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PARTITIONS WITHOUT SMALL PARTS

DIXMIER, . and NICCLAS, J.-L.*

1. TNTRODUCTION

Let us dencte by p(n) the number cf non restricted
partitions of n. It is known from Hardy and Ramanujan

(c£. [Ram], §36 and [Radl, p. 278) that:

(1) pln) = 1 d explen-T720) , .
2mZ dn yn=-1724

1(n)

where the constant C is equal to nJZ[3 = 2.%65... and:

(2)7_ £4(n) = 0[% exp 9%5} .
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2
for n >26. Actuwally, looking at the values of f1(n) for

In [(Nic], it is proved that_lf1(n)l < % exp [Q,E]

i< n < 25, this inequality holds for all n > 1. With
more accurate estimations, it can be shown that

0.11.. CyJn
If1(n)l < =S exp [—E_J' for all n 2z 1, with eguality

for n = 12, Let us set:

(3) gla,t) =

5 |
e@[c Lﬁ'l” (c1-a?) = £(1-ae?)312),

Expanding the derivative, formula (1) writes:

(4) p(n) =91‘P\‘—;-"—5—’ 91124, 1) + £,(n).

4
The function g(A,t), with XA fixed, is analytic at
t = 0. Using its Taylor expansion, we can get an asympto-
tic expansion of p(n} according to powers of TA/. In

particular:

(5) . p(n) = EXREVE) (1 L o1y,
43n

Now, we define p(n,m) as the number of partitions of
n whose parts are = m; or, what is equivalent, as the

number of partitions of n in at most m parts.
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Finally, we define r({n,m) as the number of parti-

tions of n whose parts are z m. These notations are

borrowed from the Gupta-Gwyther-Miller tables (cf.

{Gup 1]1); these tables give the formulas:

r{n,m) = rin,m+1) + ri{n-m,m);

These formulas were used by Gupta (cf. [Gup 4]) to

calculate by hand the values of r(n,m) and of p(n} =

= r(n,1) for n £ 300. Let us mention also:

{6)

r{n,n) = 1.

Lnjm] '
rin,m) = é pin = tm,t) {([Gup 1], p.xi i i)
t=0

and it is easy to see that:

rin,m) < p(n,[ nlmJ).

(7
By definition, li = . max n
nez,nsx

Using (6), Gupta, in [Gup 2], gave an asymptotic5

estimate of r{n,m}, valid for n = O(m log m).

Recently, J. Herzog gave in his thesis (cf.

p. 57} the following estimate, valid for

m = O{n

3/8

(log ﬁ)3l4)=

log r{n,m) =C\fﬂ-—;-mlogn+mlogm—m[1 + log
—I--O(n”‘4 Jiog n).

- 11 =-
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This result is obtained by using a Tauberian tﬁeorem.

On the other hand, ErdSs andrszalay studied the
analogous problem for unegual partitions. Let g{n} be the
number of unequal partitions of n, and pln,m) the numbef
0f unequal partitions of n whose parts are 2 m; they

proved {cf. [Brd 2], p. 433) that, for m < n115,

o(n,m) = (1 + o(1)) q(n) /2"

by integrating the generating funcéion in the complex.
domain.
A more complicate asymptotic eétimation of p(n,m)
has been given in [Erd 3], which is §alid for m = n3/8_2
Finally, in {0dl], A. Odlyzko has studied ﬁk(p(n})
where Ak is the kth forward difference operator, with a

method somewhat similar to that one which we shall use

below. We shall prove:

THEOREM 1. PThe relation

(o T ' 2
r(n,m! = p(n)[———] {(m~1)! {1 +0(m“/ya))
2Jn : Co

holds uniformly foer 1 s m = n1l4.

We hope to be able to improve theorem 1, by giving
an asymptotic expansion of r(n,m) for m small, and
lower bounds and upper bounds for r{n,m) for m slightly

larger than n1l4.

Let n = n, Foa.. Fng be a partition of n. Let

k = 1,2;...n. We say that the partition represents k if

k can be written as a subsum k = ni1 + ..+ ni

t

(1 £i, < ... < i, £ s8). We say that the partition is

1 t
"practical" if it represents all integers 1, 2, ..., n.

