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ABSTRACT. We study the space of linear difference equations with periodic coefficients and
(anti)periodic solutions. We show that this space is isomorphic to the space of tame frieze
patterns and closely related to the moduli space of configurations of points in the projective
space. We define the notion of combinatorial Gale transform which is a duality between peri-
odic difference equations of different orders. We describe periodic rational maps generalizing
the classical Gauss map.
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1. INTRODUCTION

Linear difference equations appear in many fields of mathematics, and relate fundamental
objects of geometry, algebra and analysis. In this paper, we study the space of linear difference
equations with periodic coefficients and (anti)periodic solutions. (The solutions of the equation
are periodic if the order of the equation is odd, and antiperiodic if the order is even.) The space
of such equations is a very interesting algebraic variety. Despite the fact that this subject is
very old and classical, this space has not been studied in detail.

We prove that the space £j41,, of n-periodic linear difference equations of order k + 1 is
equivalent to the space Fg41,y, of tame SLy41-frieze patterns of width w = n—k—2. (Tameness is
the non-vanishing condition on certain determinants; See Definition 2.2.1.) We also show that
these spaces are closely related to a certain moduli space Ci1,, of n-gons in k-dimensional
projective space. While Cj 1, can be viewed as the quotient of the Grassmannian Gry41,, by
a torus action, see [20], the space Exy1,, is a subvariety of Gry41,. We show that, in the case
where k + 1 and n (and thus w + 1 and n) are coprime, the two spaces are isomorphic.

A frieze pattern is just another, more combinatorial, way to represent a linear difference
equation with (anti)periodic solutions. However, the theory of frieze patterns was created [9, §]
and developed independently, see [35, 2, 4, 29, 28]. The current interest to this subject is due
to the relation with the theory of cluster algebras [5]. We show that the isomorphism between
Ekt1,n and Fri1,, immediately implies the periodicity statement which is an important part
of the theory. Let us mention that a more general notion of SL;-tiling was studied in [4]; a
version of SLs-frieze patterns, called 2-frieze patterns, was studied in [35, 29].

Let us also mention that an SLy1-frieze pattern can be included in a larger pattern some-
times called a T-system (see [11] and references therein), and better known under the name of
discrete Hirota equation (see, for a survey, [43]). Although an SLj.1-frieze pattern is a small
part of a solution of a T-system, it contains all the information about the solution. We will not
use this viewpoint in the present paper.

The main result of this paper is a description of the duality between the spaces £j41,, and
Ewt1.n when (k+1)+ (w+1) = n. We call this duality the combinatorial Gale transform. This
is an analog of the classical Gale transform which is a well-known duality on the moduli spaces
of point configurations, see [17, 6, 7, 14]. We think that the most interesting feature of the
combinatorial Gale transform is that it allows one to change the order of an equation keeping
all the information about it.
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Let us give here the simplest example, which is related to Gauss’ pentagramma mirificum [18].
Consider a third-order difference equation

Vi=a;Vicy — b;Vi_a + Vi3, i € Z.

Assume that the coeflicients (a;) and (b;) are 5-periodic: a;45 = a; and b;y5 = b;, and that
all the solutions (V;) are also 5-periodic, i.e., V;45 = V;. The combinatorial Gale transform in
this case consists in “forgetting the coefficients b;”; to this equation it associates the difference
equation of order 2:

Wi =aW; 1 —W; .

It turns out that the solutions of the latter equation are 5-antiperiodic: W;y5 = —W;. Con-
versely, as we will explain later, one can reconstruct the initial third order equation from the
second order one. Geometrically speaking, this transform sends (projective equivalence classes
of ) pentagons in P? to those in P!. In terms of the frieze patterns, this corresponds to a duality
between 5-periodic Coxeter friezes and 5-periodic SL3-friezes.

Our study is motivated by recent works [31, 40, 32, 19, 39, 26, 27, 24, 25] on a certain class of
discrete integrable systems arising in projective differential geometry and cluster algebra. The
best known among these maps is the pentagram map [37, 38] acting on the moduli space of
n-gons in the projective plane.

This paper is organized as follows.

In Section 2, we introduce the main objects, namely the spaces £xy1.0n, Frt1,n, a0d Cri1,n.

In Section 3, we construct an embedding of £41,,, into the Grassmannian Gry11,,. We then
formulate the result about the isomorphism between £x11, and Fiy1,, and give an explicit
construction of this isomorphism. We also define a natural map from the space of equations to
that of configurations of points in the projective space.

In Section 4, we introduce the Gale transform which is the main notion of this paper. We
show that a difference equation corresponds not to just one, but to two different frieze patterns.
This is what we call the Gale duality. We also introduce a more elementary notion of projective
duality that commutes with the Gale transform.

In Section 5, we calculate explicitly the entries of the frieze pattern associated with a differ-
ence equation. We give explicit formulas for the Gale transform. These formulas are similar to
the classical and well-known expressions often called the André determinants, see [1, 21].

Relation of the Gale transform to representation theory is described in Section 6. We rep-
resent an SLji-frieze pattern (and thus a difference equation) in a form of a unitriangular
matrix. We prove that the Gale transform coincides with the restriction of the involution of the
nilpotent group of unitriangular matrices introduced and studied by Berenstein, Fomin, and
Zelevinsky [3].

In Section 7, we present an application of the isomorphism between difference equations and
frieze patterns. We construct rational periodic maps generalizing the Gauss map. These maps
are obtained by calculating consecutive coefficients of (anti)periodic second and third order
difference equations and using the periodicity property of SLo- and SLs-frieze patterns. We
also explain how these rational maps can be derived, in an alternate way, from the projective
geometry of polygons.

In Section 8, we explain the details about the relations between the spaces we consider. We
also outline relations to the Teichmiiller theory.
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2. DIFFERENCE EQUATIONS, SLj41-FRIEZE PATTERNS AND POLYGONS IN RP*

In this chapter we will define the three closely related spaces Ext1.n, Fitin, and Crpi1n
discussed in the introduction. All three spaces will be equipped with the structure of algebraic
variety; we choose R as the ground field.

2.1. Difference equations. Let &1, be the space of order k£ 4 1 difference equations
(2.1) Vi=alViii—a2Vi g+ -+ (=D Vi + (1) Vi,

where af € R, withi € Z and 1 < j < k, are coefficients and V; are unknowns. (Note that
the superscript j is an index, not a power.) Throughout the paper, a solution (V;) will consist
of either real numbers, V; € R, or of real vectors V; € R¥tl. We always assume that the
coefficients are periodic with some period n > k + 2:

J _ ]
Ajyn = @

for all 4, j, and that all the solutions are n-(anti)periodic:
(22) Vign = (=1)* Vi,
The algebraic variety structure on &1, will be introduced in Section 3.1.

Example 2.1.1. The simplest example of a difference equation (2.1) is the well-known discrete
Hill (or Sturm-Liouville) equation

Vi=aiVi-1 —Via
with n-periodic coefficients and n-antiperiodic solutions.

2.2. SLy1-frieze patterns. An SLjyi-frieze pattern (see [4]) is an infinite array of numbers
such that every (k + 1) x (k 4 1)-subarray with adjacent rows and columns forms an element
of SLk+1.

More precisely, the entries of the frieze are organized in an infinite strip. The entries are
denoted by (d; ;), where i € Z, and

i—k-1<j<itw+k,
for a fixed i, and satisfy the following “boundary conditions”

diﬁifl = di,i+w = 1 forall i,
dij = 0 forj<i—1lorj>i+w,

and the “SLj.1-conditions”

dij  digyr oo digjik
div1; dig1511 oo dig1j4k

(23) Di,j = J J J = ].,
divkj ditkjs1 - itk jtk

for all (,7) in the index set.
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An SLj-frieze pattern is represented as follows

0 0 0 0 0
1 1 1 1 1
do,w—1 d1 d2,wt1
(24) do1 di2 da 3 ds 4 das
doo dq1 da.2 ds 3 dya
1 1 1 1 1
0 0 0 0 0

where the strip is bounded by k rows of 0’s at the top, and at the bottom. To simplify the
pictures we often omit the bounding rows of 0’s.

The parameter w is called the width of the SLy,1-frieze pattern. In other words, the width
is the number of non-trivial rows between the rows of 1’s.

Definition 2.2.1. An SLj-frieze pattern is called tame if every (k+2) x (k + 2)-determinant
equals 0.

The notion of tame friezes was introduced in [4]. Let Fjpi1, denote the space of tame
SLj41-frieze patterns of width w =n —k — 2.

