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The 1|1-supertransvectants are the osp(l|2)-invariant bilinear operations on weighted
densities on the supercircle S!!!, the projective version of R?!. These operations are
analogues of the famous Gordan transvectants (or Rankin—Cohen brackets). We prove
that supertransvectants coincide with the iterated Poisson and ghost Poisson brackets

on R?! and apply this result to construct star-products.

1 Introduction
1.1 The transvectants and linear Poisson bracket: Recapitulation

Consider the space, denoted by F;, of smooth (complex valued) functions on S! equipped
with the following SL(2, R)-action:

ax+b

><cx+ d), (1.1)

where x is the affine coordinate and A € C is a parameter. Note that the space F, is
naturally identified with the space of weighted densities of degree A (A-densities for
short) via ¢ = f(x) (dx)*; the action (1.1) is then the standard action of fraction-linear

coordinate transformations.
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Classification of SL(2, R)-invariant bilinear differential operators on S! acting in
the spaces F, is a famous classical result of the invariant theory. Foreveryk=1,2,3,...,

there exists the SL(2, R)-invariant bilinear differential operator
T o ® Fu = Fagpsk

given by the following explicit formula:

(20 +k—1\ /2 k-1 L
J;?'“(f,m:Z(—w( - )(“*. )f*”g“’, (1.2)

i+j=k J !

where f%(x) = % and (9) = w The operators (1.2), called transvectants, were
found in 1885 by Gordan [7]; for almost all (A, 1), these operators are unique SL(2, R)-
invariant bilinear differential operators on S' acting in the spaces F,. Note that one can
also assume A (half)integer and consider holomorphic functions on the upper half-plane
H.

Transvectants have been rediscovered by Rankin [21] and Cohen [1] in the theory
of modular forms and by Janson and Peetre [10] in differential projective geometry.
Zagier [23] (see also [17]) noticed the coincidence between the Rankin—-Cohen brackets
and Gordan's transvectants. It was shown in [4] that the transvectants are in one-to-
one correspondence with singular (i.e., vacuum or highest weight) vectors in the tensor
product of two Verma modules over sl(2, C).

The best way to understand the operators (1.2) is, perhaps, to rewrite them in
terms of the projective symplectic geometry, as in [19] and [20]. Consider the plane R?
with coordinates (p, q) and the standard symplectic form «w = dp A dq and the Poisson
bracket

OF 0G  OF 3G
{F.Gl= "> — — .

The symmetry group of linear transformations in this case is the group Sp(2, R) ~ SL(2, R).
It is easy to describe all the Sp(2, R)-invariant bilinear differential operators on C*(R?).
For every positive integer k, there exists a bilinear differential operator of order 2k given

by the differential binomial of the form

(k\ 3F dkG
Bi(F,G) = Z(—nl(.) o (1.3)
Ml 1) dptaq’ dplaq
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The operators By are, in fact, iterations of the Poisson bracket in the following sense.
Consider the operator B on C*(R?) ® C*(R?) given by
JF dG OF G

BF®G) =—Q — - — @ —
(F® G) 3p®8q 8q®8p

and the natural projection Tr(F ® G) = FG. Then obviously
By = Tro B*.

The expression (1.3) is, of course, much simpler than (1.2); in particular, it is
independent of A and u. Nevertheless, these operators coincide up to a multiple. Identify

the space F;(S') and the space of functions on R? \ {0} homogeneous of degree —2) by

) — Frip,@ = p? £(2), (1.4
so that the affine coordinate is chosen as x = q/p.

Example 1.1. (a) In the case A = —1, the above formula identifies the three-dimensional
space spanned by {1, x, x*} and the space of quadratic polynomials spanned by {p?, pq, ¢*};
this gives two realizations of s1(2): in terms of vector fields on S' and Hamiltonian vector
fields on R?, respectively.

(b) In the case A = —%, one identifies affine functions 1, x with linear functions
b.gq. O

The following observation was made in [19].
Proposition 1.2. One has: Bx(Fy, Fg) = k! F i r. ). O

A simple corollary of Proposition 1.2 is the fact that the operators (1.2) can be
used to construct an SL(2,R)-invariant star-product on T*S' (see [2, 18, 19] and [20]).
Another application of the same idea leads to a multidimensional generalization of the
transvectants as Sp(2n, R)-invariant bilinear differential operators on the sphere S?*~!,

see [20]. Simple expression (1.3) allows one to avoid any nontrivial combinatorics.

