PARTITIONS INTO® PARTS
WHICH ARE UNEQUAL AND LARGE.

by P. Erdis, J.L. Nicolas and M. Szalay * .

L. Introduction, Letusdenote by p(n) the number of partitions of n, by q(n) the number
of partitions of n into unequal parts (or into odd parts), by r (n, m) the number of partitions of n
into parts 2 m, and by p (n, m) the number of partitions of n into unequal parts 2 m.

In [Erd] two of us gave the following asymptotic relation

1 p(n,m)=(1+o(1>)2“,ff)1 . m=o('’)

and in [Dix]}, a quite different result is given for r (n,m) , for m = O(nl#4)
m-1

) p(m (1+0@*/V/n)).

r(n,m) = (m-1)! ( r
/6n

Using a tauberian theorem, J. Herzog (cf. [Her]) has proved, for m = O (n3/8 (log n) 1/4) :

log r(n,m) = 1/ 2n/3 - (1/2)mlogn+miogm -m(l +log(\/3/1t))+0(n”‘ \/l;g_n ).
The aim of this paper is to prove the following three theorems.

Theorem 1. Forall n21, and m, 1 <Sm<n , wehave

. 1 1 m(m- 1)
@) F qn) £ p(m,m) < T q(n + 5 )
and
. 1 [ m(m - 1)]
@ii) p(n,m) < - q(n+ ) )
where [x] is the integral part of x. 5
1
n
Theorem 2. When n tends to infinity, and m=o0 (Eg—n ) , we have
1 [m(m - 1)] )
p@m) = (1+o)) —— q(n+ ) )
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Theorem 3. For fixed €, with 0 <e< 102 andform=m(n) , 1 <m<n38-€ andn — +eo,
the relation

p(mm) = (1+o(l)) q(n)

O
1<j<m-1 2./ 3n

The proof of Theorem 1 is very simple and elementary, and gives immediately (1) when

holds.

m = o(n}/4), with the classical asymptotic estimation of g(n) (cf. (2) and Lemma 3 below).

The proof of Theorem 2 follows the same idea as the proof of theorem 1, but with
sharper estimations.

The proof of Theorem 3 is analytic, and uses Cauchy's formula for the generating
function of p(n, m), which was already used to prove (1). It follows easily from Lemma 3 below
that Theorem 3 implies Theorem 2.

At the end of the paper, a table of p(n, m) is given. It has been calculated with the
recurrence formula p(n,m) =pmn,m+1) + p(n-m, m+1)and p(n,m)=1form=n/2.

We shall also need the following asymptotic formula of q(n) :

2 q(n) ~ exp(nv'n/3)

4 (3n3 )1/4
Actually, it is possible to give a more precise expansion, using the result of Hardy and Ramanujan
(cf. [Har] and [Hua)) :

1 d /1 1
q(n) _d_n Jo(lﬁ —3'(n+2—4))+ O(exp( (V4 n/ )j
V2
By the classical results  J'g(z) = -J;(z) and I{(z) = -iJ;(iz) on Bessel's functions, the

main term of q(n) is equal to

T
I1 —\/n+1/24J,
2/6 Vn+1/24 3
For m=>1, letus define
= " T @-ci-vy
277" m! j=1
We have
3 15 _ 105
v S B (V2

For areal z tending to + oo, we have the asymptotic expansion (cf. [Wat], p. 203) :
M

I, (2) (1+ > amz'“‘+0(z'M‘1)) ,
m=1

21 z

1/24 and

1
andifweset c=— , A
V3

Lo 21 32 0M m3
gM(l,t)=(exp(ch) (1+m2)4+2i’-:1 1+nd) 2 *
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then the function gy, is analyticin t in a neighbourhood of 0, thus it has a Taylor expansion

M
gyD =1+ 2 b " +0@ ")

m=1

We conclude that
M+1

M

) M+l

3) q(n)=—3—1—/4[exP(l\/;)J(1+ 2 b n™+0m ?)
4 (3n7) \/§ m=1

The first coefficients by, have been calculated by the algebraic computer system
MACSYMA :

3/3 ? 5 45
T T
b, = - = -0.16896 b, = T35 - g - ——3 = 0-07397
48 /3 8= 128 1
3
T 357 35/3 3153
by = - + - = -0.009475
1990656/3 36864/3 20487  y0p4p
4 2
b T T 105 315 42525 . oosin
4~ 1146617856 ~ 1769472 * 65536 - 2=V :

2
16384 nt 32768n
We are pleased to thank J.P. Massias for calculating both the table of p (n, m) and the

asymptotic expansion of q.

