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ABSTRACT. This paper proves a version of mirror symmetry expressing the
(small) Dubrovin connection for even-dimensional quadrics in terms of a mirror-
dual Landau-Ginzburg model on the complement of an anticanonical divisor
in a dual quadric. We go into greater depth for all quadrics, even and odd,
treating them as a series starting with Q3 and Q4 = Gr2(4). This turns out
to work very naturally after restricting to a particular torus, and leads to a
combinatorial model for the superpotential in terms of a quiver, in the vein
of those proposed by Batyrev, Ciocan-Fontanine, Kim and van Straten for
Grassmannians in the 1990’s. The Laurent polynomial superpotentials form a
single series, despite the fact that our mirrors of even quadrics are defined on
dual quadrics, while the mirror to an odd quadric is naturally defined on a pro-
jective space. We use this combinatorial description to compute the constant
term of the J-function.
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1. INTRODUCTION

Suppose X is a smooth projective complex Fano variety X of dimension N.
Starting from X as the ‘A-model,” Dubrovin constructed a flat connection on a
trivial bundle with fiber H*(X,C), using Gromov-Witten invariants of X. One
incarnation of mirror symmetry reproduces the same connection via a Gauss-Manin
system on a ‘B-model’.

In our setting X will always have Picard rank 1 and the base of the trivial bundle
on the A-side can be taken to be the two-dimensional complex torus C; x C; with
coordinates ¢ and h. The Dubrovin connection is flat and therefore defines a D-
module My, where D = C[h*!, ¢*1](dp,d,). The B-model for X as above is a
Landau-Ginzburg model, which is a pair (X, W) consisting of an affine algebraic
variety X over C and a regular function Wy : X — C called the superpotential. This
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data gives rise to a Gauss-Manin system, via a kind of twisted N-th (algebraic) de
Rham cohomology. Namely one defines the D-module

Mp = QN (X, ClhE, ¢F1)) /(d — %dW A _)ONL(X, CRt, ¢FY)

where D = C[h*?, ¢*1](dy, d,), which is intended to recover the Dubrovin connec-
tion of X. One of the central problems of mirror symmetry is how to construct the
LG model (X ,W) given X. In the case of quadrics there are two direct approaches.
One of them is the approach due to Hori and Vafa [HV00], which applies to Fano
hypersurfaces in projective space. The other approach is via [Rie08], which applies
to homogeneous spaces G/P.

When X is a hypersurface in a complex projective space, its conjectured Landau-
Ginzburg model, the ‘Hori-Vafa mirror’, is a torus together with a Laurent poly-
nomial in N variables [HV00], [Prz09, Rmk. 19]. In the case of an N-dimensional
quadric @ the LG model of Hori and Vafa is L, : (C*) — C where

(Yn +q)°
1 Ly=Y1+Yo+ ...+ Yy 1+ ———.
(1) ¢ =Yi+ Yot Vvt g
Note that this expression is indeed equivalent to the original Hori-Vafa model (see
[Prz09]).

On the other hand the smooth quadric @ may also be identified with the homo-
geneous space SOyn12(C)/P. Here we think of SOy 12(C) as the special orthogonal
group associated to the quadratic form on CN*2 defining @y inside PYF!. The
mirror construction from [Rie08] applies in this setting and gives a regular function
Fq on an N-dimensional affine subvariety R (generally larger than a torus) of the
Langlands dual full flag variety. If IV is odd then this Langlands dual full flag
variety is Spy11(C)/B. If N is even then it is SOy 12(C)/B.

One advantage of the mirrors F,; over the Laurent polynomials L, is that the
former have the expected number of critical points (at fixed generic value of ¢),
namely dim(H*(Qy)). This is not generally the case for Laurent polynomial mir-
rors, as was already observed in [EHX97]. In [EHX97] it was suggested to solve this
problem using a partial compactification and this was carried out for the first time
in the case of ()4, albeit in an ad hoc fashion. Since then a partial compactification
of the Hori-Vafa mirror in the case of all odd quadrics was obtained in [GS13], along
with a proof of the isomorphism of D-modules. This partial compactification was
then shown in [PR13a] to be isomorphic to the mirror F,.

We note that for type A flag varieties the mirrors F, were shown to be partial
compactifications of the Laurent polynomial mirrors of [BCFKvS00, BCFKvS93],
see [Rie08, Rie06, MR13].

In this paper we will discuss and compare four different versions of the LG models
for quadrics, and prove various identities predicted by mirror symmetry. Here is a
summary of our results.

1.1. A canonical mirror. Suppose X is a homogeneous space for an adjoint sim-
ple complex algebraic group. For cominuscule X, such as Grassmannians, La-
grangian Grassmannians, and also quadrics, the Langlands dual group naturally
acts on H*(X,C), by the geometric Satake correspondence [Lus83, MVO07, Gin95].
We exploit this to give a very natural formulation of the mirror in the even quadrics
case, compare [MR13, PR13b, PR13a]. Namely for even dimensional quadrics we
prove an isomorphism between the domain R of F, and the complement of an
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anti-canonical divisor in a ‘mirror’ quadric Q. This mirror quadric is obtained as
a closed orbit of the Langlands dual group inside P(H*(Qy,C)*). Therefore the
cohomology classes of Qn are naturally coordinate functions on the dual quadric
Qn. We then obtain an LG-model W, on Qn by pulling back Fy and expressing
it in the coordinates coming from the Schubert basis of H*(Qx,C). We consider
this to be the most canonical presentation of the LG-model for Q. For odd N we
note that the analogous procedure gives an LG-model on PV, where PV is viewed
as a homogeneous space for Spy11(C), see [PR13a].

1.2. An isomorphism of D-modules. For even dimensional quadrics we con-
struct an explicit isomorphism from the Dubrovin D-module M 4 to a natural sub-
module of the Gauss-Manin D-module Mp. We conjecture that this submodule
is in fact all of Mp so that M4 and Mp are isomorphic. Here we use the new
version W, of the mirror which takes place on a dual quadric. We note that there
is a non-trivial cluster algebra structure on the coordinate ring of the mirror, which
plays a role in our proof of the isomorphism.

1.3. Laurent polynomial mirrors analogous to projective space. By re-
stricting to a natural choice of torus in R we obtain a further Laurent polynomial
expression for the mirror. Combining this with results from [PR13b] we obtain a
series of Laurent polynomial mirrors for all @), which resemble the well-known
Laurent polynomial mirrors for projective spaces (but differ from the Hori-Vafa
mirrors).

