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Summary: We are interested in the problem of estimating a regression function ¢ observed with
a correlated noise ¥ = ¢(X) + U. Contrary to the usual regression model, U is not centered
conditionaly on X but rather on an observed variable W. Hence this model turns to be a difficult
inverse problem where the corresponding operator is unknown since it is related to the joint
distribution of (X, W'). We focus on the case where the eigenvalues of the corresponding operator are
observed with small perturbations and, using a well adapted spectral cut-off estimation procedure,
we build a data driven estimates and derive an oracle inequality.

1 Introduction

The problem of estimating a regression function from noisy and pointwise observations
is at the heart of modern statistical research. The observations are usually an i.i.d. sample
(Yi, X;)?_,, associated to the model

Y =p(X)+U, (1.1)

where ¢ is the unknown function to be estimated. The design (X;)7_; can either be
deterministic or random, according to the considered setting while the term U corresponds
to some centered noise independent of X. We may refer for instance to [29] for an
introduction to the model (1.1) where a penalized least square estimator is proved to
reach the minimax rate of convergence over a wide range of functional spaces. Model
selection approaches leading to an oracle inequality are tackled in [2]. We may also
mention [1] for a study of the model (1.1) in a heteroscedastic setting. Kernel methods
have been widely investigated, see for instance [5] and references therein while projections
methods have been extensively developed over the past decades, see for instance [12] for
a pioneer work.

In this article, contrary to previous statistical regression models, the error term is
correlated with the explanatory variables X . In particular, E(U | X') # 0 preventing a direct
estimation of ¢. To overcome the endogeneity of X, we assume that there exists an
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216 Loubes — Marteau

observed random variable W, which decorrelates the effects of the two variables X and
Y in the sense that E(U|W) = 0. Hence we aim at estimating a function ¢ from i.i.d.
observations of (Y, X, W) satisfying the following condition

B E(U|X) #0
Y =9(X)+U, {E(UW) “o (1.2)

The model (1.2) is often encountered when dealing with simultaneous equations, error-in-
variable models, treatment model with endogenous effects. In econometrics, it defines the
so-called instrumental variable regression model which has received a growing interest
among the last decade. In particular, we refer to [26] for general references on the use of
instrumental variables in economics.

We will see in Section 2 that the model (1.2) can be rewritten as an inverse problem
using the expectation conditional operator with respect to W, as follows:

ri=EY|W) = E(@(X)|W) :=To(W). (1.3)

The function r is unknown and only an observation 7 is available, leading to the inverse
problem 7 = T'¢ + 8, where ¢ is defined as the solution of a noisy Fredholm equation
of the first order which may generate an ill-posed inverse problem. The literature on
inverse problems in statistics is large, see for instance [14], [23], [7], [11] or [22] for
general references. However, contrary to most of the problems tackled in this literature,
the operator 7" is unknown since it depends on the joint distribution of X and W. Hence,
the problem is turned into an inverse problem with unknown operator. Few results exist
in this settings and only very recently new methods have arisen. In particular [8], [24, 25]
or [13] and [18] in a more general case, construct estimators which enable to estimate
inverse problem with unknown operators in an adaptive way, i.e. getting optimal rates
of convergence without prior knowledge of the regularity of the functional parameter of
interest.

In this work, we are facing an even more difficult situation since both r and the
operator T have to be estimated from the same sample. Some papers tackle this topic,
see for instance [15] for a complete introduction to the model, or [4], [17], [16], but
all the proposed estimators rely on the prior knowledge of the regularity of the function
¢. The objective of this work is to extend previous adaptive estimation procedures to
the particular case where the operator is partially unknown. Our estimator is based on
a spectral cut-off procedure. It requires the knowledge of the eigenvectors of 7*T but
the eigenvalues are estimated from the observation sample. In this setting, we provide
under some conditions, an oracle inequality to control the estimation error of the adaptive
estimate, built in this paper. In particular, we prove that the risk of our estimator can be
compared, up to a log term, to the risk of the best possible estimator (in a sense which
will be precised later on).

The article falls into the following parts. Section 2 is devoted to the mathematical
presentation of the instrumental variable framework and the building of the estimator.
Section 3 provides the asymptotic behavior of this adaptive estimate as well as an oracle

inequality, while technical Lemmas and proofs are gathered in Section 4.
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Inverse regression with unknown operator 217

2 Inverse problem formulation

2.1 A statistical framework

We observe an i.i.d. sample (Y;, X;, W;) for i = 1,...,n with unknown distribution
f(Y, X, W). Define the following Hilbert spaces

LY ={h:R—R, |h|% :=E(h*(X)) < +00}
Ly, ={g:R—>R, gl :=E(g*(W)) < +oo},

with the corresponding scalar product (.,.)x and (.,.)w . For the sake of simplicity, we
only consider in this paper the case where ¢ is univariate. Nevertheless the approach
presented in this paper may be extended to the multivariate case (i.e. with a variable X
of dimension d > 1).

Then the conditional expectation operator of X with respect to W is defined as an
operator T

T: Ly—Ly
g = Eg(X)|W=].

Following for instance [10], the model (1.2) can be written as

Y; = p(X) +E[p(X;)|Wi] —Elp(X:) W] + Us
= E[p(X;)| W] + Vi
= To(W) + Vi, 2.1

where V; = ¢(X;) — E[p(X;)|W;] + Ui, is such that E(V|W) = 0. The parameter of
interest is the unknown function ¢. Hence, the observation model turns to be an inverse
problem with unknown operator 7" and a correlated noise V. Solving this issue amounts to
deal with the estimation of the operator and then controlling the correlation with respect
to the noise.

