
Letters in Mathematical Physics 40: 31–39, 1997. 31
c
 1997 Kluwer Academic Publishers. Printed in the Netherlands.

Extension of the Virasoro and Neveu–Schwarz
Algebras and Generalized Sturm–Liouville
Operators

PATRICK MARCEL1, VALENTIN OVSIENKO1 and CLAUDE ROGER2
1CNRS, CPT, Luminy-Case 907, F-13288 Marseille Cedex 9, France
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Abstract. We consider the universal central extension of the Lie algebra Vect(S1)n C1(S1). The
coadjoint representation of this Lie algebra has a natural geometric interpretation by matrix analogues
of the Sturm–Liouville operators. This approach leads to new Lie superalgebras generalizing the well-
known Neveu–Schwarz algebra.
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1. Introduction

1.1. STURM–LIOUVILLE OPERATORS AND THE ACTION OF Vect(S1)

Let us recall some well-known definitions (cf., e.g., [9, 8]).
Consider the Sturm–Liouville operator

L = �2c
d2

dx2 + u(x); (1)

where c 2 R and u is a periodic potential u(x+ 2�) = u(x) 2 C1(R).
Let Vect(S1) be the Lie algebra of a smooth vector field on S1: f = f(x)d=dx,

where f(x+ 2�) = f(x), with the commutator

�
f(x)

d
dx
; g(x)

d
dx

�
= (f(x)g0(x)� f 0(x)g(x))

d
dx
:

We define a Vect(S1)-action on the space of Sturm–Liouville operators.

Consider a 1-parameter family of Vect(S1) actions on the space of smooth
functions C1(S1):

L
(�)
f(x)d=dx a(x) = f(x)a0(x)� �f 0(x)a(x): (2)
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NOTATION. (1) The operator

L
(�)
f(x)d=dx = f(x)

d
dx

� �f 0(x)

is called the Lie derivative.
(2) Denote F� as the Vect(S1)-module structure (2) on C1(S1).

DEFINITION. The Vect(S1) action on L is defined by the commutator with the
Lie derivative:h

Lf(d=dx); L
i

:= L
(�(3=2))
f(d=dx) � L� L � L

(1=2)
f(d=dx): (3)

The result of this action is a scalar operator, i.e. the operator of multiplication
by the functionh

Lf(x)d=d; L
i
= f(x)u0(x) + 2f 0(x)u(x)� cf 000(x): (4)

Remark. The argument a of the operator (2) has a natural geometric interpreta-
tion as a tensor density on S1 of degree ��:

a = a(x)( dx)��:

One obtains a natural realization of the Sturm–Liouville operator as an operator on
tensor densities L :F1=2 ! F�(3=2) (cf. [8]).

1.2. THE COADJOINT REPRESENTATION OF THE VIRASORO ALGEBRA

The Virasoro algebra is a unique (up to isomorphism) nontrivial central extension
of Vect(S1). It is given by the Gelfand–Fuchs cocycle

c

�
f(x)

d
dx
; g(x)

d
dx

�
=

Z 2�

0
f 0(x)g00(x) dx: (5)

The Virasoro algebra is therefore a Lie algebra on the space Vect(S1)�R with the
commutator

[(f; �); (g; �)] = ([f; g]Vect(S1); c(f; g)):

A deep remark of A. A. Kirillov and G. Segal (see [4, 7]) is that the Vect(S1)
action (4) coincides with the coadjoint action of the Virasoro algebra.

Let us give the precise definitions.
Consider the space C1(S1) � R and a pairing between this space and the

Virasoro algebra
�
(u(x); c);

�
f(x)

d
dx
; �

��
=

Z 2�

0
u(x)f(x) dx+ c�:
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SpaceC1(S1)�R is identified with a part of the dual space to the Virasoro algebra.
It is called the regular part (see [4]).

DEFINITION. The coadjoint action of the Virasoro algebra on C1(S1) � R is
defined by

�
ad�(f(d=dx);�)(u(x); c);

�
g

d
dx
; �

��
:= �

�
(u(x); c);

��
f

d
dx
; �

�
;

�
g

d
dx
; �

���
:

It is easy to calculate the explicit formula. The result is

ad�(f(x)(d=dx); �)(u(x); c) =
�
L

(�2)
f(x)(d=dx) u(x)� cf 000(x); 0

�
;

where L(2)
f is the operator of Lie derivative (2). This action coincides with the

Vect(S1) action (4) on the space of Sturm–Liouville operators.