Remark 1.3. Formula (1.4) is somewhat mysterious, but it has a geometric sense. Every

vector field on S' admits a unique “symplectic lift” to a homogeneous Hamiltonian vector

0T0Z ‘¥'T 1800190 U0 naissnc SNig e 610°sfeuinolplojxo-uiwi Wwolj papeojumoq


http://imrn.oxfordjournals.org/

4 H. Gargoubi and V. Ovsienko

field on R? \ {0} and (1.4) is the unique lifting of weighted densities commuting with the
vector fields lift (cf. [20]). O

1.2 The 1]1-supertransvectants

We define the supercircle S'' in terms of its superalgebra of functions: CX(S') =
C2°(SY) [€], where & is an odd (Grassmann) coordinate, i.e., €2 = 0 and x£ = £x. In other

words, this is the algebra of polynomials (of degree < 1) in & with coefficients in CE"(SI):

where fy, fi are smooth functions on S*. The parity function o is defined for homogeneous

in & functions by setting o (f5(x)) = 0 and o (£ fi(x)) = 1.

The fractional-linear transformations

The action of the supergroup OSp(1|2) on S'! is given by the fraction-linear transforma-

tions

(x,) > (ax+b+y§ ax+,3+e$>

cx+d+88" cx+d + 8¢

wheread —bc—af =1, +2y8 =1,ae=aé — cy and fe=bs — dy (cf. [2, 16]).
We denote by F; the superspace of functions CX(S'!') equipped with the following
OSp(1]2)-action:

ax+b+yE ax+pB+et
cx+d+688" cx+d+6¢

flx,8) > f< )(cx+d + 88)72, (1.5)
where A € C is a parameter.

As usual, it is much easier to deal with the infinitesimal version of this action.
The action of the orthosymplectic Lie superalgebra osp(1]2) on S!'' corresponding to the

0OSp(1]2)-action is spanned by three even and two odd vector fields:

d d 1 0 d d
osp(1]2)y = Span <${ X— 4+ & —, x> — + x& —)

osp(1]2); = Span (D, xD),
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where

is an odd vector field satisfying ; [D, D] = Z%(
The action of osp(1]2) on F, corresponding to the group action (1.5) is easy to

calculate:

0 d 0
Ao A _ A _
LY = —, LX% _X—8X+A, szaiﬁxs% _X2—8X+X$ _8$'+2/\X’

(1.6)
LY =D, L., =xD+2)&,

which is nothing but the Lie derivative of A-densities (see, e.g. [3]).

Remark 1.4. Note that the odd elements D and xD generate the whole osp(1]2) so that an
operator commuting with the action of these two elements commutes with the OSp(1|2)-

action. O

We will also use the following odd vector field on S'!!

Ezi_éir

which defines the contact structure on S'!' since it spanns the kernel of the contact
1-form o = dx+ £ dég, see [3, 13, 16] (Manin [15] calls this vector field the canonical
SUSY-structure). (For an invariant description of the operators D and D, in physical
papers denoted by Q and D, respectively, see [22].) It is characterized by the relations for

the Lie superbrackets

d

[DIE]ZOI [51512__'
0x

1
2
An important property of D is that this vector field is invariant (up to multiplication by
functions) under the OSp(1]2)-action. In particular, one has [xD, D] = —£D.

Every differential operator on S!!' can be expressed in terms of D. For instance,
one has for the partial derivatives:
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6 H. Gargoubi and V. Ovsienko
1.3 Supertransvectants: An explicit formula

The supertransvectants are the bilinear OSp(1|2)-invariant maps J,?'“ P Q® Fu = Fagutk
where k = 0, %, 1, %, 2,.... The supertransvectants were introduced by Gieres and Theisen

in [6] and [5], see also [9]. Their (slightly modified) explicit formula is

JMf.9=Y ckD(HDY, 1.7)
i+j=2k

where the numeric coefficients are

, [2j+1+(—1)2k]
Czk,j — (_1)([%1]+j(i+a(ﬂ)) 1

[k] ) 20+ [k — 1]
(1.8)
+

where [a] denotes the integer part of a € R. It can be checked directly that these operators

are, indeed, OSp(1|2)-invariant.