P. Erd8s and M., Szalay denoted by M(n) the number
of partitions of n which are not practical. In [Erd 1],

the number of non practical partitions is proved to be:

l°g3.°_njll — p(n},
J6H

ﬁ(n) = [1 + O
Jrn n

which shows that almost all partitions are practical. We
shall denote B(n} = p(n) - M{n) the number of practical
partitions. We improve the result of P. Erdds and

M. Szalay:

THEOREM 2. Let b € N, b = 1, There.ewist real
numbers Ogr eooes Oy, such that the following asymptotie

expansion is wvalid, as n- + «©3

b
m(n)= | 3 o, 072 4 o™ B2y} g,
a=

He have in particular:

ay = 7/ J&; ay = w214 - 1;

- 13 -



oy = A [ﬁ% - %}2 7% + %];
6
_ 1 {197 6 _83 4 .89 2 .3
% T2 [§§§ T gy T tagp T * zj

We were led to these problems by studying the number
of fundamental invariants of binary forms: a lower bound
for this number is the number of solutiéns of a dio-
phantine equation related to those equations which are

considered in the theory of partitions (cf. [Dix]}.

2. PROOF OF THEOREM 1. First we recall the defini-

tion of the mth Bessel polynomial:

o
Yolx) =1+ kzi a]{{m? <

with
k

H (m+3) .
2% k! je-k+1 .

{m) _
(8) oy =

in particular:

a,&m) _ m(m2+1) and agm) = (m-1) mém+1}(m+2)

One finds in E. CGrosswald's book (cf.rLCrol) many

properties of Bessel polynomials., One has

- 14 -

YO(X) =1
yo(x) =1 +x

' 2
yz(x) =1+ 3x + 3x

ys(x} =1+ 6x + 15x2 + 15x3, etC.a,

They are characterized by several recurrence rela-

tions, in particular (cf. [Grol, p. 19}:

(9) y (%) = (1 + me)y 4 (x) + xyl_ (x).

With yo(x) = 1, these relations can be used for defining

y - It is rather easy to get (8) from (9).

LEMMA 1. Let F(x) = (exp(Jy%))/J%; for the m™®

derivative of F, we have:

F(m}(x) _ __exp Jx

¥ (=1/Jx).
oM (1) “m
PROOF. The formula is true for m = 0. Then one gives
a recurrence proof, using (9). We are glad to thank
A, Salinier, who observed to us that the polynomials
occuring in F(m)(x) were the Bessel's polynomials. {(Also

cf., L[Grol, p. 43. formula (6)).

- 15 -



LEMMA 2. We have, fbr 0 £ x < 2

m(m+1) :
+1
1_m(L21xsym(_x,s1,

PROOF. We have

with a = 1. Then, we get:

(m} k+1
ak+1

atmj xk = E'(_E}'-{'i-_ﬂ (mtk+1) (m~k) < x m-(-%H—)- < 1.
k .

S0 y.(-x) is smaller than its first term 1, and larger

m{m+1}
2

than the sum 1 - X of its two first terms. (Also

cf. LGrol, p. 125).

LEMMA 3. Let f:R+R, m = 1, and Ugsr Yoy see, up 0.

We define induetively the operator D(m)(u1,...,u i £ x)

m
by:
D(1) (u1r fl X) = f(X) - f(x b u1)
D(m) (u1,...,um; £, x) =
(m=1) ¥ )“&W”N e U sE,xu )
D (u1,...ﬂhr1,f,x i Rl L m

- 16 -

Let Sm = Uy + u, + ... + um.

(2) Assume that the function f verifies

I£(y)! = M for v € ix - Sm,x]; then

'D(m) (u1r---lum; f,x)i = 2m M.

