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Abstract
We prove global in time existence of solutions of the Euler compressible equations for a
Van der Waals gas when the density is small enough in H™, for m large enough. To do so, we
introduce a specific symmetrization allowing areas of null density. Next, we make estimates in
H™ | using for some terms the estimates done by Grassin, who proved the same theorem in the
easier case of a perfect polytropic gas. We treat the remaining terms separately, due to their
nonlinearity.
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1 Introduction

We are interested in the Cauchy problem for Euler compressible equations, describing the evolution
of a gas whose thermodynamical and kinetic properties are known at time ¢ = 0.

More specifically, we are concerned with the life span of smooth solutions. Various authors, in
particular Sideris |20} 2], Makino, Ukai and Kawashima [13] and Chemin [2] B] have given criteria
for mathematical explosion. We know also that there exist global in time solutions for well-chosen
initial data. Li [I2], Serre [I9] and Grassin [7] prove, for example, the global in time existence of
regular solutions under some hypotheses of “expansivity”.

Most of these results were obtained within the framework of perfect polytropic gases. A natural
question is to determine whether these results extend to more realistic gases, following, for example,
the Van der Waals law. This law takes into account the volume of molecules, which is important
in physical situations like explosions or implosions. In such limits, the gas is highly compressed,
and the Van der Waals law fits better with the behavior of real gases than with that of the perfect
polytropic gases in such limits. The Van der Waals law is also used to modelize dusty gases, seen
as perfect gases with dust pollution [8] 16 22, 24]. This law is given by the relationship

p(v —b) = RT,

where p is the pressure, v is the massic volume, T is the temperature, and b, R are given constants.

The addition of the covolume b, representing the compressibility limit of the molecules in the
gas, modifies nontrivially the analysis of the Euler equations. However, we are going to show the
global in time existence of regular solutions, thus generalizing a theorem of Grassin [7].

Theorem 1.1. Let m > 14 d/2. Let (po,uo, So) be the initial conditions for the Cauchy problem
associated with the Euler compressible equations (211) for a Van der Waals gas with constant c,
(see (208) below) and ¢, > 0. Let us assume 0 < po < 1/b. Then we can define o = 1+ 2;
furthermore there exists €9 > 0 such that if :
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(H1) H(ﬂ'oa SO)HHm(Rd) < €9, where my = (l_pgpo) eXp(i)’

(H2) the initial speed ug belongs to the space X = {z: R — R%: Dz € L™, D? 2z € H™ '},

(H3) there exists § > 0 such that for all z € R?, dist(Spec(Dug)(x),R™) > &, where Spec(M)
stands for the spectrum of the matrix M € My4(R),

(H4) the initial density po and the initial entropy s have compact support,

then the problem

ou+(u-Vu = 0  onRF xR4, (11)
(0, x) = wup(x) onR% '
admits a global classical solution. If, furthermore, v = l’j—ﬂ with v € N and v > 2, or if v9 and

m satisfy v = ;YS—"__} >m>1+4 %, then there exists a global classical solution (p,u,s) to the Euler
compressible equations (21) satisfying

2
( <—1 pb > U — T, s) e €°(RT; H" (R RT2) n¢HRT; H™ 1(RY; RIF2))
—bp

To do so, we have first to extend to Van der Waals gases a symmetrization obtained by Makino,
Ukai and Kawashima [I3], which allows null density areas. Next we will derive energy estimates in
H™.

Since the Van der Waals gases have a behavior close to that of perfect polytropic gases for weak
densities, this result is not very surprising. However, the nonlinear terms introduced by the Van
der Waals law have to be treated carefully.

In section 2l we describe the thermodynamic properties of a compressible gas, and we state
some important properties such as the Friedrichs symmetrization. In section Bl we give the detailed
proof of this result, and in ection ] we give the proofs of some technical lemmas used in section [3

2 Thermodynamic and first properties

2.1 Conservation law

Compressible fluid dynamics, without viscosity or heat transfer, is described by the Euler equations,
which are made of the conservation of mass, momentum, and energy (see [5, Chap. 2]):

Op + div(pu) =0,
Og +div(pu®@u)+Vp=20, (2.1)
OE +div ((E+p)u) =0,

where p is the mass of the fluid per unit of volume, ¢ = pu is the momentum per unit of volume, and
E= % pu? + pe is the total energy per unit of volume, sum of the kinetic energy and internal energy.
This is a system of (d + 2) equations and (d + 3) unknowns: the density p € R, the speed u € R,
the internal energy e € R, and the pressure p € R. In order to complete this system, we have to
add a state law, for example, an incomplete state law, also called pressure law (p,e) — p(p,e).

Definition 2.1. We denote as Euler compressible equations the system composed of the conserva-
tion laws (2) and an incomplete state law p = p(p, e).

A simplified model is often considered, conserving only the conservation of mass and momentum,
assuming that the fluid is isentropic. This simplified system is

Op + div(pu) =0, (2.2)
Orq +divipu @ u) + Vp =0, '



and the state law is a given function p — p(p).

Definition 2.2. We denote as isentropic Fuler equations the system ([2.2]) with a given state law
p = p(p) such that
de

pP=—- 7 )
ov|,

where v = 1/p is the specific volume, T is the temperature, s is the specific entropy, and f =e—T's
is the specific free energy, assuming we are given a complete equation of state (v, s) — e(v, s).

The thermodynamical variables v, s, e, T, p must satisfy some relations described in section
The Euler equations are a system of first order conservation law, whose study is developed in
particular in the books [4] [17, [I8].

2.2 State law

The state law has a strong influence on the mathematical analysis of the compressible Euler equa-
tions. The state law of “real” gases can reveal particular behavior and introduce existence and/or
uniqueness troubles which do not appear for perfect gases; see [14]. We describe below the physical
principles a state law has to satisfy.

2.2.1 Definitions

We consider a fluid, whose internal energy is a regular function of its specific volumd] v = 1 /p and
its specific entropy s. This means that the gas is endowed with a complete state law, or energy law
e = e(v, s). The fundamental thermodynamic principle is then

de = —pdv 4+ Tds, (2.3)

where p is the pressure and T the temperature of the gas. Consequently, the pressure p and the
temperature T' can be defined as

Oe

__ Oe _ Oe
p= ov

=2

(2.4)

) )
S v
where the notation | precises the variable maintained constant in the partial derivation.

The greater order derivatives of e also have an important role; we introduce the following
adimensional quantities:

e

v Op v 0T pv 0T v 9v3
—_ 1—‘:__— = —-— — g:—— S. 25
i ov|, ’ T ov|,’ 7% 9s|,’ 22_25 (2:5)

The coefficient +y is called the adiabatic exponent, and I' is the Griineisen coefficient. The quantities
~,0,T, and ¢4 characterize the geometrical properties of the isentropic curves in the (v, p) plane (see
[14]). They are related to e through the relationships

_v % o _ v 0% 5o P 0%
i p Ov?’ T 0s0v’ T2 9s?

