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C eriodic

e A vector is said rationally independant if

cture in finite
dimension

vme z°\ {0}, (m;w)#0.

S e A vector w € R? is said diophantine, denoted by w € DC(K, 7) if
vme s, |(miw)| >
|m|

The Schrédinger
equation

Rk. These sets are « large » for the Lebesgue measure.

We will take w € DC(K,,,T)

Application. Ergodization time.

Christophe Fiszka (Institut Mathématique de Jussieu)  Small divisors for quasiperiodic linear equations 3/16



Small divisors for
quasiperiodic
linear equations

Quasi-periodic functions

Christophe
Fiszka

Diophantine numbers

Quasi-periodic
function

Lot et e e A function f is quasiperiodic if 3w € R and F € C°(T9, R")
o such that

f(t) = F(tw) = F(tws, twa, . . ., twy).

The cohomological
equation

Examples of
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Quasi-periodic

- e A function f is quasiperiodic if 3w € R? and F € C°(T9, R")
dimension Such that
f(t) = F(tw) = F(tw1, twz, . . ., twy).

e We consider the skew-product

ng;;’lmmm( X/ ( [‘) = F(p)X( t)
S with  F e C7 (T9 Mp(R)) .

o= w

e Example. The SCHRODINGER equation with quasiperiodic potential.

Remark. X is the fondamental matrix.

Christophe Fiszka (Institut Mathématique de Jussieu)  Small divisors for quasiperiodic linear equations 4/16



Small divisors for
quasiperiodic

linear equations Red u C i bi I ity

Christophe
Fiszka

Diophantine numbers

Quasieriodic e Sy and S; are conjugated if 3 Y € C7 (T, G) such that
- oY =(VY,w)=FRY-YFR (R)
S e A system is said reducible if it is conjugated to a constant system
.Y =FY—YA, Acg
cauanon ! e [f two systems are conjugated : Xi(t) = Y(tw)Xa(t),
e Reducibility implies FLOQUET solutions.
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Quasi-periodic
function

S1 and S are conjugated if 3 Y € C7 (T9, G) such that

Local picture in finite
dimension

oY =(VY,w)=FRY-YFR (R)

A system is said reducible if it is conjugated to a constant system

The cohomological
equation

9.Y=FY_YA  Acg

The Schrédinger

cauaton If two systems are conjugated : Xi(t) = Y (tw)Xo(1),

Reducibility implies FLOQUET solutions.

= All the systems are reducible ?
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Diophantine numbers

ussi e e Sy and S; are conjugated if 3Y € C?2 (Td, G) such that
dimension au.z Y = (v YY w) = F1 Y — YFZ (R)
L e A system is said reducible if it is conjugated to a constant system

reducioity resuts 0.Y =FY — YA, Acg.

The Schrédinger
equation

If two systems are conjugated : Xi(t) = Y (tw)Xo(1),
Reducibility implies FLOQUET solutions.

= All the systems are reducible ?

= What can be said in the perturbative case A + = (tw) ?
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Local picture

X' (M + F)X with |F|,:= sup |F(2)]

S Sm(z)|<r
)= w w € DC(K., 7)

We can check in many cases (when the group is compact)

e Thereis eo(r,w, ||All2, p) such that if |F|, < &g :
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Local picture in finite
dimension

The cohomological
equation
Examples of
reducibilty results

The Schrédinger
equation

Local picture

X = (MA+F)X with |F|,:= sup |F(2)
S Sm(z)|<r
= w w € DC(K.,,T)

We can check in many cases (when the group is compact)

e Thereis eo(r,w, ||All2, p) such that if |F|, < &g :

© Almost all the system are reducible,
® For every ), there is Gs-dense of non reducible systems.

Christophe Fiszka (Institut Mathématique de Jussieu)  Small divisors for quasiperiodic linear equations

6/16



Small divisors for
quasiperiodic
linear equations

Christophe
Fiszka

.. The Newton-K.A.M scheme

scheme

What does mean K.A.M ?
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Principle in the perturbative
case

e Step 0. We start with the system
aXi(t) = (A + Fi(p)Xi(t), ¢ =w, Fi«small».
e Step 1. Find a conjugate Y; such that X> = Y7 X; and
IXa(t) = (A2 + Fa()) Xa(1), | Fall < [[F+ll-
e Step j. And so on to cancel the perturbation...
Which implies
® Solve . Yiur = (A1 + Fjua) i = Y (A + ).

n
¢ The convergence of the product [[ Y] = Y ~ .
j=1
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How to solve (R) ?

