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Abstract Let us denote by d(n) the number of divisors of n, by li(¢) the
logarithmic integral of ¢, by (82 the number 1%;42 = 0.584... and by R(t)

. 2 ?/p*
the function ¢ — %

the Riemann ¢ function. In his PHD thesis about highly composite numbers,
Ramanujan proved, under the Riemann hypothesis, that

, where p runs over the non-trivial zeros of

logd(n) . B log? n Viogn
< li(l lilog™ n) — ——— — R(l —_—
log 2 i(logn) + B> li(log™ n) loglogn R(logn) +0 (loglogn)3

holds when n tends to infinity. The aim of this paper is to give an effective
form to the above asymptotic result of Ramanujan.
1 Introduction

Let us denote by d(n) the number of divisors of n and by li(t) the logarithmic
integral of ¢ (see, below, §2.2). In [24, (235)], under the Riemann hypothesis,
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Ramanujan proved that when N — oo, D(N) = max;<n,<n d(n) satisfies

log D(N) . g log™? N O(y/Tog N)
————= =li(log N lilog”? N) — ——— — R(log N) + ————=
log 2 i(log N') + 5> li(log ) loglog N R(log N) + (loglog N)3’
(1.1)

with, for k£ > 1

_ log(1+1/k)

b= EE (1.2

and, for ¢t > 1,

2/t + S(t) , tP

R(t) = ————= ith  S(t) = —, 1.3
0 ="00 itk S0=3 5 (1.3

where p runs over the non-trivial zeros of the Riemann ¢ function. Moreover,
in [24, (226)], Ramanujan writes under the Riemann hypothesis

tP tP 1
SO1=12 5| < 2|5 | =T iy
_fz(+)4JZ (1.4)
with
7 =249 — log(47) = 0.046 191 417 932 242 0..... (1.5)

where 7o is the Euler constant. The value of 7 =23 1/p can be found in
several books, for instance [8, p. 67] or [5, p. 272]. (1.4) implies that R(t)
defined in (1.3) satisfies

(2—r)log\/jz <R(t) < (2+7’)10g\/§t. (1.6)

It is convenient to use the following notation for ¢t > 1

log 3/2
log 2

B
F(t) = i(t) + B 1i(t7) — 12@ with B = —0584... (L7

The aim of this paper is to give an effective form to the result (1.1) of Ra-
manujan and, more precisely, to prove

Theorem 1.1. (i) Under the Riemann hypothesis, for n > 183783600,

1 Vi 1.521log”
og d(n) < F(logn) — R(logn) — 5.12 08T b2log " n (1.8)
log 2 (loglogn)3 loglogn

with B3 = (log(4/3))/log2 = 0.415. ..
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(i1) If the Riemann hypothesis is not true, there exists infinitely many n’s
for which (1.8) does not hold. In other words, (i) is equivalent to the Riemann
hypothesis.

(#ii) Independently of the Riemann hypothesis, there exists infinitely many
n’s such that

logd(n) Viogn 1.45log™ n
> F(l — R(1 — 25. - . 1.
log 2 (logn) — R(logn) —25.3 (loglogn)3 loglogn (1.9)

Corollary 1.2. Under the Riemann hypothesis, we have, for n > 122522400,

log d 2 — 7)1 VI 1.521log™
08d()  piiogn)— G=TVIoen o, viesn | 1.52logPn
log 2 (loglogn)? (loglogn)3 loglogn
forn ¢ {1,2,3,4,5,6,8,9,10,12, 18,24},
logd
Olig(;) < li(logn) 4 B2 li(log”™ n), (1.11)
for 4324320 < n < exp(10%) or for n > exp(1.56 x 10'7),
logd(n)
< F(l 1.12
S < Flogn) (112
and, for NV < n < exp(10%) or for n > exp(1.11 x 100)
logd(n)
< F(logn) — R(logn), 1.1
£ < Fllogn) — Rllogn) (113)
where
19 157
N = 210365475 TT p* [] p=1.245143... x 10™. (1.14)

p=11 p=23

Corollary 1.2 is easy to prove from Theorem 1.1 and some computation
(see below Section 4.3). Under the Riemann hypothesis, (1.12) probably holds
for all n > 4324320 and also (1.13) for all n > N() but we have not been
able to prove it.

Let us recall some effective upper bounds for %, obtained without
any hypothesis:
log d 1
08d(n) | 379308606... 08" >3 (1.15)
log 2 loglogn

with equality for n = 6983776800 = 253352 (Hzl,927 p)7
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logd(n) logn logn
< 1.9348509679 ... —8" __ ;>0 1.16
log 2 loglogn + (loglogn)? " (1.16)

with equality for n = 243°57211213% (T[T}, p) and

2
log d(n (i —1)!logn logn

. 4.7623501211 ... ———— =2 (1.17
log 2 ; (loglogn)? + (loglogn)3’ " (1.17)

with equality for n = 211365473 (Hiill p2) <H§i329 p).
Inequality (1.15) is proved in [18]. Inequalities (1.16) and (1.17) are proved
in [28, pp. 41-49], cf. also [19, Section VII].

1.1 Notation

= Z 1 is the divisor function.

m|n

| =

7( E 1 is the prime counting function. IT(x
p<= pE<a k>1

p; denotes the i-th prime. P = {2,3,5,7,11,...} is the set of primes.
Z logp and ¥(x Z log p are the Chebychev functions.

p<T pk<z
li(z) denotes the logarithmic integral of = (cf. below Section 2.2).
F' is defined in (1.7), R(t) and S(¢) in (1.3).

G is defined in (2.32), G; in (2.33), G5 in (4.10), G3 in Section 4.3.2, H in
(2.34) and Hy in (4.9).

7 is defined in (1.5), B¢ in (1.2), £ in (3.12) and & = &%+ in (3.13).
A(z) =1i(8(z)) — m(x), A1(z) and Ay(z) are defined in (2.41)—(2.43).
o9 is defined in Definition 2.4.

¢ = 108 + 7 is defined in (3.21) and £\ in (3.22).

The value of N is given in (3.23) and the one of log N(®) in (3.24). The
value of N(V) and N are given respectively in (1.14) and in (4.7).

Highly composite (hc) numbers are defined in Section 3.4. M; denotes the
j-th hc number.

Aslog N and loglog N occur many times in the article, they are often replaced
by L and \. Similarly, Ly means log N(©) and Ay means loglog N(©).
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We often implicitly use the following results : for u and v positive and w
real, the function

logt — w)*
t— M is decreasing for ¢ > exp(w + u/v) (1.18)
and (logt )
ogt —w)" _ ru\v o
max o = (v) exp(—u — vw). (1.19)

1.2 Plan of the article

The proof of Theorem 1.1 follows the proof of (1.1) in [24]. We have replaced
the asymptotic estimates in number theory used by Ramanujan by effective
ones.

In Section 2, we recall and prove some results that we use in the sequel,
first, in Section 2.1, about effective estimates of classical functions of prime
number theory and later, in Section 2.2, about the logarithmic integral. In
Section 2.3, the function S, defined in (1.3), is studied and, finally, in Section
2.4, several lemmas in calculus are proved.

Under the Riemann hypothesis, Ramanujan proved that, A(z) = 1i(6(z))—
m(x) is positive for x large enough, and it was an important argument for
his proof of (1.1). In [20], it is proved that, under the Riemann hypothesis,
A(z) > 0 holds for « > 11. In Section 2.5, some results of [20] about A(x)
are recalled to be used in the proof of Theorem 1.1.

Section 3 is devoted to the study of superior highly composite (shc) num-
bers. These numbers, introduced by Ramanujan to study the large values of
the divisor function, play an important role in the proof of Theorem 1.1. In
Section 3.2, the definition of shc numbers is recalled, and some properties
and examples are given.

A shc number N is associated to a parameter ¢ and its largest prime
factor is < & = 2'/¢. In Section 3.7 (without any hypothesis) and in Section
3.8 (under the Riemann hypothesis) effective estimates of N in terms of £ are
given.

Let € be a positive real number. The theorem of the six exponentials
implies that there are at most four shc numbers associated to €. However, no
€ is known with more than two shc numbers associated to it. This question
is discussed in Section 3.1 and in Proposition 3.7.

The definition of highly composite numbers (hc) introduced by Ramanujan
is recalled in Section 3.4. These numbers are used to determine the largest
number (i.e. 183783600) not satisfying (1.8), see Lemma 3.14 and Section 4.2.
The notion of benefit, recalled in Section 3.5, is convenient to find, on some
interval, the numbers with a large number of divisors.
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In Section 3.6, an argument of convexity is given, which is used in Lemma
4.3 to shorten the computation in the proof of Theorem 1.1.

The proofs of Theorem 1.1 and Corollary 1.2 are given in Section 4.

The computations, both algebraic and numerical, have been carried out
with Maple. On the website [32], one can find the code and a Maple sheet
with the results.

2 Preliminary results

2.1 Effective estimates

Without any hypothesis, Biithe [4, Theorem 2| has shown by computation
that
O(x) <z, for 1<ax<10" (2.1)

while, Platt and Trudjan, [23, Theorem 1, Corollary 1] proved for = > 0,
O(z) < (1+n)x with n=1+75-10"". (2.2)

Without any hypothesis, Dusart [7, Théoréme 5.2| has proved that

10(z) — 2] < ——— for & > 89 967 803. (2.3)
log” x
From (2.3) and the computation of §(z) for x < 89 967 803, it is possible to
show (cf. [6, Table 1, p. 114] or [33]) that we have 0(x) > bx for x > a for
each of the following pairs of values of a and b

a 127 367 1993 47491 (2.4)
b || 0.8499 | 0.9134 | 0.9629 0.9927 '
We shall also use the inequality (cf. [29, (3.5)]):
m(x) > log s for x> 17. (2.5)

Lemma 2.1. For each of the following pairs of values of a and b, we have
m(x) < bx/logx for x > a.

a 2 376 2090
b | 1.25506 | 1.19768 | 1.15963

(2.6)

Proof: For a = 2, the result is quoted in [29, (3.6))]. For the two other values
of a, we start from the inequality (cf. [7, Théoréme 6.9]) valid for = > 60184
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< <
™) S og =11 S (log#) (1 = 1.1/ 1og 60184)

x m <1.1114 -2

logz”

Furthermore, if p and p’ are two consecutive primes, on the interval [p,p’),
the function f(t) = 7w (t)(logt)/t is decreasing. For a = 376, we check that
f(376) < 1.19768 holds and that for all prime p satisfying 376 < p < 60184,
we also have f(p) < 1.19768. A similar computation shows the result for
a = 2090. O

Under the Riemann hypothesis, we shall use the upper bounds (cf. [30,
(6.2) and (6.3)])

1
[Y(x) — 2] < 8—\/Elog2 z, for x>732 (2.7)
7r
and 1
0(x) — x| < 8—\/§10g2 z, for x>599. (2.8)
T
Let us introduce
0 if t<10"
o(t) = 2.9
®) {1 if ¢>10%. (29)
Then (2.1) and (2.8) imply
)
O(z) <z + %ﬁlogQ z, for z>0. (2.10)
T

Lemma 2.2. Let us denote by p; the i-th prime. Then, for p; > 127, we have

Pit1 —Pi _ 149 — 139

< < 0.0672. 2.11
Dit1 149 (211)

We order the prime powers p™, with m > 1, in a sequence (a;)i>1 =
(2,3,4,5,7,8,9,11,...). Then, for a; > 127,

Ai+1 — A4

=1- -2 <0.0672. (2.12)
Ai+1 Aj+1

Proof: In [7, Proposition 5.4], it is proved that, for > 89693, there exists a
prime p satisfying z < p < z(1+ 1/log® ). This implies that for p; > 89693,
we have p; 1 < p; + pi/log® p; and

Pi+1 —Pi _ Pit1 —Pi _ 1

X X 3 < 3 = 000067423 .
Di+1 pi log®p;  log” 89693

For 2 < p; < 89693, the computation of (p;+1 — p;)/pi+1 completes the proof
of (2.11).

