ct22  q t12CpCt11  t

3
C 3 t12

2
K2 t12 t22  q

2

C λ t12
2
C Kλ t22C4 pC4 t11  t12K2 t22 t11Cp  qC t11Cp  λKs10

Ks20K t20  t12Kt22 t11Cp  λCp
2
C2 p t11Kt10 t22Ct11

2
 t

2
C t12 t22

K3 t12  q
3
C K2 λ t12

2
C 2 λ t22K5 pK5 t11  t12C t22 t11Cp  q

2
C

K2 pK2 t11  λC2 s10C2 s20C t20  t12C2 t22 t11Cp  λK2 p
2
K4 p t11

Ct10 t22K2 t11
2

 qCλ s10Cs20C t20  t12C t22 λ t10C s10Cs20  t11Cp

 tCq
4
 t12

2
C2 K

1

2
 t22 λC

1

2
 t12 λCpC t11  t12 q

3
C t11Cp  λKs10

Ks20  t12C t11Cp  Kλ t22CpCt11  q
2
C Kλ s10Cs20C t20  t12

Kt22 λ t10K s10Cs20  t11Cp  qCs10 s20 , 

1

λK t
λ t22Cq t12CpC t11C t21  tKλ

2
 t22Kλ t21Kq

2
 t12C Kp

Kt11  qCs10Cs20

Kt12 λKt11CO
1

λ

1CO
1

λ
1

qKt
t12

2
Kt12 t22  qC t11Cp  t12Kt22 t11Cp  t

2
C K2 t12

2

C2 t12 t22  q
2
C K2 pK2 t11  t12C2 t22 t11Cp  qC s10Cs20Ct20  t12

Ct10 t22  tC2 K
1

2
 t22C

1

2
 t12  t12 q

3
C t11Cp  t12Kt22 t11Cp  q

2
C

K s10Cs20C t20  t12K t10 t22  q CO
1

λ

Expression of the Lax matrices after symplectic reduction

s20:=-s10-t10-t20:

t21:=-t11:

t22:=-t12:

t11:=0:



(3.1)(3.1)

t12:=1:

alpha12:=0:

alpha22:=0:

alpha11:=0:

alpha21:=-alpha11:

Lt:=1:

mu:=mubis;

nuMinus1:=nuMinus1;

c1:=c1bis;

c2:=c2bis;

c0:=0:

checkL:=simplify(checkL):

tdL:=simplify(tdL):

dG1dt:=Matrix(2,2,0):

for i from 1 to 2 do for j from 1 to 2 do dG1dt[i,j]:=diff(G1

[i,j],t)+diff(G1[i,j],q)*dqdt+diff(G1[i,j],p)*dpdt : od: od:

dqdt:=Lq/h:

dpdt:=Lp/h:

q:=checkq:

p:=checkp:

tdA:=simplify(Multiply(Multiply(G1,checkA),G1^(-1))+h*Multiply

(dG1dt,G1^(-1))):

checkL:=simplify(checkL);

tdL:=simplify(tdL);

checkA:=simplify(checkA);

tdA:=simplify(tdA);

µ d 
qKt

h
nuMinus1 d 0

c1 d 0
c2 d 0

checkp checkqKt

λKt
, 
KλCcheckq

tKλ
, 

1

tKλ  KcheckqCt
KcheckqKλ  t

3
C checkp

2
C2 checkq

2
C3 checkq λ

C2 λ
2
KhC t10K t20  t

2
C Kcheckq

3
K3 checkq

2
 λC K2 checkp

2
K3 λ

2
ChK t10



Ct20  checkqKλ
3
C t20ChKt10  λK t10Ct20  checkp  tCλ checkq

3

C checkp
2
Cλ

2
 checkq

2
C λ

3
C KhCt10Kt20  λC t10Ct20  checkp  checkq

Ks10 s10Ct10Ct20 , 
checkp checkqK t C t10C t20

tKλ

KλCcheckpCcheckq  tKcheckp checkqKcheckq
2
Cλ

2

tKλ
, 
KλCcheckq

tKλ
, 

1

tKλ  KcheckqCt
checkq

4
C 2 checkpC2 λK4 t  checkq

3
C 5 t

2
C

K6 checkpK4 λ  tCcheckp
2
C2 checkp λC t10C t20  checkq

2
C K2 t

3
C 6 checkp

C2 λ  t
2
C K2 checkp

2
K4 checkp λK3 t10Kt20  tC t10C t20  checkp

C2 λ t10  checkqK2 checkp t
3
C checkp

2
C2 checkp λC2 t10  t

2
C Kt10

Kt20  checkpK2 λ t10  tKs10 s10Ct10Ct20 , 

KcheckpKcheckqCλ  tCcheckp checkqCcheckq
2
Kλ

2
C t10C t20

tKλ

K
checkp checkqKt

h λKt
, 

checkqKt

h λKt
, 

1

KcheckqCt  h tKλ
t
4
C K4 checkqK2 λ  t

3
C Kcheckp

2
C5 checkq

2

C6 checkq λCλ
2

 t
2
C K2 checkq

3
K6 checkq

2
 λC 2 checkp

2
K2 λ

2
 checkq

K h
2
KhKt10Kt20  checkp  tC2 λ checkq

3
C Kcheckp

2
Cλ

2
 checkq

2
C h

2

KhKt10Kt20  checkp checkqCs10 s10Ct10Ct20 , 

h
2
KhC KcheckqC t  checkpK t10K t20

h tKλ

KcheckpKλKcheckqCt  KcheckqCt

h tKλ
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checkqK t

h λK t
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1

KcheckqCt  h tKλ
Kcheckq

4
C K2 checkpC2 t  checkq

3
C Kcheckp

2

C4 checkp tCh
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K t

2
KhKt10Kt20  checkq

2
K KcheckpCt  2 checkp tCh

2
Kh



Kt10Kt20  checkqKcheckp
2
 t

2
K h
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