Example 2.2.2. (a) The most classical example of friezes is that of Coxeter-Conway frieze
patterns [9, 8] corresponding to k = 1. For instance, a generic Coxeter-Conway frieze pattern
of width 2 looks like this:

1 1 1

o 5E = ©
z3 T z1

1 1 1 1

for some x1,z5. (Note that we omitted the first and the last rows of 0’s.) This example is
related to so-called Gauss pentagramma mirificum [18], see also [36].
(b) The following width 3 Coxeter pattern is not tame:

1 1 1 1

Remark 2.2.3. Generic SLj;-frieze patterns are tame. We understand the genericity of an
SLj 4 1-frieze pattern as the condition that every k x k-determinant is different from 0. Then the
vanishing of the (k+2) x (k4 2)-determinants follows from the Dodgson condensation formula,
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involving minors of order k+2, k41 an k obtained by erasing the first and/or last row/column.
The formula can be pictured as follows

* ok ok X * ook ok

* ok ok X * _ * * * ok ok * ok ok
*  x kX * - * * N * ok ok * ok ok
* ok kX * * * k%

where the deleted columns/rows are left blank.
Notation 2.2.4. Given an SLj-frieze pattern F as in (2.4), it will be useful to define the
following (k + 1) x n-matrices’

1 diﬂ' . . di,w+1’—1 1
(2.5) MY =

1 ditikte coo Qi kdwri-1 1

For a subset I of k+1 consecutive elements of Z/nZ, denote by A;(M) the minor of a matrix M
based on columns with indices in I. There are n such intervals I. By definition of SLj1-frieze
pattern, AI(MS)) =1.

The matrix M 1(; ) determines a unique tame SLg1-frieze pattern. Indeed, from M 1(; ) one can
compute all the entries d; j, one after another, using the fact that (k + 2) x (k + 2)-minors of
the frieze pattern vanish.

We will also denote the North-East (resp. South-East) diagonals of an SLyj1-frieze pattern

by pi (resp. 1;):

0,7

Nj—1 Ui Nj+1 Hi—1 i Hi1

2.3. Moduli space of polygons. A non-degenerate n-gon is a map
v:Z — RP

such that v;1, = v;, for all 4, and no k + 1 consecutive vertices belong to the same hyperplane.
Let Cr11,, be the moduli space of projective equivalence classes of non-degenerate n-gons

in RP*.

Remark 2.3.1. The space Ci41,, has been extensively studied; see, e.g., [17, 20, 22, 14]. Our

interest in this space is motivated by the study of the pentagram map, a completely integrable
map on the space Cs ,,; see [37, 38, 31, 40, 32].

1Throughout this paper, the “empty” entries of matrices stand for 0.
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3. GEOMETRIC DESCRIPTION OF THE SPACES &i41.n, Fk+1,n AND Criin

In this section, we describe the structures of algebraic varieties on the spaces Ex41,n, Frt1,n
and Cp41,,. We also prove that the spaces £;41,,, and Fj41,, are isomorphic. The spaces Ei41.,
and Cp41,, are also closely related. We will define a map from &1, to Cry1,n, which turns
out to be an isomorphism, provided k + 1 and n are coprime. If this is not the case, then these
two spaces are different.

3.1. The structure of an algebraic variety on &y1,. The space of difference equa-
tions Er41,, is an affine algebraic subvariety of R™®. This structure is defined by the con-
dition (2.2).

The space of solutions of the equation (2.1) is (k + 1)-dimensional. Consider k + 1 linearly
independent solutions forming a sequence (V;);ez of vectors in RF*! satisfying (2.1). Since
the coefficients are n-periodic, there exists a linear map T on the space of solutions called the
monodromy satisfying:

Vien =TV,

One can view the monodromy as an element of GLgy; defined up to a conjugation.
Proposition 3.1.1. The space Ex11,n has codimension k(k + 2) in R™ with coordinates af.
Proof. Since the last coefficient in (2.1) is (—1)¥, one has?

Vi, Vitr, -5 Vgl = Vig1, Vigz, -+, Vigwa |-

Hence the monodromy is volume-preserving and thus belongs to the group SLg41(R).
If furthermore all the solutions of (2.1) are n-(anti)periodic, then the monodromy is (—1)*1d.
Since dim SLi4+1 = k(k + 2), this gives k(k + 2) polynomial relations on the coefficients. O

3.2. Embedding of Fj. , into the Grassmannian. Consider the Grassmannian Gryy; , of
(k+1)-dimensional subspaces in R™. Let us show that the space of SLy.;-frieze patterns Fi41.n
can be viewed as an (n — 1)-codimensional algebraic subvariety of Gry11 .

Recall that the the Grassmannian can be described as the quotient

(3.1) Grt1,n = GLg1\Maty 4, (R),

where Maty,, , ,,(R) is the set of real (k + 1) x n-matrices of rank k + 1. Every point of Gryy1 .5,
can be represented by a (k + 1) x n-matrix M. The Pliicker coordinates on Gry41 , are all the
(k4 1) x (k+ 1)-minors of M, see, e.g., [16].

Note that the (k + 1) x (k + 1)-minors depend on the choice of the matrix but they are
defined up to a common factor. Therefore, the Pliicker coordinates are homogeneous coordinates
independent of the choice of the representing matrix. The minors A;(M) with consecutive
columns, see Notation 2.2.4, play a special role.

Proposition 3.2.1. The subvariety of Griq1,, consisting in the elements that can be repre-
sented by the matrices such that all the minors Aj(M) are equal to each other:

(3.2) A(M)=Ap (M) forall I,T

is in one-to-one correspondence with the space Fiy1 n of SLyi1-frieze patterns.

2Throughout the paper |V;, ..., Vi;k| stand for the determinant of the matrix with columns V;,..., Vi k.
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Proof. It M € Gryy1,, satisfies Af(M) = Ap (M) for all intervals I, I, then it is easy to see that
there is a unique representative of M of the form (2.5), and therefore a unique corresponding
SLj1-frieze pattern.

Conversely, given an SLj-frieze pattern F', the corresponding matrices M g) satisfy (3.2).
Fixing ¢, for instance, taking i = 1, we obtain a well-defined embedding

]:k+1,n C Grk+1,n-
Hence the result. O

Note that the constructed embedding of the space Fj 1, into the Grassmannian depends
on the choice of index i. A different choice leads to a different embedding.

3.3. The space Ciy1, as a quotient of the Grassmannian. A classical way to describe
the space Ciy1,, as the quotient of Gry41., by the torus action:

(3.3) Cra1m = Gripy /T,

is due to Gelfand and MacPherson [20].

Let us comment on this realization of Cy41,,. Given an n-gon v : Z — R]P’k, consider an
arbitrary lift V : Z — R**1. The result of such a lift is a full rank (k + 1) x n-matrix, and thus
an element of Grg41,,. Recall that the action of T?~! in terms of the matrix realization (3.1),
consists in multiplying (k 4+ 1) x n-matrices by diagonal n x n-matrices with determinant 1.
The projection of V' to the quotient GrkH’n/T”_l is independent of the lift of v to R*+1.

3.4. Triality. Let us briefly explain the relations between the spaces Exy1,n, Frt1,n and Cry1 pn-
We will give more details in Section 8.

The spaces of difference equations &1, and that of SLy-frieze patterns Fj41, are al-
ways isomorphic. These spaces are, in general, different from the moduli space of n-gons, but
isomorphic to it if £k + 1 and n are coprime.

Theorem 3.4.1. (i) The spaces Ext1,n and Fiy1,, are isomorphic algebraic varieties.
(11) If k + 1 and n are coprime, then the spaces Ext1.pn, Frt1,n and Cypp1,pn are isomorphic
algebraic varieties.

The complete proof of this theorem will be given in Section 8. Here we just construct the
isomorphisms.

Part (i). Let us define a map

gk-l-l,n — ]:k—i-l,n
which identifies the two spaces. Roughly speaking, we generate the solutions of the recurrence
equation (2.1), starting with k zeros, followed by one, and put them on the North-East diagonals
of the frieze pattern. Let us give a more detailed construction.

Given a difference equation (2.1) satisfying the (anti)periodicity assumption (2.2), we define
the corresponding SLj1-frieze pattern (2.4) by constructing its North-East diagonals p;. This
diagonal is given by a sequence of real numbers V' = (V)47 that are the solution of the equation
(2.1) with the initial condition

(Viekt, Viego -2 Vit) = (0,0,...,0,1);
this defines the numbers d; ; via

(34) di,j = ‘/J
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Since the solution is n-(anti)periodic, we have
diitws1 = -+ =diiqn—2 =0, diipn—1 = (—1)k.
Furthermore, from the equation (2.1) one has
i = 1.
The sequence of (infinite) vectors (1;), i.e., of South-East diagonals, satisfies Equation (2.1).