We also introduce the calorific capacity at constant volume ¢, and the calorific capacity at
constant pressure c, by

Oe T s
Cy = ﬁ = & y Cp =T ﬁ (26)
v 052 P

Ispecific is a synonym of massic.



These two quantities are linked with Z% and with v, d, I" through

o, = w1

T =TT 27)

The quantity v. = z—f can also be expressed as v, = ,Y%SFQ. It is not equal to v in the general
case, but for an ideal gas we have 6 =T' = v — 1, so that v, = 7.
2.2.2 Thermodynamical constraints

It is very natural to assume v > 0. We assume furthermore that the pressure p and the temperature
T are positive, which imposes that e is a function increasing in 7' and decreasing in v.

A classical thermodynamical hypothesis additionaly requires e to be a convex function of s and
v, which means that

v —-T2>0, §>0, v=0.

In particular, v > 0 means that p increases with the density p = 1/v, which allows us to define the

adiabatic sound speed by
Ip P
Varl =y (2.8)

1 9(pc)
c Op

Then, ¢ can be rewritten using p and ¢ as 4 =

S

Furthermore, we usually require I' > 0 and ¢ > 0. The condition I" > 0 is not thermodynami-
cally required but is satisfied for many gases and ensures that the isentropes do not cross each other
in the (v, p) plane. The condition ¢4 > 0 means that the isentropes are strictly convex in the (v, p)
plane.

2.2.3 Van der Waals gas

Definition 2.3. A gas is said to follow the Van der Waals law if it satisfies the following pressure
law:

p(v—"b)=RT, (2.9)

where v is the massic volume and b is the covolume, representing the compressibility limit of the
fluid, due to the volume of the molecules.

The Van der Waals law is a modification of the perfect gas law, in which b = 0. In opposition
to the perfect gas law, it takes into account the proper size of the molecules, which is important in
some situations when the gas is strongly compressed. In this model, the density must be bounded,
and the maximal density is ppar = %.

The fundamental relationship (23) gives us the PDE dye + -Z-9,¢ = 0. Thus, we introduce
new variables w = (v — b)™%, o0 = (v — b) R exp(s), and é(w, o) = e(v,s). We obtain d,,é = 0, so
that e = £((v — b) "M exp(s)) for any regular function &.

If we assume furthermore that ¢, is constant, thanks to the definition of ¢, and 23), we get

that % = L 9l - hence o€ = (é —1)& and (o) = Co'/®, which leads to

v_c” Os
e—(v—b)_cgzexp(i>, p:% c

Ca cbV—0b

Some computations allow us to finally obtain

_ v o _ v _70—|—1 v
7_701)_1)7 F—é—(’YQ 1)’U—b7 9 = 2 U—b,




where .
Yo:i=— +1. (2.10)

Cy

The conditions of section [2.2.2] are then satisfied for vo > 1.

Remark.

1. A perfect gas can be seen as a Van der Waals gas with b = 0. A perfect gas for which ¢, is
constant is called polytropic.

2. The Van der Waals law coincides with the dusty gas law [8 9] 16, 22 24]. In this model, we
consider that the gas is perfect but polluted by dust particles that are equidistributed and
have a nonnegligible volume.

Very often in the literature, the perfect polytropic gases are considered as a canonical example.
However, their adequation with physical observations is not as good as for Van der Waals gases,
for example, in explosion phenomena or in the sonoluminescence phenomenon [}, 6] [11].

In the following, we consider only Van der Waals fluids with constant and strictly positive
calorific capacity ¢,:
cy >0, (2.11)

which implies vy > 1.

2.3 Symmetrization

An important property of the Euler equations is their symmetrizability.

2.3.1 General case, without vacuum

If p > 0 and g—ﬁ > 0, then the system (ZI)) can be written in the variables (p, p,s). Then, the
S

system is almost symmetric, since it can be written matricially as 9,V + 3 k A (V)oRV = 0, with
V = (p,uT,s)T and
. o u-& pc2€T 0
A V)= GA(V)=| 3§ w&la 0
k 0 0 u-&

This matrix is almost symmetric since we obtain a symmetric matrix by multiplying it on the

left by D := diag (pl?, Dyeees 1). Consequently, we have the following proposition.

Proposition 2.4. The system (21]) is Friedrichs symmetrizable when (p,u,s) takes values in a
compact subset of R% X RY x R.

Indeed, for such values of (p,u, s), DA(§ , V) is symmetric with D symmetric positive-definite.

2.3.2 Van der Waals gas

We are not completely satisfied with the previous formulation as it does not authorize p to vanish
or even to tend to 0 at infinity. For example, p cannot be taken into H” for m > 0. Makino, Ukai
and Kawashima have introduced in [I3] a symmetrization for perfect polytropic gases allowing the
null density areas. Here we generalize their method to the case of Van der Waals gases.



.
Let us recall first that, for Van der Waals gases, v = 11‘;),) and p = (0 — 1) (ﬁ) ’ exp (Ci)
We now introduce the new variable

yo—1
Y0 p o
=2 P :
Y =1 \7%n-1
and we rewrite the system (2I]) in the variables (7, u,s). In order to do that, we first write the
system (1)) in (p,u, s) variables:

Op+u-Vp+pctdivu =0,
dyu+ (u-Vyu+2Vp=0, (2.12)
Os+u-Vs=0.

Since m = f(p) = Cp®, it is sufficient to multiply the first line by f’(p) = Cap®~?! to obtain an
equation in :

Oy +u-Vr+ Cap®*pctdivu = 0,
(%u—l—(uV)u—l—WVﬂ = 0,
Os+u-Vs = 0.
—1
Besides, we know that ¢ = -l C =2, /20 ( 171)1970, and o = 7371. It remains to evaluate
PP Yo Yo Yo
the coeflicients:
- Yoo
Cap®'pc? = 7T
1—-0p
-1 7
2 1-=bp’
L ep(s/(e) (o=1V°  1me-im
pCapOf—l B 1—0bp aC(o—=1)/(va)
S Yo—1
= exp .
YoCv 2 1-bp
Thus,
Om+u-Vr+ 7“;1 75, dive =0,
Opu+ (u- V)u + L2 I exp(=2-)Vr = 0, (2.13)
Os+u-Vs = 0
1
Moreover, 1/(1 —bp) =1+1b (’YZ;)I) 7 exp (,Y;CSU) TR, Therefore, denoting
1
1 ~ —1\ T
y=2"2 01 and b_b(% ) , (2.14)
Yo —1 470
we obtain 75 = m(1 + be—*/(oco) =1 "which is well defined for all 7 > 0 and in particular for

p = 0, since we have assumed in (2I1)) that 79 > 1. The matrix associated with the system (213
is now written as

) u - 5 70271 1:rbp gT
A(f, T, U, S) = VOQ_ 1:rbp GXp(,YDSCv )g u- §Id 0
0 0 u-€

It is once again “almost symmetric” in the sense that SA is symmetric, S being the diagonal definite
positive matrix

S = diag (1, exp(—s/(10¢v)), - - - ,exp(—s/(v0¢v)), 1) .