1.4. The hypergeometric series of the quadric. We work out in two different
ways a series expansion for the coefficient of the top class in Givental’s J-function.
On the one hand we obtain the series as a residue integral on the B-model side, using
the Laurent polynomial formulation from 1.3. On the other hand the coefficients of
the series can be interpreted as 1-point descendent Gromow-Witten invariants, and
we determine these directly on the A-side, using Kontsevich-Manin reconstruction
and the usual axioms. We identify this series as hypergeometric series and identify
the differential equation which it satisfies, which is a ‘quantum differential equation’
of the quadric.

1.5. A quiver version of the superpotential. We interpret our Laurent polyno-
mial version of the mirror from 1.3 in terms of a quiver, in the spirit of [BCFKvS98,
BCFKvS00, Giv97]. The fundamental class coefficient of the J-function can be
read off directly from the quiver. This is in analogy with the residue formula of
[BCFKvS00, Section 5.1] for type A partial flag varieties, which was conjectured
there to recover that coefficient of the J-function (now proved in [MR13] for Grass-
mannians, and a consequence of [Giv97] for the full flag variety).

1.6. Comparison with the Hori-Vafa mirrors. Finally we show that the Hori-
Vafa mirrors arise out of W, in the same way as the other Laurent polynomial
mirrors, by restriction to a specific cluster torus.

2. LANDAU-GINZBURG MODELS FOR ODD QUADRICS

The quadrics are cominuscule homogeneous spaces (for the Spin groups). There-
fore, in addition to the Hori-Vafa approach [HVO00] for constructing LG models,
there is another LG model for each quadric on an affine variety generally larger
than a torus, which was defined by the second-named author using a Lie-theoretic
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construction [Rie08]. Namely for any projective homogeneous space X = G/P of a
simple complex algebraic group, [Rie08] constructed a conjectural LG model, which
is a regular function on an affine subvariety of the Langlands dual group. It was
shown in [Rie08] that this LG model recovers the Peterson variety presentation
[Pet97] of the quantum cohomology of X = G/P. It therefore defines an LG model
whose Jacobi ring has the correct dimension. In this section we will rewrite this
LG model in terms of natural projective coordinates on P(H*(Qn,C)*).

Note that for odd-dimensional quadrics Q2,,—1 a recent paper [GS13] of Gor-
bounov and Smirnov constructed directly a partial compactification of the Hori-
Vafa mirrors, without making use of [Rie08].

2.1. The LG model for @Q)3,,—1 on a Langlands dual projective space. LG
models for odd-dimensional quadrics with the expected number of critical points
have been constructed in [Rie08] (where they appear as a special case), and [GS13],
and finally [PR13a]. Here we recall the main results from the paper [PR13a], which
contains the formulation for the LG model which we will adopt.

In this section our A-model variety X = Xy = Xo,,—1 is the quadric Qn =
Q2m—1- Recall that an odd-dimensional quadric has 1-dimensional cohomology
groups in even degrees spanned by Schubert classes o; € H?(Qg,_1,C) for 0 <
1 < 2m — 1, and no other cohomology. To construct its mirror first consider the
projective space X = Xom_1 = P?"~! with homogeneous coordinates (po = p1:
-+ Pam—1) in one-to-one correspondence with these Schubert classes o;. Inside X
we have the open affine subvariety X° c P?™~1 defined by:

(2) X°— X3 = X\D,
where D := Dy + D1+ ...+ D1 + D,y the divisors D; being given by
DO = {pO = 0}7

¢
Dy := {Z(_l)kpé—kp%n—l—f-i-k = 0} for1<f<m-—1,
k=0

Dy, = {p2m—1 = O}
The divisor D is an anti-canonical divisor. Indeed, the index of X = P?™~1 ig 2m.
For simplicity, we will define

¢
(3) ¢ = Z(—l)kpé—kpN—€+k~

k=0
(For odd quadrics, N = 2m — 1.) We have:

Theorem 2.1 ([PR13a, Theorem 1]). The LG model F, : R — C from [Rie08] for
X = Qam—1 1s isomorphic to Wy : Xé’m_l — C defined by

m—1
b1 Pe+1P2m—1—¢ b1
4 Wy=—+ +q .
@) 7 po ; 0p D2m—1

We also have another expression for the superpotential:

Proposition 2.2 ([PR13a, Proposition 8]). For X = Q-1 and W, as above,
there is a torus (C*)>™=1 — XS | to which Wy pulls back giving the Laurent
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polynomial expression

ay + by
1 ...am,lcbm,l b1

(B)  Wy=ar+ - +ama+ctbmat:+b+q-

2.2. Comparison with the Hori-Vafa model for odd quadrics. Here we check
that once restricted to a certain torus, our LG model (4) is isomorphic to the Hori-
Vafa LG model. Let us consider the change of coordinates:

If—il forl1<i<m-1;
P2m—1—i02m—3—i form <i<2m—3;
Y. = { Pzm—2-i02m—2—
T T .
q-—2— for i =2m — 2 ;
§2m,—1
m—2 - _
g5 for i =2m — 1.

This change of coordinates is well-defined on the torus T' = {p; # 0 Vi} inside
X°. Moreover, an easy calculation shows that it transforms our LG model (4)
into the Hori-Vafa model (1) for odd quadrics. Note that this change of coordi-
nates may also be obtained by combining the isomorphism between (4) and the
Gorbounov-Smirnov mirror from [PR13a, Section 6], with the comparison between
the Gourbounov-Smirnov mirror and Hori-Vafa’s mirror in [GS13].

3. LANDAU-GINZBURG MODELS FOR EVEN QUADRICS

We view the quadric X = Xo,, 92 := Q22 of dimension 2m — 2 as a homo-
geneous space for the Spin group Spin,,,(C). In this section we will introduce a
natural LG model for X5, o which will be defined on an open subvariety of a dual
quadric Xa,,_5 = P\PSOy,,(C), see Section 3.2. Note that the projective special
orthogonal group PSOa,, is the Langlands dual group to Spin,,,, and both groups
have the same Dynkin diagram, namely the Dynkin diagram of type D,,. The main
result of this section, Proposition 3.6, shows that the new LG-model is isomorphic
to one defined earlier [Rie08] on a Richardson variety R inside the full flag variety
of PSO,,,(C).

Note that in the following we will denote the group PSOs,,(C) by G, since this
is the group we will primarily be working with. Then the A-model symmetry group
is G¥ = Spin,,,(C), and we have Xs,,_o = GY/PV, where PV is the parabolic
subgroup associated to the first node of the Dynkin diagram of type D,,.