(<1) Assume that the function £ is C° on [x -8, %];
m E)

then theve exists & € [x - 8. x] such that:

m .
D(m) (u1f-'-ru H f,x) = [ I ui] f(m)(g)
i=1 ,

PROOF: (1) is clear. We prove (ii) by recurrence on
m. The assertion is true for m = 1 by the mean value
theorem. We assume that the assertion is true for every
¢™ function and all values of Ugseespu . Now we apply
theé induction hypothesis to tﬂe function
plx) = £(x) - £(x-uq). ﬁe get:

' m
(10) Dm‘1(u2:---num;¢lx)-= [izzui]¢(mn1)(€1) -

But the left hand side of (10) is D(m)(u1,...,um;f,x)

and

R £ () = uy ™),

w 17 -



PROOF OF THEOREM 1. Set p(0) = r{0,m} = 1. The

¥ p(n)x™=
n=0 n
The generating function of r(n,m) is

(1 - xn)‘1.
1

=28

generating function of p{n) is

oo (=]

Jor(nm)x® = I (1-x™)71 =
n=0 n=m
-1 =
= | (1- x“)] [ 5§ opn)x™| .
n=1 J n=0 :

We see that

ri{n,2) pin) - pln - 1),

r(n,3) r{n,2) = r(n-2,2}) =

p(n) - p(n-1) - p(n=2) + p{n=~3)
and, in general

p{m=1) (1,2700.,m=1; B,n).

(11) r(nlm)
Let F{x) = {expJ%)/J¥. Then formula (1) can be written:
p(n) = ~£— pr(c®(n-1/24)) + £,(n).

2mJ2

Then, due to the linearity of the operator D(m),

to lemma 3, and to formula (2), there exists
£ € [n-mz:l)-, n} such that:

...18_

2m+1
(12) r{n,m) = (m-1)! i
2mJZ

e M e2(g-1/24)) +

+ 0(2" 1 expicyara)) .

Let i= Cz(E-1/24). One has:

17(c® n) = 1/¢ £ (17(c® n))(1 + m%/n)

for m £ Jn; and:

(13) 1/(CYR) € 1/¥T < (1/CYm) (1 + m2/(2n)).

So we have, for 1 £ m < n1l4,

U tem¥emty 3 1 2
JT 'sz 2Cm2 m2 m{m+1) °

Using lemma 2, we deduce that:

Y [- ——] =1 + o(m?/J&).
Then, we get:

VE = ¢ + o(n®1JE),

exp(VT) = exp(Cym) (1 + O(m?/JH)),

m+1 n(m+1)l2

;(m+1)12 -c

- 19 -~
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and using lemma 1:

plm) (g) = S2RG) (1 4 o(n?/VA)).
2" (cym)™

Then formulas (12) and (5) complete the proof of theorem 1.

3. PROOF OF THEOREM 2

LEMMA 4. ZLet Dyr Dor oees nj be peositive integers,

all smaller than a with the following property: for all

k, 1 2k £ a-1, there exists a subset Dy ¢ eesr By o
1 r

1 P < hee < i, < j, such that ni1 + .. + nir =k;

but there is no subset of sum a, Then ng +n, k... %

124, <41

wew + n. = a-1.

PROOF. First we observe that ny + ... + nj z a-1,

because k =a-1 can be represented as a subsum. S0 we

shall have to prove that nqy + ... + n. 2 a is impossible.

]
Let us suppose that n, + ... F nj 2 a., We take off
N, 4 «uey n; whose sum is a-1. Let us denote by u the

i
1 o
smallest remaining ng; u cannot be egqual to one (in that

case n, + ... + ny + u would be equal to a). So u = 2,
1 r
From our hypothesis, there is a subsum of the ni's whose

sum is u=1. But from the definition of u, clearly, this
subsum must be a subsum of ny + ... F ny let us say
1 r
u=1=n, + ... +n, .
i, i

- 20 -

Then {u, ny 1oeeer Dy } would be a subset of

141 r
{n1, ey nj} whose sum would be a,

LEMMA 5. With the notations of the introduction, we

have:

Mn)= ]

X(a) with
1£asn/?2 .

