COLLOQUIA MATHEMATICA SOCIETATIS JANOS WON%PH

34. TOPICS IN CLASSICAL NUMBER THEORY

BUDAPEST (HUNGARY), 1981.

A GAUSSIAN LAW ON

J.L. NICOLAS

F_Cx1
o

1. INTRODUCTICN

Let F be the field with g elements and mmnxu

g

the polynomial ring in one variable over F . Let =

be the subset of

n. Thus we have

g n
mnnku of monic. polynomials of degree
Card m:ﬂqa. Let 1 be the number of

n

irreducible polynomials in £ _. The following equality

(ecf. C11,C23)

I
(1) G R RL e e
nzl 1-z g v
gives the value:
=3 2 w@enld
.Q_s
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where y is M8bius's function. From this value, we

deduce:
n n
2) g _ 2 Qa\m s7 < 2|
1 n It n
Every hmms has the standard factorization into
irreducible polynomials
a o a
_ 1,72 k
a=>p7r % lp
and we set: degree of Po=n.. The function n“mmnku+z

is defined by:
r(a) = H.O.B.Asw~zm~...~:wu

r{a) 1is the degree of the splitting field of a over

1n. This function 'r occurs in the study of algorithms

of factorization over mamxu.

In C81, we have proved with M. MIGNOTTE that the

normal value of log r{a) in E is 1f2 Hooms. The

aim of this paper is to prove the following theorems:

THEOREM. with the equiprobability measure. on Mbs

the formula

- 1128 -

log r{a)-1/2 Homws
ﬁwomwmwuu\ﬂw

Prob { < x} =

k N L
uIWIHm|<\mm<+ohnHomHomau v
V2T —e ' LMOQ n

holds uniformly in xER.

The proof of this theorem needs first the following

result of [81:

PROPOSITION 1. fThere exists a subset mw of E,

with card mw = Onmh\HOm n} and such that for hmm=/mw

the Hsmm:thWt
. , 1 o
exp(-2 log n(log log n) Vmpuw...zw £

= r(a) s RyRge..n,

holds,

And secondly, the proof involves the study of the

function
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k
£(a) = ¥ (log ¢°p) = T
Pla i=
where P denotes any irreducible polynomial of mmmxu.
This function £ is additive, and the similarity with
additive functions over natural integers is well known.
The distribution of the values of additive arithmetic
functions (the famous ErdBs-Kac theorem) has been studied
extensively, and recently surveyed in ELLIOTT's book

(£531), It is certainly possible to adapt these methods,

in particular Delange’s method (C{41). We shall prove

PROPOSITION 2. The following egquality

£(2)-1/2 log°n

Prob{ _ < x} =
(Log>Zmy /43
x 2
=1 J e 7 /2 dv + OAFFV
2T - JIog n

holds uniformly in x€ER.

Our proof of Proposition 2 follows P. ErdSs and
P. Turén’s proof {(cf.£61). It allows us to get an

explicit remainder term and underlines the similarity

= 1130 -~

between r(a) and the order of a permutation which is
the l.c.m. of the lengths of its cycles. The calculation
will be carried out in EOHm detail than in [6&]1, in order
to get an error term which seems best possible (cf. for
instance, [53, ch.20). The same error term can certainly
be obtained in the work of P. Erdds and P. Turdn (i61,
p.309, footnote **%),

In wHOﬁOmMﬁwon 1, and in the theorem, P. ErdSs and

I entertain hopes to prove that the correct order of

the error term is o0(log log n/JIOg n).
2. A FEW LEMMAS
The following notation for power series:

.

Y. a =8 < IN .v:Nb
a=0 " n=0
will mean: for every n20, _mn_mwz.
LEMMA 1. We have:
o logm m _1 2 1 1" & m
y =R " -3 log” o <log g = It
m=2 m=1l. m

The proof follows easily from:
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m 2

B N |
4= Flm=3) mosoy J
and
E. -1 1 . )
(3) logms T Z=21+ log m.
. 2 3
J
LEMMA 2. wWe have
> Pm 2 m 1 3 1 il log m m
PN =g m w2 log €2 ¢p g m m
EHN . m w . “_u.lN. .E"N m

With the definition of Stirling’s numbers of first

kind s(m,k), (cf. L[33, ch.5), we have:

s(m, k) 2
m!

