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Exercise # 1. Let:
@ N >3.

(i) Q C RY abounded Lipschitz open set.
(iii) a € LEN/IN+2)(Q),
(iv) f € C'(R,R)a Lipschitz function.
Set
F(u) == / a(z) f(u(z)) dr, Vu € HY(Q).
Prove that FQG CY(H'(Q),R), and that

Fl(u)p = /Qa(x)f’(u(x))go(x) dr,Vu € H(Q), Vo € H'(Q).

Exercise # 2. Recall the Sobolev embedding H'(R3) — L%(R3).
a) Preliminary question. Prove that, for each ¢ > 0, there exists some C. < oo such that
t<et’+C., ¥Vt >0.
b) Let Q C R?®beabounded open set. Let f € L%%(Q2) and A € R. Prove that the equation
—Au+u’ = u+ fin 2'(Q)

has a distributional solution u € H}(1).

Exercise # 3. Let 2 C RY be a bounded connected open set, and let \;(£2) be the best constant
in Poincaré’s inequality, i.e., the largest constant C' such that

C’/u2 S/]VUF, Vu e HL(Q).
Q Q

We take for granted the following result: if u € H}(Q) is such that

n@) [ o= [ v

then u is smooth and either u = 0, or u(z) # 0,V € Q.

Leta € C(Q)besuchthata(x) < 1,Vz € Q,and a # 1. Prove that there exists some
¢ > O such that

(A(92) + 6)/Qau2 < /Q |Vul?, Vu e Hy ().
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Exercise # 4. Let ) C R be a bounded open set. Let p be such that N < p < N. Set

+1

- p ;
= o Sketch a proof of the following results.

a) Ifu,v € Wy?(Q), thenuv € W, (Q).

b) Ifu; = wandv; — vin Wol’p(Q), then ujv; — wvin Wol’T(Q).