The operator 7" is unknown since it depends on the unknown distribution f(y,x,z) of
the observed variables. The estimation of this operator can be performed either by directly
using an estimate of f(y,x,z), or if exists, by estimating the spectral value decomposition
of the operator.

In the following, we assume that 7" is compact and admits a singular value decompo-
sition (SVD) (A;,¢;,¥;);>1. Such a decomposition provides a natural basis adapted to
the operator for representing the function ¢, see for instance [14]. More precisely, let T*
be the adjoint operator of 7. Then T*T is a compact operator on L}z{ with eigenvalues
ka., Jj = 1 associated to the corresponding eigenfunctions ¢;, while v; are defined by
Y= % So we obtain

Toj =2y, TV =29

We can write the following decompositions

r(w) =EY|W =w) =Tow) =Y A;(¢.¢;)xv; (w). (2.2)
Jj=1
and r(w) = erl//j (w), (2.3)
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218 Loubes — Marteau

with r; = (Y, v;)w that can be estimated by

1 n
7= Yiv (W),
i=1
Hence the noisy observations are the 7;’s and will be used to estimate the regression
function ¢ in the inverse problem framework.

In a very general framework, full estimation of an operator is a hard task. Some atten-
tion has been paid to this estimation issue, with different kinds of technics such as kernel
based Tikhonov regularization [15] or [17], regularization in Hilbert scales [16], finite
dimensional sieve minimum distance estimator [26], with different rates and different
smoothness assumptions, providing sometimes minimax rates of convergence. But, to
our knowledge, most of the proposed estimators rely on prior knowledge on the regularity
of the function ¢ expressed through an embedding condition into a smoothness space or
an Hilbert scale, or a condition linking the regularity of ¢ to the regularity of the operator,
namely a link condition or source condition (see [ 10] for general comments and insightful
comments on such assumptions).

Yet, such general methods depend on the choice of a regularization parameter which
has to be well chosen. In the following, to provide an automatic data driven choice,
we restrict ourselves to the case where the SVD of the operator is partially known in
the sense that the eigenvalues A;’s are unknown but the eigenvectors ¢;’s and ;s are
available. This assumption is restrictive for practical applications but, as discussed at the
end of this section, some convolution issues can still be handled that way. In addition,
this assumption is commonly encountered in the inverse problem literature. Actually, in
many inverse problems, the regularization parameter depends on the ill-posedness of the
problem. This index is generally expressed through the mere decay of the eigenvalues
or through the decay of the eigenvalues compared to the decay of the coefficients of the
function to be estimated (Source Condition assumption), which surely also requires some
knowledge of the SVD decomposition of the operator.

2.2 A general estimation approach

If the operator were known we could provide an estimator using the spectral decomposi-
tion of the function ¢ as follows. For a given decomposition level m, define the projection
estimator (also called spectral cut-off [14])

m .~

~ rj

On=2_ ¢ 2.4)
i—1 7

Since the A;’s are unknown, we first build an estimator of the eigenvalues. For this, using
the decomposition (2.2), we obtain

Aj=A(T¢j.vj)w
=E[T¢; W)y, (W)]
= E[E[¢; (X)|W]y; (W)]
=E[g; (X)y; (W)].
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Inverse regression with unknown operator 219

So the eigenvalue A; can be estimated by

~ 1
A== U (Wi (Xo). 25)

i=1

As studied in [8], replacing directly the eigenvalues by their estimates in (2.4) does not
yield a consistent estimator, hence using their same strategy we define an upper bound
for the resolution level

~ 1
M:inf{kEN:|Ak|§\/—ﬁlogn}—l. (2.6)

The parameter N provides an upper bound for M in order to ensure that M is not
too large. Typically, N can be chosen of order n” with p > 1. The main idea behind
this definition is that when the estimates of the eigenvalues are too small with respect
to the observation noise, trying to still provide an estimation of the inverse A;l only
amplificates the estimation error. To avoid this trouble, we truncate the sequence of the
estimated eigenvalues when their estimate is too small, i.e. smaller than the noise level.
We point out that this parameter M is a random variable which we will have to control.
More precisely, if we define two deterministic lower and upper bounds My, M; as

1
My =inf{k:|)tk| < \/—ﬁlogzn}—l, (2.7)

and .
M, = inf{k Akl < Elogy“n}, (2.8)

then, we will show in Section 4, that with high probability My < M < M. Note that if
in the definition (2.6) the set is empty, we set M = 0. However, from the remark above,
this case happens with very small probability.

Now, thresholding the spectral decomposition in (2.4) leads to the following estimator

m .~

—~ rj

Om=_ =lj<me;. (2.9)
=1 A

The asymptotic behavior of this estimate depends on the choice of 7. In the next section,
we provide an optimal procedure to select the parameter m that gives rise to an adaptive
estimator ¢* and an oracle inequality.

2.3 Examples

In this section, we present a brief discussion concerning the knowledge of the eigenvectors
(¢;)jen and (¥;);en of the unknown operator 7. Assume that the link between X and
the instrument W is of the form X = L(W, Z) with Z an independent random variable
with distribution Pz. Then the operator has the following form

Tow) = [ goLw.2)dP2(2) = K[ PO K (x.w)dx
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220 Loubes — Marteau

with a change of variable under some differentiability conditions on £. Under technical
assumptions, the operator defines a Fredholm integral operator with kernel K, depend-
ing on the the link function £ and the distribution of Z. Such operators are well studied
in [20] or [27] for instance and, in many cases, the SVD decomposition will be avail-
able, which enables to use the estimation procedure developed in this paper. We point out
that the knowledge of the operator implies that the distribution of X should also be known.