Awomaw+nuvw = k! ¥
m2k

In particular: .

3

_g v lsm,3)| .m

1
log™ 127 = =3 Py

and it is known that

- 1132 -

_ m=-1 m—1
lstm, 31 = 4L Oy L2 (Tp L
j=17 =13
and the lemma follows, using (3 and 1 < =
2 1<jzm-1
=T f6e < 2,

LEMMA 3. Let a be real positive and nmwvwv

& sequence of coefficients satisfying _mW_Mm\w

1sk=n. we set:

Then,

exp( ¥ mwuku =1 4+ T wknw.
k=1 k21
for 1%k<n, we have: i
_&w“ < mmmwm!H.

PROOF. Suppose first that the upper bound

£ a/k holds for all k2l. With our notation <,

and

kz1

exp( ¥
. k=21

k

a

k

1

PN a,2z" < a log =

5y < (1-2)7%,
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1
fo

|a

be

r

1 =

k
we get:



a k

If we define vy, by (1-z) * =1+ T Y,z . we have:
* k=1
a a a a
_&W_ < Yy = MAH+HVAH+MV...AH+MHHV
ang
1 < log & + alele... 4=t <
og v, < gz StestTEy) €

< log 3 + a(l+log k)..

If the upper bound holds only for 1<k<n, we Jjust

have to observe that the coefficients & for k=n,

.Ws
depend only on the coefficlents a, for k=a.

LEMMA 4. For n23 and tE€R, such that |t] =

< JIog n. we set

o 1 it - 221
h{z) = ==— exp{ log — -
1=z Pl oa7z, 199 1=
2 . = :
t 371 . m
- log” ===} = L ‘e z .
mHomua 1=z m=0 "

Then, we have: mOHmHHH.

- 1134 -

2 3
le | = ofexp{- £ 89my 4 ' 5(p™m
m [] 3
- logTn

where the "0O" mean explicit constants.

PROOF. If 2=m=n, we have:

IH H wAuu&N
m 2in - mtl
r =z

1/m

We choose

: r

log w = loglwl + i Arg w
with -»<Arg.w<n, so that 1log 1/(1-z) is

holomorphic in C€\[1,+%C,

On the circle of radius w..tm have:

Hom__.pxwln < 2+ w_ommw <4
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and, under the hypotheses of our lemma:

8 32
[h{z)l < exp( + Yo
log n 3 Hommn

o(2™™,

Thus the contribution of the bigger circle is

On the upper slit, &{z) is

nHom NWH+naum

1
r=1

- 5~ (1log +M=Vuw

6 log™n

and, on the lower one:

1,2
. it (log =T - inl}”
1oy iy 372 -
- log~!“n

2
t 1 . 43
- A“_.Om. - = u.nu u.
6 log n =1 "

The difference of these two quantities is 1/(l-r)
{exp(a+B)-exp(a-B)) with T . o “
_ 2 1

S 3 1
7 37109” ;T7

log

it r
A = &
2 Homw\

-~ 1136 -

=NMN :Nﬁm 1
- 372 Y T3 199 T3
2 log n 2 log™n
1 L. 2 2 1
B Tt “_.O@ .m.:-:.H it =“_.Om. ﬂH u....aunw
B =- 372 - E] + 3 ¢
log™'"n 2 log™n 6 log™n

We have for 1+l/m<r<2, - Oslog 1/(z-1) < log m < log n,

and for nz3, log n 2 l; s0 we get:
. 2 2
Re a £ - £ 3 log> iWH + Mﬂ
6 log™n ¥
and '
31 s lE (o4 &4 L0 ¢ 1ol
Jilog n 2 €’ = Jiog n °
B_ -8B .
Hence 181<10 and e -e "=0(B); and thus the

contribution of the segment integrals is

s

W 1 {exp a)(exp B-exp(-B))dr
1+1l/m :

l-r m+l
r

_ 1t

= onqmmmlm‘uuu

with
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Now:

. To get an

and then:

&2 1
expf{~ —s HO@ —=)
_ 2 6 Homwz r=1
QM = J m+l dr.
1+1/m (r-1)r
2
t 3 1
exp(- ——— log” =7
m=1 1+(5+1) /m 6 logon - 71
J, = L I I
2 421 1+3/m (z=L)r
nm 3 m
1 exp{~ R log JHHV
< aM % log™n J
=1 uhH+u\EuE+H

upper bound for the numerator, we first observe:

.Homw

1A
1

% log’m 4¢

m 3 2 .
5T z log'm - 4 log'm log(i+1)

2

= = + 3 Homma log(ji+)l) <
log™n 6 log™n

m WMMEI + Homﬁu+wu.

