Locality of the mean curvature of rectifiable varifolds
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Abstract

The aim of this paper is to investigate whether, given two rectifiable k-varifolds in
R" with locally bounded first variations and integer-valued multiplicities, their gener-
alized mean curvatures coincide .7#X-almost everywhere on the intersection of the sup-
ports of their weight measures. This so-called locality property, which is well-known for
classical C? surfaces, is far from being obvious in the context of varifolds. We prove that
the locality property holds true for integral 1-varifolds, while for k-varifolds, k > 1, we
are able to prove that it is verified under some additional assumptions (local inclusion
of the supports and locally constant multiplicity on their intersection). We also discuss
a couple of applications in elasticity and computer vision.

Introduction

Let M be a k-dimensional rectifiable subset of R", 6 a positive function which is locally
summable with respect to #%_M, and TyM the tangent space at .7#*-almost every x € M.
The Radon measure V = 6.7X_M ® 3y on the product space

Gk(R") = R" x {k-dim. subspaces of R"}

is an example of a rectifiable k-varifold.

Varifolds can be loosely described as generalized surfaces endowed with multiplicity (6
in the example above) and were initially considered by F. Almgren [2] and W. Allard [1] for
studying critical points of the area functional.

Unlike currents, they do not carry information on the positive or negative orientation
of tangent planes, hence cancellation phenomena typically occurring with currents do not
arise in this context. A weak (variational) concept of mean curvature naturally stems from
the definition of the first variation OV of a varifold V, which represents, as in the smooth
case, the initial rate of change of the area with respect to smooth perturbations. This
explains why it is often natural, as well as useful, to represent minimizers of area-type
functionals as varifolds.

One of the main difficulties when dealing with varifolds is the lack of a boundary opera-
tor like the distributional one acting on currents. In several situations, one can circumvent
this problem by considering varifolds that are associated to currents, or that are limits (in
the sense of varifolds) of sequences of currents (see [16, 17]).

This paper focuses on varifolds with locally bounded first variation. In this setting, the
mean curvature vector Hy of a varifold V is defined as the Radon-Nikodjm derivative of the
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first variation &V (which can be seen as a vector-valued Radon measure) with respect to
the weight measure ||V|| (see Section 1 for the precise definitions). In the smooth case, i.e.
when V represents a smooth k-surface Sand 6 is constant, Hy coincides with the classical
mean curvature vector defined on S,

However, it is not clear at all whether this generalized mean curvature satisfies the
same basic properties of the classical one. In particular, it is well-known that if two smooth,
k-dimensional surfaces have an intersection with positive .7 measure, then their mean
curvatures coincide almost everywhere on that intersection. Thus it is reasonable to expect
that the same property holds for two integral k-varifolds having a non-negligible intersec-
tion. This locality property of the generalized mean curvature is, however, far from being
obvious, since varifolds, even the rectifiable ones, need not be regular at all. A famous
example due to K. Brakke [9] consists of a varifold with integer-valued multiplicity and
bounded generalized mean curvature, that cannot even locally be represented as a union
of graphs.

Previous contributions to the locality problem are the papers [4] and [17]. In [4], the
locality is proved for integral (n— 1)-varifolds in R" with mean curvature in LP, where
p>n—1and p> 2 The result is strongly based on a quadratic tilt-excess decay lemma
due to R. Schatzle [16]. Taking two varifolds that locally coincide and whose mean curva-
tures satisfy the integrability condition above, the locality property is proved in [4] via the
following steps:

1. calculate the difference between the two mean curvatures in terms of the local be-
havior of the tangent spaces;

2. remove all points where both varifolds have same tangent space;
3. finally, show that the rest goes to zero in density, thanks to the decay lemma [16].

The limitation to the case of varifolds of codimension 1, whose mean curvature is in LP
with p>n—1, p> 2, is not inherent to the locality problem itself, but rather to the technics
used in R. Schétzle’s paper [16] for proving the decay lemma.

A major improvement has been obtained by R. Schitzle himself in [17]. Indeed, he
shows that, in any dimension and codimension, and assuming only the L2 . summability of
the mean curvature, the quadratic decays of both tilt-excess and height-excess are equiv-
alent to the C?-rectifiability of the varifold. Consequently, the locality property is shown
to hold for C?-rectifiable k-varifolds in R" with mean curvature in L2, as stated in Corol-
lary 4.2 in [17]: let Vi1,V» be integral k-varifolds in Q C R" open, with Hy, € L2 (|M]]) for

i = 1,2 If the intersection of the supports of the varifolds is C2-rectifiable, then Hy, = Hy, for
HX-almost every point of the intersection.

A careful inspection of the proof of the locality in [4] and [17] shows the necessity of
controlling only those parts of the varifolds that do not contribute to the weight density,
but possibly to the curvature. However, the tilt-excess decay provides a local control of the
variation of tangent planes on the whole varifold, and is effective when the multiplicity
functions are integer-valued (i.e., in the case of integral varifolds). This observation has
led us to tackle the locality problem by means of different technics, in order to weaken the
requirement on the integrability of the mean curvature down to L}.. Our main results in
this direction are:

1. in the case of two integral 1-varifolds (in any codimension) with locally bounded first
variations, we prove that the two generalized curvature vectors coincide almost ev-
erywhere on the intersection of the supports (Theorem 2.1);
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2. in the general case of rectifiable k-varifolds, k > 1, we prove that if Vi = v(My, 61),
Vo =Vv(My, 62) are two rectifiable k-varifolds with locally bounded first variations, and
if there exists an open set A such that M;NA C M, and both 6;,6, are constant on
M;NA, then the two generalized mean curvatures coincide .7#%-almost everywhere
on M;NA (Theorem 3.4).

The strategy of proof consists of writing the total variation in a ball B in terms of a
(k—1)-dimensional integral over the sphere dB and showing that this integral can be well
controlled, at least for a suitable sequence of nested spheres whose radii decrease toward
zZero.

The 1-dimensional result is somehow optimal, as the only required hypothesis is the lo-
cal boundedness of the first variation. Under this minimal assumption, we can prove that
there exists a sequence of nested spheres that meet only the intersection of the two vari-
folds, i.e. essentially the part that counts for the weight density. In other words, the parts
of the varifolds that do not contribute to the weight density do not either intersect these
spheres. This is a key argument to prove that the generalized curvature is essentially not
altered by the presence of these “bad” parts.

In the general k-dimensional case it is no more possible to prove the existence of nested
spheres that do not intersect at all the bad parts. But we are able to prove, under the extra
assumptions cited above, that the integral over the (k— 1)-dimensional sections of the bad
parts with a suitable sequence of spheres is so small, that it does not contribute to the
mean curvature, and thus the locality holds true in this case.