As apractical example, one may be interested in the following particular case. Assume
that the function ¢ : R — R of interest is periodic with period 1 and that we observe
Yi=oXi)+ Ui, Vell,...,n},

where the X; are i.i.d. uniform random variables on [0, 1]. In this particular case, L2(X)
= L2([0,1]). We moreover assume that

Wi =X; + Z;, ¥i €{l,....n},

where the Z; are i.i.d. random variables with unknown density g : R — R.
In this case, for all w € R, we have

+o00
Tfw) =E(f(OIW =w) =E(f(w-2)) = |  fw—2)g(z)dz.
with adjoint
+o00
T*h(x) =EMhQ(W)|X =x) = / h(z+x)g(z)dz, Vx eR,

for all periodic functions £,/ belonging respectively in L?(X) and L?(W). Hence, T
is a convolution type operator. Let (¢ )rez be the usual complex trigonometric basis on
[0, 1]. Since X is uniformon [0, 1], (¢) <z is an orthonormal basis of L2 (X ). With simple
algebra, it is possible to prove that this sequence corresponds to the eigenvectors of 7* 7.
The corresponding eigenvalues are related to the Fourier coefficients of the density gz.
The eigenvalues are obviously unknown but may be easily estimated using the procedure
presented above.

3 Main result

Consider the following assumptions on both the data ¥;,7 = 1,...,n and the eigenfunc-
tions ¢ and Y for k > 1.

Assumption 3.1 (Bounded SVD functions) There exists a finite constant Cy such that
Vi=1 ¢jillec <Ci. [V¥jllo <Ci. (3.1

Assumption 3.2 (Exponential moment conditions) The observation Y satisfy to the
following moment condition. There exists some positive numbers v > E(Y]z) and ¢ such
that

k!
Vji=1Vk>=2, E@¥})< Evckfz. (3.2)
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Inverse regression with unknown operator 221

These two conditions are required in order to obtain concentration bounds using first
Hoeffding type inequality, then Bernstein inequality, see for instance [30]. Requiring
bounded SVD functions may be seen as a restrictive condition. Yet it is met when the
eigenvectors are trigonometric functions. However, this condition can be also be turned
into a moment condition if we replace the concentration bound by a Bernstein type
inequality. Note also that the moment conditions on ¥ amounts to require a bounded
regression function ¢ and equivalent moment conditions on the errors Uj;.

Assumption 3.3 (Degree of ill-posedness) We assume that there exists t, called the de-
gree of ill-posedness of the operator which controls the decay of the eigenvalues of the
operator T. More precisely, there are constants Ay, Ay such that

lLkit <At < lUkit, Vk >1 (3.3)

In this paper, we only consider the case of mildly ill-posed inverse problems, i.e. when the
eigenvalues decay at a polynomial rate. This assumption, also required in [8], is needed
when comparing the residual error of the estimator with the risk in order to obtain the
oracle inequality.

Assumption 3.4 (Enough ill-posedness) Let 0]-2 = Var(Yy;(W)). We assume that

there exist two positive constants U% and 0[2] such that

Vj>1, of <o <op. (3.4)

Note that Condition (3.2) implies the upper bound of Condition (3.4). We also point
out that this condition is not needed when building an estimator for the regression function.
However it turns necessary when obtaining the lower bound to get a minimax result, or

when obtaining an oracle inequality.

3.1 Oracle inequality

All the estimation errors will be given with respect to the L% norm which is a natural
choice for this kind of problems. First, let Ry(m,¢) be the quadratic estimation risk for
the naive estimator 9, (2.4), defined for all m € N, by

Ro(m.¢) = E|), — ¢l

1
2 -2 2
—E(p—i——EAG,VmEN,
k nklkk

k>m

with ¢ = (¢, ¢r)x. The best model would be obtained by choosing a minimizer of this
quantity, namely
mo = argmin Ro(m, ¢). (3.5)
m

This risk depends on the unknown function ¢ hence my is referred to as the oracle. We

aim at constructing an estimator of Ry(m,¢) which, by minimization, could give rise
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222 Loubes — Marteau

to a convenient choice for m, i.e. as close as possible to mg. The first step would be to
> 71/\ . —~
replace ¢ by their estimates Ay 7 and take for estimator of cr,f, ai , defined by

2
n

e Z%Z Yive (Wi) — ZY Vi (Wj)

i=1 1—1
1 ¢ 2
O AUART
i=1

This would lead us to consider the empirical risk for any m < M, the cut-off which
warrants a good behavior for the A ;’s

Uo(m,r,A) = Zka + - Zxkza,i, Vm €N,

for a well chosen constant ¢. The corresponding random oracle within the range of models
which are considered would be

my = arg”rlrlill‘} Ro(m,@). (3.6)

Unfortunately, the correlation between the errors V; and the observations Y; prevents an
estimator defined as a minimizer of Up(m,r, 1) to achieve the quadratic risk Ro(m,¢).
Indeed, we have to use a stronger penalty, leading to an extra error in the estimation that
shall be discussed later in the paper. More precisely, ¢ in the penalty is not a constant
anymore but is allowed to depend on the number of observations 7.

