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Applications

Deformable fusion Motion transfer
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Motion capture Texture mapping

Dou et al. 2015; Sumner, Popovi¢ 2004; Faceshift; Cow image: Moore 2014
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Shape correspondence problem

Isometric
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Shape correspondence problem
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Shape correspondence problem
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Different representation
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Shape correspondence problem

Isometric Partial

Different representation  Non-isometric
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Outline

Background: Spectral analysis on manifolds
@ Functional correspondence

@ Partial functional correspondence

Non-rigid puzzles



Riemannian geometry in one minute

@ Tangent plane T,,, M = local
Euclidean representation of
manifold (surface) M around m
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Riemannian geometry in one minute

@ Tangent plane T,,, M = local
Euclidean representation of
manifold (surface) M around m

@ Riemannian metric
<-, -> TpuM : TowM x Tj\ynM — R

depending smoothly on m

Isometry = metric-preserving shape
deformation

o Exponential map
exp,, : ITmM — M

‘unit step along geodesic'
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Laplace-Beltrami operator

Smooth field f: M — R
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Laplace-Beltrami operator

Smooth field f oexp,, : T;nM — R
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Laplace-Beltrami operator

@ Intrinsic gradient
Vaf(m) =V(f oexp,,)(0)
Taylor expansion

(foexp,,)(v) =
f(m) +(Vmf(m),v)r,, m
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Laplace-Beltrami operator

@ Intrinsic gradient
Vaf(m) =V(f oexp,,)(0)

Taylor expansion

(foexp,,)(v) =
f(m) +(Vmf(m),v)r,, m

o Laplace-Beltrami operator
Amf(m) = A(f o exp,,)(0)

@ Intrinsic (expressed solely in terms of the Riemannian metric)
@ Isometry-invariant

o Self-adjoint (Am [, 9) L2(ry=(f, Amg) L2(m)
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Laplace-Beltrami operator

@ Intrinsic gradient
Vaf(m) =V(f oexp,,)(0)
Taylor expansion

(foexp,,)(v) =
f(m) +(Vmf(m),v)r,, m

o Laplace-Beltrami operator
Amf(m) = A(f o exp,,)(0)

@ Intrinsic (expressed solely in terms of the Riemannian metric)

@ Isometry-invariant

@ Self-adjoint (A f, g) L2 (ay=(f, Amg) 12(r) = orthogonal eigenfunctions
@ Positive semidefinite = non-negative eigenvalues

14/59



Discrete Laplacian

'y

Undirected graph (V, E) Triangular mesh (V, E | F)
1
(Af)im Y wi(fi— 1)) (Af)im — > wii(fi— £5)
(L.5)eE * (i.4)eE

cotaij;cot,@ij (’L,]) c Ei
Wi = 1 cot ay; (.i’j). c By

A B S

else

a; = local area element

Tutte 1963; MacNeal 1949; Duffin 1959; Pinkall, Polthier 1993



Fourier analysis (Euclidean spaces)

A function f : [-m, 7] — R can be written as Fourier series
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Fourier analysis (Euclidean spaces)

A function f : [—m,n] — R can be written as Fourier series
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f(w):(f,e_i“’w)ﬂ([—w,w])



Fourier analysis (Euclidean spaces)

A function f : [—m,n] — R can be written as Fourier series

@)=Y o [ s@etae e

f(w):(f,e_i“”)ﬂ([—n,w])

Fourier basis = Laplacian eigenfunctions: Ae™%? = (2e~iw®



Fourier analysis (non-Euclidean spaces)

A function f : M — R can be written as Fourier series

fom) =% / F©dR(E)dE dr(m)
M

E>1
Te=(f¢r) L2 10)

2 @3

Fourier basis = Laplacian eigenfunctions: Ayidr = Apdp
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Outline

Background: Spectral analysis on manifolds
e Functional correspondence

@ Partial functional correspondence

Non-rigid puzzles



Point-wise correspondence

Point-wise maps t: M — N
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Functional correspondence

Functional maps T: F(M) — F(N)

Ovsjanikov et al. 2012
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Functional correspondence

Ovsjanikov et al. 2012
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Functional correspondence

N ~N

f +az +
“ . 1

g ~ b + b2 +

Ovsjanikov et al. 2012
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Functional correspondence

f r ~ a1 -

4

+ a2 + - tag
g0
1
cT Translates Fourier coefficients from ® to ¥
1
~ . ‘l
~ by + b2 + o+ by