2. Proof of Theorem 1, Setting q (0) = p (0, m) = 1, we shall consider generating

functions :
Y g = IT a+«
nz0 nz1
and
4 2 opmmx = I a+x)
nz0 nzm
Let us define
m-1 m(m-1)/2
(5) P, = II a+d) = X qam-nx
k=1 k=0
We observe that q(k,m- 1) 2 0 and that
m(m-1)/2

qk m-1) = 2™ L,
k=0

We now write
o o mm-1)/2
2 gn) x" = (2 p(n,m)x")[ 2 qk,m-1) xk)
n=0 n=0 k=0
and
m(m-1)/2
©) am= 2 qkm-1p@-km

where we set p (n,m)=0 for n<m and n=#0. Now, itis easy to see that p is non decreasing
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in n, therefore, p (n -k, m) < p (n, m), and then (6) gives g(n) < 2M-1p(n, m). In the same

way,
m(m-1)/2

q(n+m(n;—1))= kz=:0 q(k,m-l)p(n—k+m(n;-1),m]

> 2m-1 p(n, m)
and this achieves the proof of (i ). To prove (ii), weset M=[(m(m-1)/4] and get

m@m-1)/2
q@+M) = Y qkm-1) p@m-k+Mm)

M
> pmm 2 qGkm-1) 22" 2 p (0, m).
k=0

3. Proof of Theorem 2, We first need a few lemmas :

Lemma 1. For 0<u<1/2, we have

(i) -log(l-u) < u+u

For m23 and 0<u<1 , wehave

() (1-w™2 1-mu + m(“;'l)uz - m(m-16)(m-2) @,

Proof : (i) iseasy. To prove (ii) use Taylor's formula for the function u+>s (1 - u)y™.

m{(m-1
Lemma 2. Let q(r, m- 1) be defined by (5).If m>3,R isan intcger,OSRS——(—I———2
m(m-1)
and t=—4— - R, then we have
R 2
3t
2 q@r,m-1) < 2™ ! exp = |-
r=0 m
Proof: For x € [1/2,1] weset
m-1
P=PxRm = x® J] (1+x)
r=1

and x=1-u. Sowehave 0<u<1/2 and
m-1 T
(1-u)-1
logP = -Rlog(1-u) + (m-Dlog2 + 2, log|1+——m—
r=1
m-1

< -Rlog(l-u) + (m-Dlog2 + 2,

r=1

(1-u-1
2

d-wy-d-w™ m-1
2u )

= Jd-Rlog(l-u) + (m-1)log2 +
(m-1log2, if u=0.

,if u>0;
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Using Lemma 1, (i) and (ii), we obtain that
logP < (m-1)log2 + Ru + R? - =n-D, ,m@-Dm-2 5,

g 't 12
3
<(m-1)lo 2-tu+riu2
= g 12
m(m-1) 6t m?
because RS—4—. We now choose u=—. As 0 £t < T we have
m

31
0 <u<y— <5 for m23,and we obtain that logP<(m-1)log2-3t*/m’.

The lemma follows from this inequality, because

R R r

X
Z q{r,m-1) < Z qr,m-1) < P.
r=0 r=0 X

Lemma 3. When n — 4+ and h=o (n34), we have

q(m+h) ~ q@) exp Ab
X —_— 9
(%)

n
where A=7/(2/3) = 0.9069...
Proof : From (2) we have

1
q@+h) ~ ———— exp2AVn+h)
4(3@+hy)

and

h h? h
vn+h = \/?1+—+0(—3/—2]= o+ + o (1).
2V/n n 2V/n
Proof of Theorem 2, We first assume that m = 0 or 1 mod 4, in order that m (m - 1) /4 should
be an integer. The case m = 2 or 3 mod 4 can be treated similarly. We then choose R and t as

in lemma 2, and set

. m(m-1) B m(m-1)
= — - = —
We cut the summation in (6) into three parts :
R-1 R' m(m-1)/2
Sl = Z ; Sz = z ; S3 = 2 s
r=0 r=R r=R'+1

and we shall prove that Sy and S3 are o(q(n)), if we choose conveniently t.
First of all, it is easy to see that S3 <S;. Then we consider

R-1
S, = EO p(n-r,m) q(rm-1).

m(m-1) oy
Weset s = —— - T Theorem 1, (ii) gives :