Hence, now define R(m, ) the penalized estimation risk as

log n

R(m,p) = Z k+ Zkk ak, Vm e N. (3.7)

k>m

The best choice for m would be a minimizer of this quantity, which yet depends on the
unknown regression function ¢. Hence, to mimic this risk, define the following empirical
criterion

log?n
Ulm,r, ) = Zka s Zxkzai, ¥m €N, (3.8)
k=
Then, the best estimator is selected by minimizing thlS quantity as follows

m* = arg”rlrlilla[ U(m,r, 1), (3.9)

Finally, the corresponding adaptive estimator ¢* is defined as:

0 = A Trdn. (3.10)

The performances of ¢* are presented in the following theorem.
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Inverse regression with unknown operator 223

Theorem 3.5 Let ¢* the projection estimator definedin (3.10). Then, under Assumptions
(2.1) to (2.4), there exists By, By, By and t positive constants independent of n such that:

* . Bl 2t
Ellp* —¢l} < Bolog?(n)- [infR(m. )| + =L (1og(n)- ¢ %)
+Q+log*(n)-T(g),
where Q2 < B(1+ ||<p||}2()exp{—logl+fn}, myg denotes the oracle bandwidth and

mo

k=M, [0F + 3 A 20 ], if Mo < mo,

F(<P)={ (3.11)

0, if MO > my.

We obtain a non asymptotic inequality which guarantees a pertinent and adaptive
choice for the bandwidth parameter m. In particular, the risk R(m*,¢) of the corre-
sponding estimator can be compared, up to a logarithmic factor, to the best possible risk
inf,, R(m, @) among all the projection estimators that could be constructed. We point out
that we lose a log®(n) factor when compared with the bound obtained in [8]. This loss
comes partly from the fact that the error on the operator is not deterministic nor even
due to a independent noisy observation of the eigenvalues. Here, the Az’s have to be
estimated using the available data by ’)Ik. In the econometric model, both the operator and
the regression function are estimated on the same sample, which leads to high correlation
effects that are made explicit in Model (2.1), hampering the rate of convergence of the
corresponding estimator.

An oracle inequality only provides some information on the asymptotic behavior of
the estimator if the remainder term I"(¢) is of smaller order than the risk of the oracle.
This remainder term models the error made when truncating the eigenvalues, i.e. the error
of selecting a model close to the random oracle m1; < M and not close to the true oracle
my. In the next section, we prove that, under some assumptions, this extra term is smaller
than the risk of the estimator.

3.2 Rate of convergence

To get a rate of convergence for the estimator, we need to specify the regularity of the
unknown function ¢ and compare it with the degree of ill-posedness of the operator 7',
following the usual conditions in the statistical literature on inverse problems, see for
example [23] or [3] for some examples.

Assumption 3.6 (Regularity condition) Assume that the function ¢ is such that there
exists s and a constant C such that

¢ € Ho(C) = v = (). s.t. Y _k*¥vZ<Ct. (3.12)
k>1

This assumption corresponds to functions whose regularity is governed by the
smoothness index s. This parameter is unknown and yet governs the rate of convergence.
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224 Loubes — Marteau

In the special cases where the eigenfunctions are the Fourier basis, this set corresponds
to Sobolev classes. We provide in the following corollary a rate of convergence for our
estimator.

Corollary 3.7 Let ¢* be the model selection estimator defined in (3.10). Then, we get
the following rate of convergence

—25
N n 2s+21+1
sup Ellg —¢II§(=0((—2y ) )
9eHy(C) log™ n

withy =2+ 2s+ 2¢.

We point out that ¢* is constructed without prior knowledge of the unknown regularity
s of ¢. The rate of convergence that we obtain corresponds, up to some logarithmic
terms, to the one given in [10]. Note that this rate corresponds to the minimax rate of
convergence under the additional assumption that the error term 1/ in the model (2.1)
follows a Gaussian distribution and under the assumption (3.4) for the variance of this
noise. This bound is the usual bound when estimating a function in an inverse model with
known operator, see for instance in [9] for a review. In this sense, our estimator is said to
be almost asymptotically adaptive. Following [10], we point out that Hall and Horowitz
in [17] also obtain another minimax optimal rate of convergence in a similar settings but
under different regularity assumptions. More recently a lower bound for the minimax rate
of convergence in a closely related setting has been given in [19] under different weaker
assumptions than in [10].

Remark 3.8 In an equivalent way, we could have imposed a supersmooth assumption,
on the function g, i.e. assuming that for given y, ¢ and constant C,

o0

Zexp(Zykt)go,ﬁ <C.

k=1
Following the guidelines of the proof of Corollary 3.7 and Theorem 3.5, we obtain
that Mg > mq ~ (a 2ylogn)'/* with 2ay > 1, leading to the optimal recovery rate for
supersmooth functions in inverse problems.

3.3 Conclusion

In this work, we provide some new paths in order to build adaptive estimators for an inverse
regression problem with unknown operator. We restrict ourselves to the framework where
the eigenvectors are known and only the eigenvalues must be estimated. In this case,
we prove that for smooth functions ¢, estimating the eigenvalues and using a threshold
enables to get a good estimator of the regression function and to build an adaptive
procedure. The price to pay for not knowing the operator is only an extra log2 n with
respect to usual inverse problems and is mainly due to the correlation induced by the
V;’s. We do not claim that we achieved optimality of the estimation procedure. Yet we
provide a general way to get oracle inequalities for a class of estimators in this setting,
which highlight the mathematical problems related to the adaptation in this instrumental

variable problem.
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Inverse regression with unknown operator 225

4 Technical lemmas

First of all, we point out that, throughout all the paper, C denotes some generic constant
that may vary from line to line.

Lemma 4.1 Set M = {My <M < M}, where M, My, My are respectively defined in
(2.6), (2.7) and (2.8). Then, for alln > 1

P(MC) < CMpe e "™ n,

where C and t denote positive constants independent of n.

Proof: It is easy to see that

PM) =P({M <My} U{M > M,}) < P(M < My)+ P(M > M,).