Hom n

- 1138

A lower bound for the denomiantor is obtained using

log(l+x) z x log 2 (valid for 0=<x<l), and we get:

J, S exp(- !l 1Imulu M il

log™n j=1 273

|IhH!tu
HOQ n

< 2 mx@nl

and the contribution of the segment anmawmwm is:

2 3
ondHWMHM exp (- MW Wmmwmuu. E
El log™n
Finally, the integral on the circle {z-li=l/m is;:
20

, 2
I, = f mxwﬂl.l.wdlc.om m+i(n—g)) ~
-3 o 2 log

. 2
- —f——(log m+iln=¢))7} = ST..L

6 log™n

ln§+va

it HO@NH ﬁuwomws

ugwa

1
Tl exp{

1 x

2 log 6 Homws

2n
H exp(g(t,p)~ ;neuume

X

with:
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with :Hﬁeu = 0(1/m). Hence:

t log m(n=p) _ Mnn=|evw - .
377,

E(t,p) = =
' HOQw\Nm

2 log

exp(-n(e)) = exp(-e*?) + ny ()

3 Hnmponmaﬁnlmw + 3¢” log aﬁglevm +.

M” . Hcauu 6 Homwu with :Nﬁeuuonwxav. Then we have:
Mm 2 21
“ , it - (x-9)3 _ % explE{t,9)-nlg))de =
6 log™n
2n

and: ng) = AE+HVHOQAH+mme\Ev. S nH+mHnn-euu mmNUn!mmev + :Nhevume =
o

We have:
= 2 el 1
x + onull..tu.om =1 + oﬁau .
lg(e, )] =
2 2 3 _ noticing that:
< (& + L + o+ L4 -E )Ll »
= 2Togn 2 2logn Hoamb JIog n ‘
: “2n . -z
J exp(-e"")dg = S &—az = 21,

o} =
and therefore ' _N_.

Finally, we have:

exp(E(t,9)) =1 + mwnn.ev
B _ : . 2 2. 3

_ 7y = mxv?lllmqlhn HOu 2 - < log'm 5%+

) _ A 2 log”™'“n 6 log”n ’

with mwhn.eu,l otlel/Jlog =1, . . .

In the same way,

2 3 .
Mﬂ Hﬂmwswu or

log™n

el 1,

+ -
Lexp{ s = = .

n(e) = mhe + :wﬁeu

‘
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and the proof of Lerma 4 is finished.

LEMMA 5. The mean value of f{(a) is:

¥ =2 ¥ fa) = .W. log?n + o(1).
In
ACE

n
g n

PROOF .

o
~-d
M o= 1w.m T (log a%°p)g" ¢ F =
g P _irred

a%p<n

I, log i

. ) Cif2
Hmimmmﬁ Hmuapﬂn+ww~ nmump<mm“ _mm_mN\H nH\ :  and:

n mmHoa i

?oi=1 i=1 g’

n ,
= T WWMIW + o(1)
i=1 :

and we have:

- 1142 ~

3. PROOF OF PROPOSITION 2 AND OF THE THEOREM

.

M " being given by Lemma 5, we set:

f(a)-u

F (x) = wHOUm||.\|!: < x}
n HOQw Nu

and the characteristic function is defined by the

Stieltjes integral:

+oo B ) .
enhﬁv e H CeltX m@mnxu.
We have: ) . ) ~
) 1 . . mnmv:zu
g, (£) = —. ¥ mxw,?.n_ulldquw
a Qa hmmu log n
1 —ithM, itf(a)
(4) g (&) = — expl 1 £ expt 1.
n . mb. Homwwms ASE Homuwmb
. n

We shall prove that, for any fixed e,
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2 ,
: - t
i 1im enhnv . _.qm. 1%% step. calculation of ezﬁﬁu.