If p; is the largest prime < a; then a;1 < p;41 holds, so that, by (2.11),
for a; > 127,
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lef i §17&§0.0672
Ai+1 Qi1 Pj+1
holds, which proves (2.12). O

2.2 The logarithmic integral

For x real > 1, we define li(z) as (cf. [1, p. 228])

1—¢
li(x) = — +1i(2). 2.1
i(e) logt 6~>0+ (/ /1+s logt) / logt +1i(2) (2.13)

For 0 <z < 1, (cf. [22, p. 1-3)]),

. >, log* x
li(z) = 7o + log(—log(z)) + Z kg k!

where v is the Euler constant. We have the following values:

T 0.5 1 1.45136...(1.96904. .. 2 (2.14)
li(z) |—0.37867...|| —c0 0 1 1.145163. .. ’
From the definition of li(z), it follows that
dl() ! and @ li(z) ! (2.15)
—1i nd ——li(z)=— ) )
dx log = doz Y zlog? x

The function « — li(x) is increasing for + > 1. For z > 1 the second derivative
of li(z) is negative and increasing. Therefore, from Taylor’s formula, if a, ¢ and
h are three real numbers satisfying a > 1, a+h > 1 and ¢ = min(a,a+h) > 1,
one has " 2 N

—_— = <li(a+ h) < li(a) +
loga  2clog®ec ( ) (a) loga

li(a) 4 (2.16)

We also have for x — oo

ivzl logfﬂ ((logj)N“) (217
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2.3 Study of the function S(t) defined by (1.3)

Lemma 2.3. If a,b are fized real numbers satisfying 1 < a < b < oo, and g
any function with a continuous derivative on the mterval [a,b], then

S [ %= [0 [1- w0 - ostam - Jros (1= )] 219

where p runs over the non-trivial zeros of the Riemann ( function.

Proof : This is Théoréme 5.8(b) of [10, p. 169] or Theorem 5.8(b) of [9, p.
162]. O

Definition 2.4. One defines o5 by

1 w2 5
oy = zﬂ: e L= 5 429 495 = —0.046 154 317 295 804..
where the coefficients ~y,, are defined by the Laurent expansion of {(s) around
1 (see [5, p. 206 and 272])

1 m’)/m m
) = o+ D"
Lemma 2.5. For x > 1, one has
_[Tt=v() LR S
S(x) _/1 Y0t (tog(2m)) logz + 02 + 5 ;W (2.19)

Proof : Applying Lemma 2.3 with g(t) = 1/t,a = 1,b = x yields

1

Zxﬁ / [t— 10g(27r)—log( 152)] %wg (2.20)

which, by expanding log(1 — 1/¢%)/(2t) in power series, implies (2.19). O

Lemma 2.6. Let a be a real number > 1/2. The function Y =t — —a/t —
log(1 — 1/t2)/(2t) is increasing and negative for t > 2.

Proof: We have Y = —a/t + Zj‘;l 1/(25t2+1),

= 2j 3 @ ~=3/2 a-—1/2
Z 21t2]+2 = *_Z 242j+2 > ,TQ_Z 2242 2 > 0.
=1

j=1 j= j=1

m‘@
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Therefore, for ¢ > 2, Y in increasing and, as lim;_,., Y = 0, Y is negative. [

Lemma 2.7. Let S be defined by (1.3) and = and y be real numbers. Then,
under the Riemann hypothesis,

S(z) — S(y) <018(x —y) for 2<y<ux, (2.21)
— yllog?
S(x) — Sy) < 0.0398 TYBTY o s e (2.22)
VY
and g g
@ _ 5 ’ <0049 pr 1 <y<a (2.23)
log“z log~y VY

Proof : In a first step, we assume that  and y satisfy a; < y < z < a;41
for some ¢ > 1, with a; defined as in Lemma 2.2. Then, from (2.20), we get

S(z) — S(y) = /x {1 - 1”(;“) - logf”) - log(lgtl/t )} dt.  (2.24)

From Lemma 2.6, the above square bracket is increasing for ¢ > 2 and (2.24)
yields

Y(ai) log(2m) log(1 — 1/a?+1)] dt
iyl iyl 2ai41

s<w>—s<y</j[1—

P(a;) log(2m) log(l—1/af,)
@iyl @iyl 2041

= (z —vy) <1 — ) . (2.25)
For a1 = 2 < a; < aq3 = 127, one computes the parenthesis of the right-
hand side of (2.25). The maximum 0.1759... is attained for a; = 2.
For a; > ass = 128, we use the inequality 1(a;) > a;—(/a; log® a;)/(87) >
ai — (y/aiy1log? air1)/(87) (cf. (2.7)), whence, from (2.25) and Lemma 2.6,

S(@) =S 1_ Plai) _ 1 % log® a1
r—y Git1 aiy1 - 8m\/ait1
and, from (2.12) and (1.18),
- log® 12
5@ = 5W) g gg72 4 98128 _ 149004...
T —y 81/128

In the general case, if 2 < y < x holds, we determine the two integers i > 1
and j > 1 such that a; <y < ai41 < @i <@ < a4 j41. We have



Highly Composite Numbers and the Riemann hypothesis 11

S(x) = S(y)

j—1

= S(aip1) — S(y) + (Z S(@itr+1) — S(ai+k)> + S(x) — S(ait;)
k=1
J—1

< 0.18 <CL¢+1 — Y+ (Z Aitk4+1 — ai+k> +x — al-+j> = 018(% — y)7
k=1

which completes the proof of (2.21).
From (2.7) and (1.18), for 73.2 < y < z, one has

Ty T 2 o 2
/ t zb(t)dt‘ </ log™t ,, 12—yl (log y) (2.26)
y Y

t 8w/t 8 VY
Tt
7= log(z/y) <z/y —1= |z —yl/y (2.27)
Yy
and
T log(l—1/t Tl 1 —yle= 1
/ log( . / )dt‘:/ . ,—detgle y\z_Qj
|z —yl o 1 |z —y
< i ., (2.28
2y Zyzj 2y(y? — 1) (2.28)

whence, from (2.20), (2.26), (2.27) and (2.28), with yo = 108,
log?y  log(2n) 1 )
S(x)—S < |z — + +
) = Sl < o = (G2t + 2B 4
_ e —yllog’y (1

1 1 1
Vi (87r ity (1stom) + - 1>>>

|z —y|log?y [ 1 1 1
<A I -~ (log(2m) + =
N G2 S =
|z —yllog®y

VY

< 0.0397...

which proves (2.22).
To prove (2.23), one writes

S S S(x) - S 1 1
(@) _ S| 1S~ <y>+‘5(y)( S )‘ (2.20)
log”z log”y log” x log“z log”y

From (2.22), it follows
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S(x) -8 S(x)— S —
log” x log” y VY
(1.4) and (1.5) imply |S(y)| < 7/y < 0.0462,/y, whence, with yo = 10,
2dt |z — gyl
50) (175~ 15 )| = 501 S)
log? x log Y t log® t y log®y
- 0.0924 —
cor ATl (00RA eyl 0014807, 127 Y
Vylog®y “log’yo VY VY
which, together with (2.29) and (2.30), proves (2.23). O

2.4 Four lemmas in calculus

Lemma 2.8. The function

£(t) = 1.52¢Ps B 5.12/t

logt log3 t

is positive for 7.38 < t < 1.1 x 10*° and negative for 1 < t < 7.37 and
t>1.11 x 109,

Proof : Let us write f(t) = (t7/logt)[1.52 — 5.12¢'/2793 /1og® t]. From
(1.18), the above square bracket is maximal for t = to = exp(2/(1/2—f5)) =
1.67...100 is increasing for t < tg, decreasing for ¢ > ¢y and vanishes for
t=7.3735... and 1.10026...10%°. O

Lemma 2.9. Let a be a positive real number and, for n > 0, ¢, = log(n +
1) — an.

(i) If, for some positive integer k, a is equal to log(1+1/k), (i.e. k =1/(e* —
1)), then the sequence (pn)n>0 attains its mazimum on the two points k and
k—1. More precisely, forO<n<k—2orn>=k+1, o, < pr_1 = @i holds.

(i) If log(1 + 1/(k + 1)) < a < log(l 4+ 1/k) holds (log(l + 1/0) =
is assumed), then the mazimum of <pn s attained on only one point k =
|1/(e® —1)]. More precisely, forO <K n<k—1orn=k+1, ¢, < @i holds.

Proof : For n > 1, we have A,, = ¢, — pp_1 =log(l+1/n) —a.

If a = log(1+ 1/k) holds, then A,, is positive for n < k, vanishes for n = k
and is negative for n > k, which implies (i).

Iflog(1+1/(k+1)) < a < log(1+1/k) holds, then A,, is positive for n < k,
and is negative for n > k, which implies (ii). Note that k < 1/(e®*—1) < k+1
holds and thus, k = [1/(e* — 1)]. O
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Lemma 2.10. Let us set B = (log(1 4+ 1/k))/log2 as in (1.2) above. The
function

() = 0.352 exp((B3 — B2/2)t) +0.9132 exp((B4 — B2/2)t) — 0.0143 % (2.31)

is positive for t > 0.