<
o
- m—1

3.1. Notations and definitions. Let V = C?>™ with fixed quadratic form
1

[ J O (¢]

1 )

-1

-1
1

In other words Q(vi,v;) = (—1)™8*(3)§,, 9,11 where {v;} is the standard basis
of C?™. For G = PSO(V, Q) = PSO(V) we fix Chevalley generators (e;)1<i<m and
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(fi)1i<i<m- To be explicit we embed so(V, Q) into gl(V) and set

Eiiv1+Eom—iom—it1 f1<i<m—1,
e; = ep -
Em1ms1+ Enmye  ifi=m,

and f; := e, the transpose matrix, for every i = 1,...,m. Here E; ; = (6, x01;)k..
is the standard basis of gl(V'). For elements of the group PSO(V), we will take
matrices to represent their equivalence classes. We have Borel subgroups B, = TU,
and B_ = TU_ consisting of upper-triangular and lower-triangular matrices in
PSO(V), respectively. Here U, and U_ are the unipotent radicals of B and B_,
respectively, and 7' is the maximal torus of PSO(V), consisting of diagonal matrices
(d;;) with non-zero entries d;; = d§$7i+1’2m7i+1. We let X(T') = Hom(T,C*),
R C X(T) the set of roots, and R™ the positive roots. We denote the set of simple
roots by Il = {a; | 1 <i <m} C RT € R C X(T), and the set of fundamental
weights (which is the dual basis in X(T")) by {w; | 1 <i<m} C X(T) ®zR.

The parabolic subgroup P of PSO(V') we are interested in is the one whose Lie
algebra p is generated by all of the e; together with fs, ..., f,,, leaving out f;.
Let z;(a) := exp(ae;) and y;(a) := exp(af;). The Weyl group W of PSO(V) is
generated by simple reflections s; for which we choose representatives

(6) $i = yi(—1)zi(1)yi(—1).
We let Wp denote the parabolic subgroup of the Weyl group W, namely Wp =
(2, -+, 8m). The length of a Weyl group element w is denoted by ¢(w). The longest
element in Wp is denoted by wp. We also let wg be the longest element in W. Next
W is defined to be the set of minimal length coset representatives for W/Wp. The
minimal length coset representative for wy is denoted by w?.

We introduce the following notation for the elements of W¥. Namely, W =

/
{e;wi, ..., Wm—1, W, 1, Wy W41, - - - Wom—2}, Where
SESk—1---951 1f1§k‘§m—2,
w SmSm—2-..S51 ifk=m—1,
k= .
Sm—15mSm—2 - . . 81 if k=m,

Soam—1—k -+ Sm—25m—-15mSm—2...81 Um+1<k<2m-—2.

and W), _; = $m—1Sm-2...81.

For any w € W let w denote the representative of w in G obtained by setting
W= §; -8, , where w = s;, ---s;  is a reduced expression and §; is as in (6).
Moreover, each wy € PSO(V) can be represented by a matrix [wg] € SO(V) such
that

(7) [wi] - vam =

Vo —Fk 1<k<m-—1,
Vom—k—1 m—1<k<2m—2,

and [w), 1] - Vom = Umi1 and [W—1] - Vam = V.

3.2. The dual quadric and its Pliicker coordinates. Consider the homoge-
neous space Xopg_o = P\PSO(V). It is canonically identified with the isotropic
Grassmannian of lines in V*, when this Grassmannian is viewed as a homogeneous
space via the action of PSO(V') from the right. Moreover the isotropic Grassman-
nian of lines is also a (2m—2)-dimensional quadric Xom—9 =t Qam_2, Now in P(V*).
So in this case, the varieties X and X are (non-canonically) isomorphic. The reason
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for this isomorphism of varieties is that the group vais of simply-laced type. How-
ever Lie-theoretically we still think of Xs,, o and Xs,,_2 as being very different
homogeneous spaces, with Xa,,_2 = Spin,,,,(C)/PY and Xg,,—2 = P\PSOq,,(C).

Definition 3.1 (Pliicker coordinates). The Pliicker coordinates for X = P\PSO(V)
are the homogeneous coordinates coming from the embedding of X5, 5 into P(V*)
as the (right) G-orbit of the line Cv3,,,:

Xom_o = P\PSO(V) = P(V*) : Pg s (Cuv},,) - g.
We think of the Pliicker coordinates as corresponding to the elements of W¥.

Let v (respectively v ) denote lowest and highest weight vectors in the highest
weight representation V,,,. Then the Pliicker coordinates may be defined by:

po(9) = (vg, - 9], v0,)
Pe(9) = (v, - lg], [wi] -vg,) for 1 <k <2m —2, and
Pr—1(9) = (vg, - (9] [Wh—1] - vg,),s

where [g] € SO(V) is any fixed matrix representing g € PSO(V'). The homogeneous
coordinates of Pg are then given by

(o(g) = -+ Pm—2(9) : Pra_1(9) : Pm—1(9) : Pm(9) : -+ = Pam—2(9))-

These are simply the bottom row entries of [g] read from right to left, keeping in
mind (7).

We note that as in the case of the odd quadric these Pliicker coordinates are to be
thought of as B-model incarnations of the Schubert classes of Q,,_2. Namely recall
that H*(Q2m—2,C) has a Schubert basis indexed by WP, We will use the notation
0; = ow, and o), | = Ow! . and o9 = o0.. As a special case of the geometric
Satake correspondence [Lus83, Gin95, MV07] we have that the (defining) projective
representation V' of PSOs,, (V) is identified with the cohomology of Q2y,—2,

V = H*(Q2m-2,C),
and the standard basis v; agrees with the Schubert basis via vy, = 0¢ and
(8) [wi] “vom = 00, (W] vom = 0y
The Schubert classes o,, are in this way naturally identified with the Pliicker coor-

dinates.