Ao+ Fo =0, Y4 Y+ Ad(Y)(A + Fy)
4 Yi=e" ~L+Y
Az =8, (lp— Y) + (id + ad(Y))(Ar + F)
I
0.Y — A1, Y] = A — A — Fy
v Az = A + F1(0)

9.Y = [Ar, Y] + Fi — F1(0)
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penninenumees - The simplified linearized equationis 1y € T — C

Quasi-periodic
function

Local picture in finite

retier duy =ay +f with o € Sp(ady).

T e This equation can be solved in Fourier series, n € 7
Examples of
reducibility results iy
- f(n)
n=-————/—
The Schrédinger 'y( ) i (n; w) —

equation
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e The simplified linearized equationis: y € T +— C
function

Local picture in finite

dimension Owy =ay+f with ae€ Sp(adA/.).

The cohomological e This equation can be solved in Fourier series, n € 7

equation

Examples of

~
reducibilty results

7 =

The Schradinger i (n; w) — O(.

equation

e We need the diophantine conditions :

Ii(n; w) - O“ = ‘n‘q—
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[Proposition (Resolution of the linearized equation).]

Diophantine numbers

!ﬁﬁ?‘,ii“;‘e”"”“e Let Ac gand F € C7 (T g). We suppose that
li(w;n)—al>=K-|n~".

The cohomological . d .

squaon Then there is Y € CZ (T, g) solution of

8.Y = ada(Y) + F — F(0)

|Flr
K(r —s)2"

The Schrédinger
equation

|Y|s<c with s<r

Remark. The conjugate is given by

A+eF 05 A+ 2F with Yi=e" ~ |+ O().
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Local picture in finite
dimension

A—p¢iR*  with X pu e Sp(A).

The cohomological
equation

Eilipto e By withdrawing a small set of parameter

reducibilty results

The Schrodinger Qj-|-1 = Q] \ {w . adAj 4 DCw(’<j77')}

equation
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Quasi-periodic

function e By a choice of the matrix A
Local picture in finite
dimension

A—p¢iR*  with X pu e Sp(A).

The cohomological
equation

SEEG e By withdrawing a small set of parameter

reducibilty results

The Schriinger Qj+1 = Q] \ {w . adAj 4 DCw(’<j77')}

e By conjugating far from identity

Yitlb+0(g) and  [[Fusll < |IFl.
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If the real part of the eigenvalues of A are different and if ¢ < ¢*
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Let Ac gand F € CA(T, g).
j)‘jgap"rf e b Theorem (If we choose A).}

functior
Local picture in finite

densen If the real part of the eigenvalues of A are different and if ¢ < ¢*
then the system is C),-reducible.

The cohomological
equation

Examples of
reducibility results

= If Gis compact? g = sop, or u, ?
The Schrédinger
equation

~ Theorem (If we choose w). ] .

There are . and a CANTOR set I1. C [0; 1]¢ of large measure
Leby ([0; 119\ M.) < "

such that if w € N, and ¢ < ¢, then the system is reducible.
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functior

u(t,x) teR, xeT
Local picture in finite

e iy = Au+eP(tw,x)u
We study the growth of the SOBOLEV norm

The cohomological

equation 1
Examples of 2 ’
reducibility results 7

/ Y:iT" 5 C [ Gllesemy = | > (m)°lH(n)]
The Schrodinger nezm
equation

with (n) = (1 4 |n[?)"/2 . Then we get the system on ¢3(Z)
X' (iD+ F(p))X

o= w

S

with F TOEPLTIZ and D diagonal.
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e Infinite dimension for others systems ?
e K.A.M and the stability of the solar system.
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Conclusion

What can be said in the Lie group ?

Infinite dimension for others systems ?

K.A.M and the stability of the solar system.

Thank you for your attention

@ L.H Eliasson, Ergodic skew-systems on Td X SOz (R) et Almost reducibility of linear quasi-periodic systems.
@ Joaquim Puig, Reducibility of linear equations with quasi-periodic coefficients. A survey.
@ R. Krikorian, Réductibilité des systemes produit croisé a valeurs dans les groupes compacts.

@ C.Fiszka, Produit croisée ergodiques sur 19 x SOp(R) et x Up(C), preprint.
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