Remarks. (1) Note that the coadjoint action of the Virasoro algebra is in fact a
Vect(S1)-action (the center acts trivially).

(2) The regular part of the dual space to the Virasoro algebra can be interpreted
as a deformation of the Vect(S1)-module F�2.

2. Central Extension of Vect(S1) n C1(S1)

Consider the semi-direct product G = Vect(S1)nC1(S1). This Lie algebra has a
three-dimensional central extension given by the nontrivial 2-cocycles

�1

��
f

d
dx
; a

�
;

�
g

d
dx
; b

��
=

Z
S1
f 0(x)g00(x) dx;

�2

��
f

d
dx
; a

�
;

�
g

d
dx
; b

��
=

Z
S1
(f 00(x)b(x)� g00(x)a(x)) dx;

�3

��
f

d
dx
; a

�
;

�
g

d
dx
; b

��
= 2

Z
S1
a(x)b0(x) dx:

(6)

Let us denote g as the Lie algebra defined by this extension.
As a vector space, g = Vect(S1) n C1(S1)� R

3 . The commutator in g is��
f

d
dx
; a; �

�
;

�
g

d
dx
; b; �

��
=

�
(fg0 � f 0g)

d
dx
; fb0 � ga0; �

�
; (7)

where

� = (�1; �2; �3); � = (�1; �2; �3) 2 R
3 and � = (�1; �2; �3)
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are the 2-cocycles given by formulas (6).
The Lie algebra g is well known in physical literature (see [1, 2]). It was shown

in [6] that the cocycles (6) define the universal central extension? the Lie algebra
Vect(S1)� C1(S1). This means H2(Vect(S1) nC1(S1)) = R

3 .
In this Letter we define a space of matrix linear differential operators generaliz-

ing the Sturm–Liouville operators. This space gives a natural geometric realization
of the coadjoint representation of the Lie algebra g. We hope that such a realization
can be useful for the theory of KdV-type integrable systems related to the Lie
algebra g as well as for studying the coadjoint orbits of g (cf. [4] for the Virasoro
case). Remark here that some interesting results concerning coadjoint orbits of g
have been obtained recently in [3].

3. Matrix Sturm–Liouville Operators

DEFINITION. Consider the following matrix linear differential operators on
C1(S1)� C1(S1):

L =

0
BB@
�2c1

d2

dx2 + u(x) 2c2
d

dx
+ v(x)

�2c2
d

dx
+ v(x) 4c3

1
CCA ; (8)

where c1; c2; c3 2 R and u = u(x); v = v(x) are 2�-periodic functions.
The Vect(S1) action on the space of operators (8) is defined, as in the case

of Sturm–Liouville operators (1), by commutation with the Lie derivative. We
consider L as an operator on Vect(S1) modules:

L : F1=2 �F�(1=2) ! F�(3=2) �F�(1=2):

We will show that there exists a structure on the space of operators (8). Namely,
we will define an action of the semi-direct product Vect(S1) n C1(S1).

3.1. Vect(S1) n C1(S1)-MODULE STRUCTURE

Let us define a 1-parameter family of Vect(S1) n C1(S1)-modules on the space
C1(S1)� C1(S1):

T
(�)

(f(x)d=dx; a(x))

 
�(x)

 (x)

!
=

0
B@ L

(�)
f(d=dx) �(x)

L
(��1)
f(d=dx)  (x) � �a0(x)�(x)

1
CA ; (9)

where �(x);  (x) 2 C1(S1). Verify that this formula defines a Vect(S1) n
C1(S1)-action:h

T
(�)

(f(d=dx); a); T
(�)

(g(d=dx); b)

i
= T

(�)

((fg0�f 0g)d=dx; fb0�ga0):

? It makes sense, since H1(Vect(S1)n C1(S1)) = 0.
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DEFINITION. Define the Vect(S1)nC1(S1) action on the space of the operators
(8) by

h
T(f(d=dx);a);L

i
:= T

(�1=2)
(f(d=dx);a) � L � L � T

(1=2)
(f(d=dx);a): (10)

Let us give the explicit formula of this action.