The plan of the paper is as follows: in Section 1 we recall basic notations and main
facts about varifolds. Section 2 is devoted to the proof of the locality property for integral
1-varifolds in R" with locally bounded first variation (Theorem 2.1), whose immediate con-
sequence is the fact that for any such varifold, the generalized curvature k(x) coincides
with the classical curvature of any C? curve that intersects the support of the varifold,
for #-almost all x in the intersection (Corollary 2.2). We also provide an example of a
1-varifold in R? whose generalized curvature belongs to L'\ Up=1LP. In Section 3 we first
derive two useful, local forms of the isoperimetric inequality for varifolds due to W.K. Al-
lard [1]. Then, we prove that for almost every r > 0, the integral of the mean curvature
vector in B coincides with the integral of a conormal vector field along the sphere 9B,
up to an error due to the singular part of the first variation. These preliminary facts are
key ingredients to prove our locality result for k-varifolds in R" (Theorem 3.4). Finally,
we discuss in Section 4 some applications of the locality property for varifolds, in partic-
ular to lower semicontinuity results for the Euler’s elastica energy and for Willmore-type
functionals that appear in elasticy and in computer vision.

Note to the reader: the preprint version of this paper contains an appendix where we have
collected, for the reader’s convenience, the statements and proofs due to W.K. Allard [1] of
both the fundamental monotonicity identity and the isoperimetric inequality for varifolds
with locally bounded first variation.

1 Notations and basic definitions

Let R" be equipped with its usual scalar product (,). Let G,k be the Grassmannian of
all unoriented k-subspaces of R". We shall often identify in the sequel an unoriented k-
subspace S€ G,k with the orthogonal projection onto S which is represented by the matrix



S! = (a,9(€j)), {€1,...,en} being the canonical basis of R". Gk is equipped with the metric

Is=Ti = (Z (s’ —T”‘)Z)Z

J=1

For an open subset U C R" we define G (U) =U x Gk, equipped with the product metric.
By a k-varifold on U we mean any Radon measure V on G¢(U). Given a varifold V on U,
a Radon measure ||V|| on U (called the weight of V) is defined by

IVII(A) =V (T (A)), A C U Borel,

where 1Tis the canonical projection (x,S) — x of Gi(U) onto U. We denote by ©%(||V||,x) the
k-dimensional density of the measure ||V| at X, i.e.

V| (B (X
@k(HVH,X) r_}QH Hog(rk( ))

)

wx being the standard k-volume of the unit ball in R¥. Recall that ©(||V||,x) is well defined
IV ||-almost everywhere [18, 10].

Given M, a countably (/7% Kk)-rectifiable subset of R" [10, 3.2.14] (from now on, we shall
simply say k-rectifiable), and 6, a positive and locally ./#*-integrable function on M, we
define the k-rectifiable varifold V =v(M, 0) by

V(A) = / 8d#*  AC Gy(U) Borel,
(TMNA)

where TM = {(x, M) : x € M*} and M* stands for the set of all x € M such that M has an
approximate tangent space TyM with respect to 6 at x, i.e.

imA = [ f(A"1(z—x))8(2)d#%(2) = B(x) / f(y)ds*(y),  VfeCYR").
Al0 JM M

Remark that /#%(M\ M*) = 0 and the approximate tangent spaces of M with respect to two
different positive .##*-integrable functions 6, 0 coincide .7#%-a.e. on M (see [18], 11.5).
Finally, it is straightforward from the definition above that

V| = 6£%M.

Whenever 6 is integer valued, V = v(M, 0) is called an integral varifold.

Before giving the definition of the generalized mean curvature of a varifold, we recall that
for a smooth k-manifold M C R" with smooth boundary, the following equality holds for any
X € CL(R" RM):

/divMdei”k:—/ <HM,X>d%k—/ (n,X)dA" L, &)
M M oM

where Hy is the mean curvature vector of M, and 1 is the inner conormal of dM, i.e. the
unit normal to dM which is tangent to M and points into M at each point of dM. The
formula involves the tangential divergence of X at x € M which is defined by

n k
divmX (x ZDMX, = Zl (&, 0MX () Z X) Tj, Tj),
i =1



where {11,...,T¢} is an orthonormal basis for TyM, with OMf(x) = TuM(Of(x)) being the
projection of Of(X) onto TyM.

The first variation 6V of a k-varifold V on U is the linear functional on C(U,R") defined
by

BV (X) = / divsX dV (x,S), @)
Gk(U)

where, for any Se Gk, we have set 05X = S(OX;) and diveX = Siti(a, OSX).

In the case of a k-rectifiable varifold V, oV (X) is actually the initial rate of change of the
total weight ||V||(U) under the smooth flow generated by the vector field X. More precisely,

let X € CL(U,R") and ®(y,&) € R" be defined as the flow generated by X, i.e. the unique
solution to the Cauchy problem at eachye U

d
5: P08 =X(@(v8), @0 =y.

Then, one can consider the push-forwarded varifold Vg = ®(-,€)4V, for which one obtains
VellW) = [ Br@tye)dIVII(y) = [ 11+ edimX(y)+o(e)]dIVI[(y).

where J'®(y, &) = [de{ 0! ®(y, £))| is the tangential Jacobian of ®(-,€) at y, and therefore

oV(X)= [ dvX)dIVIY) = 5 Vel U)jeco

(see [18, §9 and §16] for more details).

A varifold V is said to have a locally bounded first variation in U if for each W cc U
there is a constant ¢ < » such that [V (X)| < csup, |X| for any X € CL(U,R") with spt|X| c W.
By the Riesz Representation Theorem, there exist a Radon measure ||dV|| on U - the total
variation measure of dV - and a ||dV||-measurable function v: U — R" with |[v|=1/dV||-a.e.
in U satisfying

BV (X) = —/U<v,x>d|yavn VX € CL(U,R").

According to the Radon-Nikodjm Theorem, the limit

e 1BVII(B (%)
Dyvyl[dV|[(x) := !'ﬂ},m

exists for |V ||-a.e. x € R". The generalized mean curvature of V is defined for ||V|-almost
every X € U as the vector

Hy (X) = Dy [[3V [ () v(X) = [Hv (X)|v(X).
It follows that, for every X € CL(U,R"),
oV(X) =~ [ (v X)dIV| - [ (v.X)d]oV s ®)
where [|0V||s:= ||V LAy, with By ;= {x€ U : Dy [|0V||(X) = +oo}.

A varifold V is said to have mean curvature in LP if Hy € LP(||V||) and |0V || is absolutely
continuous with respect to ||V||. In other words,

. Hv € LP(|[V])
Hvelie= 9 svix) = —/ (Hy,X)d|V||  for every X € CL(U,R")
U
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When M is a smooth k-dimensional submanifold of R", with (M \ M)NU = 0, the diver-
gence theorem on manifolds implies that the generalized mean curvature of the varifold
V(M, 6p) for any positive constant 6y is exactly the classical mean curvature of M, which
can be calculated as

H(X) = = divi vj(x) vj(X), 4)
]

where {Vj(x)}j is an orthonormal frame for the orthogonal space (TM)*.