¥{a) = pla-1) r(n=-a+1, a+1),

PROOF. Let us first notice that lemma 5 allows the
computation of M(n) by induction, since E(aj =pla)-4(a),
and r(n,m} is easy to compute. A table of M(n), for
1T £ n = 100, is joined at the end of this paper. We are
pleased to thank J.P. Masgias for carrying out these
calculations. .

We shall denote by X(a} the number of partitions of
n which represent all k <a-1, but which do not represent
a. Clearly, if a partition represents k, it does re-
present also n-k and then, for a>n/2, we shall have
¥{a) = 0 and thus we have:

M(n) = )
1<as<n/f2

X{a).

We shall now estimate X{(a). Let n=ny + ... ¥ ng

with n1 < n2 < ... = ns be a partition of n which re-

_21_



pregents all k up to a -1 but does not represent a. Let

us define j i n, <a and n.
1By Ny 3+1 j

verifies the hypothesis of lemma 4, and thus

n, = a-1, Mreover, (n,,...,n;} is a practical partition
1sigy * ] ‘ ’
of a~1. Finally nj_,_1 LERTTE S is a partition of

n-a+ } all the parts of which are z a+1.

LEMMA 6, For all n z 0, p{n+1) <2p(n) holds.

PROOF. This is obvious for n = 0 if we set p{0) =1.
Let n be = 1. The number of partitions of n+1 with a
part equal to 1 ig pl(n). Let Ny + .a0 ¥ 0, 0= n+1, with

2E£n, £ ... = ng. We associate to this partition of

1 5
n+1 the following partition of n: n, - 1, Moy eeey B

LEMMA 7. For o 2 0 and for m = oJn, we have:
pln,m) £ exp((a?’lz +2a({1 = loga)) Vo).
PROOF. We shall use the following classical ine-

quaiities valid for alli n and 1<m € n (ef. [Com],

p. 126 and {Gup 31, p. 232):

n -1 nt+mim+1)/2 -1
(14) < m! plnm) £ .
' m~-1 m=1

- 22 -

> a. The set ng, ..., n.}

k
Observing that n{n-1)... (n-k+1) = [n_k-z-‘i} . we

deduce from {14):

o 2 -1 L n2 "
plom) < greeeyr 't 2w S 2t |

By Stirling’s formula: m! > m" e ™ JZ7m, we obtain:
pln,m) = exp(mBIZn +m{log n+2~2 loé m)l).

But the above right hand side is, for n fixed,
increasing in m, for m = 0, and this completes the proof.

Much more precise estimations for p{n,m) have been
given by G. Szekeres: (cf. [Sze 1], [Sze 2], and [Gup 3],

cn, 9}).

PROOF OF THEOREM 2: From lemma 5, we have:

(15) M{n) =S, + S, + 55 + §,
with
b by -1
s; = I x(a)is,= ] X
a=1 a=b+1 '

I x{a); 8, = [ni J
a=b, a=b1+1

Xx(a),

n
]

[n'/4-1] anda b, = [10J8]. Wwe sha11

where we set b 1

_23..



first show that each of the sums Sz, 53 and 84 is

-(b+1}/2);

O(p(n)n For that we shall replace X(a) by the

upper bound p{a} r(n,a+1). Then, from thecrem 1, there

exists an absolute constant y such that, for 1 s ms n1l4,

we have:
r(n,m) £ yp(n)(m=-1)t (c/(2dm))™ .

Finally, from (5) there exists an absolute constant &,

such that, for all n = 1, we have:

pin) < dexp(Cyn).

UPPER BOUND OF 52. For b+1<a = bo-—1, we have

X{a) = fz{a), with
£,(a) = yp(a) p(n) at(c/2ym)? ,
which implies, by lemma 6:

fz(a+1} 1/4 1

=

[

- pla+i) ¢ 1) <ch
fz(a) pla)l 20 (a+1) = Ja

-
—

as soon as n = 64. Thug, for n = 64, we have:

-(b+1)/2)_

1A

{16) 5 11 £,(b+1) = O(p{nln

- 24 -

UPPER BOUND OF S4. For by < a 5 by, we have:

X(a) = p(b1) r{n, b0-+1)

A

b
§ exp(cyT0 n'7%) yp(n) bot (c/2ym) C.

b —b0+1

But bol < b0 e JEE, and we obtain:

Sy < 10 e\(nﬁ(n)S‘,8 expiCyTo 11'1"4-1:0 log(%;@) pin).
: 0

1/4

The quantity inside brackets is: - n log n(1+o(1)},

|

and thus we have:

(17) §4 = O(p(n) n_(b+1)12).