Furthermore, this symmetrizer is independent of p and in particular is well defined and definite
positive even when p or p vanishes. Finally, we have the following proposition.



Proposition 2.5. For a Van der Waals gas with constant ¢, and ¢, > 0, the system of Eu-
ler equations can be written for regular solutions as (213), which is Friedrichs symmetrizable for
(p,u, s) € K, where K is a compact subset of Rt x R? x R.

Note that in the variables (7, u, s), the system (2I3]) can be written as

O +u-Vr + VOT_l(1+i)€Xp(V;jv)WU71)WdiVU = 0,
pu+ (u- V)u+ 2271 exp(55-) (1 +bexp(5o)m" " )aVr = 0, (2.15)
Ois+u-Vs = 0,

where v and b are defined as in (214).

2.4 Local existence

The symmetrization of Proposition 2.5 is very useful in showing local existence of regular solutions
with vanishing density.

Theorem 2.6. We consider a Van der Waals gas with constant ¢, such that vyo €]1,3]. Let

=9 70 Po Go-1/2 exp (0= 15
’ Y0 —1 \1—"bpo P\ 2900, )

1
where pg € €1(R%;[0,1/b]). We also introduce v = ;Yg—ﬂ, b=> (740—;01) 7" We assume that

T, Uy, o) € H™(R?) for m > 1+ £. Then there exist T > 0 and a unique solution (m,u,s) €
2
€1([0,T] x R?) to the Cauchy problem for

O +u-Vm+ 7“;1(1—i—IN)exp(,y;fu)w”_l)wdivu = 0,
Ou+ (u-Vu+ 707_1 exp(s2-) (1 + Bexp(vg—;)w”*l)ﬁVw = 0, (2.16)
ods+u-Vs = 0,

with initial condition (7, ug, So). Furthermore,

(m,u,) € % ([0, THHP(RERI2) 061 (0, T H L (RGR2)

2.5 Positivity of the density

For regular solutions, the positivity of the density is given by the following

Proposition 2.7. Let (p,4,5) € €1([0, Tox[xR?) be a regular solution of the Cauchy problem for
(Z12) associated with the regular initial conditions (po,uo,so) € €*(RY). If Vu € L*>°([0,T] x R9)
for all T < Tey, po € L¥(R%,R), and if po(z) = 0 for all x € RY, then for all t € [0, Toy[,

p(t,x) =2 0.

Proof. We use the method of characteristics to obtain an expression of the solution of the Cauchy
problem for (II)). Assuming that V& is bounded, we obtain

p(t,x) = po(X(0;t,x)) exp <—/0 diva(r, X (7;t,x)) dT) >0,

where X is a solution of the Cauchy problem

dX
—:ﬁ(t,X), X(t0§t07$0):170,
dt
which is global in time since Vu is bounded. ([



We also prove that for a Van der Waals gas with constant ¢, > 0, the variable 7w introduced in
section 2.3.2] defined by

—1

720_
Yo
o [0 ( p >

Y =1\ -1

remains nonnegative if it is nonnegative at initial time. This property implies in particular that if
po < 1/b, then, as long as the regular solution exists, this property will be satisfied.

70—1

Proposition 2.8. We consider a Van der Waals gas with constant c,,. We denote m = 2 % (%) o ,

1
~ 1\ 7o=T
v = ’Yo_+1; and b = b (=L
Yo—1 470
satisfying the initial conditions

. Let (7,1,5) € €0, Tex[xR?) be a reqular solution of (2.13)

m(0,2) = mo(x), u(0,2) = up(x), 5(0,z) = so(x),

with (7o, uo, $0) € €1 (R?) and sg € L™, Ifdiva € L>([0,T] xR?) for all T < Tux, mo € L= (R4, R)
and 0 < po(x) < 1/b for all x € RY, then for all t € [0, Toy[, ™ = 0. Then, we can define p, and we
have

0 < p(t,z) <1/b.

Proof. Let Ty < Tex. We introduce the Cauchy problem

Opw + div (wa) = g(t, z, w), (2.17)
w(0,z) = wo(x),

where )

- ~ —5(t,x _ .

g(t,x,w) = (1 U (1 + bexp (¥>w” 1)) wdiva(t, x).

2 YoCo
We can apply the Kruzkov theorem [I0, [I7]. Indeed, the hypotheses ensure that g(t,z,w) —
wdiv (a(t,x)) = =252 (1 + be~*/ o)~ )wdiv a is uniformly bounded with respect to z € R?
when w is considered as a variable taking values in a compact set. Furthermore, 7y € L°°, so the
regular solution 7 coincides with the entropy solution w; of ([ZI7) associated with wg 1 = .

In addition, the entropy solution ws of ([2I7) associated with the initial condition w2 = 0 is

the function constantly equal to 0.

According to Kruzkov theorem wg 1 > wp 2 implies wy > ws for all (¢,z) € [0, Tp] x R%; that is,
7(t,x) > 0 for all (¢t,z) € [0,Tp] x RY. The formula

1

1+ Bexp(w;f )wﬁ

1
= — 1—
P=%

allows us to conclude the proof. ([

3 Proof of Theorem [1.1]

In order to prove this theorem, we adapt Grassin’s idea [7]. First, we look to the isentropic case,
which allows us to simplify the estimates. For a Van der Waals gas, nonlinear terms now appear in
the estimate which we need to treat separately.



3.1 Isentropic case

Let us first consider the isentropic case

8t7T+U'V7T+'YOTil(1+Z~)7TV_1)7TdiV’UJ = 0, (3.1)
du+ (u- Vu+ 221+ br’Havr = 0, '
with initial conditions
7T(0, I) = 7T0({E) ’ U(O,.I) = UJO(I) ) (32)

which is technically simpler than the general case but provides estimates very useful in treating the
general case.

We also consider the problem

(3.3)

ou+ (u-Viu = 0  onRFxR?,
(0, x) = wug(r) on R4

obtained by neglecting 7 in (3]). According to |7, Lemma 3.1 and Prop. 3.1] we have the following
preliminary result.

Proposition 3.1. Under hypotheses (H2) and (H3), the problem (33) admits a global regular

solution W satisfying

1. DT (t,x) = 11—_‘:15 + gf:t;”g for all z € R* and t € R,

2. HDlﬂ(t,-)HL2 < K1+ 042 0+) for | e [2,m + 1],
3. HDzﬂ(t,-)HL <C(1+1t)73,

where K : R x RY — My(R), K |[p o g+ xrey < K1, and C and K; for I € [I,m + 1] are
nonnegative constants not depending on m,d, d, ||uo|| -

3.1.1 Local uniqueness

Proposition 3.2. Let Uy = (mo,u0)T € H™(R?) and Uy be two initial data for (31). Let U =

(m,u)T, U be two corresponding solutions, defined for 0 <t < Ty. We assume that HDUH (0Tu] B
Lo ([0,To] xR

oo and that #~1 € L>([0,Tp] x R?). Let z90 € R? and R > 0. We denote

Yo

- Liri( 4 b0 + [u)) (4, 2), (5 2) € [0, To] x Blao, B)} (3.4)

Cr ={(t,z) € [0,T] x B(xg, R — Mt)} for T €10,11], (3.5)

M = sup{(

where Ty = min(Ty, R/M). If Uy = Uy on B(zo, R), then U =U on Cr,.