3.3. The superpotential for J2,,_2 on a dual quadric. In this section we state
our theorem describing a superpotential for QQo,,_2 in terms of Pliicker coordinates
on the dual quadric Xa,,_2 = Qom—_2. Consider

(9) X = X0y 2 =X\D,
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where D := Do+ D1+ ...+ Dp—9 + Dp—1 + D), _4, the D;’s being given by
DO = {pO = 0}7

I
Dy = {Z(_l)kpfkp2m2£+k = 0} for 1 <f<m -3,
k=0

Dyy—2 = {pam—2 = 0},
Dyp—1:= {pm-1 =0},
Dy = {p;n—l = 0}-
The divisor D is an anti-canonical divisor in X. For simplicity, we will define
¢

(10) o= (=1)*pe_spn—rsh-
k=0

(For even quadrics, N = 2m — 2.) Our first result is the following theorem.
Theorem 3.1. The LG model for Qam—2 = Spiny,, /P" from [Rie08] is isomorphic
to Wy : X3, o — C defined by

m—3

(11) Wq:@+zpz+1p§m—2—e+ P Pm_ o DL
DPo — 0 Pm—1 Prm—1 P2m—2

Before we begin the proof we need to recall the definition of the LG-model from
[Rie08].

3.4. The superpotential for Q2,2 on a Richardson variety. Following [Rie08]
consider the (open) Richardson variety R := Ry, w, C G/B_, namely

R := Rup.uw, = (BybpB_ N B_1iyB_)/B_.

This Richardson variety R is irreducible of dimension 2m — 2, and its closure is
the Schubert variety BywpB_/B_. Let T"W? be the Wp-fixed part of the maximal
torus 7. Note that since we are in the setting of Section 3.1 we have that TWr = C*
with isomorphism given by ;. The inverse isomorphism is wy : C* — T"?. We
fix a d € T"?. Then one can define

(12) Zg:=B_wgNUydwpU_ C G,
and the map
(13) TrR: 43— R:gw— gB_,

is an isomorphism from Z; to the open Richardson variety [Rie08, Section 4.1].
Let ¢ be the non-vanishing coordinate on the 1-dimensional torus T7W? given by

aj : TWP — C*. The mirror LG model is a regular function on R depending also

on ¢, and hence a regular function on R x TW?. It is defined as follows [Rie08]:

(14)  F:(wipB_,d) — g=wdipiy € Zg — »_ef(ur)+ > f(u2),

where u; € Uy, us € U_, and where sy is determined by u; and the property that
urdplis € Zg.
The corresponding map from R, when the coordinate ¢ is fixed, is denoted

Fy:R—=C:uwpB_ — .F(UNL'JPB—»WY(‘]))-
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Remark 1. Note that if ¢ = uydwpus € Z4, then we have a simple identity con-
cerning the Pliicker coordinates:

(Po(g) : - P2m—2(9)) = (Po(@2) : ... : p2m—2(T2)).

The remainder of Section 3 will be devoted to proving Theorem 3.1, which now
says that there is an isomorphism X3, _, = R under which W, is identified with F,.

3.5. Comparison of the superpotentials as rational functions. F, defines a
rational function on the Schubert variety R € G/B_, and W, defines a rational
function on the quadric Xo,,_o = P\G. As a first step towards the proof of
Theorem 3.1 we exhibit a birational isomorphism between these two projective
varieties, under which the rational functions F, and W, are identified.

Recall the definition of the variety Z; isomorphic to R from (12). We define
another embedding of Z; by

(15) 7 Zqg — P\PSO(V): g— Pg.

This embedding maps Z; isomorphically to an open subvariety of a big cell in the
homogeneous space P\PSO(V).

We can now relate F; to a rational function in the Pliicker coordinates by using
7, from above and 7g from (13). To summarize, these maps are given by

(16) X =P\G & B_ipynUpdipU_ 5 R,
(17) Pg < g — gB_.

Now let Wq be the rational function on Xgm_g defined by

(18) W, = (mL)«mRFy-

In order to compare Wq with W, we will express it as a rational function in the
Pliicker coordinates. We will then prove in Section 3.7 that the locus X3, 5 is
isomorphic to the open Richardson variety R.

Proposition 3.2. Wq equals

m—3
P + Z Pe+1P2m—2—¢ T Pm 4 {)m +q P1
o = O Pm—1  Pp—1  P2m—2

as a rational function on Xgm,g.
Along the way we will also prove the following useful proposition.

Proposition 3.3. Wq restricted to a particular open torus chart inside Xom—_o has
the following Laurent polynomial expression

a1 + b1
1--- am,gcdbm,g . b1 '

(19) a1+---+am_2+c+d+bm_2+---+b1+qa

The torus chart used in Proposition 3.3 will be defined in Section 3.6.
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3.6. Proof of Propositions 3.2 and 3.3. To prove the results of Section 3.5 we
first recall that

TrFq 1 g =urdwpls € Zg — Zef(ul) + Zfl*(ﬂz)

Now iy appearing in uyduiptis € Z4 can be assumed to lie in U_ N By (w?) "' By.
This is because we have two birational maps

v, U_N B+(11-}P)71.B+ — P\G Ug — Pis,
L. B_wgN U+d’Li)PU, — P\G b_wg = urdwpuy +— Pb_1yg,

which compose to give \Ill_1 oy, : b_twgy + uz. This gives a birational map
Uiton,:Zy—U_NB(w") 'By.

Now a generic element %y in U_NB (") ™1 B, can be assumed to have a particular
factorisation. The smallest representative w’ in W of [wg] € W/Wp has the
following reduced expression:

P
(20) W =81 ...5n-25n—-15mSm—2 . ..51.

It follows by an application of Bruhat’s lemma [Lus94] that a generic element g of
U_ N By (w?") !By can be written in the form

(21) ty = y1(a1) - - Ym—2(am—2)Ym(d)Ym—1(c)Ym—2(bm—2) . .. y1(b1),

where a;,c,d,b; # 0. We have the following standard expression for the p; on
factorized elements, which is a simple consequence of their definition.

Lemma 3.4. Fiz 0 < k < 2m — 2 an integer. Then if ug is of the form (21) we

have
1 if k=0,
ai ...ap—1(ax + bg) if1<k<m-—2,
pr(tiz) =< ay...Gm_ac ifk=m—1,
ai...Qm—ocd ifk=m,
al...0m—2Ccdby_o...bo;—_1—r otherwise.
and

p;n—l(ﬂ2) =aj...0nm_2d. [l
We will also need the following:

Lemma 3.5. Ifuy € Uy, 4s € U_, urdwpts € Zg4, and Uy can be written as in
(21), then we have the following identities:

a; +b; if1<i<m-—2,
(22) fiug) =qe ifi=m-—1,
d if i =m.