We recall the coarea formula (see [18, 10]) for rectifiable sets in R" and mappings from
R"to R™ m< n. Let M be a k-rectifiable set in R" with k>m, 6 : M — [0, 4| a Borel function,
and f :U — R™ a Lipschitz mapping defined on an open set U C R". Then,

/ I f(x) 6()dA*(x) / / (y) dA () d™ (L), ®)
xeMNU mJyef-1(t

where Jy f(x) denotes the tangential coarea factor of f at x € M, defined for ./#X-almost
every X € M by

I (x) = /det M £(x)- DM (x)1).

We also recall Allard’s isoperimetric inequality for varifolds (see [1]) as it will be crucial in
the following:

Theorem 1.1 (Isoperimetric inequality for varifolds) There exists a constant C > 0
such that, for every k-varifold V with locally bounded first variation and for every smooth
function ¢ > 0 with compact support in R",

dV||<C d||v : d||dV 0S¢ |dV | . 6
L ooy $IVI < (/ pdl ||> (/ iVl + [ oo ) 6)

2 Integral 1-varifolds with locally bounded first variation

2.1 Locality property of the generalized curvature

We consider integral 1-varifolds of type V =v(M, 0) inU C R", where M C U is a 1-rectifiable
set and 0 > 1is an integer-valued Borel function on M. Thus, |V| = 8 5#1_M is a Radon
measure on U and we assume in addition that V has a locally bounded first variation, that
is, for any smooth vectorfield X € C(R";R")

V() = | X dV]| == [ (k. X)dV]| +BVe(X),

where dVs denotes the singular part of the first variation with respect to the weight mea-
sure ||V||. We now prove the following

Theorem 2.1 LetV, =Vv(My, 61), Vo =V(Mz, 6) be two integral 1-varifolds with locally bounded
first variation. Then, denoting by Ki, K» their respective generalized curvatures, one has
K1(X) = K2(X) for s -almost every x € S= My N M.

PROOF Let x € Ssatisfy the following properties:

1. Xxis a point of density 1 for M;,M, and S
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2. xis a Lebesgue point for 6 and k6 (i = 1,2);

o e 19Vl (Br (%)

=0forV = V1,V2.
=0 [[V][(Br(x))

In particular, this means

A ((Mi\SNB(X) _ (7)

lim

r—0 2r

. L o 1 _

L ¥=) RNCIVRCICILER R ®
im + . x L) —

5 s KO8~ (0)8(0) 47 () =0 ©

for i = 1,2 and with B;(x) denoting the ball of radius r and center x. Recall that /#*-a.e.
X € S has such properties. Without loss of generality, we may assume that x = 0 and we
shall denote in the sequel B; = B;(0). In view of Property 3 above, we may also neglect the
singular part, i.e. assume that the varifolds have generalized curvatures in Llloc.
Let us write the coarea formula (5) with f(x) =[x/, M =M;\ Sand 6 = 8, also observing
that
() =[O ()] :'T;T’ <1

where xy denotes the projection of x onto the tangent plane TyM. We obtain the inequality
r
MIMASrBY > [ [ adrta i-12 (10)
0 J(Mi\S)NJB

By combining (7) and (8), one can show that

2 2r Jow\sn.,

hence if we define
gi(t) :/ adr®,  i=12
(Mi\S)NIB
we find by (10) and (11) that O is a point of density 1 for the set .7 = {t > 0: gi(t) =0}, that
is,
N E Y]
r—0 r

=1

Therefore, by the fact that the measure .#7° is integer-valued we can find a decreasing
sequence (rg)k converging to 0 and such that ry is a Lebesgue point for both g; and g, with

01(rk) = 92(rx) = 0, thus .
k
lim — gi(t)dt=0 Vi=12 (12)

e—=0E& Jr—¢

By arguing exactly in the same way, we can also assume that

1 [
lim= [ h(t)dt=0, (13)

£-0E& Jry—¢

where

ht) = [ 181(0)8:(y) - 62(0)81(y)| d ()
JyeSnoB;



Indeed, one can observe as before that the set
2={t>0: h(t)=0}

has density 1 at t =0, as it follows from the integrality of the multiplicity functions com-
bined with coarea formula and

lim 1/ 161(0)6, — 6,(0)6y|d.# = 0,
r—02r JsB,

this last equality being a consequence of (8). Therefore, ry can be chosen in such a way
that (13) holds, too. Now, for a given £ € R" and 0 < € < ry, we define the vector field
Xie(X) = N, £(|X|) &, where n; ¢ is a C! function defined on [0, +o), with support contained in
[0,r) and such that

2
Me(t) =1 if0<t<r-—eg, |”7r/,sH°°§E-

By applying the coarea formula (5) and recalling that OM x| = xy, /|X|, we get

r
[ Jmentiadet < 2" [ adad
Mi\S ’ E Jr—¢ dBN(Mi\S)
2 [™ gt
= E/r—ggl() .

k

Combining this last inequality with (12) and
. XM
diviaXice (X) = f, e (x) (€. 7)

implies

lim divm, X ¢ d||Vi|| = O, Vi=1,2, Vk (14)
=0/ (M\9NBy,

At this point, we only need to show that the scalar product A = (k1(0) — k2(0), ) cannot be
positive, thus it has to be zero by the arbitrary choice of £. First, thanks to (9) we get

1 [ 62(0) / 61(0) /
A=————Iim K1) d|[Va]| — JK2) d|[V2| |,
61(0)62(0) k <2I‘k MlmBrk<E 1 dVal 2ry MzﬂBrk<E 2) d|[Ve|
and, owing to the Dominated Convergence Theorem,
T C{(0) / 61(0) /
A=————Ilimlim N A —— k) d|[Val| |,
61(0)62(0) & H)< 2"y MlnBrk<Xk,s 1) d[[Va] or Mszrk<Xk.,g 2)d|[V|
Therefore, by the definition of the generalized curvature we immediately infer that
1 o 62(0) / - 61(0) -
A=———_limlim | — div d||Va|| + / div d|V-| |. (15
6:(0)6:(0) s—>o< 2t s, Sk ANVl + =507 L Xz dvel ) (15)

Noticing that divsG(x) = divi, G(X) = div\,G(X) for #-almost all x € S, and thanks to (14),
one can rewrite (15) as

1 (1 | B .
= 810)6:0) "E‘l‘%(zrk /msrkd'vw’£<91(o)92 0(0)61) dr ) (16)

Computing the tangential divergence of X  and, then, using the coarea formula (5) in (16),
gives

ac—1 im Lim ™ hoydi—o
- 61<0) 62(0) k Tke—=0E& Jr—¢ S
We conclude that A =0, hence k1(0) = k2(0), as wanted. O]
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A straightforward consequence of Theorem 2.1 is the following

Corollary 2.2 Let V =v(M,0) be an integral 1-varifold in U C R", with locally bounded
first variation. Then the vector K(X) coincides with the classical curvature of any C? curve
y, for s -almost all x € ynspt||V||.