The proof of this proposition is classical for hyperbolic systems (see, for example, [I5]), the
constant M being the maximal propagation speed.

Proof. Let Uy = (mg, up), Uo = (7o, Up) be two initial data for BI) such that Uy € H™. Let U, U
be solutions of the associated Cauchy problems. We assume that these solutions are defined on
[0, Tp) with Ty > 0. Let also zp € RY, R € R%, and M, Cr be as in (3.4) and (B.5). Note first that,
as Uy € H™(RY), then U € €°([0, Tp); H™(R?)) and, consequently, DU ||y, (¢ is bounded and
vl e LOO(CTO)
We have
U +> a;(U)0;U =0,
J



where, denoting (e;)1<;<a the standard orthonormal basis of R,

W do-L(n 4+ Bw”)eT
(U) = J 2 J .
a;j(U) ( _70;1 (7 + br¥)e; uily

Consequently, 8,(U — U) + >-;a;(U)0;(U — U) + (aj(U) — aj(U))3;U = 0. Then, we make the
scalar product with (U — U) and we integrate on Cr for T € [0,T1]. We get

i,

=YW - 0)- 800U~ 0)) de dt = / )+ (ay(U) — a;(0))0; T der it
j Cr

U 0‘2 +>°0, ((U— 0) - a;(U)(U — U))

Then using the Stokes formula and noting that 90C7r = ({0} x B(zo, R))U({T} x B(xo, R—MT))UC,
where C = {(t,x) €[0,T] x B(zo,R) | t = R—Tlﬂ}’ we obtain

1 12 1 _2
_/ ’U—U‘ (T,:z:)dx——/ ‘U—U’ (0, 2) do
2 B(zo,R—MT) 2 B(zo,n)
1 -2 - .
IR —U’ S U =0 a;(U)U - T)=2] do
2,/1+1/M2/c{ ;( )4 (U )M|x|}

:/C %ZW —U)-0i(a;(U)U -U) = (U—=0)(a;(U) — a;(0))0;U | da dt .
In addition

1050 (U) || <
a;(U) — a; (D) ‘ < C‘U—U‘ 1+ max(j7]”~5 |777Y) -

CIIDU | (g (1 + IlIE< )

Hence,

/ S = 0)-0,(a;(0)(U ~0) ~ (U = 0) - (a5(U) ~ a;(0))50 d

< (|DU||LOO(C + o, . ))<1+max<|w|WT 17l en)

// ’U U‘ dzdt .
I()R Mt

Furthermore, the choice of M implies

/C - ﬁf + (U= 0) - ay(U)(U - ﬁ)ﬂjrﬂ do >0,

so finally we get the estimate

1 2 1
—/ ’U—U‘ (T,a:)da:——/ ‘U U’ (0,2) dz
2 JB(zo,R—MT) 2 JB(zom)

< C <||DU||L°°(CT) + HDﬁH

T
/0 /B(:Eo,RMt)

L,,O(CT)> (1 + max(| 7]l < gy 17 L)

12
U—U’ dzdt .

10



We conclude, thanks to the Gronwall lemma, that

1 2 1. )
—/ ‘U—U’ (T,x)d:cg—eCT/ ’UO—UO
2 B(xo,R—MT) 2 B(zo,R)

7 v—1 ~v—1 . .
where €' = € (DUl o, + DT _ ., ) (e max(lall =}, 171 ), which s bounded

‘2(90) dz ;

under the hypotheses of the proposition. ([l

3.1.2 Local existence

We construct a local solution of BI)—([B.2]) such that the difference between this solution and (0, %)
is in €O(RT; H™(R%; RITL)) N €Y (RT; H™H(RY; R4*Y)). The first step is the symmetrization of
the system, given by Proposition This result allows us to use a general theorem (see Theorem
2.8) giving the local existence of solution. Let us define, as above,

-l T2
Yo P e 7o p
=2 - , 3.6
70—1<70—1> 70—1<1—bp) (3.6

where we assume that 0 < p < 1/b. Then we use the same method as Grassin [7] to prove that
the system (B.I) admits a local in time solution, with initial condition ug in the space X and not
in a Sobolev space (in particular, ug does not tend to 0 at infinity). Here we use the compactness
of the support of py (hypothesis (H4)) and the finite propagation speed of the solutions for a
hyperbolic system. More precisely, we assume that Supp(pg) C B(0, R) for R > 0. Let n > 0 and
¢ € € (R4 RY) be such that » = 1 on B(0, R+27n). We obtain a local in time solution (7%, u%) of
problem (B.I) with initial conditions (g, pue) € H™ for ¢t € [0,T[. Propositions 2.7 and 2.8 ensure

that the condition 0 < p < 1/b is satisfied.
Letting £ €]0,T'[, we introduce the mazimal propagation speed M = sup{22=(|7%| + |7¢|") +

lu?|; t € [0,T — €], z € RY}. We also introduce &’ €10, 3%;[ and Ty = min(T — ¢, 57 — £’), the

time for which this construction is available. We finally obtain a solution (7, u) of BI)-B2) by

denoting
© uP) i
(w,u)—{ (r?,u?) in K,

(0,@) out of IC,

where K is the cone K = {(t,2); 0 <t < T, z € B(0,R+n+ Mt)}. Then it is sufficient to show
that the solutions can be glued smoothly along OK. Here we use the property of local uniqueness
given by Proposition Let indeed 2y € S(0, R+ n) be in the sphere of radius R 4 7 of center
0, and let E,, = {(t,z); t € [0,T1],x € B(zo,n — Mt)}. The choice of T} implies in particular
OK C Ugyes(0,r4n)Ez, (see Figure [[). The initial conditions of (7%,u¥) and (0,%) coincide on
E,, since the support of 7y is included in B(0, R). Proposition then allows us to claim that
(7%, u?) = (0,7) on E,, and consequently on a neighborhood of OK.

3.1.3 Energy estimates

When we compare it to the perfect polytropic gas case [7], we observe that the system (B.I) has an
additional term, which will modify the estimates.

