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PART I. SOLVING THE LAPLACE EQUATION WITH DIVERGENCE FORM DATUM. The purpose of this
part is to partially prove the following

Theorem. Let ) be a bounded domain in R, of class C?, andlet 1 < p < oo. For F €
LP(2; RY), the equation

—Au =div Fin 2'(Q) o))

has a unique solution « € W, ”(Q; R). In addition, with some finite constant C independent
of ' (but possibly depending on p and (2), we have the estimate |[u|/y1, < C|F],.

Preliminaries. a) The following identity may be useful. If w,2 C R" are open sets and ® €
C'(w; ), then

V(uo ®) =" J®[(Vu) o @], Vu € C* (4 R).

b) We set RY = RV x (0,00), By = {z € RY; |z| < 1}, and By = {(¢/,0); 2’ €
RN 2| < 1},

¢) In what follows, C' denotes a constant depending possibly on p and 2, but not on F', u, or the
other scalar functions, matrix-valued functions, or vector fields appearing in the equations.
This constant may change from a line to another.

d) We always suppose that 1 < p < oco. We take for granted the L”-regularity theory for
the equation —Au = f € W"P(Q; R) and the following variant of the crucial lemma of the
LP-regularity theory.

Crucial lemma. There exist some £y > 0 and C' < oo, possibly dependingon 1 < p < oo and
on N, but not on B, H, h, or w below, such that, for: (2) w € W??(B_; R) satisfying: (i) there
exists some 0 < R < 1suchthatw(z) = 0if |z| > R; (il) trjp, w = 0; (b) H € LP(B;RY);
() h € LP(B4;R); (d) B € L*°(By; My (R)), satisfying the equation

—Aw = div(BVw) + div H + hin 2'(By)
and the smallness condition | B| _ < ¢, we have

lwllyr, < CIHI, + ClIRl,

Exercise A. If p, g are conjugated exponents, prove that
[u € WyP(QR), —Au = 0,v € W R) N Wy (4 R)] = / u(—Av) =0,
Q
and derive the uniqueness, in W, (Q; R), of a solution of (1).
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Hints. Since —Au = 0 and thus u € C*°(Q2) (Weyl's lemma), we have
/VU-V90:0,V<,0€C§°(Q). (2)
Q

By passing to the limits and using the fact that Vu € L?(Q2), (2) still holds for p € W, (Q).
On the other hand, since —Av € L(Q2) and Vv € L%(£2), we have

/@D(—Av) = / Vi - Vo, Vi € CF(Q). 3)
Q Q

By passing to the limits and using the L? integrability of —Av and Vv, we find that (3) still
holds for ¢» € W, ?(Q).

By combining (2) (with ¢ = v) with (3) (with ) = u), we find that/ u(—Av) = 0.
Q

Forany g € C°(Q), wehave g € L((), and thus there exists v € W2>9(Q) N W, %(Q) such

that —Av = g. We find that / ug = 0,Y g € C(Q), and thus (by the localization principle)
Q
u = 0 a.e. By linearity, this implies the uniqueness, in W, ”(; R), of a solution of (1). O

Exercise B. Assume that the following a priori estimate holds.
[F € C(QRY), u € Wy P(QR) solves D] = ||ufyrr < ClF|, + Cllull, 4
1. Prove that the estimate (4) implies the validity of the following a priori estimate.

[F € C(QRY), u € Wy P (4 R) solves (D] = ||ufl 1 < ClF,. (5)

2. Prove that the estimate (4) (and possibly other ingredients, to be specified) implies the
theorem.

Hints. 1. Argue by contradiction. Then there exist sequences (F;) C C=(;RY), (uj) C
W, ?(Q) such that, for each j, —Au; = div Fj, w1, = 1, while || Fy[| - — 0. Moreover, by
(4), there exists some C' > 0 such that ||u,]| » 2 C'. Using the Rellich-Kondrachov theorem and
passing, up to a subsequence, to weak limits, we obtain the existence of some u € W, (Q)
such that —Awu = 0 and |[uf, > C. This contradicts the conclusion of Exercise A.