Example 3.4.2. For an arbitrary difference equation, the first coefficients of the i-th diagonal
are

_ 1
dii = ay,
11 2
dijit1 = Q;G;11 — Gy,
1 1 2 1 1.2 3
dijit2 = Q;Qj110;49 — Q1G9 — ;0540 + Q740

We will give more general determinant formulas in Section 5.

Remark 3.4.3. The idea that the diagonals of a frieze pattern satisfy a difference equation goes
back to Conway and Coxeter [8]. The isomorphism between the spaces of difference equations
and frieze patterns was used in [31, 29] in the cases k =1, 2.

Parts (it). The construction of the map E;41,n — Cr41,n consists in the following two steps:

(1) the spaces Egt1,n, and F41,, are isomorphic;
(2) there is an embedding Fyy1,, C Gri41.,, and a projection Griy1,n — Ciy1,n, see (2.5)
and (3.3).

More directly, given a difference equation (2.1) with (anti)periodic solutions, the space of solu-
tions being £+ 1-dimensional, we choose any linearly independent solutions (Vi(l))7 ey (Vi(kﬂ)).
For every i, we obtain a point, V; € R¥*! which we project to RIP’k; the (anti)periodicity
assumption implies that we obtain an n-gon. Furthermore, the constructed n-gon is non-
degenerate since the (k + 1) x (k + 1)-determinant

(3.5) Vi, Vit1, ..., Viyr| = Const # 0.

A different choice of solutions leads to a projectively equivalent n-gon. We have constructed a
map

(3.6) Ekt1n — Cht1n-

We will see in Section 8.2, that this map is an isomorphism if and only if £ 4+ 1 and n are
coprime.

Proposition 3.4.4. Suppose that gcd(n,k+1) = q # 1, then the image of the constructed map
has codimension q — 1.

We will give the proof in Section 8.3.
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Notation 3.4.5. It will be convenient to write the SLjyi-frieze pattern associated with a
difference equation (2.1) in the form:

1 1 1 1 1 1
o, el al al,
o o ot a o
a, ay’ oy )
1 1 1 1 1 1

The relation between the old and new notation for the entries of the SLjy,1-frieze pattern of
width w is:

w—j+i j
(3.8) dij = a7, o] = dit1wti-jt1s

where d; ; is the general notation for the entries of an SLj4-frieze pattern. See formula (2.4).

4. THE COMBINATORIAL GALE TRANSFORM

In this section, we present another isomorphism between the introduced spaces. This is a
combinatorial analog of the classical Gale transform, and it results from the natural isomorphism
of Grassmannians:

Grk-‘rl,n ~ er-i—l,na

forn=k+w+ 2.

On the spaces &;41,n and Fpii1,, we also define an involution, which is a combinatorial
version of the projective duality. The Gale transform commutes with the projective duality so
that both maps define an action of the Klein group (Z/27Z)*.

4.1. Statement of the result.

Definition 4.1.1. We say that a difference equation (2.1) with n-(anti)periodic solutions is
Gale dual of the following difference equation of order w + 1:

(4.1) Wi=aiW;_ 1 —a?Wi o+ -+ (=) 1a¥ Wiy + (=1)“Wi_w_1,
where o are the entries of the SLjy;-frieze pattern (3.7) corresponding to (2.1).

The following statement is the main result of the paper.
Theorem 4.1.2. (i) All solutions of the equation (4.1) are n-(anti)periodic, i.e.,

Wiin = (—=1)YW,.

(ii) The defined map Exy1,m — Ewt1,n 15 an involution.

We obtain an isomorphism
(4.2) G Ehtin — Ewrinm
between the spaces of n-(anti)periodic difference equations of orders k + 1 and w + 1, provided

n=k+w+2.

We call this isomorphism the combinatorial Gale duality (or the combinatorial Gale transform,).



DIFFERENCE EQUATIONS, FRIEZE PATTERNS, COMBINATORIAL GALE TRANSFORM 11

gk—f—l,n
Vi=alVici —a?Via + ...

fk+1’n / \ ]:erLn

1 1 1 1 1 1 1 1

1 1 1 1
g’erl,n
W; = O(%W,;,l - azzW7;72 +...

FIGURE 1. Duality between periodic difference equations, friezes of solutions
and friezes of coeflicients.

An equivalent way to formulate the above theorem is to say that there is a duality between
SLj1-frieze patterns of width w and SL,,11-frieze patterns of width k:
g . fk+1,n i) JT'.w+1,n~

Proposition 4.1.3. The SL,,11-frieze pattern associated to the equation (4.1) is the following

1 1 1 1 1 1
ar ay az a,
CL2 a2 02 a2
(4'3) n 1 2 n
a, af aj an
1 1 1 1 1 1

We say that the SL,,;1-frieze pattern (4.3) is Gale dual to the SLy-frieze pattern (3.7).
The combinatorial Gale transform is illustrated by Figure 1.

4.2. Proof of Theorem 4.1.2 and Propositon 4.1.3.
Let us consider the following n-(anti)periodic sequence (W;). On the interval (W_,, ..., Wy _y—1)
of length n we set:

W_wy ooy W_oy, Wy, Wi, Wa, .., Wh_yoa, Whyo1) =
(0, o, 0, 1, af, aFt al, 1)

and then continue by (anti)periodicity: Wiy, = (—=1)“W;.

Lemma 4.2.1. The constructed sequence (W;) satisfies the equation (4.1).

Proof of the lemma. By construction of the frieze pattern (3.7), its South-East diagonals 7);
satisfy (2.1).
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Consider the following selection of k + 2 diagonals in the frieze pattern (3.7), and form the
following (k + 2) X n-matrix:

n—k—1 Tn—k Tin
ai 1 0 e 0
a3 al 1 0

0
a,1€+1 1
Xy Uy
1 Qi1
0
1 ay O/hv:zl
0 0 1 oy
(—1)k 0 0 1

The above diagonals satisfy the equation:
Mn = a}mn,l e (_1>kaﬁnnfk + (_1)knn7k71~

Let us express this equation for each component (i.e., each row of the above matrix).

The first row gives a* = o, which can be rewritten as W1 = a}Wj. Since, by construction,

n =

W_y=...=W_, =0, we can rewrite this relation as
Wi =aiWo—aiW_y+ -+ (=1)"W_y,

which is precisely (4.1) for ¢ = 1. Then considering the second component of the vectors 1, we

obtain the relation 0 = a®~1 — a¥al + a2, which reads as

Wy = Oé%Wl - Q%WO —

Wy = Oé%Wl — OZ%WO + Oé%W_l + e+ (71)wW1_w.
Continuing this process, we obtain n relations which correspond precisely to the equation (4.1),
fori=1,...,n. Hence the lemma. O

Shifting the indices, in a similar way we obtain w other solutions of the equation (4.1) that,
on the period (W_,,, ..., Wy_,_1), are given by:

k k—1 1
o, ..., 0, 1, ap_q, Gn_1, .oy Gp_q, 1, 0)
k k—1 1
(Oa ’ 17 an—Qa an—2a ’ a’n—27 1) 07 O)
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Together with the solution from Lemma 4.2.1, these solutions are linearly independent and
therefore form a basis of n-(anti)periodic solutions of equation (4.1). We proved that this
equation indeed belongs to £y 41, so that the map G is well-defined.

The relation between the equations (2.1) and (4.1) can be described as follows: the solutions
of the former one are the coefficients of the latter, and vice-versa. Therefore, the map G is an
involution. This finishes the proof of Theorem 4.1.2. U

To prove Propositon 4.1.3, it suffice to notice that the diagonals of the pattern (4.3) are
exactly the solutions of the equation (4.1) with initial conditions (0,...,0, 1,a¥). This is exactly
the way we associate a frieze pattern to a differential equation, see Section 3.4. (Il

Example 4.2.2. Let us give the most elementary, but perhaps the most striking, example of
the combinatorial Gale transform. Suppose that a difference equation (2.1) of order k + 1 is
such that all its solutions (V;) are (k 4 3)-(anti)periodic:

Vigres = (-1)* Vi
Consider the Hill equation
W; =a;W;_1 — W;_o,

obtained by “forgetting” the coefficients az with 7 > 2. Theorem 4.1.2 then implies that all the
solutions of this equation are antiperiodic with the same period: W; ;13 = —W,.