{0 if2<i<m,
1

aj+b; s
ay...m_1¢dby_1...b1 Z‘fl =1
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Proof. Equation (22) is obtained immediately from the definition of @s. For Equa-
tion (23), notice that

(upt-vg, e 0g)
<u1_1 : U;m UJ7>

(dwpis - v‘jﬂei . v;}

et () =

(dwpig - v, Vo )
Assume 2 < ¢ < m. Then €} (u;) = 0if and only if (4-v] , w5 e; vy ) = 0. Now the
vector w;lei -, is in the p-weight space of the i-th fundamental representation,
where p = w;lsi(—wi). Moreover, iz € B, (@)1 B, hence Uz -vj, can have non-
zero components only down to the weight space of weight (w?) ™! (w;) = wp' (—w;).
Since I(wp's;) > l(wp') for 2 < i < m, this is higher than y, which proves that
ef(uy) = 0.
Now assume ¢ = 1. We have
(dptg - v} e1 - v,)

ej(u1) = —— —
! (dwpisg - vIl,vw1>

(g - vjjl,u'};lel “v5,)

= + oy — d
(w1 + a1 —wq)(d) <ﬂ2'vtj_17wPUu_)1>

(12 -v;fl,u');lel “vg,)

! <’U’2 : Uj;l ) vl;l>

First look at the denominator. The only way to go from the highest weight vector
v of the first fundamental representation to the lowest weight vector v, is to
apply g € BywB, for w > (wf)~!. Since uy € By (wF)~'By, it follows that we
need to take all factors of iz, and normalising v, appropriately, we get

T
(g - v v, ) =ayr...am_1¢dby,_1...by.

Finally, we look at the numerator (zs - v , w;lel -v,, ). The vector u';;lel vy, has
weight

f=1p'si(—wi) = wp' (—€) = €
Write w;lsl as a prefix w’' = 5152 ... 8m_25mSm_15m_2 - .52 of (w")~1. We have
w's; = (w”)7!, hence the way from v} to w' - vy, is through s;. From the
factorization of @s in (21), it follows that (us - vufl , u'z;lel “vg,) = a1+ by. O

Using the expression (14) of the superpotential from [Rie08], we immediately
deduce from Lemma 3.5 the intermediate expression for Wq as a Laurent polynomial
in Proposition 3.3. Now with the help of Lemma 3.4 and Proposition 3.3, we prove
the second expression of Wq.

Proof of Proposition 3.2. From Lemma 3.4, it follows that for @y as in (21)

pg+1(ﬂ2)p2m_2_g(ﬂ2) = (CL@_H + bg+1)(a1 L. ag)Zag_H e Q—oCdbyy o . . . bg.;,_l
for 0 < ¢ <m — 3. We also get
(24)
ai...am—ocdbpy,_o...by ifk=0
pk(ﬂg)p2m_2_k(ﬂ2) = (a1 + bl)al e Qy—2Cdby,_o ... by ifk=1
(agp +be)(ay...ax—1)%ak ... am_ocdby_o... by if2<k<m-—3.
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Using (24), we find that most terms in d§,(@2) = Zizo(—l)kp[_k(ﬂz)pgm_2+k_g(ﬂ2)
cancel, and
5[(712) = (al - ag)2ag+1 e Op—2Cdby o .. bpy.

This proves that

De+1P2m—2—1 ,
+7m(U2) = g1+ bega

i
for 0 < ¢ < m — 3. Moreover:
ai...am_ocd
Pm (ﬂg) _ 1 m—2 —d
Pm—1 ay...0m-2C
and
Pm ,_ \  G1...Gm_2cd
) = e ad
Pr—1 al...Qm—2
For the first and last terms, we obtain
&(ag) =ai+ b
Po
and
P a; + by
(@) = db b
P2m—2 ay ...Qm—-1C40m—1 .. .01
as easy consequences of Lemma 3.4. O

3.7. Isomorphism with the Richardson variety. To prove Theorem 3.1, it now
only remains to prove that X, is isomorphic to the open Richardson variety R.
Indeed, we have proved that JF; pulls back to W, as a rational map on X, where
a1(d) = g. Recall from (16) that for fixed d € T"?, or equivalently, fixed value of
the parameter ¢, we have the following maps

X=P\G & B_wyNUydipU_ 5 R,
Pg « g — gB_.

given by taking left and right cosets, respectively. Note that g = b_wg in our
previous notation and factorizes as

g = urdipis.

Moreover Vg is an isomorphism, so we have ¥ := ¥} o \Ilgl : R — Xopm—o. We
NOwW prove:

Proposition 3.6. U defines an isomorphism from R to X3, .

The proof uses a presentation of the coordinate ring of the open Richardson
variety R due to [GLS11]. More precisely, the result describes the coordinate ring
of the unipotent cell U” := U_ N By (")~ !B, , which is isomorphic to R by the
standard map g — gB_. In the particular case of Xé’m_z, it can be stated as
follows.

Let us define the generalized minors involved in this presentation. Let G*¢ be
the simply-connected covering group of G = PSO(V') and with Borel subgroup B*¢
and unipotent radical U=¢ projecting to B_ and U_ in G. Here G*¢ = Spin(V).
Since U = U_ via this projection, we may use representations of G*¢ to define
minors of elements of U_. For u € U_ we denote by u*¢ its lift to U*°.
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Definition 3.2. Let w € W and w; be a fundamental weight of G*¢. Let V,,
be the irreducible representation of G*¢ with highest weight w; and U:jj be a fixed
highest weight vector. Define for any u € U_:

+ oot

Ay ww; () = (U™ - Yo Ve /-

Theorem 3.7 ([GLS11, Section 8]). Let $;, ... Siy, 5 = S1---Sm—2SmSm—15m—2 - - - S1
be the reduced expression for (wF)~1 coming from (20). The coordinate ring of the
unipotent cell UY := U_ N By (w?) 1By inside PSOqy, is

Py _ -1
C [U_] o (C Awi?"(wp)gvl‘.wi"‘7AW2WL72737(wP);i'w2m72—5
where
o 1 <r<2m—-2;,m—-1<s<2m-—-2;
[ (wp);ln = Sip - Sy

If j < m then A, w.w,(u) is a regular minor of the matrix u*® € SOg,,. We
denote the minor of w*® with row set {i1,...,%,} and column set {ji,...,5,} by
D;i;‘; (u). We now reformulate Theorem 3.7 as follows.