Using (2.6) and (2.8)
M,
P(M=M)="P(() {|Xk| > ilogn} <P (|XM1| > L1ogn).
- k=1 - ﬁ - - ﬁ
The definition of :X\Ml yields
~ 1
P(M>M,) <P ( Ay —Am, +Am, | > Tlogn)
n
~ 1
<P ( AMI —XMI > ﬁlogn—MMJ)

an)v

where b, =n~"/2logn—|Ap, | foralln € N. Letk € Nand x € [0, 1] be fixed. Assumption
(3.1) and Hoeftding inequality yield

1 n
=Yy (X0 Yy W) = Elns, (X) Y, )]

i=1

IA
~
N

P([Ax —Ax > x)

IA

(nx)? }

2exp {_222’:1 Var(par, (X;)¥ar, (W) +2nCx/3

= 2ex {— nac? }
— TP 2Varar, (v, (W) 2573
Using again the Assumption (3.1) on the bases (¢x )ren and (Vi )ren
Var(par, (X)¥ag, (W) < Elgd, (X)yd, (W)] < C.

Hence
P(|Ak —Ak| > x) <2exp(—Cnx?), Vx €0,1], 4.1)
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226 Loubes — Marteau

for some constant C depending on C; but independent of n. Using (2.8), 1 > b, > 0 for
all n € N. Therefore, using (4.1) with x = b,, we obtain

P(M > My) <2exp {—Cnb,%}

IA

2exp {—C(logn —10g3/4n)2}

IA

Cexp{—log'*7n},

where C and t denote positive constants independent of n.
The bound of P(M < M) follows the same lines

My My

—~ logn ~ logn
P(M<Mo)=P || )14 < YIE
( < 0) j=1{|]|— ﬁ} —j=1 (l]l— ﬁ)
My

Let j €{1,..., My} be fixed.

~ logn ~ ~
P (/1]' < W) = P(A]‘—Aj Ebn,j)y

where b, ; =n~"/2logn — A, forall n € N. Thanks to (2.7), b,,; < 0 forall n € N. Using
(4.1) with x = —b,;, we get

~ 1 -
P (Aj < %) <exp {—C”bz,j} < Cexp{—log't"n},
for some C, t > 0. This concludes the proof of Lemma 4.1. O

Lemma 4.2 Let B the event defined by

M
1 o~
= {Mklm < 5}, where jtx = Ax — A, Yk € N*,

Then -,
P(B°) < CMje le "™ n,

for some T > 0 and positive constant C.

Proof: Using simple algebra and Lemma 4.1
P(B¢) = P(B°NM)+ P(B°NM°)

< P(B°N M)+ P(M°)
< P(B°NM)+ CMpe ¢!

A

+t,
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Inverse regression with unknown operator 227

Then
M 1 Mi—1 1
P(BENM) =P (H {Mkw > E}mw) <P (H {Mkw > 5})

Letk e {l,..., M — 1} be fixed. Remark that

- 1 At ~ 1
P (Mkw > 5) _p (|uk| > '2—') <P (Mk—m > mlog3/“n).

Then, using (4.1) with x = 2n~"/2log**n

r (Iik Akl = ——log¥ 4”) < Celoe! T, 4.2)

2yn

for some t > 0 and a positive constant C. This concludes the proof of Lemma 4.2. O

The following lemma provides some tools for the control of the ratio ’X,;l)tk on the
event B.

Lemma 4.3 Forallk < M, we have

2
A 2 ~
E 1) 15 < 2020k — )15
Ak 3

Moreover, we have the following expansion

2
A{ —~ o~
(E_k) = 1 =227 e — M) + A2 i — Ae) v
k

where v is uniformly bounded on the event 5.

Proof: Let k < M be fixed. Then

2 2
A'k l’Lk ( /'Lk )2 2 o 2
()tk ) B (lk B ) B3N Ak —Ak)15

where the pi are defined in Lemma 4.2. The end of the proof is based on a Taylor
expansion of the ratio (E,;lkk)z = (14 A; 'jk) 2. The variable vi depends on A; ' ik
and can be easily bounded on the event . Remark that a similar expansion holds for
,X]:llk. O

Lemma 4.4 Let m a random variable measurable with respect to (Yi, Xi, W;i)i=1,..n
such thatm < M. Then, forall K > 1 andy > 0
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228 Loubes — Marteau

m K m
(i) E|:Z (rk_r ) j| log (n) |:Zkk j|+CN —logk n

3

(ii) E|:Z (rk—rk)rk:| = Vﬁllog 0% |:Zkk ]

+C —1N2Z+1 —log n+y lR(mO,(P)

+YE Y of.

k>m

where C > 0 is a positive constant independent of n, mo denotes the oracle bandwidth
and N has been introduced in (2.6).

Proof: Let Q > 0 a positive term which will be chosen later. With simple algebra

E [Z A2 - rk)z]

= EZlk (Fr—re)*1 oo +EZM< (Fie=ri)’1 o0
k=1 {(rk rk)2<7k} k=1 {(rk rk)2> k}
0 z T2 2 “ 2| 2 QOI?
< ZE A E A — -1 . 4.3
~n ]; KO | T ]; e\ i) n {(r\k*rk)zzg—ngé} -

In the sequel, we are interested in the behavior of the second term in the right hand side
of (4.3). Since )L;z < nlogfzn forallk <M andm < N

2

m
~f Qo

E A 2 (rk—rk)z——k 1 s

kX:; k ( n {("k rk)2>Q—IQ}
N 2

R o
Z (rk—rk)z——Q k11 002 (4.4)
n {(rk —ri)?= k}

log n.