1.4 Comments

It is an interesting feature of the supersymmetric case, that the operators labeled by
integer k are even, and by semi-integer k are odd.

The two first examples of the supertransvectants, namely for k = 1 and k =1,
play a particular role. These operations are not only OSp(1|2)-invariant, but also invari-
ant with respect to the full infinite-dimensional conformal Lie superalgebra K(1) (also
known as the centerless Neveu-Schwarz algebra); for a complete description of bilinear
invariant C(N)-operators for n = 1, 2, and 3 over contact vector fields with polynomial
coefficients, see [14] and [13]. The first-order supertransvectant J; is nothing but the
well-known contact bracket on S''. The odd supertransvectant Ji also belongs to the
list of invariant operators from [14] and [13], but this operator is much less known.
We will show that this operator defines a very interesting operation of “antibracket” on

the K(1)-modules of densities.
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1.5 The main results

The main purpose of this paper is to give an interpretation of the supertransvectants in
terms of the linear symplectic superspace R?! with coordinates (p, g, ) and the standard
symplectic form w = dp A dq+ dt A dt. This interpretation considerably simplifies the
explicit expression of the supertransvectants and their definition. It also allows one to
apply some algebraic constructions of Poisson geometry, as star-products and suggests
multidimensional generalizations of the supertransvectants.

The standard Poisson bracket on R?! is given by

dF 0G 9F oG 9F 0G
{F.G}l=— — = — — + — —.
op 0q aq dp dt It

(1.9)
Consider the space of functions on R?! with singularities at (p, q) = (0, 0) satisfying the
condition £(F) = 2 F, where

&= 8—i— a—l—ra
=P % T Tt

is the Euler field; such functions are called homogeneous of degree 2. This space is stable
with respect to the bracket (1.9), therefore, it is a Lie (but not Poisson) superalgebra. This
is nothing but the conformal superalgebra (1).

We introduce one more, odd, operation on C*(R?1):

9F 3G dF 3G
), (1.10)

OF 9G
F,Glopp = — E(G) — (-1 P g(F) — i A
{ }gPb 3 (G) —(-1) ( )at +1 op 34 3q 3p

where o is the parity function. We call it the ghost Poisson bracket.
We will study the geometric and algebraic meaning of operation (1.10). Its crucial

property is K(1)-invariance.

Theorem 1.1. The ghost bracket (1.10) is invariant with respect to the action of the

conformal algebra C(1). 0

It turns out that the Poisson bracket restricted to the homogeneous functions

coincides with the supertransvectant J;, while the ghost Poisson bracket coincides with
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J; In the framework of deformation quantization, we will consider “iterated” Poisson

brackets (1.9) and (1.10).

Theorem 1.2. The supertransvectants J; with integer k coincide with the iterated
Poisson bracket (1.9), while those with semi-integer k are obtained by the iteration of
(1.9) with (1.10). U

To the best of our knowledge, operations of type (1.10) have not been studied (see
[12] for a survey of algebraic structures in Poisson geometry and [14] for that in super-
geometry). Note that (1.10) is not invariant with respect to the full Poisson superalgebra
(C=®21),{, }).

1.6 Open problems

Grozman, Leites, and Shchepochkina listed all simple Lie superalgebras of vector fields
on the supercircles [8] (it is instructive to compare their list with that in [11]), and thus
indicated the scope of work for possible superizations of Gordan's transvectants. The
case we consider is the first on the agenda. Although there are four infinite series and
several exceptional cases of simple stringy (or superconformal) superalgebras, there
are only seven (or, perhaps, 12: this has to be investigated) among them that contain
the subalgebra of fraction linear transformations similar to the projective actions of
sl(2) = sp(2) or osp(1|2) considered here.

2 The Poisson Bracket and the Ghost Bracket

Let us consider the first examples of supertransvectants: J," and Jl’\'“ . To simplify the

2
notations, throughout this section, we denote these operators by (, ) and [, 1, respectively.

2.1 The two operations

The supertransvectant of order % is

(f,9) =uD(flg— (=1’ 1 £D(g). (2.1)
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This odd operator is extremely interesting. We will show that it is invariant with respect
to the full infinite-dimensional superconformal algebra (and therefore has a geometric
meaning).

