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1. (20 points)
Let f: R?2 — R be a function with continuous partial derivatives. Define a function g: R — R by the formula

g(z) = f(z+1,In(1+27)) .

Explain why g is differentiable and give a formula for ¢’(z) (the formula in question should involve the partial
derivatives of f).

Answer. The function g is differentiable because it is a composition of differentiable functions; the Chain

Rule gives us that
oy g 9f 2 2 9f 2
g(x)fl.ax( +1,In(1 +2%)) + a2 8y( +1,In(1 + 2?)) .




2. (20 points)

Recall that polar coordinates (r,6) are linked to cartesian coordinates (x,y) by the formulas z = rcos(6),
y = rsin(f). Let now 7 be a curve parameterized (in polar coordinates) by the formula () = e, for 0 < 6 < 1.
(a) Find a parametrization for « in cartesian coordinates.

(b) Compute the length of ~.

Answer. (a) Using # as a parameter, one obtains z(0) = 7(0)cos(d) = e'0)cos()); y(0)
e? sin(f); 0 <6 < 1.

(b) We know that ds = \/(2/(0))% + (y'(0))2df. We have 2’(0) = €% (cos() —sin(0)), y'(8) = € (sin(0) + cos(0).
Thus (2/(6))? 4 (y'(0))? = €??(2cos?(0) + 2sin*(A)) = 2¢?’. Plugging this in the integral, we obtain that the
length of the curve is

7(0) sin(0)

VB o= V(e 1) .

6=0



3. (20 points)

1
For z > 0, set F(x) = / In(1 + ze')dt. Give an expression for F’(z) that doesn’t involve an integral.
0

Answer. Using Leibnitz’s rule (which we can do because the function inside the integral has continuous partial
derivatives), we obtain

1 t T

e

F'(x) —/Olai(ln(leret))dt_/ _°  at= Bln(lJrzet)]

1
o l+mxet ™ :E(ln(1+$e)—ln(1+x)),

t=0



4. (20 points)
Let v be the path parameterized by z(t) = 1 + sin(27t)e? ™3 y(t) = In(1 + 8t), 2(t) =t + 4t +4,0 <t < 1.
Assume 7 is oriented in the direction of increasing ¢; compute

x2eY

2704

/(336 + 22y/ze¥)dx + (2y + 2% v/ze¥)dy + (

Answer. This line integral looks unbelievably ugly, so we guess that there must be some path-independence

in there. Indeed, letting f(z,y,z) = 3 4 22\/ze¥ + 2, we see that the line integral is equal to / df. Thus it
%

only depends on the end-points of 7, which are (z(1),y(1),2(1)) = (1,1n(9),9) and (2(0),y(0), 2(0)) = (1,0, 4).

Thus we obtain

I= /(3@« + 20v/zeY)dz + (2y + 2/zeY + 1)dy + (o= )dz = f(1,1n(9),9) — f(1,0,4) .

2\f

I=1+3" 4 (In(9))%2 — (1+2+0) =1+ 27 +4(In(3))? — 3 = 25 + 4(In(3))?



5. (25 points)
Let S be the cone of equation 22 + 32 = 22, 0 < z < H (viewed as a closed surface). Compute

//S(l — 22y do

Answer. On the top of the surface we have 22 +y? < H?, z = H. Using polar coordinates, the integral on
the top of the surface is

1
ITop / 0/9 1_H2 7” sin (9)7"d9d7“=(1—15’2)77/707"3dr:7TT

Oun the side of the surface, we can use the parametrization x = zcos(6), y = zsin(f), z = z. We have already
used this parametrization in exercise 5, so we can use the result obtained there to get

8P oP —z cos((@))
—zsin(@
82 00 .

The magnitude of this vector is 2v/2, so do = 2v/2dfdz. The formula for surface integrals gives that the integral
on the side of the surface is
H* HS

ISide = /0/9 1—zzsm()zfd9dz—mf/ (2 =) dz = mV2( — )

Overall, we get that the surface integral is equal to

m(1- H?) +7T\[(H‘l HG) .

4 4 6



6. (30 points)
T, + 229 +3x3 + 10z, =0
Consider the system of equations ¢ 4x + 5z + 6x3 + 27 =0 .
Ty +8x2+9x3+x2 =0
Show that this system implicitly defines 1,2, x4 as functions of 3 near (0,0,0,0); compute z}(0), 25(0),

x4 (0).