Conversely, any difference equation (2.1) of order k + 1 with (k + 3)-(anti)periodic solutions
can be constructed out of a Hill equation.

At first glance, it appears paradoxical that forgetting almost all the information about the
coefficients of a difference equation, we still keep the information about the (anti)periodicity of
solutions.

4.3. Comparison with the classical Gale transform. Recall that the classical Gale trans-
form of configurations of points in projective spaces is a map:

Gelass : Ck+1,7L — Cw+1,n )

where n = k 4+ w + 2, see [17, 6, 7, 14].

The classical Gale transform is defined as follows. Let A be a (k+1) x n-matrix representing
an element of Cyt1,, and A’ a (w + 1) X n-matrix representing an element of Cyy1,, see
(3.1) and (3.3). These elements are in Gale duality if there exists a non-degenerate diagonal
n X n-matrix D such that

ADpA™ =,

where A'" is the transposed matrix. This is precisely the duality of the corresponding Grass-
mannians combined with the quotient (3.3).
To understand the difference between the combinatorial Gale transform and the classical Gale

transform, recall that the space £xy1.n ~ Frt1,n is a subvariety of the Grassmannian Gryy1,,.

Given an SLy1-frieze pattern F, the (k+1) X n-matrix M;f)

the condition that every (k + 1) x (k + 1)-minor

representing F, as in (2.5), satisfies

Ar(My) = 1.

This implies that the diagonal matrix D also has to be of a particular form.
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Proposition 4.3.1. Let F be an SLgyi-frieze pattern and G(F) its Gale dual SLy,11-frieze
pattern. Then the corresponding matrices satisfy

@ o T
(4.4) My DMQJ(F) =0,
where t — j = w+ 1 mod n, and where the diagonal matrix
1 0 ... 0
0 -1 0
(4.5) D=
0 0 (—1)nt
Proof. The matrices are explicitly given by
L ai?, aj_y 1
MY = :
Lo ajyy 1
of size (k+1) x n and
1 af_l ajll_1 1
1 a? a; 1
(4 _
MQ(F) - . . )
1 a?+w71 a;+w71 1

of size (w+1) xn. The columns of the matrix Mg) correspond to the diagonals 1,1, -+ , Nitk+w
in F, which are solutions of (2.1). This gives immediately the relation
MO DMD T —0, where D =diag(l,~1,1,~1,...)
F G(F) ’ gL, P yree)e
U

Recall that in Section 3.4, we defined a projection from the space of equations to the moduli
space of n-gons. The Gale transform agrees with this projection.

Corollary 4.3.2. The following diagram commutes

g
€k+1,n — Cw+1,n

L

Ck+1,n T’ Cw+1,n

Proof. The projection 11, — Cri1,n, written in the matrix form, associates to a matrix
representing an element of 41, a coset in the quotient Gryy1,,/T" ! defined by left multi-
plication by diagonal n x n-matrices. If two representatives of the coset satisfy (4.4), then any
two other representatives also do. (I
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Example 4.3.3. Choose k = 2,w = 3,n = 7. The two friezes of Figure 2 are Gale dual to
each other.

FIGURE 2. An SLs-frieze of width 3 (matrix A left) and its Gale dual SLy-frieze
of width 2 (matrix A’ right).

One immediately checks in this example that the corresponding matrices satisfy
ADAT =0, for D =diag(l,—1,1,—1,1,—1,1).

4.4. The projective duality. Recall that the dual projective space (R]P’k)* (which is of course
itself isomorphic to RIP’k) is the space of hyperplanes in RP*. The notion of projective duality
is central in projective geometry.

Projective duality is usually defined for generic n-gons as follows. Given an n-gon (v;) in
RP*, the projectively dual n-gon (v¥) in (RP¥)* is the n-gon such that each vertex v’ is the
hyperplane (v;, Vit1, ..., Vigp—1) C RP*. This procedure obviously commutes with the action
of SLj1, so that one obtains a map

*

* 1 Ck—i—l,n — Ck-i—l,na

which squares to a shift: %o x: (v;) — (Vigr—1).
In this section, we introduce an analog of the projective duality on the space of difference
equations and that of frieze patterns:

* 1 gk:-‘rl,n — gk-i—l,rm * 1 Fk-{-l,n — fk+1,n-

The square of * also shifts the indices, but this shift is “invisible” on equations and friezes so
that it is an ‘nvolution: % o x = id.

Definition 4.4.1. The difference equation
(4.6) Vi = afia Vit —ai o Vit o+ (CD)M Vi + (DY
is called the projective dual of equation (2.1).
Here (V;*) is just a notation for the unknown.
Example 4.4.2. The projective dual of the equation V; = a;V;_1 — b;V;_o + V;_3 is:
V=iVl —aiViiy + Vg,

The above definition is justified by the following statement.
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Proposition 4.4.3. The map Ery1,n — Crt1,n from Section 3.4 commutes with projective
duality.

Proof. Recall that an n-gon (v;) is in the image of the map Exy1,5 — Cr+1,, if and only if it is
a projection of an n-gon (V;) in R**! satisfying the determinant condition (3.5).

Let us first show that the dual n-gon (v}) is also in the image of the map Exy1.n — Crt1n-

K2

Indeed, by definition of projective duality, the affine coordinates of a vertex v} € (RIP”“)* of the
dual n-gon can be calculated as the k x k-minors of the k x (k 4+ 1)-matrix

(ViVigr -+ Vi)

where V; are understood as (k + 1)-vectors (i.e., the columns of the matrix). Denote by V;* the
vector in (R*+1)* with coordinates given by the k x k-minors. In other words, the vector Vi*is
defined by the equation
Vis Vidr, oo, Vigm1, Vi = 1
A direct verification then shows that (V;*) satisfy the equation (4.6). O

The isomorphism Ex41,n =~ Fiy1,n allows us to define the notion of projective duality on
SLj41-frieze patterns.

Proposition 4.4.4. The projective duality of SLyy1-frieze patterns is just the symmetry with
respect to the median horizontal axis.

We will prove this statement in Section 5.4. The proof uses the explicit computations. See
Proposition 5.4.1.

Corollary 4.4.5. The projective duality commutes with the Gale transform:
x0G =G ox*.

4.5. The self-dual case. An interesting class of difference equations and equivalently, of
SLj41-frieze patterns, is the class of self dual equations. In the case of frieze patterns, self-
duality means invariance with respect to the horizontal axis of symmetry.

Example 4.5.1. a) Every SLy-frieze pattern is self-dual.
b) Consider the following SLs-frieze patterns of width 2:
1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

The first one is self-dual but the second one is not.

An n-gon is called projectively self dual if, for some fixed 0 < £ < n — 1, the n-gon (v}, ,) is
projectively equivalent to (v;). Note that ¢ is a parameter in the definition (so, more accurately,
one should say “f-self dual”); see [15].

5. THE DETERMINANTAL FORMULAS

In this section, we give explicit formulas for the Gale transform. It turns out that one can
solve the equation (2.1) and obtain explicit formulas for the coefficients of the SLj,q-frieze
pattern. Let us mention that the determinant formulas presented here already appeared in the
classical literature on difference equations in the context of “André method of solving difference
equations”; see [1, 21].
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5.1. Calculating the entries of the frieze patterns. Recall that we constructed an iso-
morphism between the spaces of difference equations &1, and frieze patterns Fjy; . We
associated an SLj41-frieze pattern of width w to every difference equation (2.1). The en-
tries di;1; of the SLyi-frieze pattern (also denoted by a7, see (3.7), (3.8)) were defined
non-explicitly by (3.4).