UPPER BOUND OF S4. For b1 + 1 =< a=<n/2, we use the
cbvious upper bound:
r{n,m) < p{n, [n/nJ).
Then we have:

X(a) p(lnIZJ) r(n, a+1)

in

A

§ exp(cn7Z) pln,m)

with n1=lnl(a1-1)J < %% Jn. We use then the upper bound

of p(n,m) given by lemma 7, and we get:

5,5 6 3 ep((CIVT+0.61)F) < %‘l expl(C=0.07)E).

- 25 -



By (5), this shows:

(18) s, = op(n) n~BFIZ),

From (15}, (16), (17}, (18) we conclude:

(19) M(n)ip(n) = 5,/p{n) + o(n~(PF1)/2y

‘ESTIMATION OF S,. We have:

b )
S, = } Bla=1) rin-a+1,a+1).
a=1

Lemma 5 allows us to calculate §, and we shall use the
estimation of r(n,m) given by {11}. So, if we define

the polynomial:z

b
Wx) = § Bla=1) =21 (1 - x) von (1 =5
b o
a=1
B o) v, 2
= ]I w x" with B = (b“ +3b-2)/2,
u=o M _
we have:
B
(20) 8y = Ew]&b) p(n-u) .
; WL

The first valu?s of Wb are:

/

Wlx = 1-x

Wylx) =1 - %% - x> +x*

W3(x) =1 - 253 +x8 +x - %8

W4(x) =1- 2x4-2xs+x6+x7+3x8.-2x11-2}:12+2x13.'

- 26 -

| Using the same argument as for (4), we get:

(21)  pla~w =ZROR) g4 4 q24, 1B + £ (- w).
- 47J2 n

Let Tb{)\, t) be the Taylor polynomial of g(X, t)

‘with respect to t, of é‘legree b, near t = 0. For instance,

we have,

(22) T, (k) =C- l1+c_é)t+ [QCA L S ]tz _

For U fixed, we deduce from (21} and (2) the

following asymptotic expansion, for n—-+

p(n - y) = SXR(CYA) (T, (u+1j24, 1/¥n) +
AmyZn .
{23)
+ D(D—(b+1)12))'

and thus, from (20) we have:

B - .
(24) 51 = %ﬁﬁl 2 W]Sb) Tb{u+1124t1/\}5') + O(H_(b+1 )12) .
4mj2 n  {u=0

Dividing by p{n) and using (21) with g = 0, we get: -

E Y
_ | Lowy o T (ue1/24, 144
8,/p(n) = 1= RIS + o(n )12y

- 27 -




We now calculate the Taylor expansion of the above

—(b+1)/2)

guotient with an erxor term O(n , and with (19)

this ends the proof of theorem 2.

CALCULATION OF THE COEFFICIENTS o;. We shall now

suppose b=3 and B=8. We set:

B B .
G, = ) wBlyt, =1 wﬁb} (u + 1/24)".
oo M =0
One has
Gy = 07 04 = =1; o0, =3; 03=-7
I T
T =Y T9 T 27 Y 1 i
T, = 35/12; Ty = —1273]19?.
From (22} and (24), we have:
Ict CB'E]
1 2 1
(25) S =Mﬁ— Tc"‘(T + T)1+ + L.
1 Q 0 2 0 2 8 n
4mJZ n
2 4
3 3 ¢ -2,] _
“[5‘1*"74'“ 2t IE "3] n3‘,2+0(n )]

2
=e_XL°_£Ji[CTL+(3TC+g%C3] 1,
4mfZ n Jn

3 _35 .2

1273 4) _1 -2
+['2'—"'I'6_C +92-16C]_]n32+°(n )] "