Ovsjanikov et al. 2012
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Functional correspondence

\ \\ 'i ‘\ \\\\ i
f szmh( + a2 + - +ag M"
! L 1§
1

Wy CT<I>;— Translates Fourier coefficients from ® to ¥

g ¥, =f'®,C

where ®;, = (¢,..., ), ¥r = (¢¥q,...,1;) are truncated
Laplace-Beltrami eigenbases

Ovsjanikov et al. 2012
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Functional correspondence in Laplacian eigenbases

For isometric simple spectrum shapes C is diagonal since ¢, = £T¢;,
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Computing functional correspondence

hibR kKKK

Ovsjanikov et al. 2012
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Computing functional correspondence

131 3¢¢¢

o Given ordered set of functions fq,...,f; on M and corresponding
functions g;,...,g, on NV (g, ~ Tf;)

Ovsjanikov et al. 2012
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Computing functional correspondence

hkhh Kkkx

o Given ordered set of functions fq,...,f; on M and corresponding
functions g;,...,g, on NV (g, ~ Tf;)

e C found by solving a system of gk equations with k2 variables
G'¥, =F'®,C

where F = (fy,...,f;) and G = (g;,...,8,) are n x g and m x q
matrices

Ovsjanikov et al. 2012
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Key issues

@ How to recover point-wise correspondence with some guarantees
(e.g. bijectivity)?

@ How to automatically find corresponding functions F, G?

Near isometric shapes: easy (a lot of structure!)
@ Non-isometric shapes: hard

@ Does not work well in case of missing parts and topological noise



Partial Laplacian eigenvectors

Au&i«.&&m

W\’M\M\
/E.\A\ lé\ ub!’%\?’[\,

o2 @3 ¢4 (o33 o6

Laplacian eigenvectors of a shape with missing parts
(Neumann boundary conditions)

Rodola, Cosmo, B, Torsello, Cremers 2016



Partial Laplacian eigenvectors

Functional correspondence matrix C

Rodola, Cosmo, B, Torsello, Cremers 2016
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Perturbation analysis: intuition

fui

@ Ignoring boundary interaction: disjoint parts (block-diagonal matrix)

@ Eigenvectors = Mixture of eigenvectors of the parts

Rodola, Cosmo, B, Torsello, Cremers 2016

26/59



Perturbation analysis: eigenvalues

1072
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0 ®
2.00 |- “‘(;) ..................... '“"',-n@
..0"“ ..tuucg.-"“ .
0.00 ngieenyeen” L \ ! :
10 20 30 40 50

eigenvalue number

@ Slope ; =~ % (depends on the area of the cut)

@ Consistent with Weil's law

Rodola, Cosmo, B, Torsello, Cremers 2016



Perturbation analysis: details

Rodola, Cosmo, B, Torsello, Cremers 2016
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Perturbation analysis: details

“How would the Laplacian eigenvalues and eigenvectors of the red
part change if we attached a blue part to it?”

Rodola, Cosmo, B, Torsello, Cremers 2016
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Perturbation analysis: details

“How would the Laplacian eigenvalues and eigenvectors of the red
part change if we attached a blue part to it?”

Rodola, Cosmo, B, Torsello, Cremers 2016



Perturbation analysis: details

Denote A +tPy = ®()A(1)P(#)T, Ay = PART, & = ®(0), and
A = A(0).

Theorem 1 (eigenvalues) The derivative of the non-trivial eigenvalues
is given by
d

0 0
N =0¢'P ) Py —

Rodola, Cosmo, B, Torsello, Cremers 2016



Perturbation analysis: details

Denote A +tP = ®(t)A(t)®(2) T, Ay = ®AP", & = ®(0), and
A= A0).