Letk €{l1,..., N} be fixed. It follows from integration by part that

—~ 2 Qo,f oo 2
E| (7 —ri) - I{Gkrk)zzg,,g'%} [Qaz P ((Fx—rr)* > x) dx.

n

Then
P((Fi—re)® = x) = P ([T —rel = V).
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Inverse regression with unknown operator
Assumption (3.2) together with Bernstein inequality entails that

P (P —rel = V) = P (‘%Z(wk(W»—Emk(W»D

i=1

zﬁ)

n2x
=P {_2Z?=1Var(nwk(m>)+0nﬁ }

e nx
= X _—_ B
P 200 +CJ/x

for some C > 0. Set D = (20,3C71)2. We obtain

2
Qak

E(Ge—r?— 2k .
n {(Tk*rk)ZZ%}
D +o00
nx nx
/Qo-z exp{ 40]§}dx+/; exp{—C—ﬁ}dx

4o2 -5 oo +oo
< | ——ke 4ok +/ exp{—Cnﬁ}dx
D

" Q02 /n

IA

40?2
_ke_Q/“' + e_Cn‘
n

IA

Hence, we have

o Co?
E| (F—r)? : 2%, ~ 0o2| S —Fe @t 4O,
n {(rk*rk)zsz} h

for some C > 0. Using (4.4) and (4.5)

E) 22Tk —r)1 2) <
]; g {(Vk*rk)zzg—gk}

From (4.3), we eventually obtain

nNe=€n

CN
e~ 9/4 1 >
log“n

o[y el

Choose Q = logK (n) in order to conclude the proof of (7).
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Now, consider the bound of (ii). Let m( be the oracle bandwidth defined in (3.5).
With the convention 3.2 = -4 if b < a

EY APGk—rome =B Y A7 Fre—ronk

k=1 k=my
i
<E| Y MCe—rin
k=mg
+o00
< EZ |(Mk<my — Lk zmop A > Fre —ri)rie| . (4.6)
k=1

Indeed, E[r;] = ry forall k € N. Then remark that

[Lik<imy = Lik<mod| = |(Lg<imy + Lk <mo) Mik<imy — Lik<mo)) |

= Mz + Yk zmo)) | Lik>riy = Lik=mo) |

IA

Vs my Mk <moy + Likesmoy Lk <my- 4.7

Using the Cauchy—-Schwarz inequality and using that for all @,b and 1 > y > 0, 2ab <
ya®+y~1p2

E Z A2 (Fr — 1)k

k=1
! 3
B, (y:zxkzr,g) E Y ARG -
k>m k<mg
1 1
2 2
+E D A2 [ED AP Ee—rm)?
k>mq k<m
m mo
<y{EY @i+ Y oir+y {EZA;Z(?;C—rk)z—l—EZA,:z(’r\k—rk)z}.
k>m k>mq k=1 k=1

We eventually obtain

m m
EY A2F—rore <y ' Rimo.g) +vE Y gp +y7! {EZW@ —rk)z} :
k=1 k>m k=1

We conclude the proof using a string of inequalities similar to (i). In particular, using
Assumption (3.3), we obtain the bound A2 <CN? forallk <M. O
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Inverse regression with unknown operator 231

Lemma 4.5 Let m a random variable measurable with respect to (Y;, Xi, Wi)i=1,..n
such thatm < M. Then, for all y € (0,1)

- 21
O +y” 110g 1 (log?(n)-llg|?
E -2 _ )2 <7 A -2 2

14
+log? (n)-R(mo,<p)+€2-

Proof: The term in the left hand side can be written as

EZ@,;Z—A,;Z)r,f — Z <——1)xk r2=E
k=1

Using Lemma 4.3, we obtain
mo m m
EY (=M =—2E [Z (p,%lkluk:| +E [Z <p,§xkzuivk] =81+ 52,
k=1 k=1 k=1

where the jtj are defined in Lemma 4.2 and vy denotes a variable uniformly bounded on
B. First consider the bound on S,. Using (4.1) with x = n~1/2 logn, we obtain

m m
5 = E[zwzxzzuzvk} ; CE[zwzx;ZM,ﬁ] ‘o
k=1 k=1
log? ’;’ .
<c* ”E[Z¢;Ak2]+cu¢||2 ~log! (4.8)
n k=1

where C, T denote positive constants independent of n and €2 is defined in Theorem 3.5.
Thanks to our assumptions on the sequence (Ax)xen, forall y > 0

log ClogltTh
S, < ||¢||XEksupxk +Cllgllze "
y & c (1o22m) oI\
< L Aoz | =L TP Q, 4.9

where for the last inequality, we have used (3.3), (3.4) and the bound

sup Ap 2<—Z)L +Cx*,
k<m k=1

with x = y~!log?(n) - ||¢||%. More details on this bound can be found in [7].
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232 Loubes — Marteau

Now, we are interested in the bound on S;. Using (4.7) and a string of inequalities
similar to (4.6), we obtain

m
St =E) oA
k=1

IA

+
EY  1gm k=m0l A ikl +E D Vs moy L=y 00 1A k|
k=1 k=1

1 3
2
(E > ¢,3) E " 270k — M)’

k>m k<mg

IA

2 2

+ES 2] [EY 24200 -2

k>mq k<m

Hence, forall y > 0

S1<vEY i+ > @}

k>m k>mg
m . mo R
-1 {EZAkZ(Ak —Ar)? +EZA,;2(Ak —Ak)z} .
k=1 k=1

Using (4.1) once again with x = n~'/2log®*n, we obtain for all y > 0

St =yiEY oi+ > 9t

k>m k>mg

17 T
+r o8 7 oz {szk f’k"‘zkk } Celoe!MTn,

This concludes the proof of Lemma 4.5. O

Lemma 4.6 Let m a random variable measurable with respect to (Y;, Xi, Wi)i=1,..n
such thatm < M. Then