Let us denote U = (m,u — 1), w = u — U, and U = (0,). We also introduce

4 _ uj = Uj L= : We;‘r 7= _ [ 5= Lrdiva
w0 _< wolre (uy—anty ) PPUD= e [ G0

so that the system (B3] can be written

d d
oU + > A;(U)9;U = -B(DU,U) - Y _u;0,U — F(DU,DU,U) (3.8)
j=1

j=1

11



Ex

Figure 1: Gluing of the solutions along OK.

where

_ —1- i T 1
F(DU,DU,U) = %wa” ( div %”: ¥ ) , with v = Zgirl (3.9)

Observing the properties of u described in Proposition [3.I] we expect the terms HDk

k € [0, m] to decrease with respect to time with a rate depending on k. Consequently, we introduce

Yilt) = HDk U, -)‘

Lo =D (1415 Yi(t (3.10)
k=0

with gr = k + ¢, in which ¢ has to be chosen so that all the terms of Z have the same decreasing in
time. In order to estimate Z, we apply the operator D* to B8), we make the scalar product with
D* U, and we integrate on R%. The system (3.8) is different from the one considered by Grassin
through the term F(DU ,DU ,U) defined in (3.9). We use now [7, Props. 3.2 and 3.3] to estimate
the terms in common. We note these results here.

Proposition 3.3. Let o € N¢ be a d-uplet of size k >0 (that is, ||, = o1+ +aqg = k). Let us
denote, for U = (m,u — u),

R.=—- | DFU.DF A;(Uo;U | d
k /]Rd Z x ,

j=1

d
Sk:—/ D*U -D* | BIDU,U) + > ,;0;U | da ;
R4 ;
Jj=1

then there exists a constant C > 0 depending only on m,d such that

k+r

|Re| < C(1+ 1)~ 42y2 7, Sp <C(1L41t)79~ 2YZ—1+t

2
Yk’

where

r = min (1 - g, (? - 1)d> . (3.11)



We have now to estimate — [, D*U - DF (F(DU ,DU ,U)). Let us denote b = 7“;11; and

I = _5/ DFU . DF (77”( divw )), J— —B/ D* U7 . DF (77”( divw ))
R v R 0
so that — f]Rd D*U-D* (F(DU ,DU ,U)) = I+ J. A priori, J is easier to estimate than I. However

§T
& 0

the estimate of I is possible since the matrix 7 < ) is symmetric.
a Estimate of I We prove in section [£.1] the following lemma.

Lemma 3.4. With the notation introduced in section [T,

1] < C|lrlL= DUl || D U] (3.12)

2
Lz

b Estimate of J Here, we divide J into two parts: a first part J; which contains only first
order derivatives of @, and a second part Js in which all the derivatives of w are at least of order 2.
More precisely,

Jy = —B/Rd > (@m)(0%nY)diva,

a€ENd||al, =k
Jo=J—-J1.

For Ji1, we use the first point of Proposition B.I] giving the decreasing in time of Du, and Lemma
A7 giving the estimate

[[0°(7)| 2 < C||7r||1’:;1HD’“7r’

L2’

for any d-uplet o € N of size k, that is, satisfying |a|, = Y a; = k.

We obtain, using the Cauchy-Schwarz inequality,
i< Y Bl 0% () || e lldiv Tl e
aeNd|al, =k

C gl 1 vt
<—|D U’ Y2t 1

For Jy, we prove in section [l the following lemma.

Lemma 3.5. With the notation introduced in section [31], there exists a constant C > 0 such that

|Jo| < C(1 +t)%

D* UH zv, (3.14)
L2

where dy, = (—g1 — 2+ 1) (v — 1) — g, — 2.

¢ Reassembling of the estimates Assembling the results of Proposition[3.3and the estimates

BI2)-BI4) of I and J, and finally using Lemma 5] we obtain

ldY,f k+r

s T S CU+0MEZ+C A+ TNZ 4+ C(L4 Iy

+C(1 4 1) FHDE=D=1y27v=1 4 (1 4 ¢)FHD=D=9=2y, 7v (3 .15)

where we have denoted p

B=-g1-5.
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Here, we choose the constant ¢ introduced in g = k + ¢ in order to have 8 = 0 and consequently a
good decreasing in time. This means requiring that g; +d/2 = 0 and ¢ = —1 — d/2. Consequently,
we have

d
gi=k-5-1.

We now introduce

a=14+d/24+r>1,
so that k 4+ r = g + a. We can now divide by Y in (81H), multiply by (1 + ¢)9%, and sum on k to
obtain a differential inequality in Z (defined in (3I0)):

S+ z<c(2

1 tuflqurl .
at 1+t 1+ )

A
1+1)?
Then, we introduce ((t) = (1 + t)%exp (%) Z(t), and we deduce from the inequality just above

that
dC C

(¢*+¢H).
ST+or
In addition, ¢? + ¢V < 2¢(1 + ¢¥) for v > 2. Therefore
1L« c

C(L+¢vydt — (1+t)a ’

that is, 1 c
TN < e

with f(z) = L In (%) By integration, we obtain f(¢(t)) + =<5 (1 + )¢~ < £(¢(0)) + 5.

As f is strictly increasing and one-by-one from R* to R*, if f(¢(0)) + C/(a — 1) belongs to the set
on which f~! is well defined, we obtain
) < F7H(f(C0) +C/(a—1)) .

But f(¢(0))+C/(a—1) < 01is possible only if ¢(0) is small enough, since f(z) tends to —oo when z
tends to 0, and ((0) = exp (C) Z(0) = exp(C)||mo||gm- The smallness condition is satisfied thanks

. i ay
to hypothesis (H1) with 0 < g < f~! (ﬁ)

d Conclusion We have obtained the following inequalities:

200 < e o (fft) = (f(eCZ(O)) ¥ %)
Yi(t) < (141t)79Z(t)
e () s+ )

The L? norms of the derivatives of the local solution U consequently do not explode in finite time

N

since t — ﬁ exp (1 - t) does not explode in finite time. Let us assume that the regular solution

exists up to time 7. Our estimates give us, for all ¢ € [0, T, for Cr not depending on T,
Cr.

H U= HHm

Since Supp m C B(0, R), our construction is possible when the norm of (7, ) is bounded in H™(R%)
and
<Cr+ Ha(t) < Kr.

[, u)(t)

HHm(B(O,R)) HHm(B(O,R))

We can associate with the constant K a time of existence T (Kr) for the local in time solution. Let
t1 €]0,T[be such that t > T—T,(Kr). Introducing the solution with initial condition (7 (1), u(t1)),
we succeed in prolongating the solution up to time 7', which finishes the proof.

14



3.2 General case
3.2.1 Local in time existence

As in the isentropic case, we first seek to symmetrize the system. Let us denote

vo—1 Jyo—1
/70—1< D )”O /70—1< P ) 2 (70—18>
ﬂ- fr— = P E— exp — .
Yo Y — 1 Yo 1—bp 27 ¢

The system (2.1]) can be written in variables (7, u, s):

e3/C0e) gy 4 e8/ ooy Vi + WL es/ (o) pdivy = —2Lhr3eT diva,
~ 1
du+ (u- V)u+ 27tes/ o) nyn = —Wz_lbﬂ':gthﬂ', (3.16)
(1+t)"%(Os+u-Vs) 0,

where b = b (740—;01) 7" We introduce furthermore a parameter 6 to be determined so that

(1+1)7%s has a decreasing in time similar to those of the estimates obtained in the isentropic case.
In order to obtain local existence of a solution, we construct a solution by following the same

strategy as in the isentropic case and using once again a property of local uniqueness, given by
Proposition

3.2.2 Local uniqueness

Here we show a result similar to the one obtained in section [3.1.]] in the isentropic case.