2.2 A l-varifold with generalized curvature in L'\ LP for all p> 1

Here we construct an integral 1-varifold in R? with generalized curvature in L1\ LP for any
p > 1. This varifold is obtained as the limit of a sequence of graphs of smooth functions,
its support is C?-rectifiable (i.e., covered up to a negligible set by a countable union of
C? curves, see [5, 17]) and, due to our Theorem 2.1, its generalized curvature coincides
#1-almost everywhere with the classical one, as stated in Corollary 2.2 above.

Let { € C2([0,1]) with { # 0 and

Given A >0and 0<a<b<1, define

Lapa (t) = {/\ {(55) iftelab],

0 otherwise.

Let (an,bn),-, be a sequence of nonempty, open and mutually disjoint subintervals of [0, 1],
such that b, —a, <2 "and

0< ) (bh—an) <1

In particular, the set C = [0,1]\ Uy, (an, bn) is closed and has positive .#! measure. We denote
by (An), a sequence of positive real numbers, that will be chosen later, and we set

Zn(t) = Zambn,)\n (t)

fort € [0,1] and n > 2. Then, we compute the integral of the p-th power of the curvature of
the graph of {, over the graph itself, that is,

R (O]l

Kr? = 3p-1
Y]

dt.

2

Since

/ _ An r( T—an

(t) = bn—anZ (bn—an>’

" o An " 1:_an
n(t) - (bn_an)zz <bn_an)’

and choosing 0 < A, < b, — a,, we infer that the Lipschitz constant of ¢, is bounded by that
of ¢, for all n> 2. Therefore, there exists a uniform constant ¢ > 1 such that

bn
P < [ 1g0Pdt < oK.
an
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and therefore
AP

-1
c KP<K
n — (bn_an)Zp—l

< cK¥,
where L
K :/ 12" (t)|Pdt > 0.
0

At this point, we look for A, satisfying

1. 0< Ap < by—a,,

2. ZzKr'? < 4o if and only if p= 1.

n>

A possible choice for A, is given by

bh—an

A:
n n2

Indeed, up to multiplicative constants one gets

1
l e —
k=3 <t 1n
and
0 on(p-1)

for all p> 1. Now, define fort € R
N =3 ).
n

Thanks to (17) and (18), the 1-varifold V = v(G,1) associated to the graph G of n has gen-
eralized curvature in L'\ LP for all p > 1. Indeed, setting nn = szz (n and letting Gy be the
graph of ny, one can verify that the 1-rectifiable varifolds Vy = v(Gy, 1) weakly converge to
V as N — o0, and the same happens for the respective first variations:

oW ﬁ oV s
thus for any open set A C (0,1) x R one has

[8VII(A) < tim oW |(A)

_ Iim/|KN]]lGNd||V||
N JA

= [Ikldv.
A

where 1g, is the characteristic function of Gy and for (x,y) € G we define K(X,y) = Kn(X,Y)
for N large enough and y > O (the definition is well-posed, since the intervals (a,,b,) are
pairwise disjoint) and k(x,y) = 0 whenever y = 0. This shows that V has generalized curva-
ture in L. It is also evident from (18) that the curvature of V cannot belong to L for p > 1.
Lastly, the C?-rectifiability comes from .72 (sptV \ Un>2Gn) = 0.

An example of the construction of such varifold V is illustrated in Figure 1.
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0 ap b 1
N\ /_\
a3 b3 a b, a  bg
N\ /\
a5 bg az bj apbs a b, arb7 a3 by aghg

Figure 1: As a particular example, we take the sequence (a,,b,) of all middle intervals in [0, 1] of
size 272P~2 whenever 2P < n < 2P*1 p=0,1,2,.... The union of these intervals is the complement of
a Cantor-type set C with positive measure .771(C) = 1. We have represented from top to bottom the

functions {2, Sr_,n and 38 , .

3 Rectifiable k-varifolds with locally bounded first variation

3.1 Relative isoperimetric inequalities for k-varifolds

The isoperimetric inequality for varifolds due to W.K. Allard [1] is recalled in Theorem 1.1.
We derive from it the following differential inequalities, that will be useful for studying
the locality of rectifiable k-varifolds.

Proposition 3.1 (Relative isoperimetric inequalities) LetV be a k-varifold in R", and
let AC R" be an open, bounded set with Lipschitz boundary. Then,

k=1

IVI(A) & < C([OV][(A) = D4 [IVI[(A\ Ae)le=0) (19)

where Ag is the set of points of A whose distance from R"\ Ais less than &, and D, ||V||(A\
A¢)|s—0 denotes the lower right derivative of the non-increasing function € — ||V||(A\ A¢) at
£=0.

Moreover, if we define g(r) = ||V||(B), then g is a non-decreasing (thus almost everywhere
differentiable) function, and it holds

g(r)k;kl < C(|[8V[I(B) +d(r)) for almost all r > 0. (20)
PROOF Let € >0and let ¢, : A— R be defined as
¢e(X) = min(e 1d(x, R"\ A), 1).

Clearly, ¢ is a Lipschitz function with compact support in R". Approximating ¢ by a
sequence of non-negative, C! functions with compact support in R", it follows from Allard’s
isoperimetric inequality (6) that

%
/ pecivi <c( [ geavi) ([ gediovi+ [ gelavixs)
£ Be(9OK(IV X1} Rn Rn RO G(nK)
(21)



Clearly, we have |J¢:(X)| < % on Ag :={xe A: d(x,R"\ A) < ¢}, therefore (21) can be rewritten
as

: >
[ avi< peaivii<c( [avi) (fdlovi+ [ avi) @
A\A X $e (O (V[X)>1} A A £ Ja.

Now, since

lim [ v = [V
—0JA\A A

S E VIR _ IVIANA) — [VII(A)
Ae

and

& £

)

the Dominated Convergence Theorem allows us to take the limit in (22) as € — 0, yielding
k-1
IVII(A) & < C(I|8V[[(A) = D[ IVI[(A\ A¢)le=0).

Take now A= B, and remark that A\ A = B,_¢. Denoting g(r) = ||V ||(B;), we deduce from
the monotonicity of g that it is almost everywhere differentiable. In particular, for almost
every r > 0, and using the fact that g(r — &) —g(r) = —||V||(A¢) for almost every r > 0 (and for
every € > 0), we get

e—0 & £—0 &
Then, (20) immediately follows from (23) and (19). O

3.2 A locality result for rectifiable k-varifolds

First, we derive a useful formula for computing the generalized mean curvature of a recti-
fiable k-varifold. This formula will be crucial in the proof of our second locality result (The-
orem 3.4). More precisely, given a rectifiable k-varifold V = v(M, 8) with locally bounded
first variation, we show in the next proposition that the integral of the mean curvature on
a ball B; essentially coincides with the integral on the sphere dB; of the conormal n to M,
up to an error term due to the singular part of the first variation. Therefore, we obtain an
equivalent expression for the curvature at a Lebesgue point xg € M. Recall that xy denotes
the orthogonal projection of X onto TyM.