PROPOSITION 1. The result of the action (10) is an operator of multiplication by
the matrix

h
T(f(d=dx);a);L

i
=

0
BBBBBB@

fu0 + 2f 0u� c1f
000 fv0 + f 0v � c2f

00

+va0 + c2a
00 +2c3a

0

fv0 + f 0v � c2f
00 0

+2c3a
0

1
CCCCCCA
: (11)

Proof. Straightforward.

The following result clarifies the nature of definition (10). It turns out that, in
the case of the Lie algebra g, the situation is analogous to those in the Virasoro
case: one obtains a generalization of the Kirillov–Segal result.

THEOREM 1. The action (10) coincides with the coadjoint action of the Lie
algebra g.

We will prove this theorem in the next section.

3.2. COADJOINT REPRESENTATION OF THE LIE ALGEBRA g

Let us calculate the coadjoint action of the Lie algebra g.

DEFINITION. Define the regular part of the dual space g
� to the Lie algebra g

as follows (cf. [4]). Put g�reg = C1(S1)� C1(S1)� R
3 and fix the pairing h ; i:

g
�
reg 
 g ! R:

�
(u(x); v(x); c);

�
f(x)

d
dx
; a(x); �

��

=

Z
S1
f(x)u(x) dx+

Z
S1
a(x)v(x) dx+ � � c;

where c = (c1; c2; c3); � = (�1; �2; �3) 2 R
3 .
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PROPOSITION 2. The coadjoint action of g on the regular part of its dual space
g
�
reg is given by

ad�(f(d=dx);a)

0
BB@
u

v

c

1
CCA�

0
BB@
fu0 + 2f 0u� c1f

000 + va0 + c2a
00

fv0 + f 0v � c2f
00 + 2c3a

0

0

1
CCA (12)

where c = (c1; c2; c3) (the center of g acts trivially).
Proof. By definition of the coadjoint action,

�
ad�(f(d=dx);a)(u; v; c);

�
g

d
dx
; b

��
= �

�
(u; v; c);

��
f

d
dx
; a

�
;

�
g

d
dx
; b

���
:

Integrate by part to obtain the result.
The right-hand side of formula (12) coincides with the action (10) of the Lie

algebra Vect(S1) n C1(S1) on space of operators (8).

Theorem 1 follows now from Proposition 1.

Remark. As a Vect(S1) module, g�reg is a deformation of the module F�2 �

F�1 � R
3 (and coincides with it if c1 = c2 = 0). Therefore, the dual space to the

Lie algebra has the following tensor sense:

u = u(x)( dx)2; v = v(x) dx:

The space of matrix Sturm–Liouville operators (8) gives a natural geometric
realization of the dual space to the Lie algebra g.

4. Generalized Neveu–Schwarz Superalgebra

We introduce here a Lie superalgebra which contains g as its even part. The relation
between g and this superalgebra is the same as between the Virasoro algebra and the
Neveu–Schwarz superalgebra. We show that the differential operator (8) appears
as a part of the coadjoint action of the constructed Lie superalgebra.

We follow here the Kirillov method (see [5]) where the Sturm–Liouville oper-
ator is realized as the even part of the coadjoint action of the Neveu–Schwarz
superalgebra.

4.1. DEFINITION

Consider the Z2-graded vector space S = S0 � S1, where S0 = g = Vect(S1) �
C1(S1)� R

3 and S1 = C1(S1)� C1(S1). Define the structure of a Lie super-
algebra on S .
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(1) Define the action of the even part S0 on S1 by��
f(x)

d
dx
; a(x)

�
; (�(x); �(x))

�
:= T

(1=2)
(f(x)d=dx; a(x))(�(x); �(x))

so that, as a Vect(S1)-module, S1 = F1=2 �F�(1=2).
(2) The even partS0 acts onS1 according to (9). Let us define the anticommutator

[ ; ]+ : S1 
 S1 ! S0h
(�; �); ( ; �)

i
+
=

�
� 

d
dx
; �� + � ; �+

�
; (13)

where �+ = (�+1; �+2; �+3) is the continuation of the cocycles (6) to the even
part of S0 � S defined by the formulæ:

�+1((�; �); ( ; �)) = 2
Z
S1
�0(x) 0(x) dx;