Proposition 5.1.1. The entries of the SLyi1-frieze pattern associated to a difference equa-
tion (2.1) are expressed in terms of the coefficients al by the following determinants.
(i) f0<j<k—1andj<w, then

1
a; 1

2 1
iy G 1

1
j+1
ag-i-j a12+j allﬂ'
(i) If k — 1 < j < w, then
a 1
ag+1 1
k
Aitk—1
(5.2) dijej = |
1
ajiq 1
1 afﬂ- allH

Proof. We use the Gale transform G(F) of the frieze F' associated to (2.1). In G(F), the
following diagonals of length w + 1

Ni—w—2 MNi—w—1 Ni—w+j Ni—2  MNi—1
a} 1
2 1
i1 A1
1
b
Jj+1 J 1
@iy j @iy j Giyj
1
1
Ay 1

satisfy the recurrence relation

Mic1 = 1 Micz— -+ (=17 i (D) 0l it + (1) M,
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that can be written in terms of vectors and matrices as

Ni-1 = ( Mi—w—2, -y Mi-2 )

The coefficients a;”_jj can be computed using the Cramer rule

(5.3) Qi (=) i m—2s e s ity Mim1s Miwtjt2s - - - Mie2]
! |77i—w—27---777i—2‘

The denominator is 1 since G(F') is an SLy1-frieze, and the numerator simplifies to (5.1)

or to (5.2) accordingly after decomposing by the 7;_1-th column. The coefficient o’} is in

position d; ;4 ; in the frieze F'. O

5.2. Equivalent formulas. There is another, alternative, way to calculate the entries of the
SLj41-frieze pattern.

Proposition 5.2.1. (i) If j + k > w then

k k—1 k—w-+j+1
Qi1 Qigppje1 ee oo Qigpiiq
k k—w-+j
1 R R M-
1
diiy; =
k
1 @2
(i) If 5 + k < w then
k 1
A _yt5—1 Qi —qptj—1 1
k 1
1 A —wtj Ui wyj 1
1 . 1
diiq; =
k—1
1 @i—3 Qi3
1 aiﬁz

Proof. These formulas are obtained in the same way as (5.1) and (5.2). O
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Example 5.2.2. (a) Hill’s equations V; = a;V;_1 — V;_o with antiperiodic solutions correspond
to Coxeter’s frieze patterns with the entries

a; 1

1 Ai+1 1
diiy; =

1 aivj—2 1

1 Qiyj—1

The corresponding geometric space is the moduli space (see Theorem 3.4.1) of n-gons in the
projective line known (in the complex case) under the name of moduli space M .
(b) In the case of third-order difference equations, V; = a;V;_1 — b;Vi_o + V;_3, we have:

a; bi+1 1

1 a1 big2 1

diivy =
s0 T
1 @iyj—3 bipj—z 1
1 Qitj—2  bipj—2
1 Qipj_1

This case is related to the moduli space Cs ,, of n-gons in the projective plane studied in [29)].

5.3. Determinantal formulas for the Gale transform. Formulas from Propositions 5.1.1
and 5.2.1 express the entries of the SLji-frieze pattern (3.7) as minors of the Gale dual
SL,+1-frieze pattern (4.3). One can reverse the formula and express the entries of (4.3), i.e.,
the coefficients of the equation (2.1) as minors of the SLy41-frieze pattern (3.7).

For instance the Gale dual of (5.3) is

(5.4) GEi (=D s o, Miktgs M1, Miktjg2s - - - Tie2]
! Mi—k—2,- - Ni—2] ’

where 7’s are the South-East diagonals of the SLj1-frieze pattern (3.7). Note that the denom-
inator is equal to 1.
For j < k we obtain an analog of the formula (5.1):

dit1,itw 1

b

Qitjitivw  igjrlititw
and similarly for (5.2).
5.4. Frieze patterns and the dual equations.

Proposition 5.4.1. The North-East diagonals (p;) of the SLyy1-frieze pattern corresponding
to the difference equation (2.1) satisfy the projectively dual difference equation (4.6).

Proof. This is a consequence of the tameness of the SLji-frieze pattern corresponding to
(2.1) and can be easily showed using the explicit determinantal formulas (5.4) that will be
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established in the next section. We first consider the case j = i+ w — k — 2. We know that
(k4 2) x (k + 2)-determinant vanishes, thus

dj—wt1,j 1

dj—wi2j  dj—wt2j+1 1

1

d; ; e diitw—1
Decomposing the determinant by the first column gives the recurrence relation
dijj = af odi1,j — @i gdimrj+ -+ (=) iy dimg + (=1 ik,

where the coefficients are computed using (5.4). The recurrence relation then propagates inside
the frieze due to the tameness property, and hence will hold for all j. This proves that the
North-East diagonals satisfy (4.6) after renumbering u} := fti45+1. d

6. THE GALE TRANSFORM AND THE REPRESENTATION THEORY

In this section, we give another description of the combinatorial Gale transform G in terms
of representation theory of the Lie group SL,. Let N C SL,, be the subgroup of upper unitri-
angular matrices.

*
1

We will associate a unitriangular n x n-matrix to every SLjy-frieze pattern. This idea allows
us to apply in our situation many tools of the theory of matrices, as well as more sophisticated
tools of representation theory. We make just one small step in this direction: we show that
the combinatorial Gale transform G coincides with the restriction of the anti-involution on N
introduced in [3].

6.1. From frieze patterns to unitriangular matrices. Given an SLjy,1-frieze pattern F' of
width w, as in formula (2.4), cutting out a piece of the frieze, see Figure 3, we associate to F'
a unitriangular n x n-matrix

1 dig - diw 1

dnfw,nfl

dnfl,nfl

with w + 2 non-zero diagonals. As before, n =k + w + 2.
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FiGURE 3. Cutting a unitriangular matrix out of a frieze.

Remark 6.1.1. Note that the matrix Ap contains all the information about the SLj-frieze
pattern. Indeed, the frieze pattern can be reconstructed by even a much smaller (k + 1) X n-
matrix (2.5). However, A is not defined uniquely. Indeed, it depends on the choice of the first
element dj; in the first line of the frieze. A different cutting gives a different matrix.

6.2. The combinatorial Gale transform as an anti-involution on N. Denote by * the
anti-involution of N defined for x € N by

(6.2) ' =Dz 'D,

where D is the diagonal matrix (4.5). Recall that the term “anti-involution” means an involution
that is an anti-homomorphism, i.e., (xy)* = y*a*. This anti-involution was introduced in [3] in
order to study the canonical parametrizations of N. We will explain the relation of * to the
classical representation theory in Section 6.4.

Theorem 6.2.1. (i) The operation Ap — (Ar)" associates to a matriz (6.1) of a tame SLj41-
frieze pattern a matriz of a tame SlLy,11-frieze pattern.
(ii) The corresponding map
L 5k+1,n — €w+1,n
coincides with the composition of the Gale transform and the projective duality:

L:go*.

Proof. Let us denote by S = {1,2,...,n} the index set of the rows, resp. columns, of a
matrix z € N. For two subsets I,J C S of the same cardinality we denote by Ay j(x) the
minor of the matrix x taken over the rows of indices in I and the columns of indices in J. We
have the following well-known relation

Aij(@") = As— 53,51y (2),
where A,; ;(x") is simply the entry in position (7, 7) in ‘. Taking into account that the matrix =
belongs to N, whenever j > i, the (n—1) X (n — 1)-minor in the above right hand side simplifies
toa (j —1) x (j — ¢)-minor

Aij(a') = Bpij-1),li+1,5)(2),
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where [a, b] denotes the interval {a,a +1,...,b}. Let us use this relation to compute the entry
in position (7, ) in (Ar)*. One has:
B i
di,i di’7;+1 e e di,jfl O[%U_l Ck;u_ll e e O[Z;U_1J+Z
1 di+177;+1 R e di+1,j71 1 Oé%ﬂ e e a?7j+i
1 ; 1
Aij(AR) = =
1 dj_15-1 1 av,

According to the determinantal formulas of Section 5, this is precisely the entry d; ;1 of the
frieze G(F'), and hence the result. O

6.3. Elements of the representation theory. Our next goal is to explain the relation of the
involution * with Schubert cells in the Grassmannians. We have to recall some basic notions of
representation theory.

The Weyl group of SL,, is the group S,, of permutations over n letters that we think of as
the set of integers {1,2,...,n}. The group S, is generated by (n — 1) elements denoted by s;,
1 <i < n—1, representing the elementary transposition ¢ <+ ¢ + 1. The relations between the
generators are as follows:

8i8i+18; =  Si+18iSi+1,
sis; = s;8;, |i—j|>1L
A decomposition of o € S,, as
O = 5§,8iy " Si,
is called reduced if it involves the least possible number of generators. Equivalently, we call the

sequence i = (i1,...,4p) a reduced word for o.
The group &,, can be viewed as a subgroup of SL,, using the following lift of the generators

Let us now describe the standard parametrization of the unipotent subgroup N. Consider
the following one-parameter subgroups of N:

xi(t) = , 1<i<n-—1, teR,

where t is in position (4,7 + 1). The matrices z;(t) are called the elementary Jacobi matrices,
these are generators of N.
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The next notion we need is that of the Schubert cells. Denote by B~ the Borel subgroup of
lower triangular matrices of SL,. Fix an arbitrary element o € S, and consider the set

N°:=NNB o¢B~

which is known as an open dense subset of a Schubert cell. It is well known that generically
elements of N can be represented as

(6.3) zi(t) = @4, (t1)34, (L2) -+ 24, (Tp),

where t = (t1,...,t,) € R? and i = (i1,...,1p) is an arbitrary reduced word for o.
For the following choice

(64) U:8k+1"'sn—1sk"'8n—2"'31"'8n—k—17

the set N¢ is identified with an open subset of the Grassmannian Gryy;,. See, e.g., [41,
Chap. 8], for more details.