_ ne® )
M Setti - 3/2 .
! etting t=t/(log n) , we have:
Then, a classical thecrem of probability, (cf. for
inst vol.l, Lemma l.11 .28, or 171, Vol.2 i . .
instance 51, Vo ‘ + P r ’ ' T muﬂmnwv = ¥ m o (a®pyit.
~ch. XV, p.508-509) gives, observing that: AEE ac€e_~ Pia

1t _sex -t3)6 . _ 43 —3 /252 This quantity is the coefficient of w' in the power
w1 e e at = Jpp e _ .
- series expansion of:
: % _3y942 I {(1+(deq p)iT( 389 P o 2 deg P o 4o
(5) Jin 7 () = FGO = i [ e 320"y, » J v teaN=
.;I'B —CO
: |
For an estimation of the errcor term, we shall : kT
v - i1 W k
I C[l+k 17 =
suppose |tl<JIog n. All the upper bounds, and "o of | k=1 1-wh
this paragraph are valid for itisfIeg » and nZng,
where ng is an absolute constant. The idea of the T I
. . - 1 k it k. k
e . s , _ 12— FoaradtT-ne) o=
proof is first to write euanu as the coefficient of k=l 1l-w
z" in some power series, then using Lemmas 1 to 4 to
transform this power series-inh order'to get a good . , : g
. . R | it ki "k
o L 19— T (Le( D)
estimation of ennnu. The sixth step uses the- above “gW 457
mentioned theorem of probability to estimate w:hxu.
B . . using formula (1). Chserving that ici a
The seventh steép uses Lemma 5 to prove Proposition 2. g that the coefficient of w
" o : depends only on the k's = : ; -
The eighth step deduces the Theorem from Propositions 1 . ¥ n,’ and getting. gw=z, (4).
becomes

and 2.

- 1144 -~ ° - 1145 -




-itM

n .
(6) - p_(t) = expl 821 coeff. of =z in
, n Hoaummm
n S k I
2= 1 G T-DEa K
Z k=2 g
sz step.
We set:
n
p (z) = m I, HOQAH+=wV

with
. k
u = (i log W|Hv z_
k k
q
We write
bnﬁuu = swnuy + wwnnu + wwnnu + sﬁhnu
with
n 2 k
anNu = M (it Hom.w - mﬂ Homwwu mﬂ

- 1146 -

, : 2 k
(™" log k_1-1< log k + mﬂ.woomwu.mﬂ
. g
n
. I (log(l+ua )=u ).
ron K i
n
(We remark that hythyth = m Hw:wv.
Using (2) and our notation <, we get:
n 2
2 T 2 k
hy(z) € L —%73 (Itllog k + = HOM k)z

k=2 kq

and as |tl<JTogn, and log k < log n,  we have:

n
hylz) < I l.ﬂwF 2k,
WHMWQ LHOQB

Using the formula, valid for any real x, {(cf [731,p.512)

. , , a1 m
(7 lei¥-loixm...- Aﬂwbt < lxlo
we get: .
n 3
bwth < I IIIIWHWNMI Hhmmw X <
k=2 6k log n
- 1147 -



n 3
1£71 k
< L ——— =
k=2 6k log 2y < HH 1] T mw < HNn_mn_ .
1qg° JTog n 2<k<1/2 lg / JIog n
Finally
So, 1f we set:
n o0 umw_u.
n,z) € ¥ 1, EL =~ < . - .
4 k=2 ¥ =2 7 hy(2) + hylz) + nylz) = L alllg*
k=2
p .m ..H.H.n. m (1t1log PR ) we have proved
k . k3
k=2 j=2 ig
p,(2) = hytz) + T alldk
by (2) and (7). Therefore we have: n k=2
o with L
hg(z) < L b,z “,_ ;
1=4 3 : (1) : 51t] 1£71
N 2 (8) . _.mhn | = %Iz + 373 -
B JIog o kg 6k log n
with :
wHQ step.
i 1 ke ) . ”.m . (6) can now be writteén:-
by = o . 7 g (Itilog k)7. s B
jz2,ki=1 l1lg
2<ksn , .
~ieM . n
. _ . 9, (t) = expC 373 1 Coeff of z° in
Observing that: .- ’ , . ‘ d - : . log n
(&1 Awﬂlwvmxn unﬁuv
ltllog k £ werewwe £ 1, .
Jicg n o
. . . and noticing that exponents of z larger than a do’
. 3 , . .
k < |t og.n for jzl and we have: .
we have (ltllog k) 11T ga ’ not occur, we get: -