2. If F € C®(Q;RY), then div F € LP(2) and thus, by the LP-regularity theory, (1) has
a solution v € W?2P(Q) N Wy*(Q). By the assumption (4), u satisfies (5). By density of
C(Q;RY) in LP(Q; RY) and the a priori estimate (5), for every F' € LP(Q; RY) there exists
some u € W, *(Q) satisfying (1). In addition, we have ||u/ ., < C| F|,- Uniqueness follows
from Exercise A. O
Exercise C. Let u € W' (Q;R)and F € L} (Q;RY) satisfy (1). Let ® : w — Qbea C'-
diffeomorphism. Set v = u o ®. Find (explicitly) a matrix-valued function A € C'(w; My (R))
and a vector field G € L} (w;RY) such that

loc

—div(AVv) = divGin 2'(w), (6)

and carefully justify and give a precise meaning to (6).
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Hints. Ifu € C*(Q) and p € C°(1), then the chain rule V(u o ®) = *J®[(Vu) o ®] and a
change of variables yield

[ vu-e= [ (9000 (Vg0 a]|sa)

_ / (L) 'V (w0 ®)] - [(LTB) V(o ®)] | JO| @)

w

_ / AV (10 B)] - V(4 0 ®)], with A = |JB| [(J&)] [(LTD)Y].

The first equality (and thus the full chain of identities) in (7) still holds when u € WI’I(Q)

loc

and ¢ € C1(Q). To see this, consider an open smooth bounded set V such thatsuppp C V &
Q,and set U := & Y(V). Then ® : U — V is a bi-Lipschitz C'-diffeomorphism, and thus
(known exercise) WH(V) 3 u +— (Vu) o ® € L'(U) is continuous, and the same holds for
CHV) 3 p— (V) o® e L*(U). We conclude via Hélder’s inequality and approximation,
using the density of (V) N WH(V) in WH(V), and of C°(V') in CL(V)).

On the other hand, if (1) holds, then

/Vu-Vgo——/F-Vgo,Vgonfo(Q). (8)
0 0

Arguing as above on the right-hand side of (8), we may rewrite (8) as

[Uvwoe)): (V(po®) =~ [ (178 (J2) (F o)) [V(po ), o

Vo e CH).

SetG = |J®| (J®) "} (F o ®).If ¢ € C}(w), then (7) and (9) with ¢ := ( o P! yield

/(AVU)~VC:—/G~VC,
so that v satisfies — div(AVv) = div G in Z'(w). O

Exercise D. Let v € W'?(B;R), A € C(By; My(R)), and G € LP(By;R) satisfy (6) with
w = B,.Assume, moreover, that A is symmetric. (Is this requirement restrictive?)

1. Let¢ € C'(B,;R) and set w = Cv. Carefully justify the equality

—div(AVw) = div(¢G) — G - V(¢ — 2div(vAV() + vdiv(AV() in 2'(B,). (10)

2. Assume furthermore that: (i) for some 0 < R < 1, we have ((z) = 0if [z] > R;
(i) ¢ € C*(By); (i) v € W*P(B,); (iv) trjp, v = 0. Write A = Iy + B. Under an
appropriate smallness condition on B, prove the a priori estimate

ol < CIGIL, + Clv]],- (11)
3. Sketch the strategy for deriving (4) from (11) (and possibly other ingredients).
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Hints. The assumption on A is not restrictive, since the A found in the previous exercise is
indeed symmetric. (On the other hand, even without the symmetry assumption, a formula in
the spirit of (10) holds, and can be obtained following the same lines as below.)

1. We rely on the following identities, valid (by approximation, possibly based on the use of
Holder’s inequality) under the assumptions A € Ly (B, ; My(R)), Asymmetric, ( € C'(By;R),
veWhH By R):

loc
div(AVw) = div(vAV( + (AVv), (12)
div(vAV() = vdiv(AV() + (AV() - Vu, (13)
div(CAVY) =C div(AV0) + (AV0) - V¢ = ¢ div(AVY) + (AVC) - Vo
=(div(AVv) — v div(AV() + div(vAV(),
—div(AVw) =(div G — 2div(vAV() + v div(AV()
=div(¢(G) — G- V( —2div(vAV() + vdiv(AV(),

(14)

(15)

where the first term on the right-hand side of (14) and the first term on the right-hand side of
(15) are respectively defined by

€ div(AVD)] (1) = — / (AV0) - [V(CH)], Vo € CF(B4:R),

By

CdivG)(y) =— [ G-[V(P)], V¢ € CF(By;R).

By

The second identity in (15) is the desired one.