Proof: Let a = 83— 02/2=0.1225... and b = S, — $2/2 = 0.02944 . . .. One
has @' = 0.352 aexp(at)+0.9132b exp(bt)—0.0286 t and ¢ = 0.352 a? exp(at)+
0.9132b% exp(bt) — 0.0286, The third derivative is positive and thus, the sec-
ond derivative is increasing. The variation of @ and & is displayed in the
array below (cf. [32]).

t 0 3.294 13.43 20.62 00
@" |-0.02| — |-0.019] — 0 + 10.039] + |00
0.07 00

?' pY 0 N\ 000

—0.12

1.37 00

@ o |06 | N o

1.26 0.002

The minimum of @(t) for ¢ > 0 is > 0.0019, which proves lemma 2.10. O

Lemma 2.11. Let a,b, ¢ be three real numbers satisfying 0 < a < 3,0<b<
30 and ¢ = 0. F(t) is defined by (1.7), S(t) by (1.3) and By by (1.2).

(i) The function G defined by

aVt b/t cths

G =G(a,b,c,t) =F(t) — - + 2.32
( ) ®) log’t log®t logt ( )
is increasing for t > 12.
(ii) The function
2 t
G1(t) = G2+ 1,0,0,t) = F(t) — %f (2.33)
log”t
is increasing and concave fort > 1.
(iii) The function H defined by
t t b/t ths
H = H(a,b,c,t) = F(t) ai S i e (2.34)

; log?t a log®t a log®t  logt

is continuous for t > 1 and increasing for t > 12.
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Proof : Let T'=logt and assume ¢ > 1. It is convenient to define

g1 =1i(t), ¢) =1/T, gf =-1/(tT?), (2.35)
. th2 1 (1—B2)T+2
_ B _ _

g2 = B2 li(t??) — Tog?’ 9= imye 9= pomps o (2:30)

_@ Vit ,_ﬁT2—3aT+12a

gs = 6 loggta g3 = 6\/1€T3 )

2V/tT? —3aT?+72a
g3 = — R , (2.37)
12¢3/2T

li(t NG VET? —3bT + 180

g = @) L= : 7 (2.38)
6 log” ¢ 6Vt T

tﬁg ’ ﬁB(T — 1/63)'

= c@, gz =¢ o (2.39)

gs

From (2.35) and (2.36), it is clear that g; and g, are increasing and concave
for ¢t > 1.

If T <4, —3aT + 12a > 0 holds while, if T > 4, then v/tT? > 16e2 > 9 >
3a so that, from (2.37), g3 is increasing for ¢ > 1.

If T < 4 then —3aT? 4 72a > 0 while, if T > 4, 2/t > 2e2 > 9 > 3a so
that gs is concave for ¢t > 1.

If T < 6, one has 3bT < 18b. If T > 6, VtT? > 36e*T > 90T > 3bT so
that, from (2.38), g4 is increasing for ¢ > 1.

From (2.39), g5 is increasing for ¢ > exp(1/f3) = 11.12...

In conclusion, G = 2¢g1/3 + g2 + ... + g5 is increasing for ¢ > 12, which
proves (i) and Gy = 5¢1/6+ g2 + g3 (with @ = 24 7) is increasing and concave
for t > 1, which proves (ii).

Proof of (ii). From (2.19), S(t) is continuous for ¢ > 1 , and consequently
also H(a,b,c,t). Moreover, we introduce

2li(t)  S(t)
3 log?t’

g6 = (2.40)

so that, H = go + ...+ gs. We shall prove the increasingness of gg for ¢t > 2.
For that, we consider two real numbers satisfying 2 < y < = < y**. From
(2.40), we get

%mwymn=2éxﬁ (ﬂw ﬂm)

3 logt log? a log?y

2 (% dt S(z)— S ro2
YA R T
y logt log” = y tlog’t
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and, from (2.21) and (1.4),

2(x —y) 0.18(x — y) B 27 /y(x —y)

g6(x) — g6(y) =

~ 3log(y?)  log’y ylog’y
Ty 170.187 2T
o logy \ 2 logy  /ylog’y
z—y (1 018 27 ) T —y
> - - =0.104... 0,
logy (2 log2  /2log??2 logy
which proves (iii) and ends the proof of Lemma 2.11. O
2.5 Study of A(x) = 1i(0(x)) — w(x)
Let us set
A(z) =1i(0(z)) — m(x) = A1(z) + Az(x), (2.41)
Ar(z) = li(y(x)) — (), (2.42)
Az (z) =1i(0(z)) — li(y(z)) + I (x) — 7 (x) (2.43)
with
log = =L (xR
Y(x) = Z logp, k= LOgQJ and H(x)zz o
P k=1
In [20], under the Riemann hypothesis, the following results are given.
For x > 11 (cf. 20, Theorem 1.1, (1.8)]),
A(z) >0, (2.44)
for > 2 (cf. [20, Theorem 1.1, (1.10)]),
A(z) < 5.07vz/ log” (2.45)
for x > 599, (cf. [20, Proposition 3.3] and (1.3)),
S(x) NG { 2 0.00091og® x}
A () > SR A T it M 2.46
() log?z  log®z [300 NG (2.46)
and v 5
S(x) x { 2 (log2)log” x }
A7) < + Lo erEe T 2.47
) S uZ s T ioge 300 NG (2.47)

for 2 > 941, (cf. [20, p. 604, 1. 8]),
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2 log® log®

Aola) > VT VT {8— g r Doew (2.48)
log°x  log”x 8rzl/4  10000/x
and, for x > 10%, (cf. |20, Proposition 3.5 and Lemma 3.6]),
2\/x Nz kFy (21/%) log «
A
2(.%‘) log T + log?’x + Z Copl/2-1/k
7.23 K3 log x 0.94 9log”®

——— +2.35 2.49
+ zl/2-1/r1 + VT +]0g2x+ 10000y/z |’ (249)

where k1 = 5 and ﬁ; and E are the non-increasing functions defined by (cf.
[20, Lemma 2.1 and (3.16)])

N 1.785 if t <95 _ 4.05 if t < 381
()= uon-rt and Fy(t) = ¢ 1)~ i~ gl if t > 381

t/log?t t/log3t
(2.50)
Proposition 2.12. For x > 108,
S(f) ~0.198 ‘éf < Ai(z) < S(f) 4044V (2.51)
log?() log*() og’(z) | log’(a)
2 2
\2/5 +5.32 \éi < As(z) < \2/5 +24.77 \éi (2.52)
log”(z) log”(z) log”(z) log™(z)
and
R(z) +512—F—— VT < A(z) < R(z) +25.3 \éi . (2.53)
log®(z:) log”(z)

Proof : For x > 108, the terms in the square brackets of (2.46) and (2.47)
are decreasing in x, so, these two brackets are maximal for = 108, which
proves (2.51). For z > 108, the bracket of (2.48) is increasing and minimal for
o = 10® while the one of (2.49) is non-increasing and maximal for z = 108,
which, by choosing k1 = 5, proves (2.52) (cf. [32]). Finally, from (2.41) and
(1.3), (2.53) results from the addition of (2.51) and (2.52). O

For k > 2, let us set Sk(z) = 3_, x”/pk. Note that Sy = S and, as |p| > 14
holds, from (1.4), one has |Si(x)| < 7v//(14)*~2. From the formulas [20, p.
598, 1. -5] and [20, p. 601, L. -7], with the prime number theorem, one gets,
for x — o0,

t logx P 2 log x log x

By partial integration and (2.17), one can deduce, for z — oo,
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8z + 255(x) N
log®

L (= DIRF Va4 Sy (@) w( Vi > |

logk x logk"|r1 T

A(x) = R(z) +

In particular, as |S3(z)/v/z| < 7/14 < 0.0033 holds, for z large enough,
7.99 vz /log® x < A(z) — R(z) < 8.01vz/ log® x. (2.54)

Therefore, the coefficient 5.12 in (2.53) and (1.8) cannot be replaced by a
number exceeding 8.01 (see below (4.22)) .

3 Superior Highly Composite (shc) Numbers

3.1 The Theorem of the 6 exponentials

In the next section (Section 3.2) introducing the shc numbers, we need some
diophantine properties of the set

- {log(1+1/kz)

, k>1, pprime } (3.1)
logp

Let us recall first two main results (cf. for instance |31, Theorem 1.12, p. 13
and Theorem 1.4, p. 3] or [14, Theorem 1, chap. 2]).

Lemma 3.1. (Six Exponentials Theorem.) Let x1,z2 be two complex
numbers linearly independent over Q and y1,y2,ys3 three complex numbers
linearly independent over Q. Then one of the siz numbers exp(x;y;) is tran-
scendantal.

Lemma 3.2. (Gelfond-Schneider Theorem.) If « is algebraic and differ-
ent of 0 and 1 an if 8 is algebraic and irrationnal, then o is transcendental.

First, let us observe that the elements of £ but log(1 + 1/1)/log2 =1
are irrationnal. Indeed, assume that ¢ = % =a/b # 1 with a and b
positive integers. One would have

(L+1/k)" = p*

which is impossible, because, for k > 1, the left-hand side is a fraction while
the right-hand side is an integer and k£ = 1 implies p =2, a = b and € = 1.

Lemma 3.3. Three elements of £ are always distinct. In other words, there
do not exist three distinct primes q1, q2, q3 and three positive integers k1, ko, k3
such that
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log(14+1/k1)  log(1+41/k2)  log(1+1/k3)
log 1 log g2 loggs

log(1+1/k1) _ log(1+1/k2) _
log g1

Proof : Ab absurdum, let us assume that

log g2
W = ¢ holds. In the Six Exponentials Theorem (cf. Lemma 3.1),

we choose 1 = 1 and xo = . As ¢ is irrationnal, z; and zo are linearly
independent over Q. Afterwards, we choose y; = logg; that are also linearly
independent over Q. The six exponentials exp(z,y;) are g1, 42, ¢3, 1+1/k1, 1+
1/ko,1+ 1/ks. They are all rationnal, which contradicts the theorem of the
six exponentials. O

It was known by Siegel (cf. [2, p. 455] or [31, p. 14]) or [14, Historical Note,
p. 19-20] that for real ¢ and three different primes ¢1, g2, ¢s, the numbers
¢4, ¢, g4 cannot be all rational, except when ¢ is an integer.

Remark 3.4. It has not been proved that it cannot exist two distinct primes
q,q and two positive integers k, k' such that

log(1+ 1/k) _ log(1 + 1/k’).

2
log g log ¢’ (3.2)

No example is known. In particular, there is no example with ¢, ¢’ < 108.

It is possible to show that ¢ = % € &\ {1} is transcendental.

Indeed, by the Gelfond-Scneider Theorem (cf. Lemma 3.2), as ¢ is irrational,
if £ were algebraic, ¢¢ should be transcendental. But ¢° = 1+ 1/k is rational.