Theorem 1 (eigenvalues) The derivative of the non-trivial eigenvalues
is given by
d

0 0
—\ =& Puo, Py =

Theorem 2 (eigenvectors) Assuming \; # \; for i # j and \; # \; for
all 7, j, the derivative of the non-trivial eigenvectors is given by

I e L )

Rodola, Cosmo, B, Torsello, Cremers 2016



Perturbation analysis: boundary interaction strength

20— - —

101 — —

Value of f

@ Eigenvector perturbation depends on length and position of the boundary

@ Perturbation strength || £ ®||r < c [, , f(m)dm, where

JF#i

Rodola, Cosmo, B, Torsello, Cremers 2016



Laplacian perturbation: typical picture

Plate

Punctured plate

Figure: Filoche, Mayboroda 2009
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Partial functional maps

Model shape M

Query shape N/

Part M C M = isometric to N
Data F, G

Partial functional map

TG ~ F(M)

Rodola, Cosmo, B, Torsello, Cremers 2016
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Partial functional maps

Model shape M

Query shape N/

Part M C M = isometric to N
Data F, G

Partial functional map

G'¥C~FM) @

Rodola, Cosmo, B, Torsello, Cremers 2016
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Partial functional maps

Model shape M

Query shape N/

Part M C M = isometric to N
Data F, G

Partial functional map

GT¥C ~ F'diag(v)®

v € F(M) indicator function of M

Rodola, Cosmo, B, Torsello, Cremers 2016
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Partial functional maps

Model shape M

Query shape N/

Part M C M = isometric to N
Data F, G

Partial functional map

GT¥C ~ F'diag(n(v))®

v € F(M) indicator function of M

n(t) = 4 (tanh(2t — 1) + 1)

Optimization problem w.r.t. correspondence C and part v

I(Ijli‘l} “GT‘I’C - FTdiag(TI(V))‘I>||2,1 + pcorr(C) + Ppart (V)

Rodola, Cosmo, B, Torsello, Cremers 2016



Partial functional maps

Igi‘l} “GT‘I’C - FTdiag(n(V)ﬁPHQ’l + pcorr(c) + Prpart (V)

Rodola, Cosmo, B, Torsello, Cremers 2016



Partial functional maps
I(Ijli‘l} HGT‘I’C - FTdiag(n(v))i’Hll + pcorr(c) + ppart(v)

o Part regularization

poan(v) = 1 (W] - /MW(V)dm)2 +an [ EWIVaavldn

where £(t) ~ & (n(t) — 1)

Rodola, Cosmo, B, Torsello, Cremers 2016; BB 2008



Partial functional maps
Igi‘l} HGT‘I’C - FTdiag(n(v))@HQJ + pcorr(c) + ppart(v)

o Part regularization

poan(v) = 1 (W] - /MW(V)dm)2 +an [ €IV aavldn

area preservation Mumford—Shah

where £(t) ~ & (n(t) — 1)

Rodola, Cosmo, B, Torsello, Cremers 2016; BB 2008



Partial functional maps
Igi‘l} HGT‘I’C - FTdiag(n(v))@HQJ + pcorr(c) + ppart(v)

o Part regularization

poan(v) = 1 (W] - /MW(V)dm)2 +an [ €IV aavldn

area preservation Mumford—Shah

where £(t) =~ 6 (n(t) — %)
o Correspondence regularization

Peore(C) = pi3]|C o WI|F + g Z(CTC)?J» + s Z((CTC)u‘ —d;)*
] i

Rodola, Cosmo, B, Torsello, Cremers 2016; BB 2008



Partial functional maps

Igi‘l} HGT‘I’C - FTdiag(n(V))@HQJ + pcorr(c) + ppart(v)

o Part regularization

poan(v) = 1 (W] - /MW(V)dm)2 +an [ €IV aavldn

area preservation

where £(t) ~ & (n(t) — 1)

o Correspondence regularization

Mumford—Shah

Peore(C) = i3]|C o WI|F + g Z(CTC)?J» + s Z((CTC)u‘ —d;)?

i#]

slant

=~ orthogonality

Rodola, Cosmo, B, Torsello, Cremers 2016; BB 2008

i
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Structure of partial functional correspondence

e

C

Rodola, Cosmo, B, Torsello, Cremers 2016

\\%

c’c

0
0

20 40 60 80 100

singular values
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Alternating minimization

o C-step: fix v*, solve for correspondence C

min |GT®C — F diag(n(v*))®

|2,1 + pcorr(c)

e v-step: fix C*, solve for part v

min || GTWC" — F T ding((v)) |2, + ppare (v)

Rodola, Cosmo, B, Torsello, Cremers 2016



Alternating minimization

o C-step: fix v*, solve for correspondence C

min |GT®C — F diag(n(v*))®

|2,1 + pcorr(c)

e v-step: fix C*, solve for part v

min |G EC” — F ' diag(n(v)) @21 + ppare(V)

Iteration 1 2 3

Rodola, Cosmo, B, Torsello, Cremers 2016



Example of convergence

Time (sec.)