Proposition 3.6. Let Uy = (m0, w0, 50)T and Uy be two initial data for (31). Let U = (m,u,s)T,
U be the two corresponding solutions defined for 0 <t < Ty. Let g € R and R > 0. We denote

M = sup {eﬁ (%’T_lwu +blm" ) + |u|) (t,z), (t,x) € [0,Tp) x B(xo, R)} , (3.17)

Cr ={(t,z) € [0,T] X B(zog, R — Mt)} for T €[0,T1], (3.18)

where Ty = min(Ty, R/M).
We assume that Uy € H™(R?), so > 0, ‘DUH < 00, and that =1 € L>®(Cr).
Lo ((0,T0] xR?)

Under these conditions, if Uy = Uy on B(zo, R), then U = U on Crp,.

Proof. Let Uy = (o, ug, So), Uy = (7o, ig, 50) be two initial data for (3.I6]) such that Uy € H™(R?).
Let U, U be the two solutions of the associated Cauchy problem. We assume that these solutions
are defined on [0, Tp] with Ty > 0. Let furthermore zg € RY, R € R*, and M, Cr be as in B.17)
and [BI8). Then we have

ao(U)OU + > a;(U)0;U =0,
J

where ao(U) = diag(e®,1,...,1,1) € Myi2(R) and, for all j € {1,...,d},

evo%uj emLCv'Y";l(w—i—lN)evg—jvw”) e}r 0
a;j(U) = | ewom 7“271(7r+1~)evg—§v7r”) € u; Ig 0
0 0 Uy

We introduce, for T € [0, T}],

1_/C [~ 0) - o)WV = 0)) + 341U ~ 0) - ey U)( ~ O) dwdt . (3.19)
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~ |2 ~
We denote ‘U—U‘ =U-U)aU)(U -1U), [U—U

0
obtain from the Stokes formula

L = fB(mg,RfMt)

I :l/ (U = 0) - ao(O)(U ~ Ty + 3V = ) a5 (U)(U ~ Ty ) do
:{U—ﬂ —@—U}
~ ~ T
—U| YW =00y - 0) 57 ) do
+ e |, (0= 01, + 20 - 000w - 00578)
But we also have
D)y () - 0
;(U Dy () =03
= T e Oy femt vy — 7)) T
= ‘U U‘ —|—2eo 5 (7 + beroes ) (7 — 7) M|
< |o-of " /e 201 <|7r|+b|7r| (e — 72 - )
<« Llg_ s/zwm v
< 2o|r - O] (lul+ e 2L ) 4 i)
~ |2
< |o-0] ;

therefore

Besides, we have

ao(U)0 (U —=U) + > a;(U)U - U) = ZQO(U)(QO(U)A%(U) —ao(U) 'y (U)0,U;

J

thus

I= [ (U= 00000V} ~0)+ 3 (U = 0)s0,0)( = D)
Cr j

+ 2/0 Z(U — U)o (U)(eo(U) o (U) = ao(U) " e (U))0;U .

Let us denote

I3 = 2/0 ‘ D)ao(U)(ao(U) " a;(U) = ao(U) "oy (U))0;0 .

We obtain by computing explicitly dycp and 0;¢;

1
I = —/ es/('y"c’))(ﬂ—ﬁ')z(u- Vs)
cr V0Cv

16

U - 0)(t, ;v)‘z da. We



and

1 -2
I, = / es/(wc”)(ﬁ—ﬁ'y(u-vrs)—l—/ div(u)’U—U’
Cr FYOC'U Cr 0

" / (v = De*/ o) (m — 7) (u — 1) - [ 7Vs + (1+ aem—;mv—lww]
Cr

YoCuv

) f oo

I+ ||DU | (1 +C(1+ g + v
Finally, we bound I3 by computing

B B Uj — ﬁj \Ifl(U)ejT 0
ao(U) ey (U) — ao(U) ey (U) = — | Ua(U)es  (uj — ;) 1a 0 ,
0 0 Uj — ﬁj

where

-1 ~, =8 =5
U, (U) = %T(ﬂ' — 7T 4 bevoev ¥ — eoew 7)),
o — 1
2

We denote R = max(||s]|p,«, ||5]|~)- The exponential function being convex, we have

Uy (U) =

(eVOCv T — e it + b(x¥ — 7).

e/ (roew) _ g8/(vocv) | < 1/(70%)63/(%%”5 —3|.

So

e/ 00 — /00 < O — 3] + | - ),
e#/ el — 5/ uen)ze < Cmax(l, [71)” (falls = 31 + I = 71),

which gives us
Iy < (HDUHW + ||DU||LOO) (1+ O+ lrllgm) (1 + by max(mly = 1771
T
x / [U - U} dt .
0 t
Finally, we obtain
T
{U—U} - [U—U] go’/ {U—U} at
T 0 0 t

where ¢’ = (|[D0]|__+1DU . ) (1+C A+l o) (14 by max(l =, [77=1))) . We conelude,

thanks to the Gronwall lemma, that

1 e L o
—/ ’U—U’ (T,x)d:cg—eCT/ ‘UO—UOI () dz .
2 JB(xo,R—MT) 2 B(zo,R)

O
3.2.3 Estimates
The system ([B.16) can be written as
d o —1: div (w + @)
Aoatv+j§AjajV =-B(DV,V) =Y C;(V)o,;V - 5 br” vow ,(3.20)
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where V = (m,u — 4,s) € R“*2 V = (0,a,0), and
Ay = diag(e®/ o) 1,...,1,(14+1)7%) € Mya(R),

Cj = ’U,jAQ ,
e5/(v0ev)yy, VO;leS/(VOCu)WejT 0
Ay = | fles/toc)re; w; Iy 0 ;
0 0 (1+t)"%w,
’Y"Tfles/(%c“)w diva
B= (w-V)a
0

1/2
We also introduce N (t) = ( Jou DF V- AO(V)D’“de) and Z(t) = 37 (1 + t)9 Ny, (t) with
go=k+r—aandr=0/2-d/2, 6 €]0,min(1, 707_1)] In order to obtain energy estimates, we

apply D* to (320) and we multiply it by D¥ V. Then, we integrate on R%. The additional term
with respect to the perfect polytropic gases considered by Grassin [7] is now

— —1-
F*(DV ,DV,V) = %wa" (div (w + 1), V7, 0) € R2.
With the notation U = (7, w) € R¥*! and F as in (3.9), the last component of F* being 0, we have
OFVOF(F*(DV ,DV ,V))dz = [ 0*Ud*(F(DU,DU,U))dz .
R4 Rd

Using the estimates [B12)—-(@3I4) we finally get an estimate on Y;. Note that the definition
of the norm Ny, is slightly different from the norm Y} introduced in the isentropic case; but if we
introduce v = (vq,...,v441) € R 2 € R and denote v* = (vy,...,v4+1,2) € R¥2, then we
have ||v||, < ellsollLee/(oc)ty* Agy*. Consequently Yy, < ellsollec/(voco) Ny ~and the estimates on Yy,
obtained in the isentropic case give an estimate on Nj in the general case.