3.2 Definition of shc numbers
Definition 3.5. A number N is said superior highly composite (shc) if there
exists € > 0 such that (cf. [24, Section 32] and Remark 3.8 below)

d(1) _ d(N)
SN (33)

holds for all positive integer M. The number ¢ is called a parameter of the
shc number N.

From the definition (3.3), note that two shc numbers N of parameter ¢ and
N’ of parameter &' satisfy the following implication

N<N = ex¢. (3.4)

It is convenient to order the elements of £ U {oo} defined in (3.1) in the
decreasing sequence
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log 2 ~ log3/2

51:00>52:1>53:10g3 €4 log 2

>..>e > (3.5)

From Remark 3.4, there could exist two equal elements in the set £ defined
by (3.1), but not three. We call ¢; extraordinary if

o log(1 +1/k;)  log(1+ 1/kj)
Y loggi  logg]

(3.6)

with k; > k} > 1 and ¢; < ¢}. If ¢; is not extraordinary, it is said ordinary
and satisfies in only one way

o log(1 + 1/k;)

log q; (3.7)

For € > 0, let us introduce

N. = H plt/@*=1)] (3.8)
peP

which will be proved shc of parameter . We observe that N is a non-
increasing function of . More precisely, if ¢ < €’ then N,/ divides ..

Lemma 3.6. Let ¢,_1 and ¢; be two consecutive elements of the sequence
(3.5) and € a number satisfting ;1 > € > &;. Then, with the notation (3.8),
we have

N, =N, _,. (3.9)

Proof : From (3.8), we have N, = [, pl/*" D) As e < e;_; is assumed,
it follows that N. > N.,_,. Assume that N. > N.,_;. Then there exists a
prime p such that [1/(p® —1)] > [1/(p®"—* — 1)] thus, there exists an integer
k such that 1/(p° — 1) = k > 1/(p“-* — 1). We can write k = 1/(p" — 1),
ie.n=log(l+1/k)/logp, with ;-1 > n > & > &;, which is impossible since
necé. a

Proposition 3.7. If &; (with i > 2) belongs to the sequence (3.5) and &
satisfies €;—1 > € > €;, there is only one shc number of parameter €, namely
N. = N,_, defined by (3.8).

Ife; is ordinary and satisfies (3.7), there are two shc numbers of parameter
i, namely Ng, and N, _, satisfying

st = QiNs,-,_l (310)

with q; defined by (3.7).

Ife; in (3.5) is extraordinary of the form (3.6), there are four shc numbers
of parameter €;, namely N, |, ¢;Ne, |, ¢;Ne,_,, Ne; = qiqiNe,_,.

In conclusion, if there is no extraordinary €;, any shc number is of the
form N, (with i > 1). If it exists extraordinary €;’s, for each of them, there
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are two extra shc numbers Ne,/q; and N.,/q; which have only one parameter
g;. In both cases, the set of parameters of N., is [g;41,€i] and two consecutive
shc numbers N, ,, Ne, have one and only one common parameter €;.

Proof : For ¢ > 0, what is the maximum of d(n)/n®? Writing n under
the form [ p® implies d(n)/n® = [[ (o, + 1)/p*»© and, for each prime
p, we have to maximize (¢ + 1)/p' for ¢ integer, i.e. to maximize ¢(t) =
log(t+1) —etlogp.

o If ¢ ¢ £, then, for each prime p, elogp # log(1l + 1/k) for all integer
k and, from Lemma 2.9 (ii), ¢(t) attains its maximum in only one point
ap = [1/(ef'8? —1)| = |1/(p* —1)] so that the maximum of d(n)/n® is
attained in N, defined by (3.8). Moreover, if ¢,_1 > & > ¢; is assumed, then,
by Lemma 3.6, IV, is constant and equal to N, ,.

o If ¢ = ¢; with ¢; an ordinary element (3.7) of the sequence (3.5) then, for
P # ¢;, p(t) attains its maximum in one integer o, = [1/(p® — 1)| while, if
p = ¢;, Lemma 2.9 (i) claims that ¢(¢) attains its maximum in two integers
k; =1/(¢;* — 1) and k; — 1. Therefore, d(n)/n® attains its maximum in two
numbers N, andN,/q; = N., ;.

o If ¢ = ¢; with ¢; an extraordinary element (3.6) of the sequence (3.5) then,
for p # qi, 4}, p(t) attains its maximum in one integer t = |1/(p®* — 1) | while,
if p=g¢q; or p= ¢}, Lemma 2.9 (i) claims that ¢(t) attains its maximum in
two integers k;, k; — 1 or k, k} — 1. Therefore, d(n)/n® attains its maximum
in four numbers N.,, Ne,/q;, Ne,/q; and N, /(¢:q}) = Ne,_,. O

Remark 3.8. Our definition 3.5 of shc numbers is slightly different of the
definition given by Ramanujan in [24, Section 32]. Ramanujan calls she of
parameter € a number N such that

dn) _ d(v)

d(M)  d(N)
M S Ne < Ne

Me Ne ~

for M < N, and for M > N, (3.11)
Clearly, if N satisfies (3.11), it also satisfies definition 3.5.

If ¢ ¢ £, we have seen in the proof of Proposition 3.7 that the mapping
n +— d(n)/n® has a unique maximum on say N, and thus, for M # N,
d(M)/M¢® < d(N)/N°® so that N satisfies (3.11).

If ¢; is an ordinary number, the mapping n — d(n)/n® attains its maximum
on two numbers N.,_, and N¢,. Only N., satisfies (3.11) with £ = ¢; and the
set of parameters for which N = N, satisfies (3.11) is [g;,i—1).

If €; is an extraordinary number, from Proposition 3.7 with the same no-
tation, there are four numbers maximizing d(n)/n and only the largest one
N = N,, satisfies (3.11) with € = ¢;. The three other ones N¢,/(¢:q}), Ne, /¢
and N.,/q} do not satisfies (3.11) with & = ¢;. Since N, /¢q; and N, /q} have
only one parameter ¢;, they are not considered as shc by (3.11). But, as
the existence of extraordinary numbers is highly unprobable, the difference
between the two definitions of shc numbers does not matter so much.
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Definition 3.9. Let N be a shc number satisfying N.,_, < N < N, (where
g; is an element of the sequence (3.5) and N is defined by (3.8)). From
Proposition 3.7, N is either equal to V., or ¢; is extraordinary. In both cases,
the largest parameter of N is €;. We define £ = {(N) b

o log 2
= = 1/El . =
E=¢E(N)=2 ie. g log ¢ (3.12)
for k > 1, the numbers
& = é‘Bk — 2,319/51" (3.13)
with Sk defined in (1.2), and
1 1 log &
K =K(N) = = . 3.14
(V) {251‘ - lJ < gilog2  (log2)? (3:.14)

We observe that K+1 > 1/(25—1) holds, so that, for k > K+1,log(1+1/k) <
log(1 +1/(K + 1)) < g;log 2. Therefore, for k > K, & = &Px < & = 2.

Proposition 3.10. Let N be a shc number and €; the element of (3.5) such
that N, , < N < Ng,. The numbers £, & and K are defined by Definition
3.9. Then

K
log Nz, —log& = > 0(&) —log¢ <log N < log Nz, = Ze &) (3.15)
k=1
and
log d(N¢,) logd(N) _ logd(N,
log 2 Is log 2 = 1og2 Zﬁkw (&) (3.16)

with & defined by (3.13), K by (3.14) and By by (1.2).

Proof : By observing that, for £k > 1, 1/(p* — 1) = k is equivalent to
g; = (log(1 + 1/k))/log p and also to p = &, from (3.8), it follows that

logNe, = > (&) (3.17)
1<k<K
and that
logd(Nz,) = (log2) D (&) (3.18)
1<k<K

o If ¢; is ordinary, from Proposition 3.7, V., , and N, are two consecutive
shc numbers so that N, , < N < N, implies N = N,, so that (3.17) and
(3.18) prove (3.15) and (3.16).

e If ¢; is extraordinary and given by (3.6), from Proposition 3.7, N is equal
to Ne,, Ne,/qi, or Ne,/q.. But ¢; and ¢} divide N., and so are both < £, which
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proves (3.15). We also observe that d(N.,)/d(Ne,/q;) = (ki +1)/k; < 2 and
d(Ne,)/d(Ne,/q}) = (ki + 1) /k} < 2 which, from (3.18), proves (3.16). O

Proposition 3.11. Let n > 2 be an integer. There exists two consecutive shc
numbers N' < N such that

N/ESXN <n<N and d(n)<d(N)<2d(N') (3.19)
where £ = £(N) is defined in Definition 3.9.

Proof : First, we determine the element ¢; of the sequence (3.5) such that
Nsi—l <n < Ns,w

e If ¢; is ordinary and given by (3.7), from Proposition 3.7, we choose N =
N.,, N'=N.,_, = N., /g > N, /¢ and, from (3.3), d(n) < d(N)(n/N)% <
d(N) follows. We also have d(N) = d(N'q;) < 2d(N").

o If ¢; is extraordinary and given by (3.6), from Proposition 3.7, there are
four consecutive shc numbers of parameter ;. We determine (N’, N| contain-
ing n among (NEi/(Qiqz)7N€i/qi]7 (Nai/qi7N5i/q’£]’ (qu/q;aNéq] As ¢; and
g} divide N, they are < ¢ and, from Defition 3.9, £(Ne,/q¢:) = §(Ne,/q}) =
E(N.,) = 2'/5 it is easy to see that (3.19) is still satisfied. O

The first shc numbers are (for a longer table cf. [24, Section 37] or [32]):

7 £ N =N, d(N)| parameter | £ = {(NV)

1 00 1 1 [e2,e1) |1

9 1 2 2 [e3 ,e2] |2

3| {22 =0.63 6=2-3 4| [ea e8] 3

4|l832 — 058 12=22-3 6 | [e5,e4] [3.27 (3.20)
5| {82 =043 | 60=22-3.5 |12 | [5,e5] |5

6|"B% =041 120=22-3-5 | 16 | [e7 ,e¢] [5.31

7|22 = 0.36| 360=2°-32-5 | 24 | [es,er] [6.54

8| 1252 =0.35 [2520 =2%-32 57| 48 | [eq,e5] |7

3.3 Computation

How to compute shc numbers? For a short table, one determines the sequence
g; (cf. (3.5)) and, if &; satisfies (3.7), then N., = ¢;N.,_,. In the proof of
Lemma 4.3, we have to compute the shc numbers up to N©. Let us say
that N, is a shc number of type 2 if €; satisfies (3.7) with k; > 2. We have
precomputed the table of shc numbers of type 2 with & = 21/5 < 2 x 108. If
N is of type 2 with its largest prime factor equal to the r-th prime p,, then
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the following shc numbers are Np,11, Np,41pr12, etc. up to the next she
number of type 2 (cf. [32]).