6.4. The anti-involution * and the Grassmannians. It was proved in [3] that the anti-
involution * on N can be written in terms of the generators as follows. Set x;(t)" = x;(t) and
for  as in (6.3), one has:
2t = wi, (tp) i, (tp—1) - - i, ().

This map is well-defined, i.e., it is independent of the choice of the decomposition of x into a
product of generators since it coincides with (6.2).

Restricted to N, where o is given by (6.4), the anti-involution reads: * : N — N° . In
particular, it sends an open subset of the Grassmannian Gry11,, to an open subset of Gryy1 p-

We have already defined the embedding (2.5) of the space of SLy1-frieze patterns into the
Grassmannian. Quite obviously, one also has an embedding into N7, so that

]:k—&-l,n C N° C Grk+1,n.

It can be shown that the image of the involution * restricted to Fj41, belongs to Fyyin.

However, the proof is technically involved and we do not dwell on the details here. The following
example illustrates the situation quite well.

Example 6.4.1. The case of Gry 5. Fix 0 = 525354515253 and consider the following element
of N7:

1ty tyts tatste 0
1 ts54+t1 tita+tite +1tste  titats
x = wo(t1)xs(ta)wa(ts)xr (ts)za(ts)as(ts) = 1 t + to tots
1 ts
1
One then has
1 taty 0 0
1 5+t tats 0
xt = x3(te)xa(ts)x1(ta)xa(ts)xs(ta)za(tr) = 1 te +to tots
1 ts

1
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If now x € Fy 5, so that every 2 x 2-minor equals 1, then one has after an easy computation:
tity = 1, titotyts = 1, titotslylste = 1, titots = 17
and this implies that 2* € F3 5.

7. PERIODIC RATIONAL MAPS FROM FRIEZE PATTERNS

The periodic rational maps described in this section are a simple consequence of the isomor-
phism 41 =~ Fry1,n and of periodicity condition. However, the maps are of interest. The
simplest example is known as the Gauss map, see [18]. This map is given explicitly by

1+Cl
(01,02)’—> Coy —— |,

’ C1C2 — 1
where c1, co are variables. Gauss proved that this map is 5-periodic. In our terminology, Gauss’
map consists in the index shift: (c1,c2) — (co,c3) in a Hill equation V; = ¢;V;—1 — V;_o with
5-antiperiodic solutions.

The maps that we calculate in Section 7.1, are related to so-called Zamolodchikov periodicity
conjecture. They can be deduced from the simplest A x A, -case; the periodicity was proved in
this case in [42] by a different method. The general case of the conjecture was recently proved
in [23]. It would be interesting to investigate an approach based on linear difference equations
in this case.

Finally, the maps that we calculate in Section 7.2, correspond to self-dual difference equa-
tions. They do not enter into the framework of Zamolodchikov periodicity conjecture and seem
to be new.

7.1. Periodicity of SLj,;-frieze patterns and generalized Gauss maps. An important
property of SLj1-frieze patterns is their periodicity.

Corollary 7.1.1. Tame SLg1-frieze patterns of width w are n-periodic in the horizontal di-
rection: d;j = diyn j4n for all i,j, where n =k +w + 2.

This statement is a simple corollary of Theorem 3.4.1, Part (i). Note that, in the simplest
case k = 1, the above statement was proved by Coxeter [9].
Let us introduce the notation:

a1 1
1 a9 1

U(al,a2a"'7ak) =

1 Af—1 1

1 ag
for the simplest determinants from Section 5, see Example 5.2.2, part (a). We obtain the
following family of rational periodic maps.

Corollary 7.1.2. Let the rational map F : R"™3 — R" ™3 be given by the formula

F : (a17a27---7an—3) = (a27a37'"7an—37P(a17a27"'aan—3))7

where
1 + U(al, e 7CLn_4)

U(al, .. .,anfg)

P(a17a2a cee 7an—3) ==

Then F™ = id.
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Proof. Consider the periodic Hill equation V; = a;V;_1 —V;_s, or equivalently SLo-frieze pattern
whose first row consists of ones, and the second row is the bi-infinite sequence (a;). The entries
of kth row of this frieze pattern are

U(”‘i? s 7ai+k—2)a te Za

see Example 5.2.2 and [9, 29].

Assume that all the solutions of the Hill equation are n-antiperiodic. Then the frieze pattern
is closed of width n — 3 and its rows are n-periodic, see [9] and Corollary 7.1.1. Furthermore,
the (n — 2)th row of a closed SLs-frieze pattern consists in 1’s. Therefore

U(ai; @ity -5 Gi4n—3) =1,

for all 3.

On the other hand, decomposing the determinant U(a;, a;t1, ..., @itn—3) by the last row,
we find
(71) Aij4n—3 = P(ai, ey ai+n,4).
We can choose ay,...,a,_3 arbitrarily and then consecutively define a,_o,a,_1,... using
formula (7.1) for ¢ = 1,2,.... That is, we reconstruct the sequence (a;) from the “seed”
{ai1,...,an—3} by iterating the map F. By periodicity assumption, the result is an n-periodic
sequence. 0

Introduce another notation:

ay b1 1

V(al’bl""’bk—l,ak) = .. .. .. . |

1 ap—2 bp_o 1
1 ap—1 br_1
1 Qg

see Example 5.2.2, part (b).
Corollary 7.1.3. Let the rational map ® : R?*~8 — R2"~8 be given by the formula
P . (al, bl, as, b27 ey n—4g, bn_4) — (bl, as, b2, . ,bn_47 Q(al, bl, ey bn_47 an_4)) y

where
1+0bn4V(ar,by,...,an5) = V(a1 by,...,an )
V(al,bl,...,an_4) '

Qar,bi,...,an—a,bp_4) =

Then ®2" = id.

Proof. The arguments are similar to those of the above proof, but we will also use the notion
of a projectively dual equation.

Consider the difference equation V; = a;V;_1 —b;V; _o+V;_3 and assume that all its solutions
(and therefore all its coefficients) are n-periodic. Consider the dual equation, see Example 4.4.2,
but “read” it from right to left:

Viig=a;Viiy = biaViiy + V"

The map ® associates to a “seed” {ai,b1,...,an—4,b,—4} of the initial equation the same
“seed” of the dual equation.
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Recall finally that the double iteration of the projective duality is a shift: ¢ — i41. Therefore,
®2: (a;,b;,...) — (aiy1,big1,...), which is n-periodic by assumption. O
Example 7.1.4. For n = 5, the maps from Corollaries 7.1.2 and 7.1.3 are as follows:

1+aq a+1
F = _ D(b,a) = — .
(a1>a2) (a27 410y — 1) 5 ( 7a) (a7 b )
The first one is the classical 5-periodic Gauss map, the second, which looks even more elemen-
tary, is 10-periodic.

7.2. Periodic maps in the self-dual case. Let us now consider a version of the rational
periodic maps that correspond to self-dual third-order n-periodic equations, see Section 4.5.

Corollary 7.2.1. (i) Let n = 2m — 1, and let the rational map G, : R*=* — R"~* be given by
the formula

Golar,b1,a2,b2, ... am—2,bpm—2) = (b1,a2,b2,... . by_2, Ro(a1,b1,...,am—2,bm—2)),
where
Ro(a1,b1,. .. 0m—2,bm_2) =

V(ag,ba, ... am—2) +bm—2V(a1,b1,...,am—3) — V(ai,bi,...,am—4)
V(a1,b1,...,am_2) '

Then G7 = id.
(ii) Let n = 2m, and let the rational map G. : R4 5 R pe given by the formula
Ge(ala bla a2, b27 ey p—2, bm—2) = (bla az, b23 ey bm—?a Re(ala b17 ceey 2, bm—Q)) 5
where
Re(a1,bi,...,am—2,bp_2) =
V(bg,a3,...,am—2) +bm—2V(a1,b1,...,am—3) — V(ai,bi,...,am—4)
V(a1,b1,...,am_2) '

Then G? = id.