Proposition 3.2 Let xo € R"and V =Vv(M, ) be a rectifiable k-varifold with locally bounded
first variation. Then, setting 0 = 0 < 1M, we get for almost every r >0

[ ReVI [ ndo] < ave ), 2
Br (%) 9Bx(x0)
— 2 i X 0
where n(x) = x| if ] # is the inner conormal to M N B (Xg) at x € MN3JB; (Xp).
0 elsewhere

Consequently, if xo € M is a Lebesgue point for H, then

1
Hixo) = — lim — = do. (25)
Co) == I VB 0o)) /aerm 1
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PROOF For simplicity, we assume that xg = 0. Let us consider a Lipschitz cutoff function
Be : [0,4) — R such that Be(t) = 1fort € [0,r —¢], Be(t) =1— =L fort € (r—e,r] and Be(t) =0
elsewhere. Then, choose a unit vector w € R" and define the vector field X = B¢(|x|)w. The
definition of the generalized mean curvature yields

[, dvXed V]| == [ Be(H.wd|V | + Svs(X).
By Br

and, thanks to our assumptions, we also have

XM, W
[ dxeavi = [ Py

X

By the Dominated Convergence Theorem,
Iim/ <H,W)B£dHVH:/ HwWdV[, ¥r>o,
£-0/p, By

Therefore, the derivative

d (Xm, W)
— V
ar o AV
exists for almost all r > 0 as the limit of the difference quotient — / 5 X'\|A)2|W> d||V|| and,
r BI’ £

in view of (3), one has

d/ <xM,W>d||v||=/B<H’w>d||V||+/B<v,W>d||6Vs||-

dr /e [X|

Observe now that, denoting N := {X: |Xu| = 0}, the coarea formula (5) gives

/<XM,W)dHVH:/ (Xm, W) |XM\ // (Xm,W odt
B |X BAN  [Xw] |X| 9B\N \XMI

We deduce that, for every Lebesgue point of the integrable function t —

d/ <XM7W>dH\/H_/ <XM7W>dO.
dr /e X BN [Xm]

By the definition of the conormal n, we conclude that, for every vector w € R",

<XM7W>
9BAN  |Xm|

’/B (H,w)d||V]] +/as (n,w>do‘ < |w| ||0Vs|(By), fora.e.r>0
or, equivalently,
‘/ Hd||V||+/ nda‘ < [|0Vs||(By), fora.e. r > 0.
B B,

This proves (24) and, since
[0Vs||(Br)

—0 asr —Q0,
IVII(Br)

also (25) follows.
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Remark 3.3 In case &V has no singular part with respect to ||V||, (24) becomes

/ Hd||V| = —/ ndo, for almost every r > 0.
Br(%o) 0B (x0)

Below we prove a locality property for k-varifolds in R", k > 2, requiring some extra hy-
potheses on the varifolds under consideration. The proof is quite different from that of
Theorem 2.1, mainly because the Hausdorff measure /%! is no more a discrete (count-
ing) measure. Our result gives a positive answer to the locality problem in any dimension
k > 2 and any codimension, assuming that the support of one of the two varifolds is locally
contained into the other, and also that the two multiplicities are locally constant on the
intersection of the supports.

Theorem 3.4 Let Vi =Vv(M;, 8), i = 1,2 be two rectifiable k-varifolds in U C R" with locally
bounded first variations, and let H1,H, denote their respective generalized mean curvatures.
Suppose that there exists an open set A C U such that

1. MiNAC My,
2. 61(x) and 6(X) are 7 *-a.e. constant on MyNA

Then, Hy(X) = Ho(X) for 7 *-a.e. xe M{NA

PrROOF Up to multiplication by suitable constants, we may assume without loss of general-
ity that 81(X) = 8,(X) = 6y constant, for .#-almost every x € M;NA. Moreover, the theory of
rectifiable sets and of rectifiable measures ensures that .#¥-a.e. point x € M; N A is generic
in the sense that it satisfies

1. OX(|M[|L.(M2\ M1),x) = 0 and OX(||Vi||,X) = g for i = 1,2;

2. xis a Lebesgue point for H; and Hy;

3. [|0Vs]|(Br(x)) = o([IV[[(Br(x))) for V = Vi, V.
Suppose, without loss of generality, that x=0is a generic point of M1 NA. Let ro be such that
Br, := B, (0) C A let My = M2\ M1 and V, = v(My, 6,). Obviously, V; is a rectifiable k-varifold,

but possibly dV, has an extra singular part with respect to H\~/2|| By (24), for almost every
O<r<ry

|, HediNel 40Nl (B) = = [ nadop=— [ nodop— [ nadon 26)
By JB; JdB;NM; d

B:NM>

where 0> = 6, 7% 1_M,. Since both M; and M, are rectifiable, they have the same tangent
space at .#%-almost every point of M{NA, thus n; = n for /#%-a.e. xe MyNA. Then, observe
that the coarea formula and the assumption 6;(x) = 61(x) = 6y ##*-almost everywhere on
M1 NAyield, for almost every 0 < r < ro,

/ (6,— B)d A =0
0B,NMy

that is,
02(0B; NMy) = 01(9B;) = B0 1(B, NMy),
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where 0; = 6 < 1L M, i = 1,2. We deduce by (24) that, for a.e. 0<r < ro,

Lo 1002 = [ mados = [ V| — (Vi (B0)).
0B NM1 0B, Br

Being x = 0 generic, we have
1
wk/B Had|Vo| — BoHa(0)  asr — 0F @27)

and
1

1
= da:—/HdV 4+0(1) — BH1(0)  asr — O, 28
Wrk aB,linz 27 wdk gt IMall +o(2) bH1(0) - (28)

thus, in view of (26), it remains to prove that / _ npdoy = o(rk) — at least for a suitable
0B;NM3
sequence of radii — to get the locality property at x= 0, i.e. that H;1(0) = Hz(0).

For every X € CL(A/R"), we observe that, by the definition of the first variation, and thanks
to the inclusion M{NA C My,

MVo(X) = MdivMZXGZd,%”k
2

. /~ divgg X ,0.77% + [ divig, X 6y d.*
Mz 2 Ml

= OVo(X)+ dVi(X),

hence _
16V2][(A) < [[dVA[I(A) + [[dVal|(A).

Therefore, V» has locally bounded first variation in A, like V4 and V,. Furthermore, using

the genericity of O, one gets

W ||(B,
lova(Br) alq(Hr(k ), 6o|Ha(0)|
and 18Va | (By)

2 r
Tk 6o[H2(0)],

as r — 0, whence
18V [ (Br) + 1| OVal|(Br) = O(r"),

and finally
18V2]l(Br) = O(r¥). (29)

Let g(r) := [[V2||(B). Since g(0) = 0 and g is non-decreasing on [0, +) — thus g has locally
bounded variation — it holds for every 0 < a < f8 <rp

B
o(B) —ola) = | g (vdt+[D%l((ar. B)

where ¢/(t)dt and DSg are, respectively, the absolutely continuous part and the singular
part of the distributional derivative Dg. Besides, the coarea formula (5) yields

X B
0B o= [ aez [ Pl [T dga
Bj\Ba My Bs\BanMy |X| a JoBnM,
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Since D°g and ¢/(t)dt are mutually singular, it follows that for almost every 0 < a, 3 < ro,

B B
/ g’(t)dtz/ / _doydt,
a a JoBNMy

therefore, by the Radon-Nikodjm Theorem,
g(r)>02(dB,NMy), fora.e O<r<ro.