The first-order supertransvectant is

1 —
[f. gl =uf/g—kfg/—(—1)"‘f’5D(ﬂ Dl(g). (2.2)

This even operation is nothing but the well-known Poisson bracket on S!! (see, e.g.
[13, 14] and also [3]).

2.2 The Poisson superalgebra F and the conformal superalgebra /C(1)

Consider the continuous sum (direct integral) of all spaces F;:
F =VUsecFi,

the collection of operations Jlk”‘ defines a bilinear map [, ]1: F ® F — F.

Lemma 2.1. The operation J; defines the structure of a Poisson Lie superalgebra
on F. d

Proof. Straightforward. n

The space F_; C F is a Lie subalgebra since it is stable with respect to the
bracket (2.2). This is precisely the conformal superalgebra on S!!!, also known as the Lie
superalgebra of contact vector fields (see [8, 13] and also [3]), or the (centerless) Neveu—

Schwarz algebra. Let us denote this Lie subalgebra £(1). Each space F; is a £(1)-module.

2.3 Invariance of the supertransvectant .J 1

The operation (2.1) is an additional, odd, bracket on the superspace F. The crucial prop-
erty of this ghost bracket is that it is invariant with respect to the action of the conformal
subalgebra K(1) C F.

Proposition 2.2. The operation (2.1) on F is K(1)-invariant. O
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Proof. One has to check that for f € 7_; and arbitrary g € 7, and h € F, one has
[f. (g, W] = (=)D (F, gl, h) + (=1)° D@D (g [ £, h)). (2.3)

It can be done by straightforward calculation. Note, however, that the identity (2.3) is a

particular case of Theorem 1.1 whose proof will be given in Section 3.2. |

2.4 The algebraic structure on F_y

The K(1)-module Fo1 is a “square root” of (1) = F_,. This space is stable with respect
to the operation (, ). Adopting the basis

Vn =Xn+%/ \IJYL =§Xn/
one obtains explicitly

(Vi, Vin) = (m —n) Yo tm,
(\I’nr Vm) = Vn+m = _(Vm, “I’n): (24)

(qln/ \Ijm) = 2an+m~

Proposition 2.3. The algebra (.7-',%,(, ) satisfies the following four properties:

1. the odd part (]—' %) is a commutative associative subalgebra;
1

T2 T2

2. theodd part (f 1) acts on the even part (]-" 1)0 by pyv := (¢, v) and one has
1

Py © Py + Py © P = Ply,y)

forall g,y € (F_,) ;
3. the map (,): (}" 1)0 ® <}"_%>0 — (f_

3

) is antisymmetric and <f %> -
1 1

invariant, namely
Py v, w) = (pyv, w) + (v, pyw)

forall ¢ € (]—" 1) and v, w € (f_%)o;

-3/,
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4. the Jacobi identity is satisfied:

(W, (v, w)) + (v, (w, w) + (w, (u, v)) =0,
forall u,v,w € (]—",%)0. 0
Proof. The properties 1-4 of can be checked directly. [ |

3 The Symplectic Lifting

In this section we show that the supertransvectants (2.2) and (2.1) coincide with the
Poisson bracket (1.9) and the ghost bracket (1.10). We prove Theorem 1.1.

3.1 Homogeneous functions

Let us define a symplectic lifting of the space F. To any function f € F, we associate a
function on R*! homogeneous of degree —2A. The explicit formula is f(x, &) — F¢(p, q, 1),

where

Fripa ) =p® (4 5)=p* £(3) +op A (3) 6.
and where (p, g, 7) are coordinates on R?'. Abusing the notations, from now on, we will

also denote F, the space of homogeneous functions on R?! of degree —21.

This lifting is invariant in the following sense.

Proposition 3.1. (i) The 1-transvectant Jf ", see the explicit formula (2.2), corresponds
to the Poisson bracket (1.9):

1
F[f,g] = E{Fleg}l

(ii) The %—transvectant (2.1) corresponds to the odd bracket (1.10):

1
Firg = —3 {Fy, Fg}gpp.
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Proof. Just substitute the expression (3.1) to (1.9) and (1.10) and compare the result
with (2.2) and (2.1). [ |

A nice feature of the lifting (3.1) is that it intertwines the standard embedding of

osp(1]2) into the Poisson algebra given by the quadratic polynomials

osp(1]2) = Span (p?, pq, 4°; tp. 19)

with the osp(1]2)-action (1.6). Again, the odd elements tp, and 7q generate the whole
algebra.