Corollary 3.8. The coordinate Ting C [Uf] 1s generated by the minors

2,...,r,r+1 .
D1,2,...,r , 1<r<m-—2;

2,...,2m—1—s,m—+1
D1:2,.74.Enz—16—7T+ , m+1<s<2m—3, and D™,
the functions

Ay, sSl—erteattem—1—€m] and A, L—e1teat - tem]?

which are Pfaffians; the inverses of minors
—1 _
(D5227;7;1__1‘(’_T+1> , m+1<s<2m—3, and (DI™) '
and the inverses of Pfaffians
A1 | and A1

1 1 .
Wmyg[—€1teatFem_1—€m Wim—1,5[—€1+e24-Fem]

A consequence of Corollary 3.8 is that the minors Df;i-j?_jg;l_;i;"“ and D™

and the Pfafflans A, 11 4coqiqe, i —ey and Ay i ye, g, do not
vanish for any 4y € UF. We will use that fact to prove that the map ¥ lands in
fact in X°. We need two lemmas.

Lemma 3.9. We have the following equalities of generalised minors and Plicker
coordinates:

2
Pam—2 = D™
Pm—1= Awm717%[761+62+“'+6m)]
/ _
P11 = Awmy%[_51+€2+"'+5m—1_5m)]

Proof. The lemma follows immediately from the definitions of Pliicker coordinates
and of generalised minors. O

Recall the definition of the elements @z, which have a factorisation given by (21).
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Lemma 3.10. The minor D}y 5 27;m1 L0 () s equal to
m
Osm () =Y (=1)* " D (U2)pm—2—k(Us).
k=s
form+1<s<2m—3.

2m—1—s,m+1
,2m—1—s

Proof. Developing D2’ 5.
we see that it is equal to

2,...2m—1 _ 2,...2m—2— 1/~
Dénm 1— s(“2)XD12 7;771—288( 2) — Dy’ 2::; 2 §m+ (t12).

(ti2) with respect to the (2m—1—s)-th column,

Since w9 is orthogonal for @, we have
2,....2m—1-s — 1,...,s+12m -
Dy ot () = Dy il (12),
and since s is in U_,

Dyos 2™ (Gg) = D2y (2) = pam-—2—s(U2).

Finally
2,....2m—1—s,m+1 2,...2m—2—s,m+1, -
Dy 2, ..?;mflism (u2) = D;nnjll o(2)Pam—2—s(ti2) — D 2:; 2— 2’" (2),

hence

2m—2
2,...2m—1—s,m+1,— —s
D52 T wg) = D ()P DR (ti)pam -2 s ().

k=s

We also have D2m 1-s(U2) = dbapm—2 .. . bapm_1_5 for m +1 < s < 2m — 2. Indeed,
by definition

DS}JH S(U2) = (v, 11 U2, Vam—1—s) = dbam—2 .. . bopm_1_s.

Hence
2m—2
D% 2, 2ngm1 1 ) = Z (1) *dbym—3 .. . bom—1-sPam—2—s
k=s
= Z(_1)S_kpk—m(ﬂz)Psm—sz(ﬂz)- O
k=s

We can now prove that the image of W is contained in X$, ,. Indeed, if
iy € UL, then the minors D%2 2 0T (@p) and D3™(u2) and the Pfaffi-
ans Ay, 11 beptotem_1—em)] (ﬂg) and A, 11 ey tope,,)) (U2) do not vanish.
Since we have proved in Lemmas 3.9 and 3.10 that those correspond precisely the
divisors involved in defining X3, _,, it follows that Pus; € X3, 5. We may now

prove the isomorphism between R and X .

Proof of Proposition 3.6. The map ¥ : UL — Xé’m_Q is an algebraic map between
affine varieties, which induces a pullback map C[X3,, ,] — C[U] between their
coordinate rings. Injectivity of the pullback map is a simple consequence of the
fact that the map UY — Xo,,_o is dominant.

We now prove that C[X3,, o] — C[UF] is surjective. To do this, it is enough
to find a pre-image for each of the functions (minors, Pfaffians, inverses of minors,
inverses of Pfaffians) generating C[UZ].

We have already seen that the inverses of minors and Pfaffians correspond to the
inverses of denominators of W, which are by definition well-defined on X3, .
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Let us now consider the minors D}y’ i TH( 9) for 1 <r <m —2and
DYy S for m 4+ 1 < s < 2m — 3.
In Lemma 3.10, we proved

2,....2m—1—s,m+1
D12 S2m—1—s _6

As in Lemma 3.10, we have:
2, r+1 _ 1,..., 2m—1—r __ 2m
D7 =D =D = pr.

Finally, D?™ = pa,,. So these minors are all well-defined functions on X3, .
Let us finally consider the Pfaffians

AWma%[—61+€2+"'+Em—1—5m)] and Awmflv%[_€1+52+"'+€m)] ’
We have seen in Lemma 3.9 that they are in fact the Pliicker coordinates p),, ; and
Pm_1. Those being well-defined functions on X3 =, this concludes the proof. [

3.8. Comparison with the Hori-Vafa model for even quadrics. Here we
check that just like for odd quadrics, once restricted to the subset T} := {z €
X° | pi(x) # 0 for all 0 < i < m— 3}, our LG model is isomorphic to the Hori-Vafa
model. Let us consider the change of coordinates:

pf’—il for1<i<m-—2;

—3-i02m_5—3i .
P2m3152m51 form—1§z§2m—5;
P2m—4—i02m—4—i

Pm ;s — .
Y, = — fori =2m —4,

Pm for i =2m — 3 ;

p7n1

qémS for i = 2m — 2.

Again, an easy calculation shows that it transforms our LG model (11) into the
Hori-Vafa model (1) for even quadrics.

4. THE A-MODEL CONNECTION

Our expression for the LG-model W in terms of homogeneous coordinates com-
ing from X° C P(H*(X,C)*) makes it possible to compare the (small) Dubrovin
connection on the A side and the Gauss-Manin connection on the B side. We recall
the relevant definitions on the A-side.

Let X = Qn. Consider H*(X,C[h, q]) as a space of sections on a trivial bundle
with fiber H*(X,C). Let Gr be the operator on sections defined on the fibres as
the ‘grading operator’ H*(X,C) — H*(X,C) which multiplies 0 € H?*(X,C) by
k. We define the Dubrovin connection by

85 1
(25) V40,8 = 5‘ + 201 % S
1
(26) Avhahs = hg—;s; hcl(TX)* S+ Gr(9),

following the conventions of Iritani [Iri09], where %, denotes the quantum cup prod-
uct in the quantum cohomology. This defines a meromorphic flat connection, see
also [Dub96, Giv96, CK99]. Moreover it therefore turns H*(X,C[h*!, ¢*']) into a
D-module sometimes called the quantum cohomology D-module for C[h*!, ¢*1](05, 0,).
This is the connection or D-module we consider on the A-model side.
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4.1. The dual Dubrovin connection and the J-function. In this section we
define Givental’s J-function and the quantum differential operators. Consider the
dual connection to 4V with respect to the pairing

1
<O’,T>=W/XUUT.