Proof. Let us consider part (i); the other case is similar.
As before, consider n-periodic equations V; = a;V;_1 — b;V;_o + V;_3. As before, both
sequences (a;) and (b;) are n-periodic, so that the sequence
...,bl,al,bg,ag,...,bmam...

is 2n-periodic. However, if the equation is self-dual, then this sequence is, actually, n-periodic.
More precisely,

bitm = as, n=2m—1;
{ bi+m = bi, Ai+m = A3, N = 2m.
We are concerned with the shift
(al, bl, as, bg, vy Ap—2, bm_g) — (bl, as, bg, e, Qp—2, bm_g, am_l),
and we need to express a,,_1 as a function of a1, b1,a92,b2,...,0m_2,bm_2.

To this end, we express, in two ways, the same entry of the SLs-frieze pattern. Con-
sider the South-East diagonal through the entry a; of the top non-trivial row and the South-
West diagonal through the entry a,,—1 of the same row. The entry at their intersection is
V(ay,b1,...,am—1), see [29].
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Since the difference equation is self-dual, the bottom non-trivial row of the SL3-frieze pattern
is identical to the top one. The North-East diagonal through the entry as of this bottom non-
trivial row intersects the North-West diagonal through the entry a,,_o of the same row at the
same point as above, and the entry there is V(ag,ba, ..., am—2).

Therefore

V(al, bl, [P ,am_l) = V(ag, bg, ey am_g),
and it remains to solve this equation for a,,_1. This yields the formula for the rational func-
tion R. 0

Example 7.2.2. If n = 6, we obtain the map
2b
Ge(a,b) = (b, —
(@)= (5.2)
that indeed has order 6. If n = 7, we obtain the map

by — 1
Go(ar,b1,a2,b2) = <b1,a2,b2,a2+a12)

ajag — bl
that has order 7.

7.3. Another expression for 2n-periodic maps. Let us sketch a derivation of the map ®
from a geometrical point of view. The formula is:

@(.’171, e 71’2“,8) = (SL’Q, ey Lon—8, R(.’L‘l, e 71’2”,8)) ;
where
o7
0?7 — won—8&2n—9 OF 1
and where O? is defined by recurrence relation
OZ = 02_2 — xb,202_4 + xb,gxb,gxb,402_6, a=b—4,b—6,...

with the initial conditions Olg = 05_2 = 1. We will see below why ®2" is the identity.

R(l’l, e ,SCQn_g) =

Example 7.3.1. The first non-trivial example is
1-— X1
P(x,29) = | 2o, ———— |,
( 1, 2) ( 2 1—.171.132)

which is the Gauss map. The next example is:

1—21 — 23+ 12223
‘b($1,$2,$3,$4) = | T2,3, T4, s
1—21 —x324

which is 12-periodic.

These formulas give the expression of the map @ in so-called corner coordinates on the moduli
space of n-gons in P2, Let LL’ denotes the intersection of lines L and L’ and let PP’ denote
the line containing P and P’. We have the inverse cross-ratio

(a —b)(c—d)
7.2 ,be,d| = ———————.
A polygonal ray is an infinite collection of points P_7, P_3, P11, ..., with indices congruent

to 1 mod 4, normalized so that

P_,=(0,0,1), P_3=(1,0,1), Py1=(1,1,1), Py5=1(0,1,1).
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These points determine lines
L syp=P q7ppP 3k,
and also the flags
Foorp=(Poryr, Losir),  Foapr = (Pozir, Los54k)
We associate corner invariants to the flags, as follows.
c(Fotk) = [P-r4k Posiks LosykLayr, LosynLrik],

c(Fatk) = [Potk, Poirs Lrsk L—1+k, L7k L—54k],
All these equations are meant for k = 0,4, 8,12, .... Finally, we define

xg = c(Fap); k=0,1,2,3...
The quantities zg, z1, 2, ... are known as the corner invariants of the ray.

Remark: From the exposition here, it would seem more natural to call these invariants flag
invariants, though in the past we have called them corner invariants.

We would like to go in the other direction: Given a list (xg, 21,22, ...), we seek a polygonal
ray which has this list as its flag invariants. Taking [38], eq. (20) and applying a suitable
projective duality, we get the reconstruction formula

1 -1 zox Oi"{k
(7.3) Poior=11 0 0 o¥tF k=0,24, ..
1 0 x9x1 Oi‘gk

Multiplying through by the matrix M !, where M is the matrix in equation (7.3), we get
an alternate normalization. Setting

0 0 1 1
Q7= |zoz1|, Q3= 0], Q=10], @=]1
1 Tox1 0 0
we have -
071k
Qos+2k = |OFF k=0,2,4,..
03+k
+3
In case we have a closed n-gon, we have
0 o3
(7.4) 0| =[Q-3] = [Qun—3] = [Qot2i2n—6)) = |OFF°
1 02n73

Here [-] denotes the equivalence class in the projective plane. Equation (7.4) yields O*%3 =
Ofﬁfg = 0. Shifting the vertex labels of our polygon by 1 unit has the effect of shifting the flag
invariants by 2 units. Doing all cyclic shifts, we get

(7.5) o=0 b—a=2n—4,2n—2, a,b odd.

Given a polygon P with flag invariants x, 2, ... we consider the dual polygon P*. The polygon
P* is such that a projective duality carries the lines extending the edges of P* to the points
of P, and wvice versa. When suitably labeled, the flag invariants of P* are x5, x3,.... For this
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reason, equation (7.5) also holds when both a and b are even. In particular, we have the 2n
relations:

(7.6) 0o =0, b—a=2n—4.
Equation (7.6) tells us that O*"~® = 0. But now our basic recurrence relation gives
Ton_7T2n—8T2n—9O0% ' — 19, 70?170 4 0T = 0.
Note that xg does not occur in this equation. Solving for zo,_7, we get
ZTon—7 = Rp(x1, ..., Ton—_g),
where R, is the expression that occurs in the map ® above. Thanks to equation (7.6), these
equations hold when we shift the indices cyclically by any amount. Thus
Ton—74k = Rn(Tka1y -y Ton—gtk)s k=1,..,2n.

This is an explanation of why ®2" is the identity.

8. RELATION BETWEEN THE SPACES &y41,n, Fuw+1,n AND Ciy1n

In this section, we give more details about the relations between the main spaces studied in
this paper and complete the proof of Theorem 3.4.1.

8.1. Proof of Theorem 3.4.1, Part (i). Let us prove that the map Exy1n — Frtin
constructed in Section 3.4 is indeed an isomorphism of algebraic varieties.

A. Let us first prove that this map is a bijection. By the (anti)periodicity assumption (2.2),
after n — k — 2 numbers on each North-East diagonal, there appears 1, followed by k zeros.
Thus we indeed obtain an array of numbers bounded by a row of ones and k& rows of zeros.

Consider the determinants D; ; defined by (2.3) for j > i — 1. We show that D, ; = 1 by
induction on j, assuming ¢ is fixed. By construction, k + 1 consecutive North-East diagonals
of the frieze give a sequence (V;);ez of vectors in R**1 satisfying the difference equation (2.1),
where

di,;j
dit1,j
=
diyr,j
One has D; ; = |V, V41, -+, Vjqr|. Now we compute the first determinant
1 dig oo digyr—
0 1 ... disrite
Dj; 1= e =1.
0 0o ... 1
Since the last coefficient in the equation (2.1) satisfied by the sequence of the vectors (V) is
a1 = (=1)*, one easily sees that D; ; = D; j11. Therefore D; j11 = D; j = --- = 1. We have

proved that the array d; ; is an SLj;-frieze pattern.
Lemma 8.1.1. The defined frieze pattern is tame.
Proof. The space of solutions of the difference equation (2.1) is k + 1-dimensional, therefore

every (k + 2) x (k+ 2)-block cut from k + 2 consecutive diagonals gives a sequence of linearly
dependent vectors. Hence every (k + 2) x (k + 2)-determinant vanishes. O
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Conversely, consider a tame SLy41-frieze pattern. Let n; = (...,d; j,di+1,,...) be the jth
South-East diagonal. We claim that, for every j, the diagonal 7; is a linear combination of

MNji—1ye-sMj—k—1:

(8.1) nj=ami—1—aini_a+ -+ (=1 aln 4+ (1) Fal Ty

Indeed, consider a (k+2) x (k + 2)-determinant whose last column is on the diagonal 7;. Since
the determinant vanishes, the last column is a linear combination of the previous k+1 columns.
To extend this linear relation to the whole diagonal, slide the (k + 2) x (k + 2)-determinant in
the n-direction; this yields (8.1).