Finally, we obtain, adding the estimate on F' obtained in the isentropic case to the estimates
from Grassin in the general case:

ldN,? k+r o

@t 1M < ca +)PNEZ + C' (1 + )9 2N, Z 4 O (1 + )P BV N2 70
+C(1 + t)(ﬁ"'l)(”_l)_lN,?Z”_l + 0O+ t)(6+1)(V_1)_gk_2NkZV
+C Z NkZ2+E(1 +t)*gk+ﬁ+f(ﬁ+l+9/2)

§EE)
where 8 = —g1 — g and

Ek:[[O,k]]U{ﬁ; le[[l,k—l]]}.

Then, we choose a so that 8 =0, i.e.

—1
a=1+6/2>1 with 0 €]0, min(1, 702 ).

Next, we simplify by Ny, we multiply by (1 + ¢)% and we summate on k to obtain

dz a Z
4 7LCO| 2P ——— + A+ )z 22 e
dt+1—|—t ( +(1+t)2+( +1) + (I+1)

T+
a__c
dt = (1+1t)e

We conclude in the same way we did in the isentropic case, replacing v by v* = max(v,m+1) > 2,
since <2 + Cv+1 + <m+2 < 2(4—2 + CU*+1)'

We denote now ((t) = (1 +t)%exp ( ¢ ) Z(t) and we deduce from the inequality just above

(C2 + CV+1 4 <m+2) )

18



4 Technical tools
Hereafter, we make use of the following notations for shortly denoting derivatives: 9° with i € N is

used to mean any derivative 0% with o € N% and |a|, = a1 + ... + aqg = i D" U is used to denote
the vector (0°U)qene||a|, = of all derivatives of the given order .

4.1 Lemmas [3.4] and

We show here Lemma [3.4] which states, with the notations introduced in section 3.1}

11 < Cllrlg 2 DUl [D* U

Proof of Lemma[3.4)

Ifk=0, I=-b f]Rd (rdivw + w - V) dz. By integration by parts, we obtain

I=—b v / 't divwdr < C’
v+1

— 2 4
" IHLOOH7T||L2||d1vw||Lm.
If £ > 1, I is such that

I=-b / Oomd* (w div w) +Zaawjaa( vom) | da .

aENd||a|

Expanding, we find

I=-b Z /Rd 0% (m)m” 0% (divw) + Zaa(wj)w”aa(ajw) +3| de, (4.1)

aeN?|al, =k J

where Y is a sum of terms as fRd 0*U 9™ (”)0*2U, where U is any of its components and
lai|, =1, Jaol; = k+1—1, with [ € [1,k], so that the derivatives are of order less than or
equal to k. We first treat the first two terms of the sum (@) for a d-uplet o € N%, of size k,
that is, |a|; = a1 + - - + aq = k. By integration by parts, we find

% (m)m” 9 (div w) +Zaa ) 9% (9;)

R
_ /R d ﬁVZaj (6°(m)0° (1))
== Z (m)0% (w;) -

Hence, I is a sum of terms as kaUal(w”)(?k_H‘lU; where 1 < I < k.

Note that here we used the notation in which U means 9“U for a given a € N¢ such that
lal, = " a; = k. Furthermore, we write U for any of its components. Consequently, U
can mean 0%w;. We will use this notation from now on.

If £k >1and ! # 1,1 # k, using the Holder inequality and the Gagliardo-Nirenberg lemma
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(see Lemma [4]) we have

BR U (n)OF U da < OH&’“UHLz Hal(w'f)ak*lﬂv‘

Rd L2
chakUH Hal(ﬂ_u) ko1 ak—H—lU‘ i1
L2 L°7-1 L2F=1
k 2R ([ oy || T
< cHa UHL2H8(7T e o)
-1 | 5k =t
X [|OU|| o~ ||O°U Lo
We use next Lemma [£.7] and the inequality
|06 = || 0m | < Cllrll 0m e

to obtain

2
AP U (79U da < cHakUHLGaUan||7r||;;3 .
Rd

If K > 1 and [ = k, we have to estimate

FU* (x)OU < HakUHLQHak(w”)

3 o0

v—1
< oo i o] o0

If k> 1 and ! =1, we have to estimate

P UA(x")O"U < Ha’fUH;Hal ()

Rd Loe '

The inequality ||0* (7")|| .. < C’||7T||;;1||817r||Lm allows us to conclude the proof.

We prove now Lemma 3.5 which states, with the notation introduced in section [3.1]

Jo <C(1+1t)%

DkUH 7",
L2

where d, = (B+1)(v—1) —gr —2 and B = —g; — £.

Proof of Lemma 33 For k = 0, Jo = 0. We consider here k > 1; Js is then a sum of terms
f@kUﬁl(w”)ak_H‘lﬂdx for 0 <1 < k — 1. The choice of initial conditions gives us U € H™, but
we do not know if D*U € L. So we can distinguish two cases: m > 24 d/2 and D*U € L, or
m <24 d/2.

Case m > 2+ d/2. We now study different cases, according to the values of k and I.

1. If k > 1 and | = 0, we use Proposition [3.I] and Lemma [£.5] to obtain the estimate

/w”@kwﬁk"'lﬂdxg||7T”||LOOH(9]“UH Ha’”lnl
]Rd L2 L2

< O(1+1t)B+Dv gy

DF UH (14 t)3/2h=2
L2

< O(1 +t)%

DkUH 7V
L2

since k —d/2+2= [+ 14 gi + 2, we are done.
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. If k> 2and [ =1, we have to estimate

/ﬁv—lawakwa’fadxguakwu HakaH g0l
Rd L

L2

<C(1+ t)d/Q*kfl(l + t)(5+1)(V*1)+5ZV

8’“U‘

L2’
which concludes that case, since d/2 -k -1+ 8+ (B+1)(v—-1)= @B+ 1) —-1)—gr — 2.

. If k =3 and | = 2, we use Proposition 3] and Lemmas and .7 to obtain the estimate

837782(7r”)82ﬂdx§H8kﬂ'H Ha%” H[)Q(w”)

R4 L2 Loe

L2

< (1 4 t)*3+(5+1)(1’*1)*92

8’“U‘

zv,
L2
and we are done as g2 + 3 = g3 + 2.