Here o U 7 is the usual cup product of ¢ and 7, which we will subsequently also
denote by or. Explicitly, the dual connection is given by the formulas:

05 1
(27) AVquS = qaiq — ﬁal *q S
1
(28) AVYs S = h%}j + ﬁcl(TX) xq S+ Gr(S).

For the purposes of the J-function we ignore the Avgah part of the covariant deriva-
tive and consider AV;/BQ as a family of connections (in the parameter /). Formal flat
sections indexed by the cohomology basis were written down by Givental [Giv96]
in terms of descendent Gromov-Witten invariants. We denote these sections by
Soy .+ yS2m—1 in the case of Qopm—1, and by So, ..., Sm-1,50,_1,Sm, "+ s S2m—2
for Qam—2, in keeping with the notation from (8) for Schubert classes. See [CK99,
(10.14)] for a precise definition of the sections S;.

We also consider the quantum differential operators, see for example [CK99,
Definition 10.3.2], as the differential operators P which are formal power series in

hqdq,q, h

and which annihilate the top coefficients of Givental’s flat sections, for example,
P - (S;j,00) = 0 for the flat section ;.

Definition 4.1. We define Givental’s J-function in our setting as
J = (27T’ih)N Z<Sj, JO>UPD(j)

where the sum is over all the Schubert classes, including o/, ; in the even case,
and where opp(;) stands for the Poincaré dual cohomology class to o;.

4.2. The hypergeometric series of QQn. A special role is played by the term
(SN, 00), appearing as the coefficient of the fundamental class in the definition of
J-function. This term is special in that it is a power series in q = h~~¢q. We define
it as in [BCFKvS98]:

Definition 4.2. The hypergeometric series Ax of X is the unique power series
of the form Ax = 1+ 3.2, axq®, for which P(qd,,q,1)Ax = 0 for all quantum
differential operators P(hqdy, ¢, i) specialized to i = 1.

The hypergeometric series of the quadric may be obtained by setting A to 1 in
(SN, 00). Or in our example (Sy,1) = Ax(h~Ng).

The hypergeometric series of the quadric counts certain 1-pointed Gromov-
Witten invariants. Let

(29) Y P C e T i ate Y|

denote the degree d descendant Gromov-Witten invariant associated to the coho-
mology classes 71, ..., 7Y, where the 1-class 1; denotes the first Chern class of the
1th cotangent bundle of the moduli space of degree d genus 0 stable maps with r
marked points. [CK99, |. Let ¢ denote .
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Indeed, if we write

we have

0o 00 00 (g J k
q In(q)oy \" 1 (¥
=1 =z S
T2, L (UN( h ) a\n) 70
d=15=0 k=0

J
The cup-product oy <1n(%)01> is nonzero if and only if j = 0. Therefore we have

o oo g k
JN =1 +ZZ%LI <0N (;ﬁ) ,00> :
d=1 k=0

Now we use the fact that the dimension of the moduli space of stable maps Mg 2(Qx, d)
is (d + 1)N — 1, which gives

00 qd w dN -1
J§N1+thd(0']v <h> ,00).
d=1

Next we use the fundamental class axiom to get

IV =1+ (hiN)dld (ony™N72).
d=1

When we set h = 1, this is exactly the hypergeometric series of the quadric, so we
obtain the following geometric interpretation of Ax(q):

(30) aqg = Iy (O’N’l/)dN72) .

5. THE B-MODEL CONNECTION

For the B-model, recall that X° is the complement of an anti-canonical divisor
in X. Therefore there is an up to scalar unique non-vanishing holomorphic n-form
on X° which we will fix and call w. Let ©2%(X°) denote the space of all holomorphic
k-forms.

Definition 5.1. Define the ClA, g]-module
Gy = Q" (X[, ]/ (d + AWy A =) (X)[h, ).

It has a meromorphic (Gauss-Manin) connection given by

(31) 5Valol = agilal - | Ftal.
(32) BV 1oyl = h%[a]—l—%[an].

Let GWa = vaq ®cing CIAEL, ¢F1]. We view GV as a C[r*!, ¢*1](05, O4)-module
with g0, acting by Bngq and hoy, acting by Vs, .
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5.1. The case of odd-dimensional quadrics. For odd-dimensional quadrics, an
isomorphism between the connections (or D-modules) on the two sides has been
proved by Gorbounov and Smirnov in [GS13], for their LG model constructed there.
And the two first-named authors have established in [PR13a] that the Gorbounov-
Smirnov LG model is isomorphic to the one obtained from the general construction
of [Rie08] for homogeneous spaces. Hence we obtain the following result.

Theorem 5.1. The map

H*(Qom-1,C) — Hi N (XS, _1,d+dW,A—)
o = [piw]

defines an isomorphism of bundles with connection between the A-model and the
B-model for X = Qam—1-

5.2. The case of even-dimensional quadrics. We need to prove a similar result
to Theorem 5.1 for even quadrics Q2,,—2. To do this we will use the cluster algebra
structure on our mirror X$ ., introduced in Section 3.7. We want to prove the
following theorem.

Theorem 5.2. For X = Qoo with its mirror LG-model (XS, 5, W) from The-
orem 3.1, the map

H*(Qam—2,Cli*!, ¢*F]) — GWa
o; = [piw]

defines an injective homomorphism of D-modules. Here the D-module on the left
hand side is the one defined in terms of the (small) Dubrovin connection in the A-
model, and the D-module on the right hand side is the one defined via the B-model
Gauss-Manin connection.

It would be interesting to see if the proof of cohomological tameness of the
superpotential in the odd quadrics case given in [GS13] with Nemethi and Sabbah
could be adapted to give a proof of the same property in the even case. This would
imply that the injective homomorphism in Theorem 5.2 is an isomorphism.