10 15 20 25

1010

109

108

107

Energy

106

10°

m—— C-step
—— V-Step

TS\
\

_h_Q—_——,

14
0 20

Rodola, Cosmo, B, Torsello,
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Iteration

Cremers 2016



Examples of partial functional maps

Rodola, Cosmo, B, Torsello, Cremers 2016
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Examples of partial functional maps

Rodola, Cosmo, B, Torsello, Cremers 2016
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Partial functional maps vs Functional maps

100 T
= 150
100
80 [~ 50 —
g
< e PFM
T 60 [ F —
g unc. maps
Q.
8
5 40 —
o
X 50~ 100
20 150 n
0 | | | |
0 0.05 0.1 0.15 0.2

Geodesic error

Correspondence performance for different rank values k

Rodola, Cosmo, B, Torsello, Cremers 2016
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Partial correspondence performance

Cuts Holes

©
=}

[=3
(=]

IS
(=]

% Correspondences

0 0.05 0.1 0.15 0.2 0.25 0 0.05 0.1 0.15 0.2 0.25

Geodesic Error Geodesic Error

——PFM ——RF === IM === EN === GT

SHREC'16 Partial Matching benchmark Rodola et al. 2016; Methods: Rodola,
Cosmo, B, Torsello, Cremers 2016 (PFM); Sahillioglu, Yemez 2012 (IM); Rodola,
Bronstein, Albarelli, Bergamasco, Torsello 2012 (GT); Rodola et al. 2013 (EN);
Rodola et al. 2014 (RF)
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Partial correspondence performance

Cuts Holes

-
-
-mm = -mmmmE
P - A
0.2 p= ---4:— - L o= ==
- 2

20 40 60 80 20 40 60 80

Partiality (%) Partiality (%)

Mean geodesic error

—PFM —RF -~~~ IM --= EN --- GT

SHREC'16 Partial Matching benchmark Rodola et al. 2016; Methods: Rodola,
Cosmo, B, Torsello, Cremers 2016 (PFM); Sahillioglu, Yemez 2012 (IM); Rodola,
Bronstein, Albarelli, Bergamasco, Torsello 2012 (GT); Rodola et al. 2013 (EN);
Rodola et al. 2014 (RF)
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Deep learning + Partial functional maps

N @I

Correspondence

NAC 0D

Correspondence error

Boscaini, Masci, Rodola, B 2016
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Deep learning + Partial functional maps

bl PR

Correspondence
: 9 0.1
! HOAO

el

Correspondence error

Boscaini, Masci, Rodola, B 2016



Outline

Background: Spectral analysis on manifolds
@ Functional correspondence
@ Partial functional correspondence

@ Non-rigid puzzles






Partial correspondence

Rodola, Cosmo, B, Torsello, Cremers 2016
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Non-rigid puzzle

Litani, Rodola, BB, Cremers 2016
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Partial Laplacian eigenvectors

Functional correspondence matrix C

Rodola, Cosmo, B, Torsello, Cremers 2016
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Key observation

Litani, Rodola, BB, Cremers 2016
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Key observation

Cnm = CyACAmCanmr

slant o |—N|M

N M|

Litani, Rodola, BB, Cremers 2016

47/5'



Key observation

Cnm = CyACAmCanmr

INTIM]_ IV
NTIM] M|

slant o

Litani, Rodola, BB, Cremers 2016
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Non-rigid puzzles problem formulation

Model Parts

Input
o Model M
e Parts V1,..., N,

Output

@ Segmentation M; C M
Located parts N; C \;
Correspondences C;
Clutter N/
Missing parts M

Litani, Rodola, BB, Cremers 2016
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Non-rigid puzzles problem formulation

Model Parts

Data F;, G;

Model basis ®, ®(M;)
Part bases ¥;, ¥;(N;)
Data term

F; ®(M;) ~ G/ ®,(N;)C;

Litani, Rodola, BB, Cremers 2016
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Non-rigid puzzles problem formulation

P
Hcl:iin Z ||GZT‘I’1(Nz)Cz - FiTQ(Mi)HZl
M;CM,N;CN; =1

P P
T Am Z Ppart (M) + An Z Ppart (IN;)