Note that we have not found any exceptionnal case (cf. Section 3.2). The
smallest difference €;_1 —e; = 1.65...x 10~!3 has been obtained with g;,_1 =
log(3/2)/10g(62129) and ¢; = log(2)/log(156383467).

By (3.8), we define N = N, =~ with e® = 101;%?0) € &€ and

£O = 21/ — ¢(NO)y = 108 4 7, (3.21)

the smallest prime exceeding 10%. For k > 1, we set E}io) = ()8 From
(1.2), one has

(0 = 47829.9, ¢\ =2000.7, £ =376.2, ¢ =127.1,
69 =203, (3.22)

from (3.8),

31 59 127
N(O) _ NE(O) _ 2373235167131110139178198 H p7 H pG H p5
p=23 p=37 p=61
373 2089 47819 100000007

I I » I] » (3.23)

p=131  p=379  p=2099 p=47837
from (3.14), K = K(N(©) =37, logd(N®) = 3995657.8341 . ...
log N(© = 100037943.8694 . .. and loglog N(¥) = 18.421060...  (3.24)

Lemma 3.12. Let N be a shc number > N© = N_q) and €;,&,&, and K
defined in Definition 3.9. Then g; < e, ¢ > €O & > f,(CO) fork>1, and

K = K(N) > 37.

Proof : By (3.15), N < N, holds. Since N(?) < N is assumed, this implies
NO) <« N., and, from (3.4), ¢; < £(0), Moreover, one has & = E(N) = ol/ei >
2V = €0 =108 +7, & = &% > (€)% =g and K = [1/(2 —1)] >
{1/(25“’) - 1)J = 37. O

Lemma 3.13. Let N be a shc number satisfying N > N(©) defined by (3.23);
& =¢&(N), & and K are defined by Definition 3.9, so that, from Lemma 3.12,
€> €0 and K > 37 hold. Then

K K
&k &k
Ty = > < 0.1815 and T3 = == < 1.3615. 3.25
5 325 & 3 k§:3 ; (3.25)
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Proof : Let us fix kg = 34. As &,/&3 = 1/6P37Pk is decreasing in ¢ for k > 3,
one may write from (3.14)

ol 10g§ — (ko —1)log?2
Z 553 5k (10g2 2)553-57«1

K ko+1
Ts < Z 5/33 Brg

By applying (1.18) with u = 1, v = 83 — B, = 0.3732... and w = (ko —
1)log?2 =15.85. .., we have

1 (u/v)" exp(—u — vw)

=0.181497....
£(0))Ps =P log® 2

which proves the upper bound for T5. Furthermore, one has

1

3!
T3=1+>-+1T5=1 —_—
3 + T =1+ (g(o))ﬁzfﬁz;

1
€ £hs 54—|—T5<1+

+ T5 < 1.3615,

which completes the proof of Lemma 3.13. g

3.4 Highly composite numbers

A positive integer M is said highly composite, (for short hc) if n < M implies
d(n) < d(M). This notion was introduced by Ramanujan in [24] and studied
in [2, 11, 12, 15, 19, 21, 26].

Lep pi denote the k-th prime and N}, the subset of N made of the numbers
whose prime factors are < pi. Let us call k-hc number (cf. [3]) an integer
M € N, such that n < M and n € N}, imply d(n) < d(M). A k-hc number
(and, as well, a hc number) has the property that the p-adic valuation v, (M)
is a non-increasing function of p. The 1-hc numbers are the powers of 2 and,
by induction on k, it is easy to compute the set of k-hc numbers < ng. If the
product pips...pr exceeds ng, then this set is the set of hc numbers < ng.
We have computed the 1381 hc numbers < 10'%° and we shall refer to them
as M;, 1< j <138

Lemma 3.14. Let My and Mjy1 be two consecutive hc numbers and f
an increasing function on [log M;,log M;i1] such that (logd(M;))/log2 <
f(log Mj). Then, for M; < n < Mji1, (logd(n))/log2 < f(logn) holds.

Proof. From the defintion of hc numbers, M; < n < M;; implies d(n) <
d(M;) so that (logd(n))/log2 < (logd(M ))/log2 < f(log M;) < f(logn)
holds, since f is assumed to be increasing.
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3.5 Benefit

Definition 3.15. Let ¢ be a positive real number and N a shc number of
parameter . For a positive integer n, we introduce the benefit of n

ben (n) = log <Cfi((]§))> + elog (%) . (3.26)

Note that that this notion depends only of ¢ but not on N. Indeed, if NK/'
is another shc number of parameter e, (3.3) yields d(N)/N¢ < d(N)/N¢
and d(N)/N° < d(N)/N¢, so that d(N)/N° = d(N)/N¢, which implies
log d(N) — elog N = log d(N) — £log N.

From (3.3), it follows that, for any n,

ben.(n) >0 (3.27)
holds. Let us write N = [[ pp® and n =[] p p%». We define

ap +1
b, +1

Ben, . (n) = log < ) +¢e(by — ap)logp = ben, (Np”» =) >0 (3.28)

so that, from (3.26),
beng(n) = Z Ben, .(n). (3.29)

peEP
This notion of benefit has been used in [15, 16, 19, 21, 17, 12] for theoretical
results on numbers having many divisors.

For ¢ > 0, the mapping ¢t — log((a, + 1)/(t + 1)) + (t — a,)logp is
convex, vanishes for ¢ = a,, and, from (3.28), is non-negative for ¢ integer.
Therefore, Ben,, . defined in (3.28), is non-increasing in b, for 0 < b, < a,
and, for b, > a,, is non-decreasing and tends to infinity with b,. Consequently,
formulas (3.28) and (3.29) yield an algorithm to compute all integers n such
that ben.(n) < B for a B not too large. With B close to /3, this algorithm
has been used in [26] to compute the hc numbers between two consecutive
shc numbers of common parameter e.

Lemma 3.16. Let N be a shc number of parameter e, M; and M;4, two con-
secutive he numbers and f : [log Mj,log M;+1] — R a continuous increasing
function such that f(log M;) < (logd(M;))/log2 < f(log M;11). Let us de-
note by p € (M;, M;q1) the number satisfying f(logp) = (logd(M;))/log2.
If n € (M, Mj41) is any integer such that f(n) < (logd(n))/log2, then one
has

ben. (n) < logd(N) — (log2) f(log M;) + (log 11 — log N). (3.30)

Proof : From the defnition 3.15 of hc numbers, M; < n < M;q; im-
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plies d(n) < d(M;) so that, as f is assumed to be increasing, f(logM;) <
f(logn) < (logd(n))/log2 < (logd(M;))/log2 = f(log i) implies n < p and
log d(n) > (log2) f(log M;). Therefore, (3.30) follows from (3.26). O

—~ —~

3.6 Convexity

Lemma 3.17. Let N’ and N be two consecutive shc numbers and f a concave
function on the interval [log N,log N'| such that

logd(N) < f(logN) and logd(N') < f(log N'). (3.31)
Let n be an integer satisfying N’ < n < N. Then we have

logd(n) < f(logn).

Proof : From Proposition 3.7, N and N’ share a common parameter, say
¢. From the definition (3.3) of shc numbers, one deduces that logd(N) —
elog N =logd(N') —elog N'. For n € (N, N), from (3.3), one has

logd(n) —elogn < logd(N) —elog N =logd(N') —elog N'. (3.32)
In view of using a convexity argument, one writes
logn = Alog N +plog N’ with 0<A<1 and p=1-\
From (3.32), it follows

logd(n) < elogn + A(logd(N) — elog N) + p(log d(N') — elog N')
=e(Alog N + plog N') + Xlog d(N) + plog d(N')
— Xelog N — pelog N' = Mlog d(N) + plog d(N').

From (3.31) and from the concavity of f, the above result implies
logd(n) < Af(log N) + pf(log N') < f(Aog N + plog N') = f(logn),

which completes the proof of Lemma 3.17. 0

3.7 Estimates of shc numbers without any hypothesis

To get shorter formulas, we use the notation L = log N, A = loglog IV,
Lo =1log N and \g = loglog N (cf. (3.24)).
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Lemma 3.18. Let N be a shc number > N© = N_q, (cf (3.23)) with
gi, & & and K defined in Definition 3.9. Then

> 0(&) < L=log N < 0(6) +0(&) + 1.362 &, (3.33)
1<k<4
0.99949 L < € < 1.00017 L, (3.34)
0.99997 A < log € < 1.00001 A, (3.35)
0.9997 L% logd(N 1.604 L7
7€)+ Bam(E2) + < 8IN) o)+ o)+ MO0 (3.30)
A log 2 A
1 2
% < 0.0398 VI A2 (3.37)
Y8
and )
V&g & o137 12/2)2, (3.38)

8

Proof : Since N > N = N is assumed, Lemma 3.12 implies K =
K(N) =37, ¢ <, &> ¢0 =108+ 7, and, from (3.22), & > € > 127,
4> €9 > 376 and & > & > 2090.

From (3.15), we have

K 4
L=logN > > 0(¢) —log€ > > 0(&) + (0(5) — log€).  (3.39)
k=1 k=1
From (2.4), 8(&5) > 0.8499 &5 holds. As log& = (logé&s)/B85 = 3.80... x log&s,
it follows that 6(&5) — log& > 0.8499¢5 — 3.81log 5. But the function t —
0.8499 t—3.81 log t is increasing for ¢ > 4.49 and positive for t > 11. Therefore,
the lower bound of (3.33) follows from (3.39).

From (3.15) we also have

K K
L<logN., =Y 0(&) =0(5) +0(&) + 5 with £ =" 6(&).
k=1 k=3
From (2.2) and (3.25), one gets
K
X< (Q+n) Z&C = (1+n)T3& < 1.00000075 x 1.3615 &3 < 1.362¢&s,
k=3

which proves the upper bound of (3.33).
To prove the upper bound of (3.34), from (3.33) and (2.3), one writes

1 1 B §
L>6(6)>¢ (1 - 1og3§> = (1 - 10g35<o>> = 1.00016001 ...
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From (3.33) and (2.2), it follows that

L<(1+n)(E+E)+1.3628 =€ ((1+n)(1+&%271) 4 1.362¢%71)
<¢ ((1 + ) (1 + (€)1 4 1.362 (5<0>)53—1) = £/0.99949273 . ..,

which proves the lower bound of (3.34).