T PN

"“E 17252 — o2

» |:Z k(0 —0;)

logn 1 < T=20,2_~2 —log?n
C5E ZA i)+ E Y AR [+ Ce ,

for some C > 0 independent of n.
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Proof: First remark that, for all k > 1

_ I ¢ ~
Gr—op = ;Z(Yﬂﬂk(Wi)—rk)z—sz

i=1

1 n
= = Y YPUROW) 47~ 27— (ELY Y2 (W)] — EIY v (W)P)

i=1

1 ¢ ~
= =D VPR —EIY Y W)+ (0 =75

i=1

Hence, we obtain

1 m R m
;E[ZA;Z(Ei—a,f)] [Z pk:|+ E[Zkk (r? - k)] (4.10)
k=1 k=1

where forall k e N

n

1
o=~ AVPUR (W) —EIY 29 W)}

i=1

We are interested in the first term in the right hand side of (4.10). Let § > 0 a positive
constant which will be chosen later

1 ~ 1 m ~ 1 m ~
;E[ kzpk] =, F [Zlkzpkl{pkfa]+;E[Z*k2pk1{pk>s}}

k=1 k=1
Since m < M, from integration by part

§ [~ 1 [&~,
;E Zkk +;E Zkk (pk—(g)l{pk>8} .
k=1 k=1
;E[Zlkz(Pk—S)l{pkw}]

k=1

e

IA

+00
Z/ P(pr = x)dx.

Let k£ € N and x > § be fixed. Using Bernstein inequality

log?n

P(px > x) = P (% S AYPUR W) —E[Y 2y (W)]) = x)

i=1

n2x2
< —
= P T2 Va2 (Wh)) + Cxn /3

nx2

<e

, : N pi_ZD —L—D.x}’
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234 Loubes — Marteau

with the hypotheses (3.2) and (3.1) on Y and (% ). The constants Dy and D1 are positive
and independent of n. Therefore, for all k < N

+o00
/ P(or = x)dx
5

2Dgy/Dq +00
5/ exp{—Cnxz}dx+[ exp{—nx}dx
§ 2Do/D;

IA

+o00 1
/ exp{—Cnéx}dx + —e C"
§ n

< exp{—n8?} +n"le C",
né

IA

for some C > 0. Choosing § = n~"/2

1 "_1»\_ logn Cloe?
EE}[}E:AkZPk] 152 [j{:kk ] +'C€ log n.
k=1

We use (4.10) in order to conclude the proof. O

logn and using Assumption (3.4), we obtain

5 Proofs

Proof of Theorem 3.5: The proof of our main result can be decomposed into four steps.
In a first time, we prove that the quadratic risk of ¢* is close, up to some residual terms,
to ER(m™, ) where

R(m.p)=> ot +

k>m

log n

Zkk of, YmeN. (5.1

This result is uniform in m and justifies our choice of R(m,¢) as a criterion for the
bandwidth selection.

In a second time, we show that ER(m*,¢) and EU(m*,r,¢) are in some sense
comparable. Then, according to the definition of m* in (3.9)

Um*,r,p) <U(m,r,p),Ym < M.

We will conclude the proof by proving that for all m < M, EU(m,r,¢) = E|@m —¢||%,
up to a log term and some residual terms.
First note that

+o0 m*
Elg*—¢l} =EY (9 —@0)?=E Y @2 +E> (A Fr—en)>.
k=1 k>m* k=1
This is the usual bias-variance decomposition. Then

m* m*
EY O Fe—e)* = EY Op ' Fr— A re+ A re — i)
k=1 k=1
m* m*

<2EY A2GFk—r)* +2EY Qg're—o)? =Ti+ T,
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Inverse regression with unknown operator 235

Concerning 75, we use the following approach. For all y > 0, using Lemma 4.3 and the
bounds (4.8) and (4.9)

m* 2
o)
k=1

2
A ma
Ak =1 \ Ak
A
=1

E

2 m
= 51{2 CHRE |49
* 2t
i 2 log*(n
< YEY a0 +C (7”"’”" IR IS (5.2)
n y
k=1

where py = Xk — Ay forall k € N. The term 77 is bounded using Lemma 4.4 with m = m*
and K = 2. Hence, for all y > 0

t
. = C (log*(n)-llp|32
El¢* —¢|% < (1+y)ER(m ,¢)+;<#X +Q, (5.3)

where R(m*,¢) is introduced in (5.1). This concludes the first step of our proof.

Now, our aim is to write ER(m*, ¢) in terms of EU(m*, 7, )
EU(m* r, (p)

logzn LR
_—E—Ekk , Ekkak
k=1

log?n UION UIPR
-2 2 -2 2 —2-2 -2..2
k=1 k=1

m*

T—2,2 =
PG
k=1

*

log n < .
=E| ) ¢i+ Zxk —llel} —E| Y Q% —ard)
k>m* k=1

log”n o
2.2 =2
- E E Ay (o), —0%)
k=1
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236 Loubes — Marteau

Hence
mﬁ
ER(m*.¢) = EU(m*.r.9) + o} +E| D (A2 — 222}
k=1
log n ~
Zxk (02 -5 |. (5.4)
Remark that
m* N T
Z{A;Z?}‘; —A )
- -
=E Zkkz(rk_rk +E| Y O - A7
i k=1
=E Zxk {(Fr—r1)? + 2@k —ri)re) | +E Z(xk — A}
k=1
Using simple algebra

m*
EY Ak —ri)r

k=1
m* m* N
=E Z )L];z(?k — rk)rk +E Z()L];Z — )L,Zz)(’r"\k — rk)rk
k=1 k=1
m* m*
=E Z)L];z(?k —ri)re + E Z()L];l —)lel)rk()tlzl + )lel)(?k —Tk)
k=1 k=1
m m m*
SEY NPF—rrne+EY O =2+ CEY A2 Fe—ri)* + Q.
k=1 k=1 k=1
Hence
m* m* m*
E| Y 0 -2t Z =17 |2 | Y AP Fr— i)
k=1 k=1 k=1
m* R m* A’k 2
+E| Y G -Adr2 | +EY == 1) 2.
= = k
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Inverse regression with unknown operator 237
Using Lemmata 4.4, 4.5 and (5.2), we obtain, forall 1 >y >0and K > 1
m* N
E| > 0% -2t (5.5)
k=1
[ AN
= (2)/71 log€n+Cy~'log*?n + y) -—E Z )L,;ZG,f +y ' R(mo. )
n
k=1

21

C [log?(n)-|¢|?