- 1148 - S 1140 -




-ieM
I nooso.

p.(t) = mxvnllllqllm Coeff of = in:
n HOQw Ns

© 2 = 2

log~k _k
1 exp{it L wmm;m zF - mﬂ r Ilmli z"} %
,“_.IN k=2 k=2
x exp{ mMHVqu.
k=2

By Lemmas 1 and 2, and with the function h as defined

in Lemma 4, we get

|ans n oy
£ n
u\mbu.ocmmm o] - ‘

9) ‘ennnu = mxmmw
og

r{z)exp{ L m%mvnwu
wum

with

and (8} gives:

- 1150 -

Then we shall have, for wM#Mn

(3)
_mw | = b, .

- 1151 -

25k<n,

(2) 51l 12 3
la | < + lti+]e}
k
V6T 7 ka2 6k logd!2,’
#nb step.
We set:
o0 .wn ©
expt 1 Slelz’ g 214 5 ok
k=2 .\_Om. n kq k=2 X
o l2lel+]e3) & = ¢
expl ¥ 37— ¥31=1+ L b Nvuk
k=2 6k log n k=2 k
oo o
1+ £ »MHEary e ¢ 5@,k
k=2 K k=2 &
=1+ M..b NW
k=2 *
B @ 0 —-
(10 exp( £ a2y 14§ S0k
k=2 k=2 *




It remains to estimate ww. We set

(1) (2)
- < 0p, 01+ 1p 5Tt
~ 1216l +1E5) .
a = Nnﬁ-ﬁv = |I||||Wd
6(log n)
4
mmw 1t 1/3 1

and we remark that for |ti<Jlog n and for o

12

enough (n>e "), we have:

OAmm.“_.ws,. 4 )
3 1 <
_ JI2 (gogyte
Then Lemma 3 gives, for :VmHm “&nd  k=n
(2> 1/3 __a , N £ T (2yl-a 2 Lty Ao
_&w | = e s - . N 2<52K /2 k .mu..__w 75K/2 m.us_m ,

 Changing z t0 z/Jg, the same lemma gives: . . w».
+ d.
WH a nwmp

= ol

5 ._nm_n:,\wom. n

(1) ftl e’ .
E DR — F 7z S

k ;Hom n g / - ' Hence:

and for ‘Fn_m;wom n, (3) . 4
: : ‘ . 3 la,’1 < Ip, | = ot tl .M\u + 2.
k : : . _
_.c.unn.._.v_ < mmm el %73 k<n. 2
gwom.n q .

- Then, we observe that, for ksn. and 1t1<JIog 7,

. we have
Then we have:

- 1152 - _ 1 , - 1153 -




(3 _ 1
(11> ap = oﬁﬂmqwu
and
n . n
3 _mmwu_ = ol K3 +a L W1mu.
k=2 JIog n k=2 k
As
n n a
1 ax n“=1
L === J == .
k=2 k= ° 1 RH a a
we have
n
(12) n lag21 = ot el 4 &
=2 JIiocg n
Hw_n_+dnﬁu
+ oCexpl 3-112.
6Jlog n
gth step.

We now calculate the coefficient of z%  in.

ﬁwunw

h(z)Cl + L ay

k=2

coefficient is:

7. With notations of Lemma 4, this

n=1
e + I a
B k=2

- 1154 -
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Then (9) and (10) give:

~-itM
_ n
ebﬁnu = nmNﬁnillwﬁMqu %
HO@ n
n-1
x (3) (3)
nms + wmm a, "'e x + a 1,

By Lemma 4 and (11}, we have

, : ~1LM
(13) 9, () = -

with

n=1"

e mx@nllllwrlu + o(s,+5.) + of
n ) HOQw Nb 1 2 n

lwxwv

2

log™n

5y u_wmm mm“uv_mxmﬁu - wwmwmnmb1¢
and:
5, = bWH _mhwvnmlb+w.
k=2
We get, by (11}
n~1