From (3.34), we deduce log& < A(1 + 0.00017/X) < A(1 + 0.00017/Xg) =
1.0000092. .. A which proves the upper bound of (3.35). Similarly, we have
log& > A(1 + 10g(0.99949)/Xo) = 0.9999723 ... A which completes the proof
of (3.35).

From (3.16) and (3.18), one has

4

logd(N) S logd(Nsi) 1> Zﬂkﬂ(fk) -1
k=1

log2 = log2

But, from (3.22), one gets

Bam(&4) = Bam(E0) = B4m(376) = T4 By > 1

which implies
3

Log (V) > Bem(&n)-
k=1

log 2

Then, as & > 5350) > 2090 holds, we may apply (2.5) to get, with (3.34)
and (3.35), B37m(&3) = B3/ logés = &3/ log € = (0.99949 L)P3 /(1.00001 \) >
0.9997 LA /X which proves the lower bound of (3.36).

From (3.16), one has

K

<)+ Pom(&) + 5 with &' = Bir(&).  (3.40)
k=3

log d(N)
log 2

From (2.6), (3.22), (3.25), (3.34) and (3.35), one gets

K
&3 &4 k
+ 1.19768 + 1.25506

og & Mg 2 g,

= 573 (1.15963 + 1.19768 6*4 + 1.25506 T5>
log § &3

1.000177
0.99997

5 < 1.15963 B3

b€3

A

&

&

~

(1.15963 + 1.19768 + 125506 x 0.1815>

b63

L
=1.60309... —
)\ )
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which, with (3.40), proves the upper bound of (3.36).
From (3.34) and (3.35), one has

VElog? ¢ - v/1.00017 (1.00001)?
8 = 8

VL2 =0.039792.. . VL \?

which proves (3.37).
From (3.34) and (3.35), one may write

V& log? &, _ (1.00017 L)P2/?

< (1.00001 B2A)2 = 0.0136159 . .. LF2/2)\2
8 8w

which proves (3.38) and completes the proof of Lemma 3.18. O

Lemma 3.19. Let N be a shc number tending to infinity. There is a positive
number a such that

log d(N)

Tog 2 =li(log N) + O((log N)e~Vicgloe Ny, (3.41)
o

Let n be a number tending to infinity. One has

log d(n)

Tog 2 < li(logn) + O((logn)e~Vicelogny, (3.42)

Proof : These results are due to Ramanujan, cf. [24, Section 1 and Section
39]. Equation (3.41) follows from (3.36), (3.33), (2.16) and from the prime
number theorem under the forms (z) = z + O(ze~*VI8%) and 7(z) =
li(z) + O(we~Viog™),

By observing that the function ¢ — li(t)+ Ate~*V1°8% is concave for ¢ large
enough, one deduces (3.42) from (3.41) and from Lemma 3.17. O

3.8 Estimates of shc numbers under the Riemann
hypothesis

Lemma 3.20. Let N be a she number > N(©) (defined by (3.23)) with €;, &
and & defined in Definition 3.9. Then, under the Riemann hypothesis, with
B2 and B3 defined by (1.2), we have

—2.92 L% < € — L <0.0266 \2 VL, (3.43)

—1.71 L2271 < gy — LP2 < 0.0156 L2712 )2 (3.44)
—0.0143 LP2/2)\2 < 0(&,) — L7 < 0.0141 LP2/2 )2, (3.45)
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—0.0245 L72/2 X < 1i(0(&2)) — li(L7?) < 0.0242 LP2/2 ), (3.46)
L LP21/2
for2 <k <3, \/—;—1.461 — < Ve \£+002 (3.47)
A A log" ¢
0(&) + L2 +0.61 L% < L <O(€)+ L7 +1.872 L%, (3.48)
B2 B3 B2 0.61 LPs
i(L) — = — 1.873%— <li <SUH(L) - = - :
(L) — 5 = 1.873—— < 1(0(¢) <L(L) - = : (3.49)
and S S(L
<§> - (2)‘ <0.12L°712, (3.50)
log® & A

Proof: As (5 exceeds 1/2, from (3.34) and (2.8), it follows that, for N large
enough, L =log N > £(N) holds. But, £72 is smaller than /€ log? £/(8) for
¢ < 10%* and we have not been able to replace the upper bound of (3.43) by
0.

From Lemma 3.12, £ > £ holds and, from (3.21), (3.33), (2.8) and (3.37),
one has

VElog® ¢

L > 0(6) +0(&) > § - o

+0(&2)
> € —0.0398 VLA2 +0(&).  (3.51)

But & > & holds, and from (3.22), (2.4), and (3.34), we get

0(&5) > 0.9927 & > 0.9927 x (0.99949 L)% > 0.9924 L7

B2—1/2

:0.9924\fLA2(L = ) (3.52)

From (1.19), the above parenthesis is > (32 — 1/2)%¢?/4 > 0.013334, which,
from (3.51), shows that

L — &> (—0.0398 4 0.9924 x 0.013334)VLA? = —0.0265673 ... VLA

and yields the upper bound of (3.43).
Furthermore, one writes

L <6(8)+0(&2) +1.362&3 from (3.33)

<€+ 0(8)VE(log?€)/ (87) from (2.10)
+&(14+n+1.362&5/&2) from (2.2)

< €4 0.03985(6)VL N2 from (3.37)

+(1.00017 L)#2(1 + 1 + 1362 /¢{) from (3.34)

=&+ (0.0398 6(£)A?/LP2~1/2 4 1.0596 . ..) LP=.

If £ < 10! then (2.9) yields 6(£) = 0 so that
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L<&E+1.06L%. (3.53)

If £ > 1019 then (2.9) implies 6(¢) < 1 and, from (3.34), L > 10*°/1.00017.
Thus, as the function ¢ — (log®t)/t2~1/2 is decreasing for t > 2 x 10,

0.0398 log?(10'%/1.00017)
(1019/1.00017)P2—1/2

L—¢<L? <1.06 + ) =2.911556... L7

which, together with (3.53), proves the lower bound of (3.43).

For t > 0, from the concavity of ¢ — (1 + t)ﬁ2 for 0 < t < 1, one has
(1+1)P2 <1+ Bot, which, with (3.13) and (3.43), yields

0.0266 X2\ 72 0.0266 Bo\2
:52<L52(1+) <Lﬁ2(1+2 ),
@ =8 \/Z \/Z

which proves the upper bound of (3.44) since 0.0266 52 = 0.015560002. . .
Let

2.92 2.92
h= fig Sho= 15 = 000139, (3.54)
0
and B
1— (1 — ho)?
b= L= (1=ho)™ < 0.5852.
ho

From (3.43), it follows that £ > L(1 — k) holds. From the concavity of ¢ —
(1 —1t)P2 for 0 <t < 1, one has
& > LP2(1—h)P2 > LP2(1 - bh)
> [P2 —0.5852 x 2.92 L?F2—1 = [Pz _ 1708784 [2F=~1,
which proves the lower bound of (3.44).
From (2.8) and (3.38), one deduces

—0.0137L2/202 < 0(&,) — €9 < 0.0137 LP2/2)2. (3.55)

With the lower bound of (3.44), one gets

0(&2) — LP2 > —1.71 L%~ _0.0137 LP2/2)\2

1.71
— _71B2/2)2 s
= —LP2/2) <0.0137+L1352/2 )\2>
1.71

1-3B2/2
Ly 2% 32

> —LP2/2 \2 (0.0137 +
0

) = —0.0142271 ... L7/2 )2

which proves the lower bound of (3.45).
To find an upper bound of (3.45), from (3.55) and (3.44), one gets
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0(&,) — L2 < L2202 U (3.56)
with
0.0156 0.0156
U = 00137+ 5757 < 0.0137 + Rz —=0.0140411 ...,

which, from (3.56), proves the upper bound of (3.45).
From the upper bound of (3.45) and (2.16), one gets
0.0141 LP2/2)2
BaA

which proves the upper bound of (3.46) since 0.0141/82 = 0.0241041 . ..
From (3.52), one has 6(£3) > 0.9924 L% > L2 /1.008 and (3.24) yields

li(A(&2)) < li(LP2 +0.0141 LP2)?%) < 1i(LP2) +

log 0(&2) = (B2 — 1og 1.008/A)A > (B2 — log 1.008/Ag)A = 0.5845 X, (3.57)

If 0(&) > L7 then L(A(&)) — li(LP?) is positive and the lower bound of
(3.46) clearly holds. If 0(&5) < LP2 then (2.13), (3.57) and (3.45) give

LP2

dt _ LP2 —0(&) _ 0.0143 LP2/2 )2
Li(LP2) — 1i(0 = < <
(L) = 1i(0(62)) /H(&) logt ~ logf(&) 0.5845 A

which, from (3.45), proves the lower bound of (3.46) since 0.0143/0.5845 =
0.0244653 . . ..

From (3.43), one has ¢ < L(1+0.0266 \2/v/L) and, from the increasingness
of the function t — \/f/ logkt for ¢ > 10® and 2 < k < 3, one gets

1/2

VL (14 0.0266 X2/v/L 1/2
\/E < (1+ IVI) i <\£(1 0.0266A2) |
876 (A +1og (1+0.026632/vT) ) VL

By using the inequality /1 +¢ < 1+ ¢/2 valid for ¢ > —1, one has

T 01332 T 001 T
\/E gC(HOO?’SA)—\F OO33<\F+0.0133,
log"¢ A VL

TOF T SOE
which proves the upper bound of (3.47).
To prove the lower bound, from (3.43) and (3.54), we write £ > L(1 — h)
so that we have

VE . VIVI—h >\E\/17h
loghe = (A+log(L—h)k = A7
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From (3.54), h < hg holds and, by setting b’ = (1 — (1 — ho)*/?)hg < 0.5002,
the concavity of t +— /1 — ¢ yields

VE VI, VI Lo
> —(1-bh)> — —(0.5002 x 2.92) ————
logh ¢ \F ( ) Ak ( % ) AF
VL LP2=1/2

which completes the proof of (3.47).

From (3.22), one has & > &7 > 2090, & > ¢\ > 376, from (2.4),
0(¢3) > 0.9629 &5, 0(&4) > 0.9134 &, and, from (3.13) and (3.34),

0(£3) = 0.9629 x (0.99949 L)+ > 0.9626 L

and
0(&4) > 0.9134 x (0.99949 L)%+ > 0.9132 L+,

Therefore, from (3.33) and (3.45), one gets

4
L>3°0(6) > 0¢) + L7 — 0.0143 (LP/2)\?
=1

+0.9626 L7 +0.9132 L% = 0(¢) 4+ L +0.6106 L7 + L2/ ®())

with @ defined in (2.31). From Lemma 2.10, $()) is positive, which proves
the lower bound of (3.48).
From successively (3.33), (3.45) and (3.34), one has

L—0(§) <0(&) +1.362&;3
< L7 +0.0141 LP2/2)2 4+ 1.362 x 1.00017% LPs

0.0141 A2
8 8
<L+ 1P (1.363+ LBHM).

But, from (1.19), A\2/LP=F2/2 < 4e72 /(B3 — 32/2)? < 36.05 and 1.363 +
0.0141 x 36.05 = 1.871305, which completes the proof of (3.48).