2. By known properties of traces and products, for ( and w as in the statement, w satisfies the
assumptions of the crucial lemma. With £ as in the crucial lemma and taking (15) into account,
we have

lwllyrr <CICE = 20AV(]|, + C =G - V( + v div(AV()],
<C|Gl, + Clll,,

3. We want to prove the validity of (4). Let F € C®°(;RY) and let u € W??(Q) N W, 7(Q)
solve (1). Considering an adapted covering of Q and an adapted partition of unity, we may write
u = (u=) ujwith(y € C*(Q2)and, for j > 1, (; supported in a small ball centered at
some point of 0f). By item 2 and known properties on norm equivalences after composition
with a diffeomorphism, for j > 1 we have

il < CIE, + lul, (16)
For j = 0, we start from
—A(Gu) = div((pF) — F -V — 2div(uV{y) + udiv(AV{(y) = K (17)

(which is a special case of (15)) and use the identity (ou = — E * K (valid since {yu is compactly
supported) to derive the estimate

Ioullwrr < CIE, + Clull, (18)

Combining (16) and (18), we obtain (4). O



PART II. A UNIQUENESS RESULT. In what follows, B denotes the unit ball in R". The purpose

of this part is to establish the implication

[ue W' (B;R), —Au = 0] = u=0. (19)

Preliminaries. a) The following result (see, e.g., [1, Proposition 9.18]) may be useful. Let Q) C
R™ be an open set and let u. € W,"'(€; R). Let % be the extension of u with the value 0 outside
Q. Thenu € W1(RY; R) and, in addition, V1 is the extension of Vu with the value 0 outside
Q.

b) Wesset, forr > 0, B, := {z € RY; |z| < r}, S, :== {z € RY; |z| = r}.

Exercise A. Let u € C'(B;R) N W, (B;R). For 0 < r < 1, prove that

[<[ vl 20
S B\B,

A possible approach consists of arguing by regularization, by carefully justifying the limit-
ing argument.

Hints. Let0 < r < Randv € C'(RY) be such that v(x) = 0if |x| > R. Then

o] =r™1 Iv(ry)ld«%”Nl(y):?“Nl/S [v(ty)]ij‘d%”l(y)

Sy S1

e
St

<[ *|(90) () de d 1 )

r

R
< / / N1 (Vo) (ty)) dt 4N (y) = / Vol = / Vol
S1Jr BR\BT RN\BT

Let now u € Wy (B). If pis a standard mollifier, then supp (@ * p.) C By... Applying (21)
(withv = u * p. and R = 1 + ¢), we find that

/ [ * pe| g/ (V) * pe|. (22)
Sy RN\ B,

Passing to the limits in (22) (using the fact that u * p. — w uniformlyon S, as ¢ — 0, since
u is continuous in B, and that (Va) * p. — Vu in L}(RY)), we find that

/ |ul S/ |Vl :/ |Vul. O
. RN\B, B\B,

Exercise B. We now prove (19).

[R[Vv(ty)] : ydt‘ AN (y)
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L. Letg € C°(B;R)andletv € H}(B;R) solve —Av = g. For 0 < r < 1, prove that

Jm
By

< V0l e / ] + [0l s, / Yl

(23)
< V0l / T (=D / Vul.

2. Conclude, using an appropriate sequence r; — 1.

Proof. 1. ByWeyl'slemma, u € C*°(B). By the LP-regularity theory, we alsohave v € C*>*(B)N
C1(B). Green’s second formula and the previous exercise yield

/ / ov +/ ou
ug| =|— [ u= V—
X g ov Jg Ov
<IVollmisy [ [Ful+lolimgs, | 190l

B\B, S,

<Vl /B T (= e / IV,

< IVl sy / ul + ol [ 1V

where the last inequality follows from the fact that v = 0 on 9B, so that, for x € S,,, we have
v(@)| = |v(z) —v(@/[z))] < |z —2/|z]| [Vl oo gy = (1 = 1) VO oo )

2. Recall that, if f : [0, 1] — R is (Lebesgue) integrable, then there exists a sequence t; — 0
such that¢; f(¢;) — 0. Applying this to f(t) = / |Vu|, we find that there exists a sequence

S1—t
r; — 1 such that

(1—rj)/ V| 0. (24)

J

Applying (23) with r = r; and using (24) and dominated convergence, we find that

/ ug = lim ug=0,Vge Cx(B). (25)
B Jj—00 Brj

By the localisation principle, u = 0 a.e., and thus v = 0 (since u is continuous). N
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