�+2((�; �); ( ; �)) = �2
Z
S1
(�0(x)�(x) + �(x) 0(x)) dx;

�+3((�; �); ( ; �)) = 4
Z
S1
�(x)�(x) dx:

(14)

THEOREM 2. S is a Lie superalgebra.
Proof. One must verify the Jacobi identity

(�1)jXjjZj[X; [Y;Z]] + (�1)jXjjY j[Y; [Z;X]] + (�1)jY jjZj[Z; [X;Y ] = 0; (15)

where jXj is a degree of X (jXj = 0 for X 2 S0 and jXj = 1 for X 2 S1).
Let us prove (15) forX;Y;Z 2 S1. TakeX = (�; �); Y = ( ; �); Z = (�; 
),

then

(a) [(�; �); [( ; �); (�; 
)]] = �T
1=2
[( ;�);(�;
)]+

(�; �):

Since the expression [( ; �); (�; 
)]+ is given by (15), one getsT 1=2
[( ;�);(�;
)]+

(�; �) =

T
1=2
( �; 
+��)(�; �): According to (9),

T
1=2
( �; 
+��)(�; �) = (L

1=2
 � (�); L

�1=2
 � (�) � 1

2 ( 
 + ��)0�);

where

L
1=2
 � (�) =  ��0 � 1

2( 
0� +  � 0)�

and

L
�1=2
 � (�)� 1

2( 
 + ��)0� =  ��0 + 1
2( �)

0�� 1
2( 
)

0�� 1
2(��)

0�:
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In the same way, we obtain

(b) [( ; �); [(�; 
); (�; �)]] = (L
1=2
�� ( ); L

�1=2
�� (�)� 1

2(��+ �
)0 );

where

L
1=2
�� ( ) = �� 0 � 1

2(�
0� + �� 0) 

and

L
�1=2
�� (�)� 1

2(��+ �
)0 = ���0 + 1
2(��)

0� � 1
2(��)

0 � 1
2(
�)

0 :

For the last term, one has

(c) [(�; 
); [(�; �); ( ; �)]] = (L
1=2
� (�); L

�1=2
� (
)� 1

2(�� +  �)0�);

where

L
1=2
� (�) = � � 0 � 1

2(�
0 + � 0)�

and

L
�(1=2)
� (
)� 1

2(�� +  �)0� = � 
0 + 1
2(� )

0
 � 1
2(��)

0 � 1
2(� )

0�:

Taking the sum (a) + (b) + (c), one obtains zero.
The proof of the Jacobi identity for the other cases is analogous.

Theorem 2 is proven.

PROPOSITION 3. The coadjoint action of S is given by the formula

ad�0
BB@
f d

dx
a

�( dx)�
1
2

�( dx)
1
2

1
CCA

0
BBBBBBBBBBBBB@

u

v

c

 

�

1
CCCCCCCCCCCCCA

=

0
BBBBBBBBBBBBBBBBBBBBBBBB@

L
(�2)
f (u) + va0 + c2a

00 � c1f
000

+1
2 

0�+ 3
2 �

0 � 1
2�

0�+ 1
2��

0

L
(�1)
f (v) + 2c3a

0 � c2f
00

+1
2�

0�+ 1
2��

0

0

L
(�3=2)
f ( ) + 1

2a
0�

�2c1�
00 + u�+ v�+ 2c2�

0

L
(�1=2)
f (�)

�2c2�
0 + v�+ 4c3�

1
CCCCCCCCCCCCCCCCCCCCCCCCA

;
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where c = (c1; c2; c3) (as usual, the center acts trivially).
Proof. Direct calculation using the definition of the superalgebra S.

In particular, one obtains the following corollary.

COROLLARY.

ad�0
BB@

0
0
�( dx)�(1=2)

�( dx)1=2

1
CCA

0
BBBB@
u

v

c

0
0

1
CCCCA =

0
BBBB@

0
0
0
�2c1�

00 + u�+ v�+ 2c2�
0

�2c2�
0 + v�+ 4c3�

1
CCCCA

This corollary gives the matrix operator (8) defined in Section 2.

The Lie superalgebra S seems to be an interesting generalization of the Neveu–
Shwartz superalgebra. It would be interesting to obtain some information about its
representations, coadjoint orbits, corresponding integrable systems, etc.
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