Remark 3.2. The lifting (3.1) has a similar geometric meaning as that of (1.4). The Lie
superalgebra K(1) = F_; corresponds to the space of functions on R?! homogeneous
of degree 2 and formula (3.1) is the unique way to identify weighted densities with

homogeneous functions that intertwines (2.2) and (1.9). O

3.2 Invariance of the ghost Poisson bracket

Let us prove Theorem 1.1.
To show that the ghost bracket (1.10) is invariant with respect to the action of
(1), one has to show that

{F {G,H)gep} = (=1)"F ({F, G}, H}gep + (= 1) PG (F, H}}grp

for every function F € F_;. To do this, we adopt the technique routine in Poisson geom-

etry. The bracket (1.10) is given by the following “ghost Poisson” bivector

0
A=—AE+TP, (3.2)

ot
where P = %} A % is the even part of the Poisson bivector. The equivariance condition is
equivalent to the fact that the Hamiltonian vector field, Xz, with respect to the Poisson

bracket (1.9) preserves the bivector A that can be readily checked. O

Remark 3.3. There is a uniqueness statement. It follows from the classification of the
supertransvectants that, for generic (A, 1), the ghost bracket (1.10) is a unique odd bilinear

homogeneous map F, ® 7, — F, commuting with the K(1)-action. d
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4 Supertransvectants from the Symplectic Viewpoint

In this section we prove Theorem 1.2. We realize the supertransvectants in terms of the
iterated brackets (1.9) and (1.10). As a corollary of this result, we construct a star-product

involving the supertransvectants Ji; as kth order terms.

4.1 Even supertransvectants as the iterated Poisson bracket

Consider the linear operator B acting on the space C*(R?") ® C*(R??) given by

B(F®G)—3F®3G 3F®3G+8F®8G (4.1)
9p dq dq  dp 9t It '

The Poisson bracket (1.9) is given by the composition: {, } = Tr o 5 where Tris the operator
of projection Tr(F ® G) = FG.
Define the “iterated Poisson brackets” By = Tro B¥, with k = 1,2, .... One readily

gets the explicit formula:

(4.2)

JdF 0G
Br(F,G) = Bx(F,G) + k Bx_1 <—, —> ,
Jot  0dt

where By is the iterated bracket (1.3) on R?.

Proposition 4.1. The iterated Poisson bracket (4.2) is osp(1|2)-invariant for every

integer k. O

Proof. The osp(1]2)-action on R?! is generated by two odd elements: 7 p and 7q. Let us
check that

{tp, Bk(F,G)} = Bil{tp, F}, G) + (—1)°'F) B(F, {t p, G)).

If F, G are even then the above relation is evident. For F even and G = tG; odd one has

the condition

oF
PBk(F,G1) =k By, (E, Gl) + Bix(F, pG,),
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which follows from formula (1.3). Finally, for F = tF;, G = 1G4, one gets the relation:
kt (Bx-1(F1, G1))q = © (Bk(pF1, G1) — Bi(F1, pG1)),

which is obviously true. |

The bilinear map By restricted to the homogeneous functions defines the map
B : Fo. @ Fu = Fovutks

which is osp(1|2)-invariant. It follows then from the uniqueness of the supertransvec-
tants that the maps J;** and Bk £, are proportional. Taking particular functions p~*

and g~%*, one now checks that the proportionality coefficient is 2¥ k! and finally

1
F ——

e (f,9) = 2" k! Bk(Ff, Fg) (43)

for generic, and therefore, for all (A, u).