1 -
b+ku

5, = 0oL % 2
27 T 2

- 1155 -




ﬁ..lwm..&r = = T S : T R i d s et e .‘ S iect o a e e i 3 - . H
{2 . 2,213 5 x or—tEL 4 mxvnwm_n_inu: 11 + o(n 176y
= -n M u- + nls bl n .
. otz . 1<k=<n/2 a n[2<k=n-1 JIog n 6J/Iog n
|
i
: - 6 step.
; Sy = oln m_.uu
: With the notation of (5) the following formula (cf.
_ L731, p.538):
W Then we have:
w . . 5
. 5 R C v nﬁvlm!ﬁ \m
i n=Jn 2 (3) (15) Fo(x)- 1 n
“, s. < £ 1a3ewpt- 55t ¢+ I 12?7 EMEO IS SR ar ¢
| = " p~Jn<k<a-l
.W + 24F'(0)
i and by (11) and (12), - v
; 2 ’ ’
s, = Cexp(- gg’7 of lel o mxmnwu_jnﬁn_wunﬁ+ fiolds for any real x and 10. We shall choose
i o : JTog n . 6 og n T=aJIog n with a fixed o«>1, to be specified.
- . . , = Formula (7) gives: )
+ ola 118y, _ o ‘m g
, | lo (£)-11 S tu
Lemma 5 gives: N n n
-ith, -1t JTor otleh) 1 with
expl- uww ] u.nmNmAIWMMIWMIWVUnH + 372 | .
log™'"n- . A log~!“n
. . - u..nu _ _ g ﬁ v 1 vLJ M.nhulk..uu
) . . . u = x F x -t )
and (13) becomes, with the estimation of e given by n - “n ns mmhl_mmwwﬂwﬁ_
Lemma 4 - . .
and, by Lemma 5, :buonAHom n). Hence we deduce, with
. 2 an s ’ £_=1f/log n: i .
(14) 0, (£) = exp(~t7[6) + (exp(-t”/48)) 2 g

~ 1156 - |Mﬁqu -.




Formula (14) iz then used to estimate the following

integral:
J (e (e)-exp(-t2/6)) atflt].
e <leigr ©
Il
We have:
2
J or—L 1 exp(- mw¢mn = ord A
e Sltlsr JIog n JIog n
de 2
J = (log 7 - log e ) =
e SltlsT |tiatl® 176 n
= oC 1 1)
JIog n

finally, for _w“AAHOQ mvpxmy we have:

- 1158 -

3
1218141631 g o prd2lelxled]

expl
6J1og n 6JIog n
E A TR
and for f{log :VH\mMangHom o,
120e1+1e1> o 2
expl £ 1 -1%5 exp(2¢ + r ik )

6Jlog n

and this implies:

3 2
I mmxmnwm_n_+uﬂ_ 1=-1} exp(~ m@v %mﬂ
e Slti<r 6JIog n
2 2
Y e S— I Hm.mﬁ exp(- gp)dt +
JIog n un_MHomH\mh
: o l., 2. de, _
+ of 116 J . mNmu_nnlm. .Nlmuuﬂ u-ﬂ =
log™ ' TnsielsT ,
= oh 1 1,
JIog n -

if we choose «<l1/8. Then {(15) vmoosmw"

(16) Mhnxu - F{x) = o(1{JIog nJ
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uniformly in «x.
7tR step.

The proof of Proposition 2 follows easily from (16)

and Lemma 5: If we set:

2

¢ (x) = mﬂovmmﬁmwmwxm 1og n < %},
n (Log'“n)/J3
we have &_(x)=r (y) with
Fr e}
: 1/2 HOQNSIE
y = X + I.lsM-NNlllm =X + O_MJWHN[H
JI log”/ “n J3 log™ ' “n

and

nshxu r.mﬁltu = wsnmu - F(g) + Fly) - r(Zy =

1+ oy - ) = oC

X
JIog = J3 Viog n
and, by (5),

x - 2
7Y /2 dv.

Flx Y3 = L
JIE

3 step., Proof of the Theorem,

.

~ 1160 -

log HAmV|W Hommn

R (x) = Probf{ 373 <x}
n (log n)/J3

since log Hnwvmmnmu~ we deduce
R _{(x) 2z ¢ (x)
11 n

and Proposition 1 gives:

1
log n

xsnxv < msnmv + of )

with y=x+23 (loglog nvp\aHoa 7. Therefore we have

. 4
C R (x) = 6 (x) + orfleg log n)”.
n n JIog 7

and the proof bf the theorem is finished.
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