From (3.48), we have 6(¢) < L — L?2 — 0.61 L”* and the upper bound of
(3.49) follows from (2.16).
To prove the lower bound of (3.49), we set h = LP2 4 1.872 L%. One has

1.872 1.872
h=L" (1 + W) <L (1 + W) < 1.082 L7 (3.58)
0

and
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1 1.872 1 1.872 L
L=h=1L (1 T iE L1Bs> > L (1 L Léﬁ-*) ~ 1.000517...

Let us set ¢ = L/1.0006 so that L — h > ¢ holds. We have

log? e AT (| log10006\® - LXN* [ 0.0006)* _ L\*
& €= 1.0006 A ~ 1.0006 o ~1.0007

and, from (3.58),

h? 10007 x (L082)°L*% _ 0.5858 L2

2clog?c 2L )2 o L )2
B 0.5858 LPs < 0.5858 LPs < 0.00035 LA
T\ \LBs—26241 | ) Ao L53*252+1 A Y :

Now, from (3.48) and (2.16), we deduce 6(§) > L — h and

h B2
i(6(¢)) > li(L —h) > (L) — ~ —
HeeN = K ) 2 1) A 2clog?e
Pa Bs
> i(r) & - QOO ) g LEDRIR

which proves the lower bound of (3.49).

Lemma 3.12 implies € > £©. As N > N©) is assumed, L > L follows,
so that, from (3.21) and (3.24), min(¢, L) > min(¢®), Ly) = ¢€© = 108 4 7.
Moreover, (3.34) yields min(¢, L) > 0.99949 L. Applying (2.23) gives

S(&)S(L)‘ €—LI  _oaq /6= Ll
log?¢ A% | V099949 L N

By (1.19), A\2/LP2=1/2 < 4e=2/(By — 1/2)? < 75 holds, which from (3.43)

implies

(3.59)

—2.92 L% < ¢ — L <0.0266 \*VL < 0.0266 x 75 L = 1.995 172

so that |€ — L] < 2.92 L% holds. As 0.041 x 2.92 = 0.11972, with (3.59), this
completes the proof of (3.50) and of Lemma 3.20. O
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4 Proof of Theorem 1.1

4.1 N 1s shc

As in Sections 3.7 and 3.8, we use the notation L = log N, A = loglog N,
Lo =1log N and \g = loglog N (cf. (3.24)).

Proposition 4.1. Let N be a shc number, F' be defined by (1.7), R by (1.3)
and By by (1.2). Then, under the Riemann hypothesis, for N > N©) defined
by (3.23), we have

log d(N) VL LPs
=Rk SAVAP - - . .
og 2 F(L) — R(L) — 5.12~ 7+ 1.51 3 (4.1)
and
log d(N) 25.3vL  1.45LPs
—_— > — — — . .
g 2 F(L) — R(L) 33 . (4.2)

Proof : Defining £ = &£(N) and & = & (N) by Definition 3.9, from (3.36),
one has ) 5
logd(N LPs
——= K . .
g2 S m(§) + Bom(&2) \

From Lemma 3.12 and (3.21), &£ > ¢ > 108 holds, so that (2 41) and (2.53)
imply (€) = (8(€)) — A() < 1(8(€)) — R(€) — 5.12//&/ log” €. From (2.44),
A(&) is positive, which, from (2.41), implies 7(&2) = li(0(&)) — A(&2) <
1i(#(&2)). Therefore, from (1.3), one gets

log d(N) < C2V/€ S(¢)  5.12y€ LPs

Tog 2 < Li(0(¢ o?e log?f  Togc +321i(6(&2))+1.604 T (4.3)
From (3.49), (3.46), (3.47) and (3.50) we deduce

logd(N) _ . LP: g 2VL S 5.12VL

Olmg2)<h(L)_A+62h<Lﬂ>_ JEE §2) o T8

with
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2 x 1.461 LB2—1/2
)\2
5.12 x 1.461 LA2—1/2 LPs
1.604
+ e + B
0.0242 3 A2 2.922/X\ + 0.12 X + 7.48032/A\2 L/
LB3—B2/2 [B3—B2+1/2 A

0.0242 3, )\% 2.922/Xg +0.12 Xo + 7.48032/)\(2) LPs
Lﬁs*ﬁz/Q Lﬁs*ﬁfrl/? A
0 0

0.61L°s

0.12 LP>—1/2
3 +

B = +0.0242 B L2/ \ +

= <0.994 +

< (0.994 +

L53
=1.50193... —
)\ )

which, together with (1.3) and (1.7), proves (4.1).
To prove the lower bound (4.2), from (3.36) and (2.41), one gets

AN - (o) — A©) + B (0(62) — PaA(Ea) +0.99072

log 2
First, from (2.53), (1.3), (3.47) and (3.50), one has

2 S 25.3
A(6) < \ég + (? + 3\/5
log“¢  log“& log” &
24/L S(L)
v +0.04 + v
25.3V'L 0.546 \ 0.12 ) LPs
+ A3 B3 + [B3—PB2+1/2 T

25.3v'L 0.546 X\ 0.12 ) LPs
A3 Lgs L537ﬁ2+1/2 DY

25.3vL LPs
A;F +0.00986633 . ..

< +0.12 L5712 4

- 4+ 0.506

25.3vVL
/\3

= R(L)

< R(L) +

=R(L)+

(4.5)

After, from (2.45), (3.13), (3.34), (3.35) and (3.24), we have successively

5.07 1.00017P2/2\ [P=/2
B2 A(&2) < 5-07521 Ve < ( Pz x )

og2 & (0.9997 52)2 A2
s B3 B3

Finally, (4.4), (3.49), (4.5), (3.46) and (4.6) yield

25.3VL
>\3

logd(N)  yy(p) — % + B2 li(L7) — R(L) —

B/
log 2 *
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with
LB?,
B’ = (~1.873 — 0.0099 — 0.05 +0.9997) =~ — 0.0245 By LP2/2 )
A2 LPs

Y LPBs LBs
> —(0.9332 4+ 0.024582 ———— | — = —1.44188...
+ B2 Lg3*52/2 A A

which, with (1.3) and (1.7), completes the proof of Proposition 4.1. O

Corollary 4.2. Let n be an integer > N defined by (3.23). Then, under
the Riemann hypothesis, (1.8) holds.

Proof : From Proposition 3.11, there exists two consecutive shc numbers
N’ and N satisfying N(©) < N’ < n < N with d(n) < d(N) < 2d(N’). From
(2.34), let us set

Hy(t) = H(2,5.12,1.51,t) = F(t) — R(t) — 5.12v// log® t + 1.517 / log .

Note that, from Lemma 2.11 (iii), H;(¢) is increasing for ¢ > 12. From (4.1),
one deduces
!
log d(n) < log d(N) <1 log d(N”)
log 2 log 2 log 2

<1+ Hi(logN') <1+ Hy(logn).

But

151log”n  log™n (1 514 log logn>

loglogn ~ loglogn log™ n
log"* log log N'©) log"”*
< %" oglos N :1.5188...M7
loglogn log?s N(0) loglogn
which ends the proof of Corollary 4.2. O

It remains to consider the numbers n satisfying n < N(©). For that, we
start by proving the following lemma.

Lemma 4.3. Let us introduce the shc number

19 179
N® = Nog2)/ 105170 = 2'°3°547% T p* [ p=1.049597...10%. (4.7)
p=11 p=23

For N® < n < NO | the function Gy defined in (2.33) satisfies

loicgl(;) < G1(logn) = F(logn) — W (4.8)
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Proof: Note that, from Lemma 2.11 (ii), the maping ¢t — G1(t) is increasing
and concave for ¢t > 1. So, if V and N are two consecutive shc numbers such
that (logd(N))/log2 < Gi(logN) and (logd(N))/log2 < Gi(logN), we
may apply Lemmma 3.17 to prove (4.8) for N < n < N.

Therefore, one computes the difference G (log N)— (log d(N))/ log 2 for all
shc number N satisfying N® < N < NO_ Tt turns out that this difference
is negative for N = N(?) but positive for all shc number N satisfying N©) <
N < NO where N® = 181N® is the shc number following N and,
consequently, for all n’s satisfying N®) < n < N©),

Now, we have to look at the n’s satisfying N(?) < n < N®). For that, we
consider the hc numbers M; between N ) and N®). The 1125-th he number
is My195 = N® while M6 = N®). For j satisfying 1126 < j < 1161, we
check that the difference Gi(log M;) — (logd(M;)/log?2 is positive, which,
from Lemma 3.14, proves (4.8) for My106 < n < N3,

It remains to prove (48) for M1125 = N(z) <n< M1126 = 4M1125/3.
We apply Lemma 3.16 with N = N®), ¢ = (log2)/log179, j = 1125,
f = G1. We have Gy(log My125) = 49.928530... < logd(Mi125)/log2 =
49.928564 ... < Gi(log M1126) = 49.94718... The number p such that
Gi(log ) = (logd(Mi125)/log2 is equal to exp(193.46573...) and, if n €
(Mi125, M1126) is a number satisfing (logd(n))/log2 > Gi(logn), from
(3.30), its benefit would satisfy

beng(n) < logd(N) — (log 2)G1 (log Mi125) + e(log i — log N) = 0.0000471 . ..

Such a number n does not exist, since the number v € (Mj225, M1126) With
the smallest benefit is v = (181/179)N ) and ben,.(v) = 0.0148.. . .. O

4.2 Proof of Theorem 1.1 (i)

It is convenient to introduce, from (2.34),

Vit 1.52¢Ps
Ho(t) = H(2,5.12,1.52,t) = F(t) — R(t) — 5.12 ——— )
olt) = H(2,5.12,152,t) = F(t) = R() = 5.12 3 + =0

(4.9)

Note that, from Lemma 2.11 (iii), Ho(¢) is continuous for ¢ > 1 and increasing
for t > 12.