1
pm-r,m) < 2m—2 q(n+s)

and by Lemma 3,
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p(n-r,m) L o As
n-r,m) << g(n) exp| —
2! (ﬂ}
By Lemma 2,
2
3
qem-1) < 2™! cxp[——%},
m
thus

m @b As 3s? 3 m A
S;<<q(n) 2 exp [——-—5}<<q(n) Zcxp(-——é(s- )2}
s = t+l \/H m s 21+l m 6\/H

and, if we choose t >

, we shall obtain that
6v/n

+ oo

3
S, << q () exp| -— | u-
1 ,[ ( m’ [ 6/

<< q (n) = Xp 3 t m’ A 2
[+ - — - .
! 6[t_m3A \J m|  6/n

Bw
>
——y
R
o,
=

Choosing

3
m A
) t= [ —= + m? Slog n_jl
6/ n
imples S; = o(q(n)) and Sy = (1 +0(1)) q(n).
From the definition of S;, we see that
mm-1)/2
S, < pm-Rm 2 q@m-1)=2""p@m-Rm,

r=0

and

wn
Y
\%

R
p (n-R,m) ZR q@,m-1)

2
p@-R,m) 2™! (1-2 exp[—3(t+31) }]

[\

m

by Lemma 2. This implies that

q;:lR) (+o)) < pm s LX)

(1+0o(1))

2m—l

and Theorem 2 follows from Lemma 3, just observing that the hypothesis and (7) imply that

t=o0(/n).

4. Proof of Theorem 3. Let k=m-121 and gy (n)=p (n, m.

Let us observe that the relation

oo

1+ 2 qmw = I a+w)

n=1 v=k+1
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holds for 1w | < 1. Cauchy's formula gives the representation

! . oo
qk(n):’_‘ ol

- w H (1+wv) dw
2ni v=k+1
lwl=r

for 0 <r<1.For Re z>0, letusdefine hy (z) by

hy @) I1

v=k+1
Then we may write

(Q+exp(-vz)) .

1
qk(n)=2— h, (x+iy) exp(nx + iny) dy
T :

-
for x> 0.

] W

-£
. We choose

Let C, be a sufficiently large constant, further, 1 < k < n
xg =%/ 2V30) ,y, =0 TPy = Cyxy . and it will be convenient to set

X =

-1

k
D= { I (1+exp(—vx0))} .
v=1

Observe that, with our choices of x and k, theorem 3 becomes p (n,m) = (1 +o(1) ) D q(n)
We investigate g (n) as

q, @ = 5 h (xo+iy) exp{nx, + iny) dy
T
-
-y2 N ¥1 Y2 n
1
= + + + +
2xn

-7 - y2 Y1 Y1

¥2
For lyl £ yy (and n — + ), we can apply (4.3) - (4.4) of [Erd] and get

- 2
b4
H (1+exp(-vxy+iy))) = exp(

1
- = log2+o0() |,
vel 12 (xg+1y) 2
further
k S l-exp(-viy)
@) IT G+expCvixg+iy)))' =D exp|- 2 log|1-———— 2 | |.
v=1 v=1 1+exp(Vxy)
For 1yl <y, we deduce from (8)

k
IT 0 + expvixg+iy))) =D exp (O(k- ky,)) =D exp (o)),
v=1

Therefore (cf. [Erd], pp. 435-437),
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Y1

— = (1+0(1)) D q).
2
-y

Next,for y; £ lyl £y, , it follows from (8) that

Kk
=D exp[- 2 log (

k L .
H (1+exp(-v(x0+iy)))'1 1- exp (-viy)

)

v=1 v=1 l+exp(vx0)
Here,
1_1-&3)(p(-viy) > 1. ivy ) N-exp(-viy)-ivyl 5
1+exp (vx,) 1 +exp (VXy) 1+exp(Vxy)
2, 2,
1 A \Y
>1-= . —vY 5 1--41 = 1-0®y) = 1-0(
2 L+exp(Vxy)
If y < lyl £ yy:= n 218 , then
: 1-exp(-viy) k 2 s
> oclogl|l-——— < Y oy =0y =0@>H=0).
v=1 1+exp (vxp v=1
Thus (cf. [Erd] , p. 438) ,
1 n 2/3
— = O(1) D exp ——\/E-in”” = 0o(1) D q(n).
2n J3 T

yi1 $lyl<yn
If yhW < 1lyl £y, (=Cyxg) then

1/8-3¢

k
IT Q+expcvixg+iy)))| <D exp(OGy2)) = D exp (On )

v=1

consequently (cf. [Erd] , p.438) ,

2
1 T Xg —-3¢
— < D exp —-——ﬁ—+nx0+0(n8 )
2 12 + (y'1)7)

y'1<lyl<yy
Here,

2 2 2 '