We deduce that for almost every r € (O,ro)

/ _ N2do;
0B "My

Then, it follows from the relative isoperimetric inequality (20) that for almost every 0 <
r<ro

< 02(8B, NMo) < d/(r). (30)

k-1

o(n)'% < (/1% (B (x) +9(r)).
thus, by (29), for another suitable constant still denoted by C,

g(n) % <C(r*+g(r)), (31)

At the same time, the genericity of x = 0 and the assumption OX(#XLM,,x) = 0 give
g(r) = o(r"). (32)

Let N be the set of real numbers in (0,rp) such that (30) and (31) hold. Clearly, N has
full measure in (0,rg). To conclude, we need to show that there exists a sequence of radii
(rn)hen € N decreasing to 0, such that

g'(rn) = o(rf). (33)

By contradiction, suppose that there exist a constant C; > 0 and a radius 0 < r1 < rg, such
that g/(r) > Cir¥ for every r € NN (0,r1). Then, by (31) and for an appropriate constant
Cz > 0,
k-1
g(r) © <Cyg'(r)

thus, for a.e. 0<r <rq,
ik, 1
Nnxger)>~—.
oNFI0) = o
Observing that g(r) is non-decreasing and g(0) = O, we can integrate both sides of the
inequality between 0 and r, to obtain

r
> =,
G

Xl

kg(r)

k

ie. g(r)> in contradiction with the fact that g(r) = o(r*). In conclusion, by (30) and

r
(33), there exists a sequence of radii (rn)neny decreasing to O such that (32) holds and

/0 _ naday = o(rf).

BrhﬁMz
Combining with (26), (27) and (28), we conclude the proof. O
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Corollary 3.5 Let V\y =V(M, By), be a rectifiable k-varifold with positive density and locally
bounded first variation, such that

1. there exist an open set AC R" and a C? k-manifold Ssuch that SNAC M,

2. Bu(x) = 6y constant for Ka.e. xe SNA

Then, Hv (x) = Hs(X) for HK-almost every x € SNA where Hy and Hs denote, respectively, the
generalized mean curvature of V\y and the classical mean curvature of S

PROOF It is an obvious consequence of the previous theorem by simply observing that,
thanks to the divergence theorem for smooth sets, the classical mean curvature Hs of S
coincides with the generalized mean curvature of the varifold v(S, 6p). O

4 Applications

4.1 Lower semicontinuity of the elastica energy for curves in R"

Let E be an open subset of R? with smooth boundary JE and let us consider the functional
FE) = [ _(a+Blkoe()]P)dr ().

where p > 1, Kye(y) denotes the curvature at y € JE and o, 3 are positive constants. This
functional is an extension to boundaries of smooth sets and to different curvature expo-
nents of the celebrated elastica energy

/(O{—FBKZ)djfl
y

that was proposed in 1744 by Euler to study the equilibrium configurations of a thin,
flexible beam y subjected to end forces. This energy, mainly used in elasticity theory, has
also appeared to be of interest for a shape completion model in computer vision [14, 15].

Let .Z7 denote the lower semicontinuous envelope — the relaxation — of .# with respect
to L1 convergence, i.e. for any measurable bounded subset E C R?,

Z(E)= inf{liminf 7 (En), En C R? open, dEp € C?, |EAE| — O},

where |E,AE| denotes the Lebesgue 2-dimensional outer measure of the symmetric differ-
ence of the sets E,, and E.

Many properties of .# and . have been carefully studied in [6, 7, 8]. In particular,
it has been proved in [6] that, whenever E, (Ey), C R?, dE, (0En)n € C? and |ERAE| — O as
h— 0, then

/ (a+B\KaE|p)d%”1§Iihminf/ (a+Blkog, |P)d#t  forany p> 1.
JE — JJE,

This lower semicontinuity result is proved through a parameterization procedure that can
be extended to the case of sets whose boundaries can be decomposed as a union of non
crossing W2P curves. As a consequence, .% (E) = .7 (E) for any E in this class [6].

Thanks to Theorem 2.1, we can easily prove the lower semicontinuity of the p-elastica
energy for curves in R", n > 2, and for p > 1, thus getting an affirmative answer also for
the case p= 1. In this context, it is more appropriate to use the convergence in the sense
of currents (see [18, 10] for the definitions and properties of currents), and the following
result ensues:
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Theorem 4.1 Let (6 )ken with ¢k =Uiq (k) Cki be a uniformly bounded sequence of countable
collections of disjoint, closed and simple C? curves in R" converging in the sense of currents
to a countable collection of disjoint, closed and simple C? curves € = ., Ci and satisfying

supZ/ (1+ Ko |P)d? < +oo.
keN k) ¥ Gk

Then, for a,3 > 0,

Z/ (a + Blkc |P)d#t < liminf / (0 +Blke, [P)dAY  for every p> 1.
e/ k= Tk /G '

PRrROOF With the notations of Section 1, we consider the sequence of varifolds Vi = v(%k, 1).
As an obvious consequence of our assumptions, the Vs have uniformly bounded first vari-
ation and their generalized curvature is in LP(||\i||). By Allard’s Compactness Theorem for
rectifiable varifolds [1, 18], and possibly taking a subsequence, we get that (Vi) converges
in the sense of varifolds to an integral varifold V with locally bounded first variation. In
addition, by Theorem 2.34 and Example 2.36 in [3]

1. if p> 1 then the absolute continuity of 6Vk with respect to ||Vi|| passes to the limit,
i.e. V has generalized curvature in LP, and

[ @+BiPdIV] <limint 5 [ (@ Blkc, P)dr™
R k= T /G '

2. if p=1, then 0V may not be absolutely continuous with respect to V, but the lower
semicontinuity of both measures ||0V|| and ||V|| implies that

[ (@ BleudIV < alVI®) + BlloV] (B < liminf S [ (a-+ Blkoy A
R™ % i) /i

Besides, as the convergence of the curves holds in the sense of currents, we know that
HH_C = ||Ve|| < ||V||, where Vo = v(%,1). Since both Vi and V have locally bounded first
variation, it is a consequence of Theorem 2.1 that the curvatures of Vi, and V coincide
21-almost everywhere on %. In conclusion, for every p > 1,

> [ @+ BlaP)ant< [ (@+ Bk PV <lipint ¥ [ (a+ Blkc,|Pd
& Jc R" k= ) /Ca

and the theorem ensues. O

Remark 4.2 Using the same kind of arguments, the result can be extended to unions of
W?2P curves in R", p> 1.