Answer. To check that the system implicitly defines x1,x9,z4 as functions of x3 near (0,0,0,0), we need

1 2 10

to check that the determinant of the matrix |4 5 0 | is different from 0. This determinant is equal to
7T 8 0

10.(4.8 — 7.5) = —30, so the implicit function theorem ensures that the system defines implicitly x1, zo, x4 as

functions of x3 near (0,0,0,0). Implicit differentiation yields the relations

dxi + 2dxy + 3dxs + 10dxy =0
4dxy + 5dxo + 6dxs + 8xadxry, =0
Tdxq + 8dxo + 9dxs + 396?1 =0

At the point (0,0,0,0) this gives us (considering 1, z2, 23 as functions of x3)

24 (0) + 224(0) + 3 + 1024,(0) =0
42, (0) + 525(0) + 6 + 0 =0
7241(0) + 825(0) +9+0 =0
Linear combinations of the last two lines give 2(0) = 1, 25(0) = —2, and the first line then yields that

24(0) = 0.



7. (35 points)
Let V be the region of space of equation 22 +3? < z < 2 — (22 +y?). Denote by S the boundary of V, oriented
by the outer normal. Define a vector field F' by the formula F(z,y,2) = (2* — 3, 2%y,0). Compute in two

different ways the integral
/ / F-iido .
s

Answer. Let us first compute the flow of F through S using the Divergence Theorem. We have div(F) =

322 + 22 = 422, so we have to compute the integral I = // 4x dxdydz. Given the equation of V, it is a good
%
idea here to use cylindrical coordinates. This gives

! 2r p2-r* 1 2m 1
I = / / / 4’[‘2 COS2(9) szdedr = / / 4,,,3(2 _ 2T2) COSQ(G)dQ)dT _ 877/ (7’-3 B 7-5) dr '
r=0J60=0 J z=r2 r=0J60=0 r=0

1 1 2
This eventually yields I = 8’/T(Z - 6) = ?W Now we have to compute the integral using the definition of a

surface integral ; when 0 < z < 1 the surface S is given by 2% 4+ y? = 2, and for 1 < z < 2 the surface is given
by 2 + 9% =2 — 2. It is a good idea to use parametrizations here ;

So the two different computations give the same result, which was to be expected but is nevertheless always
a pleasure.



8. (30 points)
173 y3
(a) Let D denote the set of all x,y such that y? — 2z < 0, 22 — 2y < 0. Compute // e 5 dxdy .
D
(

Use the change of variables x = u?v and y = uv?)
(b) Let R be the set of all (z,v,2) such that 22 + y? + 22 < 4, 2 > 0. Compute /// 22y? zdxdydz.
JJIR

Answer. (a) The Jacobian matrix of this change of variables is

2uv  u?
v? 2uv)
The determinant of this matrix is 3u?v?. Next, we need to find the domain for (u,v); given the conditions on

x,y one must have u,v > 0 and u?v* < 2u?v, u*v? < 2uv?. These conditions are the same as u,v > 0 and

u? < 2, v3 < 2. We still need to check that our change of variables is one-to-one, and this is obviously the case
2

2
T
since one has v = == and v® = v Eventually, our integral turns out to be equal to
Y T

91/3 91/3 91/3 4
3 e
/ / e’ 34202 dudy = / wre el du = — .
u=0 3

(We used the fact that e T’ = e’ e and 3ue mtegrates as e’ )

(b) Let us use spherical coordinates x = 7 cos(6) sin(p), y = 7sin(0) sin(p), z = r cos(p). We need to compute
the Jacobian determinant of this change of variables; of course it would be easier to just know it by heart, but
recovering it is not that bad : the Jacobian matrix of the change of variables is

cos(f)sin(y) —rsin(f)sin(p) rcos(f) cos(p)
sin(f) sin(p)  rcos(f)sin(p)  rsin(f) cos(p)
cos(¢p) 0 —rsin(y)

Using an expansion with respect to the last row, we obtain that the Jacobian determinant D of this change of
variables is

D = cos(p)(—r?sin®(0) sin(p) cos(p) — r* cos(0) sin(y) cos(y)) —rsin(p) (r cos®(0) sin® () +r sin®(0) sin®(¢))

D = —r% cos®(ip) sin(yp) — r?sin(y) sin?(¢) = —r?sin(p) .

Remembering that we need to use the absolute value of the determinant in the integral, we obtain

= / 0 /0 / 75 cos? () sin? (6) sin (ip) cos(i2)r? sin(ip) dypdfdr

I_/r 0/9 / 7 cos?(#) sin?(8) sin® () cos(p )d<pd9dr_/r 0/9 sm24(29) {sin‘;(@]::

29 77 1 — cos 49) 2T 28 4
I = 7bln _/ / _ / 2 _Ar
/T 0/0 deT )i 21 ———dldr =7 - 24dr 71'8.24 3