+VE|: > wi} +Q+CV*1N2’+1e*1°gK"+; (75,: ( )y ”(p”") .
k>m*

Remark that this result can be obtained for all 77 measurable with respect to the sample
(X;,Y:,W;)i=1,...n- Then, from (5.4) and Lemma 4.6

ER(m*,¢)
< EU(m*.r,¢) +lloll}

logZn\ 1 "
—17..K —17.,3/2 - T2 2
+<2y log®n+Cy log”“n+C nl/z)nE kz_l)tk o},

+y ' R(mo.¢) +VE[ > wi} +CyTINH T L g

k>m*

2t
C <log2(n)-||¢||§)

n y

which can be rewritten

(] _p(% Kvn))Ef\)(m*qu)
< EU(m*.r.¢) +l¢l*> + v~ R(mo.p)

2t
c (1og®(n)- ol
+ Cy_1N2t+1€_IOgKn +Q+ —~ (M) , (5.6)
oy, K.n) =2y MogK2n + —~ +1log™ /2 n 4.

nl/2

The third step of our proof can be easily derived from the definition of m* and leads to
the following result

(1—p(y, K,n)ER(m*, @)
< EU(my.r,9)+ llo|> +y~ "' R(mo.¢)
5 2 2t
C (log (”)‘”(P”X)

— oo K
+CJ/ 1N2t+le log n+Q+_£
14
BM - GDS 2755 “INSMI-CNRS

n
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238 Loubes — Marteau

where m1, defined in (3.6), denotes the oracle in the family {1,..., M}. In order to
conclude the proof, we have to compute EU(m1,7,¢) + ||¢||?. To begin with, remark that

EU(my,r, 90)+||</J||2

o log?n oA, .
[ Zxkz Pt — Zxk%i]ﬂwuz
k=1
mi g2n N
=E|[-> At | +leli + E| Y 1207
k=1 k=1
mq Zn mi
+E|:Z()L,:2r,f— W)] ~ [Z(kkm Ag2o? ]
k=1

Hence

EU(m1,r,9) + ol

log?n -, o
—E| Y g+ Zxkz : +E|:Z()Lk2r,f—lk2ri):|

k>m1 k=1

[Z(Akl’\Z ka )j|

= ER(ml,q))—i-Fl —|—F2

The same bound as (5.5) occurs for F;. By the same way, using Lemma 4.6

1
PR [E:Q —Akza,f)}
logn —log?n
2302 [Zkk }r Ezkkz(rk_ 2) 4+ Celoen,

Therefore, for all K > 1
EU(m1.r.9) + llo|I?
Jn

2 2\ %
4Oy N e ECog (n).||<a||x) o 68

Clog™! _
< <1+ClogK_2n+ o8 n)ER(ml,g0)+R(mo,<p)

n v
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Using (5.7) and (5.8), we eventually obtain

(1 - ,0()/7 K’ N))ER(m*’w)

Clog™'n _
< (14106520 + =22 " VER(m\,0) + Cy"ER(m0, )
Jn
1 2 2 2t
+Cy—1N2I+le—|0gKn + g ( og (l’l)- ||(p||X) +Q
n Y
< Clog?>(n)-ER(m1.¢) + Cy 'ER(mo,¢)
) S\ 2
+Cy—1N2t+1e—1ogKn + g <log (”)'||§0||X) 10
n Y
=

2t
C (log®(n)-|l¢|?
CIng(n)‘R(MO,(p)+10g2(n)-F((p)+;(M) +Q,

for some positive constant C, where I'(¢) is introduced in Theorem 3.5. An appropriate
choice of K and y yields p(y, K, N) < 1, at least for n small enough. Hence, we get

Ello* — ol

2t
C [1og?n)- 2
EClng(n)'R(ml,w)Jr;(%) +Q+log*(n)-T(p). g

Proof of Corollary 3.7: We start by recalling the oracle inequality obtained for the
estimator ¢*.

R . Ci 28
Ellp* — ¢l = Colog’(n)- [inf R(m.¢) |+~ (log(n)- ¢ )
+Q +1log?(n) - T (p).
We have to bound the risk under the regularity condition and the extra term log? (1) (¢).
Recall that the risk is given by
o log?n &~y
R(m,p) = Z‘Pk“‘ Zlk Ok -

n
k>m k=1

Hence under (3.12), we obtain both upper bounds for two constants C; and C,

D ep <mTC,

k>m

log?n “ log?n
1202 < Gy o2 m2ttt
n ]; k Yk — n U
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240 Loubes — Marteau

An optimal choice is given by m = [(n/logn) ESas ], leading to the desired rate of
convergence.
Now consider the remainder term I'(¢). Under Assumption 3.3, My > [n1/25/
1
log? n], but since mq = [nTF25%27] we get clearly that mo < Mo, which entails that
T'(p)=0. O
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