4.2 Iterated ghost Poisson bracket and the odd supertransvectants

Define an analogous linear operator corresponding to the ghost bracket (1.10) by the

following formula:

O(F ® G) = REG) — (-1)7F E(F) @ 3¢
(4.4)

T— — —

+x(£.9) T8F®8G t3F®BG JoF G OF TBG
A9 ap ~ 0q dqg  dp p dq 9q op /)’

where x(f,g) is a function depending on the parity of f and g:

1 1+ (=1)@N+lolg+1)
x(fi9) = 7T ( 2 )

Clearly,

{l}ng:rI‘rOD-
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Let us define the odd iterated brackets:

By =Trodo B (4.5)
fork=1,2,....
Proposition 4.2. The odd brackets B, 1 are osp(1]2)-invariant. O
Proof. Similar to the proof of Proposition 4.1. |

Again, the proportionality coefficient can be calculated:

1
F.

o (r9) = " gk g Dk Fr o). (4.6)

Remark 4.3. (i) The definition (4.5) does not depend on the order of composition of the

operators o and B since one has
Troo o B* =TroB'oDoB™,

fort +m=k.

(ii) the map (4.4) is the “square root” of the map (4.1) in the following sense:

Tr o 92 — ((l + (_I)U(F)(U(G)+1)) (H +1)— (1 + (_I)U(G)(U(F)-H)) (n+ 1)) Tro B,

N~

when restricted to the homogeneous functions F; ® F,,. O

4.3 An osp(1|2)-invariant star-product

The coincidence (4.3) defines a pullback of the standard Moyal-Weyl star-product on
R?! to an invariant star-product on the Poisson algebra F. The explicit formula is very

simple:

fxg=rfg+Y t*3"(f.9, (4.7)

k=1
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for all f e F, and g € F,,. The operation (4.7) is an associative product on the space of
formal series FI[t]], which is a deformation of the standard commutative product of
functions. The star-product (4.7) is obviously osp(1|2)-invariant.

Note that the operation (4.7) involves only even supertransvectants. It would be
interesting to understand if there is another deformation that contains the odd terms as

well.

Appendix

For the sake of completeness, let us give here a proof of the fact that, for the generic
(A, ), the supertransvectants (1.7) with coefficients (1.8) are the unique osp(1|2)-invariant
bidifferential operators.

An arbitrary bidifferential operator can be written in the form (1.7) with coef-
ficients C; ; € C>(S'"). The action of a vector field X on the operator (1.7) is then given
by

LBNFg =Y Cij (LxDNAD (g + (1D (£) Lx(D)g)) .
i+j=k

We will use the generators D and xD of osp(1|2). The invariance condition with respect

to the first generator D proves that each C; ; is an even constant. Consider the vector field

xD. First, we calculate the action of xD on the operators D' : F, — F,. One has

—2p+1 —2p+1
(D

Lo ) := (xD + 2u&) DT £ D (xD + 228)

— 2 4+ pPDP+2u—20—2p— 1D
fori =2p+1and

Ly (D?P) := (xD + 2u£) D°F — D*P (xD + 2).£)

— pDP "y (2u—2)—2peDF
fori = 2p. In particular, if u = 1 + %, one obtains

G-D\HY ipg
N 22+ 5D if i is odd,
LXD (D ) = i1
D if i is even.

N~
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The equivariance equation, Lxp(J)(f, g) = O, for a bidifferential operator J gives

now the following system:

2x +1) Cati12m = —(—l)a(ﬂ(zﬂv +m) Cal2ma1
[Cuom-1 = (=1 mCy12m
(A.1)
2r+1) Coi1om1 = —(=1°Dm Cyom
LCopm = (—1)°PD2u 4+ m) Cai pmsr1.

Explicit solution of the system (A.1) leads to the following critical (or “resonant”)

set

L={0,—%,-1,-3... ,—

el

N~

and one has to separate the following four cases.

(1) IfA,u & Iy, then the system (A.1) has a unique (up to a multiplicative constant)
solution given by (1.8).

(2) If one of the weights A or i« belongs to I but the second one does not, then the
system (A.1) has a unique (up to a multiplicative constant) solution. If, say,
A= I*T’" for some odd m, then the corresponding bilinear osp(1|2)-invariant

operator is given by
Lim .
fegr— J " (Dm(f),g) :

3) Ifa= me for some odd m and p = % for some odd ¢, and if £ + m > k, then

the solution is still unique and is of the form
M, — ’%z —
fogr— " (Dm(f)lg>:_]£_€ (f,D (g))'

4 IfA= me for some odd m and u = % for some odd ¢, and if £ + m > k, then

there are two independent solutions:

fog— 55" (D"p.9) = 57 (£.D'9).
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and

1+m 1+¢
'

f®gr— J it (5’"( f),ﬁ(g)).
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