Next, we claim that a?“ = 1. To see this, choose a (k + 1) x (k + 1)-determinant whose
last column is on the diagonal n;. By definition of SLji-frieze pattern, this determinant
equals 1. On the other hand, due to the relation (8.1), this determinant equals af“ times a
similar (k+1) x (k4 1)-determinant whose last column is on the diagonal 7;_1. The latter also
equals 1, therefore ! = 1.

We have shown that each North-East diagonal of the SLy 1-frieze pattern consists of solutions
of the linear difference equation (8.1) with a?“ = 1, that is, the difference equation (2.1). By
definition of an SLj1-frieze pattern, these solutions are (anti)periodic. Hence the coefficients
are periodic as well.

We proved that the map &1, — Fiy1,n constructed in Section 3.4 is one-to-one.

B. Let us now show that this map is a morphism of algebraic varieties defined in Sections 3.1
and 3.2.

Recall that the structure of algebraic variety on &;41., is defined by polynomial equations
on the coefficients resulting from the (anti)periodicity. More precisely, these relations can be
written in the form:

di,i—l—w = ]., di,j = O, w < ] <n,
where d; ; are defined by (3.4) and calculated according to the formulas (5.1) and (5.2) that also
make sense for j > w. These polynomial equations guarantee that the solutions of the equa-
tion (2.1) are n-(anti)periodic. In other words, if M is the monodromy operator of the equation
(which is, as well-known, an element of the group SLj41), then the (anti)periodicity condition
means that M = (—1)¥Id. Note that exactly k(k + 2) of these equations are algebraically
independent, since this is the dimension of SLj .

The structure of algebraic variety on the space Fj1 5, is given by the embedding into Gry41 1.
The Grassmannian itself is an algebraic variety defined by the Pliicker relations, and the em-
bedding Fj41,n C Griy1,n is defined by the conditions that some of the Pliicker coordinates
are equal to each other.

We claim that the map Ex41n — Frk41,n, constructed in Section 3.4, is a morphism of

algebraic varieties (i.e., a birational map). Indeed, the coefficients a of the equation (2.1)

are pull-backs of rational functions in Pliicker coordinates, see formula (5.4). Moreover, all

the determinants in these formulas are equal to 1 when restricted to £;41,,. Conversely, the

Pliicker coordinates restricted to Fj41,, are polynomial functions in ag . This follows from the

formulas (5.1) and (5.2) and from the fact that the Pliicker coordinates are polynomial in d; ;.
This completes the proof of Theorem 3.4.1, Part (i).

8.2. Second isomorphism, when n and k + 1 are coprime. Let us prove that the spaces
of difference equations (2.1) with (anti)periodic solutions and the moduli space of n-gons in
RP* are isomorphic algebraic varieties, provided the period n and the dimension k£ + 1 have no
common divisors.
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A. We need to check that the map (3.6) is, indeed, a one-to-one correspondence between
Ekt1,n and Cri1 . Let us construct the inverse map to (3.6). Consider a non-degenerate n-
gon (v;) in RP¥. Choose an arbitrary lift (V;) € R¥+! of the vertices. The k + 1 coordinates
‘71_(1)’ ce ‘N/i(kﬂ) of the vertices of this n-gon are solutions to some (and the same) difference
equation (2.1) if and only if the determinant (3.5) is constant (i.e., independent of ). We thus

wish to define a new lift V; = tl-f/i such that
titivr - tivk [Vis Vigrs oo, Vigr| = 1.

This system of equations on t1,...,t, has a unique solution if and only if n and k + 1 are
coprime. Finally, two projectively equivalent n-gons correspond to the same equation. Thus
the map (3.6) is a bijection.

B. The structures of algebraic varieties are in full accordance since the projection from Gryy1
to C+1,n 1S given by the projection with respect to the T"~!-action which is an algebraic action
of an algebraic group.

Theorem 3.4.1, Part (ii) is proved.

8.3. Proof of Proposition 3.4.4. Consider finally the case where n and k + 1 have common
divisors. Suppose that ged(n, k 4+ 1) = ¢ # 1. In this case, the constructed map is not injective
and its image is a subvariety in the moduli space of polygons.

As before, we assign an n-gon Vi,...,V,, € R¥*t! to a difference equation. Given numbers
to,...,tq—1 whose product is 1, we can rescale
V}'Htjmodqvvj jzl,...,n,

keeping the determinants |V;, Viy1,. .., Viyx| intact. This action of (R*)4~1 does not affect the
projection of the polygons to RP*. Thus this projection has at least ¢ — 1-dimensional fiber.
To find the dimension of the fiber, we need to consider the system of equations
titi-‘rl"'ti-‘rk):la i=1,...,n,

where, as usual, the indices are understood cyclically mod n. Taking logarithms, this is equiv-
alent to a linear system with the circulant matrix

11 ...110 ... 0 O
o1 ...1.11 0 ... 0
0 0 01 1 1 1
10 0 01 1 1
11 ... 100 ... 0 1

with k£ + 1 ones in each row and column.
The eigenvalues of such a matrix are given by the formula
l+wj+w 4+ +wh, j=01,....,n—1,
where w; = exp(2wij/n) is nth root of 1, see [10]. If j > 0, the latter sum equals

k4+1 _
w; 1
)

U.Jj -1
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and it equals 0 if and only if j(k+ 1) =0 mod n. This equation has ¢ — 1 solutions, hence the
circulant matrix has corank ¢ — 1. Proposition 3.4.4 is proved.

8.4. The SLy-case: relations to Teichmiiller theory. Now we give a more geometric de-
scription of the image of the map (3.6) in the case k = 1. If n is odd then this map is one-to-one,
but if n is even then its image has codimension 1. To describe this image, we need some basic
facts from decorated Teichmiiller theory [33, 34].

Consider RP! as the circle at infinity of the hyperbolic plane. Then a polygon in RP! can
be thought of as an ideal polygon in the hyperbolic plane 2. A decoration of an ideal n-gon
is a choice of horocycles centered at its vertices.

Choose a decoration and define the side length of the polygon as the signed hyperbolic dis-
tance between the intersection points of the respective horocycles with this side; the convention
is that if the two consecutive horocycles are disjoint then the respective distance is positive (one
can always assume that the horocycles are “small” enough). Denoting the side length by 4, the
lambda length is defined as A = exp (6/2).

Let n be even. Define the alternating perimeter length of an ideal n-gon: choose a decoration
and consider the alternating sum of the side lengths. The alternating perimeter length of an
ideal even-gon does not depend on the decoration: changing a horocycle adds (or subtracts)
the same length to two adjacent sides of the polygon and does not change the alternating sum.

Proposition 8.4.1. The image of the map (3.6) with k = 1 and n even consists of polygons
with zero alternating perimeter length.

Proof. Let (v;) be a polygon in RP!. Let z; = [vi—1,v;, Vi+1, vi42] be the cross-ratio of the four
consecutive vertices. Of six possible definitions of cross-ratio, we use the following one:

(t1 —t3)(ta — t4)
(t1 —t2)(tz —ta)

This is the reciprocal of the formula in equation (7.2).
We claim that a 2n-gon is in the image of (3.6) if and only if

(8.2) H €Ty = H ZTj.

i odd 1 even

[t1,t2,t3,ta] =

Indeed, let (V;) C R? be an anti periodic solution to the discrete Hill's equation
Vier =V = Vi
with |V;, Vi41] = 1. Then

- [Vie1, Vis1 Vi, Vigo| — iy
" Vi, VillVigr, Vige| T

Therefore (8.2) holds.

Conversely, let (8.2) hold. Let (V;) be a lift of (v;) to R? with |V;, Viq1| > 0. As before,
we want to renormalize these vectors so that the consecutive determinants equal 1. This boils
down to solving the system of equations titiﬂﬂz, Vi+1| = 1. This system has a solution if and

only if
TT 17 Vier = T 170 Vil

i odd i even
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On the other hand, one computes that

1= Lioaa®i _ ( Ili even Vi, Vita ’

Hi even Li Hl odd |‘~/Za ‘7i+1|

and the desired rescaling exists.

Finally, one relates cross-ratios with lambda lengths, see [33, 34]:

A1 A2
[Ui717vi>vi+1avi+2] -5 N -
Ai—l,iAi-‘rl,i—‘rQ

Therefore )
1= H’L odd Ti _ <H1 even )\i,i-i-l) — 62(71)1.51' .
Hi even Li Hi odd )\iﬂ"i‘l
It follows that the alternating perimeter length is zero. O
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