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Classical formulation urban planning
ds(x,y) = inf{at (v \ ) + H'(yNZ) : v path from x to y}
&7[x] = Was (1o, 111) +eH(E)

= inf ds(x, y)du(x,y) +eHY (T
e [ day)duey) + <R )
TIgH=10 ,  T2p[=H1

m requires computation of dy or dual formulation
m variation with respect to ¥ nontrivial
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G = (V, E) = directed weighted graph §>_'<§
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allows phase field description!
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New formulation urban planning [Brancolini, Wirth '15]

G = (V, E) = directed weighted graph §>_~<§
we = flow through e € E, le = length of e We

- Y ece € (w)le if Kirchhoff laws satisfied
erlel= sonst

c®=(w)

E2¢[F] = inf{linlinfMa[Gn] |Gy = F, divF = po — p1 }
n—o0

Thm. ming £2¢[X] = min]:ga’a[]:] & Yopt C sptFopt
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Thm. cf(e,a) < m):in TN - T < Cf(e, a)
€3 urban planning 2D (752 = £%7)

Ve(va+ | log a;\/ng urban planning 3D (J%° = £%9)

n=3
sﬁﬁ\/a — 11 urban planning nD (J%2 = £%2?)
elloge| branched transport (72 = M°)
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Relaxed energy and upper bound ,
TFl = s F(x) +edHY (x) F=FHLY
Ho
Thm. cle?l? < m}n TNFl = T < Cre?/3
Step 1: Relaxation for ¢ =0
given source (i, & sink pip,
VAR inf{ 7°[F]| F transports p, to up}
= Wasserstein-distance(pa, ftp)
T s, €aN be computed/accurately estimated!
(e. g. via convex duality) = T =1L
Step 2: Upper bound by construction
elementary cell wy ~ Ve

L hi = \Jw3/e




Lower bound
T°IE] = [5 F(x) dH(x) + elength(X)
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Lower bound
T°IE] = [5 F(x) dH(x) + elength(X)
abbr.: J = ming Jex], AT=J - "7:0,#1

Step 3: Lower bound based on relaxation

X2 :u’l
on xp = Xo
% B3 N S AJ /e intersecting pipes
Ho
average F(X
jfjo = F(%) (transport) = F(X) )?22+C1F(>A<)22 F()?)é(z-i—Cg (AX)Q)
5 distance X2
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Analysis & numerics in 2D via images
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Analysis & numerics in 2D via images

23
F € tbm(Q;R?)
1
X \ divF = Mo — M1
. X1 Ho _

qS)

ue BV(Q' R)
u()A( f{xz 0,x1<%1} ,uo( )
u()/2 f{xz 0,x1<%1} d'u’l( )

One-to-one relation fluxes <+ images: F, = Vu', ¥ =S,
/¢ d(divF,) = f/Vqs'd]-',, z/wl-dvu = —/div(ng)J‘)udx =0 V¢ eClX(Q)
Q Q Q Q

.. with boundary terms: div/F, = puo — 1
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Versions of Mumford—Shah segmentation ...
M.-S.: J%%u] = / a(u — 0)% + |Vu|?dx +/ £ dH?
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Network functionals in terms of images
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Versions of Mumford—Shah segmentation ...

M.-S.: js’a[u]:/ g(x,u, Vu) dx+/ Y(x, ut,u, v)dH!
[ S

urb. pl.: &[] = {fQ\Su alVuldx + [g [[u]l+edH" if u satisfies b. c.
00 else

br. tpt.: Nt[u] = {fsu [[u]|*~¢ dH! if u satisfies b.c. and Vu =0
00

else
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inf  J%%u] > inf sup ¢ - dDv
ueBV(Q) VEC¢E;C QxR

with C = {VEBV(QXR; [0,1]) : Li\@ v(x,s)=1, lim v(x, s)zO}

S—00



Lower bound on network costs

Urban planning: g(x,u, Vu) = a|Vu|, ¥(x,s1,5,v) = |s1 — 2| + ¢

K={o=(¢"09): ¢* 200" <a

fSSfQSX(x,s)ds‘ <|sy — s1| + 5}
Branched transport: g(x, u, Vu) = Iy,—o, ¥(x, s1,%,v) = |51 — |1 7¢

K={o=(¢"0%): 5" 20,

fssl2¢X(X7 5)d5’ <l[s2 — 51!175}
Lower bound: 752 = £52, 759 = M®
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Branched transport: g(x, u, Vu) = Iy,—o, ¥(x, s1,%,v) = |51 — |1 7¢

K={o=(¢"0%): 5" 20,
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Lower bound: 752 = £52, 759 = M®

min  J[F]= min  J%[u] > sup inf / ¢ -dDv
QxR

divF=po—p1 ulaa(x)=x1 pe V‘d(QxR) L

= sup inf //¢ ydsdx/ vdivg d(x, s)
peK Vla@xr)=1x—x JOQ QxR

> sup / / ¢ -vdsdx
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Construction for ¢

expected optimal image

min  J[F]= min ja’a[u]

divF=po—pm ulan(x)=x1

corresponding lifting
X1
~ min  J%F] > sup / / ¢*-v*dxds
divF=po—p1 div¥¢*=0, |¢*|<a JOQJ—co
J3267(xs)ds|<h(|s2—s1))

h(s) _ { s+e urb. pl.

s1=¢ br. tpt.

test field ¢
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