T X n 1 n v, o'y

3 = Tox 5= |l T2z YOl = <
12(xg+y'7) 0 y'p 0 Xp Xy




27

Thus,
3 1
1 5 e
5— <D g() expl-¢;n” + O(n )+ O@ogn) /= o) D q(n).
i

y'1<lyl<€yy

Finally, for Cyxg < lyl £ =,

1
- < q() exp(-c,v/'n)
2z

Coxg<lylsm
with a suitable positive constant ¢, (cf. {(Exd] , pp. 439 - 440).
Since

DSZ“Sexp(nm-s

) = o(exp(c,v/n)),

Theorem 3 is proved.
Remark. In the same way, one can prove Theorem 3 with the factor

1 3 £
1 +o(n-z+s) + O\m? nt 3

instead of 1+ o (1).
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Table of p(n, m)

m= 1 2 3 4 5 6 7 8 9 10 11 12
n=
1 1
2 1 1
3 2 1 1
4 2 1 1 1
5 3 2 1 1 1
6 4 2 1 1 1 1
7 5 3 2 1 1 1 1
8 6 3 2 1 1 1 1 1
9 8 5 3 2 1 1 1 1 1
10 10 S 3 2 1 1 1 1 1 1
11 12 7 4 3 2 1 1 1 1 1 1
12 15 8 5 3 2 1 1 1 1 1 1 1
13 18 10 6 4 3 2 1 1 1 1 1 1
14 22 12 7 4 3 2 1 1 1 1 1 1
15 27 15 9 6 4 3 2 1 1 1 1 1
16 32 17 10 6 4 3 2 1 1 1 1 1
17 38 21 12 8 5 4 3 2 1 1 1 1
18 46 25 15 9 6 4 3 2 1 1 1 1
19 54 29 17 11 7 5 4 3 2 1 1 1
20 64 35 20 12 8 5 4 3 2 1 1 1
21 76 41 24 15 10 7 5 4 3 2 1 1
22 89 48 28 17 11 7 5 4 3 2 1 1
23 104 56 32 20 13 9 6 5 4 3 2 1
24 122 66 38 23 15 10 7 5 4 3 2 1
25 142 76 44 27 17 12 8 6 5 4 3 2
26 165 89 51 31 20 13 9 6 5 4 3 2
217 192 103 59 36 23 16 11 8 6 5 4 3
28 222 119 68 41 26 17 12 8 6 5 4 3
29 256 137 78 47 30 20 14 10 7 6 5 4
30 296 159 91 55 35 23 16 11 8 6 5 4
31 340 181 103 62 39 26 18 13 9 7 6 5
32 390 209 118 71 45 29 20 14 10 7 6 5
33 448 239 136 81 51 34 23 17 12 9 7 6
34 512 273 155 93 58 38 26 18 13 9 7 6
35 585 312 176 105 66 43 29 21 15 11 8 7
36 668 356 201 120 75 49 33 23 17 12 9 7
37 760 404 228 135 84 55 37 26 19 14 10 8
38 864 460 259 154 96 62 42 29 21 15 11 8
39 982 522 294 174 108 70 47 33 24 18 13 10
40 1113 591 332 197 122 79 53 36 26 19 14 10

44 1816 963 538 317 195 125 83 57 40 29 22 16
45 2048 1085 607 356 219 140 93 64 45 33 25 19
46 2304 1219 681 400 245 157 104 71 50 36 27 20
47 2590 1371 764 447 274 174 115 79 55 40 30 23
48 2910 1539 858 502 307 196 129 88 62 44 33 25
49 3264 1725 961 561 342 217 143 97 68 49 36 28
50 3658 1933 1075 628 383 243 160 109 76 54 40 30



m= 1
n=

51 4097
52 4582
53 5120
54 5718
55 6378
56 7108
57 7917
58 8808
59 9792
60 10880
61 12076
62 13394
63 14848
64 16444
65 18200
66 20132
67 22250
68 24576
69 27130
70 29927
71 32992
72 36352
73 40026
74 44046
75 48446
76 53250
77 58499
78 64234
79 70488
80 77312
81 84756
82 92864
83 101698
84 111322
85 121792
86 133184
87 145578
88 159046
89 173682
90 189586
91 206848
92 225585
93 245920
94 267968
95 291874
96 317788
97 345856
98 376256
9% 409174
100 444793

107915
117670
128250
139718
152156
165632
180224
196032
213142
231651
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