. If k>3 and !l € [2,k— 1], we use Lemma [£2l Denoting q = 2% and ¢ = 2% so that
1/q¢+1/¢' = 1/2, we obtain

O wdl ()0 g da

Rd
< [l Jorw, Jorvd
L2 La L'
1-2/q 2/q 1-2/¢ 204
< el o el
L2 L L2 Lee L
Since
b2, <ca+o, o=l < car o,
and
HDz @), . <c (||7T||;£||D7r||ioo + IIWIIEJHD”HW)
< C(l _’_t)(ﬁ-‘rl)l/—Qzu7
kel s v—1|| k-1
HD (™) S Cllrll HD W’Lz
<ca +t)(ﬁ+1)(V—1)_gk+1ZV,
we obtain
Jo <O+ )™ Dkw’ LzZV’
where
2 2 2
me = (1= 2 )G+ Dr =2+ @+ DE - —ge+ D=3 (1- 2
2 .d
ZG-8
q 2
= B+ -1)—gp—2
= dg.
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Case m < 2+d/2.
First, we note that the computations of the cases k > 1and =0,k >2and [ =1, and k = 3 and
[ = 2 are similar. There remains to treat the case k >3 and 2 <1 < k—1. Since k <m < 2+4d/2,
we have necessarily k£ < 3 if d =1, 2, or 3, and we are done.

We assume now d > 4. Let us denote h = §(k 4+ 1+ d/2) > 2. Then we have h < m and

d—1
0<h-1<——, Sh=(k+1-1)< ——.

We introduce hy =h—1, ha =h—(k—1+1)and 1/¢1 = 1/2—hy/d, 1/g2 = 1/2 — ha/d. Therefore
1/q1 +1/q2 = 1/2, which allows us to use the Holder inequality

d—1

N =

Jo(k, 1) = [ 90 (x)0FHada < Haka Hal(ﬂ) ak*l“a] .
R L2 La1 La2
Next, we apply Lemma to find
Jo(k,1) < cHakﬁH HDh (7) Dhﬂ’ :
L2 L2 L2
Finally, we use Lemma [£.7] and Proposition B.1] to obtain
Jo(k,1) < cHakUH (1 4 £)4/2- "= 1=+ (D=1 v
L2

Asd/2—h—-1—g,+(B+1)(v—-1)=(B+1)(v—1)— gr — 2, we are done. O

4.2 The Gagliardo-Nirenberg inequality and its consequences
4.2.1 The Gagliardo-Nirenberg inequality

Lemma 4.1 (Gagliardo-Nirenberg). (See [23, Prop. 3.5, p. 4]). Let r > 0, i € [0,7], and
z € (L*® NH")(RY). Then 8'z € L/H(RY) and

We deduce easily from Lemma [£.7] the following result.

o' 2D 2

< Ci,r|

L2r/i

Lemma 4.2. Let 2 € H™ be such that D? z € L*®; then for all k € [4,m)], for all i € [2,k], we have
D'z e L4 forqu% and

Thanks to the Sobolev imbedding (see [23] p. 4]) and Lemma [.1] we also prove the following
lemma.

1-2/q

Lo

2/q

L2

9z

<cfjpr<], ]
La

Lemma 4.3. Let ¢ €]0,d/2[ and 1/q = 1/2 — ¢/d. There exists C > 0 depending on £,q,d such
that for all z € HY(R?) we have

J2lle, < C|[D° 2

Lz

Proof. The space HY(R?) is endowed with the norm |||z + HDZ -HL2. The Sobolev imbedding

between H* and L9 can then be written, for a given C' > 0, as

2lge < C(Jl2ls + D2

L2) . forall ze H. (4.2)
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Let us define now, for z € H, A € R*, the function z) € H’ such that z)(z) = z(A\z). Applying
2) to z) and noting that

—d
l2allis =A% ll2lgq [Dfa,, =t , (4.3)
we obtain Y
d_4d ¢
2o < ONF 2 (llzlls + D72 )
1/¢
where, by definition, E - 5 = —/{. Consequently, introducing A\ = <||]|31T|2 2) , we have
L
2l < 2CHD%
O

Similarly, we prove the following lemma.

Lemma 4.4. Let p > d/2. There exists C > 0 such that for all z € HP(R?)
17% D %
12llLee < Cllz]lL2 ™ (D" 2|5 -

Proof. We now use the continuous imbedding H?(R?) C L>(R?). Thus, there exists C' > 0 such
that

[2llpee < Cll2llL + [DP 2[lL2)  forall z € HP.

Applying the inequality to z) : z — z(Az), we obtain, since zy satisfies ||z ||, = ||z]/p~ and E3),

—d
[2llgee < CAZ ([[2]lLz + A7IDP 2]l L2) -

1/
Taking A = (Hgf,”ﬂ ) p, we have finished the proof. O

4.2.2 Estimates

Lemma 4.5. Let m > 1+d/2, U € H™(R?), r,a € R, and Z be the norm defined by (I10):

m
=> (141
k=0

with g, = k+ 1 —a. Then we have the following:

DR U(t)|

)

L2

L U@ <CQ+1)Z(1).
2. |DU (t)|| o <COA+1)PZ(1).

3. Ifm>2+d/2, then HD2 U(t)HL <CA+1Z).
With 8 = —gy — d/2.
Proof. 1. Applying Lemma [4.4] to U, we obtain

1— -4

Ul < €U D™ U175
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But we also have
[Ullg < (1+1)7Z, D" Ul < Q+t)"9Z,

SO
UL~ <CA+1)°Z,

Wheres:—go(l——) (g0+m) ——go—%=5+1-
2. Applying Lemma 4.4 to DU, w1th p=m — 1, we have
HDUHLoo C”DUHLz 2(m 1)HDm UHZ(m 1) .
In the same way as before, we obtain
DUl - < C(1+1)°Z,

where

d d
= (1 gmop) oV
d

— g -5 =0.

3. Applying Lemma B4 to D* U with p = m — 2, which is possible since m — 2 > d/2, we finally
prove the third inequality. ([l

Lemma 4.6. Let f, ¢ € (L= NH™)(R?), and let @ € N such that |o| = k < m. Then

[0* ()l < C (17~ ||D* )

Lemma 4.7. Let f € (L NH™)(RY). Ifv e Nandv > 2, or v € R and v € [m, +0o[, we have
v € H™(RY) and, for all o € N¢ such that |a| = k < m, we have

k
_+ llellg|D

o pv k
10 £l < CIAIE||P (4.4)
where C' > 0 is a constant independent of f, a, v.
Proof. For v € N, v > 2, we proceed by iteration on v, using Lemma .0l
For v € [m, 400, we have
S cnt s,
1<k it ABj=a
[Bi]=b;>1
Then we take 9% f € L2b_ki, we apply Holder inequality and Lemma [£]] to obtain
k .
ol < X7l TT Hab i
j=1
Zb 7k
oZ]f” Al T g |pr
Zb 7k
<ClfI= ot o
using in addition that, for all j € [1, m], Hf”_jHLoo < |IfIIV since v —j > 0. O
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