Remark 4.3 In higher dimension, the elastica energy becomes the celebrated Willmore
energy [19], that can also be generalized to arbitrary mean curvature exponent under the
form

[+ BiHsP)d A

with S a smooth k-surface in R" and Hg its mean curvature vector. Our partial locality
result for rectifiable k-varifolds in R" is not sufficient to prove the extension to smooth k-
surfaces of the semicontinuity result for curves stated above. This is due to the fact that
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the limit varifold obtained in the proof of Theorem 4.1 might not have a locally constant
multiplicity. For instance, consider the varifold V obtained by adding the horizontal x-
axis (with multiplicity 1) to the varifold V that we have built in section 2.2. Then, one
immediately observes that the x-axis is contained in the support of V], but the multiplicity
6 of V is not locally constant at the points corresponding to the “fat” Cantor set (6 takes
both values 1 and 2 in any neighbourhood of such points). Therefore, Theorem 3.4 cannot
be directly used in this situation.

However, we may reasonably conjecture that a more general locality property for k-
varifolds holds under the sole hypothesis of locally bounded first variation. This would
also imply the validity of the lower semicontinuity result in any dimension k and codimen-
sion n—Kk, and for any p > 1. Currently, to our best knowledge, the most general lower
semicontinuity result for the case k > 1 is due to R. Schétzle [17, Thm 5.1] and is valid
when p> 2.

4.2 Relaxation of functionals for image reconstruction

Recall that for any smooth function u: R" — R and for almost every t € R, d{u >t} is a
union of smooth hypersurfaces whose mean curvature at a point x is given by

Thus, for any open set Q € R" and by application of the coarea formula, we get

+00
(1+]|H Pydoz" tdt = /Du (1+|divi=—|P)d
Lo o (1 ot ) 0] (¢ v )

where the integrand of the right term is taken to be zero whenever |Ju| = 0. Denoting
F(U) = / IOul(1+ ]d|v|D i

image processing [12, 11, 13] as a variational criterion for the restoration of missing parts
in an image. It is therefore natural to study the connections between .% (u), and its relax-
ation .7 (u) with respect to the convergence of functions in L* . In particular, the question
whether .7 (u) = .7 (u) for smooth functions has been addressed in [4] and a positive answer
has been given whenever n > 2 and p > n— 1. Following the same proof line combined with
our Theorem 4.1 and with Schétzle’s Theorem 5.1 in [17], one can prove the following :

P)dx, this energy has been proposed in the context of digital

Theorem 4.4 Let uc C*(R"). Then

n=2 and p>1 or

T — T
Z(u)=.%#(u) whenever {n23 and p> 2

PROOF Let (Uh)neny C LE1(R") NC?(R") converge to uin L*(R") and set L := Iihminfﬂ’(uh), as-

suming with no loss of generality that L < . Using Cavalieri’s formula and possibly taking
a subsequence, it follows that for almost every t € R,

Liysty — Lsty  1In Ll(IR{”),
Observing that, by Sard’s Lemma, {u, >t}, he N, and {u >t} have smooth boundaries for

almost every t € R, we get that d{u, >t} converges to d{u >t} in the sense of rectifiable
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currents for almost every t € R [18]. Therefore, applying either Theorem 4.1 or Theorem 5.1
in [17], we obtain that for almost every t € R

/ (14 [Husy[P)d™ < liminf (1+ o P)dor ™
d{u>t} a B

h—eo /g {up>t}
n=2 and p>1 or

whenever {n23 and p>2

Integrating over R and using Fatou’s lemma, we get

F(u) < Iihminf,%’(uh),

thus .Z is lower semicontinuous in the class of C? functions and coincides with .# on that
class. O

A Monotonicity identity and isoperimetric inequality

See the note to the reader at the end of the introduction.

In this section we recall some fundamental results of the theory of varifolds, which can be
found in [1] (see also [18, 10]). We also provide their proofs, for convenience of the reader.
The first result is the following

Theorem A.1 (Monotonicity identity) Let V be a k-varifold in R" with locally bounded
first variation. Denoting U(t) := |V||(B;) and

_k_ 1 d Ixsl?
RO W I S o
it holds
u(r) ' _Hp) Xst| < K )
e exp</p Q(t)dt> oK = /(Br\Bp)XGn‘k ‘X‘Hzexp ; Q(t)dt | dV(x,S) (35)

Formula (35) shows the interplay between some crucial quantities associated to a varifold
V with locally bounded first variation dV. The local boundedness of 0V is needed basically
to apply Riemann-Stieltjes integration by parts, and is meaningful also in the following
key estimate:

[oV]I(B)
Q)| < —. (36)
IVI[(Br)
In particular, from (35) and (36) one deduces that any stationary varifold V, i.e. such that
OV =0, must satisfy the well-known monotonicity inequality

ur) — pip) / Xst |
Ll SR ik Ut dv(x,S) > 0, O<p<r<o, 37
rk p BBy 02 Y S = P i o7

Identity (35) holds for balls centered at a point a € R" close to the support of the varifold,
and will be obtained following the technique sketched here (with the assumption a = 0):

1. the first variation is calculated on a smooth, radially symmetric vector field gg(X) =
0(|x|)x, where 8 € 2(R);
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2. the term 6V(gp) is, then, written in two equivalent forms, only using the fact that
X|? = |Xs|?> + [Xs. |, where xs and Xs. denote, respectively, the tangential and the or-
thogonal component of the vector x with respect to the k-plane S;

3. the resulting identity is represented in terms of one-dimensional Riemann-Stieltjes
integrals, and then interpreted as the nullity of a certain distribution W(6);

4. finally, to obtain (35) one has to test the null distribution W on a suitably chosen,
absolutely continuous function f : [p,r] = R, with 0 < p <r < 0.

Then, (35) can be used to prove the following general isoperimetric inequality

Theorem A.2 (Isoperimetric inequality for varifolds) There exists a constant C > 0
such that, for every k-varifold V with locally bounded first variation and every ¢ € 2(R"),
>0

1
k
/ ¢duvusc(/ ¢drvr) (/ pajov] + [ rm%mv) (38)
x: ¢ (X)OK(|IV[|,x)>1} R" RN RN% Gn

The localization of this inequality yields the relative isoperimetric inequality (19) shown
in section 3.
A.1 Basic facts on Riemann-Stieltjes integrals and consequences

Before entering the proof of (35), we recall some basic facts concerning Riemann-Stieltjes
integrals of functions of one real variable (see 2.5.17 and 2.9.24 in [10]) and show how they
can be used to represent integrals of certain functions with respect to Radon measures on
R" or R" x Gy k. Suppose that g: [a,b] — R is a function of bounded variation, then for every
continuous function f : [a,b] — R one can define the Riemann-Stieltjes integral

N
[ 1) = supy 1(6)@(a-1) - g(a) 69)

where the supremum is calculated over all subdivisions a1 =a<ay < --- < any1 = b and all
t1,...,tn such thatt € [g,8:1], fori=1,...,N.