For n > N(9 (1.8) has been proved in Corollary 4.2. For N®?) < n < N(©)
from (4.7) and (3.24), we have 193 < logn < 1.1 x 108 so that, from (1.6) and
Lemma 2.8, Hy defined in (4.9) and G; defined in (2.33) satisfy Hy(logn) >
G1(logn), which, from Lemma 4.3, proves (1.8) for N < n < N(©),

Now, we consider the hc numbers M; for 60 < j < 1125. We have Mgy =
183783600, Mg, = 245044800, Mi125 = N®). For each j, we compute the
difference Hy(log M;) — (log d(M;))/log 2. This difference is negative for j =
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60 but positive for 61 < j < 1125, which, by Lemma 3.14, proves that (1.8)
holds for Mg; <n < N@,

If n is a number satisfying Mgy < n < Ms; = 4Mego/3 and (log d(n))/log2 >
Hy(logn), we have

Ho(log Mﬁo) < (10g d(MGO))/IOgQ < Ho(log Mﬁl)

so that we may apply Lemma 3.16 with N = 367567200, ¢ = (log2)/log 17,
j = 60, f = Hp. The number p such that Hy(logp) = (logd(Meo))/ log2
is equal to exp(19.0876...) and, from (3.30), the benefit of such an n would
satisfy

ben.(n) < logd(N) — (log 2)Hy(log Meo) + e(log 1 — log N) = 0.0442 . ..

There is only one number between Mgy and Mg, with a benefit < 0.045,
namely v = 205405200 = 19 Mgo/17. But, (logd(v))/log2 = 9.9068... <
Hy(logr) = 9.9293... which completes the proof that Mgy = 183783600 is
the largest number that does not satisfy (1.8).

4.3 Proof of Corollary 1.2

4.3.1 Proof of (1.10)

Let
(2—7)Vt 512yt 1.52t8

log? ¢ - log® ¢ logt.

From (1.6), the inequality Ga2(t) > Hy(t) (defined in (4.9)) holds for ¢ > 1.
Therefore, (1.10) follows from (1.8) for n > Mgy = 183783600.

Note that, from Lemma 2.11, G5(t) = G(2 — 7,5.12,1.52,t) is increasing
for ¢ > 12. We have Mss = 122522400, Myy = 147026880 = 6 Mss /5. The
difference Go(log M;) — (logd(M;))/log?2 is positive for j € {59,60} but
negative for j = 58 so that, from Lemma 3.14, (1.10) holds for n > Mse.

Assume that n satisfies Msg < n < Msg and Ga(logn) < (logd(n))/log 2.
We should apply Lemma 3.16 with N = 367567200, ¢ = (log2)/log17, j =
58, f = G2 and get log u = 18.653 ... and

Gaolt) = F(t) — (4.10)

ben.(n) < logd(N) — (log 2)Ga(log Mss) + e(log p — log N) < 0.0347 ...

But there is no number between Msg and Msg with a benefit < 0.04, which
completes the proof that Msg = 122522400 is the largest number not satis-
fying (1.10).
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4.3.2 Proof of (1.11)

Let G3(t) = li(t) + B2 1i(t#2). For t > 1, this function is increasing and, from
(1.6), R(t) > 0 holds, so one has

th2 512yt 1.52tPs ths
- - 3\[ < Gs(t)+
logt log’t logt logt

Hy(t) = G3(t)—R(t) (1.52—tP2=Fs)

which, for ¢t > (1.52)Y/(F2=8s) = 11.75. .., yields Hy(t) < G3(t). Therefore,
from (1.8), (1.11) holds for n > 183783600.

Then, one computes the difference G3(log M;) — (log d(M;))/ log 2 for the
hc numbers M satisfying Mg = 24 < M; < Mgo = 183783600. This dif-
ference is negative for j = 6 but positive for 7 < j < 60, which, from
Lemma 3.14, proves (1.11) for n > M7; = 36. We could apply Lemma 3.16
to check that 24 is the largest exception to (1.8) but it is easier to compute
Gs(logn) — (logd(n))/log2 for 2 < n < 35 in order to find the integers not
satisfying (1.11).

4.3.3 Proof of (1.12)

From (4.10) and (1.7), we get

1P (2 —7)t1 /2B 512¢1/2-6s
Gy(t) — F(t) = 1.52 — .
o(0) - P = o (102 - [ B2 5

From (1.18), the above square bracket is increasing in t for ¢ > 101 >
exp(2/(1/2 — B3)) and exceeds 1.52 for ¢t > 1.56 x 10'7. Therefore, from
(1.10), (1.12) holds for n > exp(1.56 x 1017).

From Lemma 4.3, for N < n < N we also have G;(logn) < F(logn),
which, from (4.8) implies (1.12) for N < n < N(©),

Next, we compute the difference F'(log M;) — (logd(M;))/log2 for the
hc numbers M; satisfying My = 4324320 < M; < Miios = N®@ | This
difference is positive for 45 < j < 1125, which, from Lemma 3.14, proves
(1.12) for Mys <n < N and is negative for j = 44.

If n is an integer such that My < n < Mys = 6486480 = 3 My,/2
and not satisfying (1.12), we apply Lemma 3.16 with N = 4324320, ¢ =
(log(4/3))/log3, j = 44 and f = F. We find log u = 15.364 ... and

ben.(n) < logd(N) — (log2)F(log My4) + e(log u — log N) = 0.0463. ...

But there is no number between My and Mys with a benefit < 0.05, which
completes the proof of (1.12).
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4.3.4 Proof of (1.13)

From Lemma 2.8 and (4.9), for ¢t > 1.11 x 10%°, we have

1.52¢% 512/t
) Hy(t)

FUo) — R() = Ho(t) — (Fa = T
which, from (1.8), proves (1.13) for n > exp(1.11 x 10%0).

From (1.6) and (2.33), for ¢t > 1, we also have F(t) — R(t) > G1(t), which,
from Lemma 4.3, proves (1.13) for N? < n < N(©),

For t > 12, from Lemma 2.11 (iii), the mapping ¢t — F(t) — R(t) =
H(2,0,0,t) is increasing and continuous. So, we may apply Lemma 3.14 to
the hc numbers M]’ satisfying M975 = N(l) < Mj < M1125 = N(Q) We
compute the difference F(M;) — R(M;) — (log d(M;))/log 2. This difference
is positive for 976 < 7 < 1125 and negative for j = 975, which proves (1.13)
for Myzg = 4N /3 <n < NO),

if n were a number between My7s and Mgz not satisfying (1.13), Lemma
3.16 with N = N ¢ = (log2)/log157, j = 975 and f = F — R. would
yield logp = 172.915... and ben.(n) < logd(N) — (log2)(F(log My4) —
R(log My4)) + e(log . — log N) = 0.000742... But, there is no number be-
tween Myrys and Mg7¢ with a benefit < 0.005, which completes the proof of
(1.13) and of Corollary 1.2.

4.4 Proof of Theorem 1.1 (i)

In this section, we assume that the Riemann hypothesis does not hold, i.e.
that © = limsup R(p) when p runs over the non-trivial zeros of the Riemann
¢ function satisfies 1/2 < @ < 1. We shall use the following upper bounds
(cf. [13, Theorem 30] or [10, Théoréme. 5.10] or [9, Theorem 5.10]:

m(z) = li(z) + O(z® log x) (4.11)

and
0(z) = (x) + O(Vx) =z + Oz log? z). (4.12)

For A(x) defined in (2.41), we shall use the result of [27, Theorem 2]
Vw<O, Alx)=024(x*). (4.13)

As A(z) = 1i(f(x)) — 7(x) is constant between two consecutive primes, note
that (4.13) implies the existence of a sequence of primes (p;,);>1 tending to
infinity such that, for w < 6,

lim A(p,;)/py. = —o0. (4.14)
j—o0 J
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Let us consider, for j fixed, the shc number N, with ¢ = (log2)/logp;,.
From Definition 3.9, we have £ = {(N) = ol/e = pr; and & = £Px . Using the
notation L = log N, from (3.34), one has ¢ < L and, for k fixed, &, < LP*.
As B3 < 1/2 holds, (3.33) implies

0(¢) =L —0(&) + O(VL). (4.15)

We distinguish two cases : © > 2 and 1/2 < O < s :

First case : © > fB,. We have (&) < L”? and (4.15) yields 6(¢) = L +
O(LP?), which from (2.16) implies

li(A(€)) = li(L) + O(LP2). (4.16)
On the other hand, from (3.36), (2.41) and (4.16), we get
(logd(N))/log2 = (&) + O(L™) = li(0(€)) — A(§) + O(L™)
=1i(L) — A(6) + O(LP2).  (4.17)

Choosing w such that 8 < w < 60, as & = {(N) = p,,, (4.17) and (4.14)
contradict (1.8) with n = N for j large enough.

Second case : 1/2 < O < 2. As © < 3/5 holds, from (4.12), we have
0(¢) = &€+ O(£3/°), which, from (4.15), yields £ = L + O(L?/®) and

G=e"=1"(1+0 (1/L2/5))ﬁ2 = L2 + O(LP~2/%), (4.18)
From (4.12) and (4.18), one gets
0(&) = & +0(&”) = 17 + O(VI)
so that (4.15) gives 0(¢) = L — L2 + O(v/L) and (2.16) implies
li(0(€)) = li(L) — L2 /log L + O(VL). (4.19)
Then, from (4.11), (4.18) and (2.16), one gets
m(&) = 1i(&) + 0(E5%) = (L) + O(VL). (4.20)
Finally, from (3.36), (2.41) and (4.19),
(log d(N))/log 2 = m(€) + fam2(€2) + O(VL)
=1i(0(€)) — A€) + fama(&2) + O(VL)

=1(L) — LP2/log L — A(§) + B2 li(L??) + O(VL)
= F(L) - A(&) + O(VL). (4.21)
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Let us choose w between 1/2 and ©. As £ is equal to p,; and § < L, (4.14)
and (4.21) contradict (1.9) with n = N for infinitely many values of j.

4.5 Proof of Theorem 1.1 (iit)

If the Riemann hypothesis is true, then, from Proposition 4.1 (4.2), then (1.9)
holds for all shc numbers N > N(©),

Note that, by revisiting the proof of Proposition 4.1 with the upper bound
(2.54) instead of (2.53), it is possible to prove

VL _logd(N) VL
80l < ————~ — - < —7.99-— :
SOy < “pog — F(D) — R(L) < 7995 (4.22)

for N shc large enough.

If the Riemann hypothesis is not true, then, in the first case of the proof
of Theorem 1.1 (ii), (4.17) and (4.13) imply, for f2 < w < O,

(logd(N))/log2 =1i(L) + 24 (L*). (4.23)
Similarly, in the second case, with 1/2 < w < ©, (4.21) and (4.13) imply
(logd(N))/log2 = F(L) + 2, (L*) (4.24)

for 1/2 < w < ©. In both cases, (4.23) or (4.24) proves (1.9) for infinitely
many shc numbers.
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