=0 i=1

p
+ )\corr Z pcorr(ci)
i=1

s.t. MiﬁMj:(Z) V’L#]
MoyUM;U---UM, =M
|M;| = |Ni| > a| N,

Litani, Rodola, BB, Cremers 2016



Non-rigid puzzles problem formulation

mm Z||GTd1ag( (w;))¥,C; — F/ diag(n(v;))

ul,v7 =1
p P
+ Am Z Ppart(M(Vi)) + A Z Ppart(n(1;))
1=0 i=1
P
Acorr Z pcorr(c )

P
s.t. Z
aj\—/,ul

= anZ > aaN 1

Litani, Rodola, BB, Cremers 2016




Convergence example

Outer iteration 1

Litani, Rodola, BB, Cremers 2016
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Convergence example

Outer iteration 2

Litani, Rodola, BB, Cremers 2016
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Convergence example

Outer iteration 3

Litani, Rodola, BB, Cremers 2016

50/59



Convergence example

Time (sec)
30 32 34 36 38 40 42 44 46 48
T T T T T T T T T 1]
-——

B — ——

- \—

B D E— e e—

Il Il Il Il Il Il Il
80 90 100 110 120 130 140 150 160

Iteration number

Litani, Rodola, BB, Cremers 2016



“Perfect puzzle” example

Model/Part Synthetic (TOSCA)
Transformation  Isometric

Clutter No
Missing part No
Data term Dense (SHOT)

A~

Litani, Rodola, BB, Cremers 2016
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“Perfect puzzle” example

Model /Part Synthetic (TOSCA)
Transformation  Isometric

Clutter No

Missing part No

Data term Dense (SHOT)

A~

Segmentation

Litani, Rodola, BB, Cremers 2016
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“Perfect puzzle” example

Model /Part Synthetic (TOSCA)

Transformation  Isometric

Clutter No

Missing part No

Data term Dense (SHOT)
Correspondence

Litani, Rodola, BB, Cremers 2016
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Overlapping parts example

Model /Part Synthetic (FAUST)
Transformation  Near-isometric
Clutter Yes (overlap)
Missing part No

Data term Dense (SHOT)

N

Segmentation

Litani, Rodola, BB, Cremers 2016
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Overlapping parts example

Model /Part Synthetic (FAUST)
Transformation  Near-isometric
Clutter Yes (overlap)
Missing part No

Data term Dense (SHOT)

N

Correspondence

Litani, Rodola, BB, Cremers 2016
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Overlapping parts example

Model /Part Synthetic (FAUST)
Transformation  Near-isometric
Clutter Yes (overlap)
Missing part No

Data term Dense (SHOT)

N

Correspondence error

Litani, Rodola, BB, Cremers 2016
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Missing parts example

Model /Part Synthetic (TOSCA)
Transformation  Isometric

Clutter Yes (extra part)
Missing part Yes

Data term Dense (SHOT)

Litani, Rodola, BB, Cremers 2016
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Missing parts example

Model /Part Synthetic (TOSCA)
Transformation  Isometric

Clutter Yes (extra part)
Missing part Yes

Data term Dense (SHOT)

§

Segmentation

Litani, Rodola, BB, Cremers 2016
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Missing parts example

Model /Part Synthetic (TOSCA)
Transformation  Isometric

Clutter Yes (extra part)
Missing part Yes
Data term Dense (SHOT)

Litani, Rodola, BB, Cremers 2016

Correspondence



Scanned data example

Model /Part
Transformation
Clutter

Missing part
Data term

Synthetic (TOSCA) / Scan
Non-Isometric

No

No

Sparse deltas

Litani, Rodola, BB, Cremers 2016
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Scanned data example

Model /Part
Transformation
Clutter
Missing part
Data term

Synthetic (TOSCA) / Scan
Non-Isometric

No

No

Sparse deltas

Litani, Rodola, BB, Cremers 2016

Segmentation




Non-rigid puzzle vs Partial functional map

,h&%

Non-rigid puzzle

A~

Partial functional map (pair-wise)

Rodola, Cosmo, B, Torsello, Cremers 2016; Litani, Rodola, BB, Cremers 2016
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Summary

New insights about spectral properties of Laplacians

Extension of functional correspondence framework to the partial
setting

Practically working methods for challenging shape correspondence
settings

o Code available (SGP Reproducibility Stamp)

e Some over-engineering - can be done simpler! (stay tuned...)
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