Proposition A.3 /10, 2.9.24] Let f,0: [a,b] — R be continuous functions and assume 6 is
absolutely continuous on [a,b]. Then

b b
/ f(t)de(t) — / f6'd.2t, (40)
a a
Moreover, if g has bounded variation in [a,b] then
b b
| o'dzt+ [etdgt) = gb)e(b) - g(@6(a). (41)
a a

Next, we apply the Riemann-Stieltjes integral to reduce integrals with respect to Radon
measures defined on the Grassmann bundle R" x G,k to one-dimensional integrals, as
shown in the following
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Proposition A.4 Let V be a k-varifold, let ¢ : R" x Gy — R be non-negative and measur-
able, and let 0 be absolutely continuous on [p,r]. Then

/ﬁ (X)) ¢S dV(xS) / o(t)dg(t) (42)
(B \By) G

where we have set

g(t) = /a\Bp PCELTE!

PROOF Simply write the integral in the left-hand side of (42) as a sum of integrals over
differences of concentric balls. Then, the proof follows from (39). O

In the following lemma, we introduce some special functions of one real variable that will
be used later in the proof of the monotonicity identity (35). We first define an opportune
test vector field X ¢(X): given

1 ifr<i1
Ne(r)=q1-(r—1)/e ifl<r<l+e

0 otherwise,
we set fort,e > 0and x € R"

Xee(X) = Ne(tHx)x. (43)
Given a k-plane S we compute

. _ 1 X52
v () = kne(t ) — P 1,

Lemma A.5 Let V be a varifold with locally bounded first variation OV. Givent € R, we
define

u) = ﬁ dV(xS) (44)
Bt xGn
_ Xs:]?
Et) — /thGnk SV (45)
() = ku(t)— 3 s x5 (46)
YT fa e X

for t >0, and zero elsewhere, with the convention that the integrands are zero in (45) and
(46) whenever x= 0. Then, the functions defined above are right-continuous and of bounded
variation on R. Moreover, the function Q(t) = (t) are both positive,

; [V (B
satisfies Q(t) < PI

PROOF Clearly, u(t) and &(t) are right-continuous and non-decreasing, thus of bounded
variation. On the other hand, one can easily see that, for almost all t > 0,

v(t) = SILrQ+6V()<‘vS)‘
Therefore, by taking 0 < r <t one has
V(©) ()| =] fim OV (% —Xe)]
< liminf t(1+)[|8V | (Bya )\ BY)
=t[|[VI|(Br) - [[8V|(By)].
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Since ||dV| is a Radon measure, we conclude that v(t) is of bounded variation. Moreover,
one has
imsuplv(t) — v(r)| < im t{|6V/|(B) ~ ]V |(B)] =0
—r -
hence v(t) is right-continuous at almost all t € R. The last assertion about Q(t) is also an
immediate consequence of the previous estimates on v(t). O

A.2 Proof of the monotonicity identity (35)

We test the first variation of V on a radial vector field Y of the form Y(x) = 6(|x|)x, where
0 € Z(R). A simple approximation argument shows that the support of 6’ may even contain
0 for the proof below to be valid, thus all functions 6 € Z(R) are allowed for testing. Hence,
setting t = |x| we have

|xg|2

BV(Y) = /G oy ISV (9 = /G OO O]V xS (47)

Thanks to the identity |[x|> = |xg|? + |Xs. |? we rewrite the right-hand side of (47) as follows

2 2
/ o0 L kom)avix s :/ [t (t) + k6(t)]dV(x,S) —/ o0 avixs).
Gu(R") t Gu(R") Gi(R") t
(48)
Defining p(t), &(t), v(t) as in Lemma A.5, and owing to Propositions A.3 and A.4, we can
write (48) as

—/ ()6 (t)dt = /te ) du(t) k/u )dt—/e’(t)dé(t). (49)
Integrating by parts (see formula (41)) we obtain
/[ (t) —ku(t)]6'(t) dt+/6 ytdu(t) /6’ )dé(t) = (50)

In other words, let W € 2'(R) be the distribution defined by

w(e):/[v(t)—ku()] dt+/9 (t)tdpu(t) /e )dE(t)

Clearly, (50) says that the distributional derivative of W is zero, hence W must be equal to
a constant ¢ € R. On the other hand, choosing 6(t) = 0 for all t > 0 one concludes that c=0,
that is,

W(B):/[v(t)—ku()] dt+/9 (O tdu(t) /9 )dE (¢) 1)

for all 6 € Z(R). By approximation, one gets (51) valid for all absolutely continuous 8 with
compact support in R. Another integration by part as in (41) lets us write (51) in the form

/ (V) — ka1 (1) — EFO) p@}dt + rHEu) - pf(p)u(p) = / FOdED),  (52)

which is true for any absolutely continuous function f : [p,r] — R.

To conclude, we only need to choose f(t) in order that the first integral in (52) becomes
zero. Another requirement is the term pf(p) to be equal to p~*. In conclusion, we simply
take f(t) as the solution to the following Cauchy problem:

{ pOE ) = [vt) —ku®)]ft) telp,r],
f(p)=p~ 1,

23



that is,

t) =t k1 (53)

Defining Q(t) = ()) for t > 0 and plugging (563) into (52), one obtains (35) as wanted.

A.3 Proof of the isoperimetric inequality (38)
Define the varifold Vy = ¢V, such that

Vi (a) :/a(x,S)d)(x)dV(x,S)

for all o € CQ(R" x Gpx), and assume that ||6V;|| is a Radon measure (otherwise the result
holds trivially). Fix A € (1,+~) and define a suitable radius

_ <A||vt|)|K<R”>>?

Take a € R" and suppose 6(a)¢(a) > 1. The monotonicity identity (35) thus implies

¢ Vol (B(a,r))
exp | Qg . (54)
/ = [Vol|(B(a,s))
where Qy () is defined as in (34), with Vy replacing V. From (54) we infer that
s s
liminf exp| Qp(t)dt > wbB(a)p(a)———
R TA A TEE)
s
> 6 —_
= 6(a)¢(a)A
> A

)

that is, .
liminf / Qs (t)dt > logA > 0.
r—0t+ r

From Lemma A.5 and the previous inequality, we get

/H ¢H dt>|og)\
ptLy Vsl (B

thus for any 0 < € < logA there exists f = f(a, €) such that, for all 0 <r <,
/S 10Vs | (B(ast))
r[Val(B(at))

whence the existence of f € (0,s) for which

<JIVslI(B(a.D)
IVoll(B(a,©))

dt > logA —¢,

>logA — ¢ (55)
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holds true. By the Besicovich Covering Theorem we deduce

. s o IVal®ME Ak .
IVoll({a: 8(@)¢(a) = 1}) < Cop |V | (R) = Ca " oor g/ OVelI(®). (56)

1
Therefore, the minimization of the function A — log’\% on the interval (exp(€),+) leads to
the optimal choice A = exp(k+ ¢€), for which

Ak expl+e/k)
logA —¢ k ‘

Then, passing to the limit in (56) as € — 0", we obtain

K
/{a: ¢(a)9(a)21}¢d||v|| SC(/‘l’dHVH) 16V |(RT).
Combining with
10V [|(R") s/qbduavu+/\DS¢(x)\dv(x,s),
we obtain (38).
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