- 28 -

TG Y

From (22), with A = 1/24, we deduce:

1

- 1
(26) T,(1/24,t)) L =E'[1 + [%*%Jt‘“
Y I T - SRV
o 48 7 4608 .

and, multiplying (25} by (26} with t = 1/JO, we obtain:

_ C 3 .21
sTIP(n}_;_JE-'- [— 1 +'§'C]H+

1 _ 179 7 3 1 -2
+{2—C— —9'6—‘C+-4'§'C]nﬁ—32+o(n ).
Replacing € by its value /273, we get the

announced values a1} az, a3. The above calculation has

for computing the ai’s for 1 £1 £ 20. It can be seen
ﬁ that o; is a polynomial in % divided by a power of w.

We give below an approximate value of o .

been checked by the computer algebra systems MACSYMA and

MAPLE. We are pleased to thank J.P. Massias and F. Morain

- 29 =

il 1] 2 | 3 | a | 5 6 | B 8
o [1.28 [1.47 |-2.13 ls1.9_ -600.0 | 9.88 10° |-1.25 10° | 1.83 10°
9 - 10 1 12 13 1
-2.94 107 [6.09 108 | -1.46 1070 | 3.01 10" | -1.11 10" .26 10
i{ 15 16 | 17 18 19 20
o [-9.5¢ 10"5]2.83 1017|-s.90 1018 | 3.12 1020 -1.23 102 5.20 102




TABLE OF M{n) AND B(n) FOR n <100 TABLE OF M(n) AND $(n) FOR n <100

‘ o _pin) Mln) Blm) » pln) M) B M(n) Bn) n  p(n)  M(n) B(n)
1 1 0 1 51 239943 57695 182248 12364 32219 91 64112359 10316448 53795911
2 2 1 1 52 281529 67628 213961 14760 38414 92 72533807 11619747 60914060
3 3 1 2 53 329931 77300 252631 17045 46216 93 83010177 13001601 69008576
4 5 3 2 54 386155 90242 295913 20234 stou 94 92669720 14629286 - 78040430
5 7 3 4 55 451276 103131 348145 23296 65838 95 104651419 16353590 83297829
6 11 6 5 56 526823 119997 406826 27600 77958 96 118114304 18378039 99736265
7 15 7 8 57 614154 136866 477288 31678 93076 97 13323093¢ 20531393 112699537
8 22 12 10 58 715220 158930 556230 37365 109908 ‘98 150198136 23044982 127153154
9 30 T 16 59 831820 180968 650852 42910 130615 99 169229875 25722031 143507844
10 L2 22 20 60 266467 209586 756881 50371 153855 100 190569292 28844400 1671724892
1 56 25 31 61 1121505 238533 882972
12 77 38 39 62 1300156 275425 1024731
13 101 46 55 63 1505499 312897 1192602
14 135 64 71 64 1701630 360806 1380824
15 176 76 100 65 2012558 409237 1603321
16 231 106 125 66 2323520 470659 1852861
17 297 124 173 67 2679689 533593 2146096 REFERENCES
18 385 167 218 68 3087735 612257 2475478
19 490 199 291 69 3554345 693097 2861248
20 627 261 366 70 4087968 794162 3293806

————————— -— ———— T e e (Com] COMTET, L., Analyse combinatoire, tome 1, Presses
21 792 309 483 71 4697205  B97718 3799487 A :
22 1002 402 600 72 5392783 © 1026447 4366336 Universitaires de France, Paris, 1970.
23 1285 471 784 73 6185689 1159767 5025922 -
24 1575 604 971 74 7089500 1323290 5766210 .
25 1958 T7i4 1244 75 8118264 1493120 6625144 [Dix] DIXMIER, J., ERDOS, P. and NICOLAS, J.L., Sur le
26 2436 898 1538 76 9289091 1701634 7587457 .
27 3010 1053 1957 . 77 10619863 1917673 8702190 nombre d’invariants fondamentaux des formes
28 3718 1323 2395 78 12132164 2181368 9950796 s . ¢
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