We recall from Section 3.7 and [GLS11] that the cluster structure on C[X3,, ]
admits the following initial quiver:

Here the initial cluster variables correspond to the vertices in the top row of the
quiver, while the frozen variables (or coeflicients) correspond to the vertices in the
bottom row. Recall that the p;’s are Pliicker coordinates, and the d;’s are defined as
in (10). Hence we see that the coordinate ring of X9 =, has a cluster structure of
type ATﬁQ‘ In particular, it is of finite type, and there are 22 different clusters,
consisting of

e the cluster variables ¢1, ..., Gm—2, where ¢; € {p;, Pom—2—i} ;
e the frozen variables (or coefficients) dg, ..., 0m—3, Pm—1 and pl,_;.
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The exchange relations are

(33)

‘ o 0;i—1+6; forl1<i<m-—3;
Pibam=2-i = Om—3 + Pm_1Ph,_; fori=m—2.

To prove Theorem 5.2, consider the following identities in Q H*(Q2m—2, C), which
are a special case of results in [FWO04]:

Oit1 for0<i<m-3orm-—-1<i<2m-—4;
_ ! fori=m-—2;
(34) o1k 0i = Om—1+ 05,1 orz- m ;
Oom_2 +qog fori=2m—3;

qo1 for i = 2m — 2,
and
(35) 01 %q Oy 1 = O
We need to prove that there are similar identities on the B side:

(36)

[pi+1w] for0<i<m-3orm—-1<i<2m—4;
{ oWy -w} ~ J Pm—1 F g )w] fori=m—2;
Tog P [(P2m—2 + q)w] for i =2m — 3 ;
lgp1w] for i =2m — 2,
and
oW,

The proof of these identities in G« proceeds by constructing closed (2m — 3)-
forms v; and v}, _; such that the relation corresponding to p; will follow from

[AW, Ay = [(hd 4+ dWy A =)y =0

and similarly for p/,_;.
Concretely, we will pick a cluster C containing a particular Pliicker coordinate,
say p;, and use the following Ansatz for constructing v;. We define a vector field,

(38) §i = pi Z mecO,

ceC\{p:}

and define an associated (2m — 3)-form by insertion v; = t¢,w, and analogously for
V;n—l =
To prove those identities, we will work in two cluster charts:

Lgr w.

m—1

e the chart C; corresponding to the initial cluster
{pla e 7pm727613 ey 6m737pm717p:n71};
e the chart Cy corresponding to the cluster

{p2m—37 ) 7pma617 s 75m—37pm—17p;n—1}'
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Let us first start with C; and express W, in this chart using the exchange relations
(33), having set pg =1 :

) Om— Om—
(39) —p1+ Z <pe+1§é 1 pe+1> 4 m—3 4 m /3
— D0y Pe Pm—2Pm—-1  Pm—2Pp, 1

L Pmot Pt P
DPm—2  Dm—2 do

The partial derivatives of W, are:

ow, )
(40) pr ot —p - P20 P2 M
Op1 P01 p1 50
aW i(sif ) 7 51'7 7
(41)  p; a_ P 2 + Pi _ Pit1%i1 erlf0r2<z<m 3
Op;  pi—10i—1  Di-1 Pid; Di
(42)
an _ pm—25m—4 Pm—2 5m—3 5m—3 Pm—1 pin—l
Pm—2 + - - - -

apmfZ B pm735m73 Pm—3 Pm—2Pm—1 pm72p;n71 Pm—2 Pm—2
oW,y — p2do P1

43) 4 =—=— —
(43) o 06 p161 50
oW, Pit10i-1 Pit20; .
44) 6 = _ + forl1<i<m-—4
(44) 96; Did; Pi+10i41 o
(45)
5 3 an — _pm725m74 + (sme + 5m73
" 85m—3 pm—35m—3 Pm—2Pm—1 pm—2plm_1
(46)
8Wq 6777,73 6m73 Pm—1
m— = — — —+
P 1apm—1 Pm—2Pm—1 pm—2plyn71 Pm—2
(47)
D an _ §m73 . 6m73 + pinfl
0Pl 1 Pm—2Pm—1  Pm—2Pm1  Pm—2
Hence
oW, oW, oW, p
48 - kel / q 92 5. 2009 _ L
( ) j:1pja +m—18;n_1+ Zoja(sj 1 q6
49)
-1 -3 -3
3 L, 1%+m 6»8W‘1+m22 5 Wa _ P I
s 7 Op; mLopl, = 796 ~ 705 piea 5o
for2<i<m-—2
oW, oW, oW, Pl Pm—1t Dy
50 m— K ! d 5.4 — Pm—1 7T Pm—1
( ) p 16 m—1 m—lap/ - ! 867 q60 * Pm—2 ’

m—1 =0

which is equivalent to the identity (37) for 0 <i <m — 2.
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To prove the remaining identities, we use the cluster chart Cy. In this chart, W,
takes the following form:

do <p2m 2-¢ p2m—2—e5e+1> Dm
51) W, = 2 +
(5) ! Z Dam—3—¢ D2m—3—¢0¢ D

P2m—3 p2m 3 m—1
m m—1Fm—1¢/m 5
+ JIUL +pm+1+p 10} 1D +1+ q q 1 .
Pr—1 Dm PmOm—3 Pam-3  P2m—300
Working out the partial derivatives of W, as before, we get
2m—3 m—3
(52) p, . an Z BW 8Wq _ Pm + q +q (51
" op), - = 7 Op, 7 04 Pm—1  P2m-3  P2m—300
ow, P aw, oW, Pm q 5
53) pm- L+ Pt + §i—21 = — + +gq
(53) Y Opm_ z,;n 7 Opj = 7 00; Ph_1  DP2m—-3  P2m—300
2m—3 2m—2—1
oW, oW, D q 01
54 D; a4 0s 9 _ _ —q
(54) ; ! Op; jgo ! oy bi—1 DP2m-3 P2m—300
form+1<i<2m—4
oW, 6 )
(59) ot = 0 g
ddo Poam—3 DP2m—300
0o+ 6 0o+ 6
(56) 0= g2t 5 g2 t%
P2m—300 D2m—3

This gives us the identities (36) for m — 1 <14 < 2m — 2, as well as the identity
(37).

6. THE HYPERGEOMETRIC SERIES OF Qun

Recall from Section 4 the definition of the quantum differential operators and
the hypergeometric series of Qn. We will denote by An(gq) the hypergeometric
series of the quadric Qy.

The main result of this section is the following.

Theorem 6.1. The hypergeometric series of the quadric Qn is
1 k
=1+ Z (kNN < ) :
k>1

The theorem allows us to deduce a formula for some 1-pointed Gromov-Witten
invariants, using Theorem 6.1 and Equation (30).

Corollary 6.2. The Gromov-Witten invariant I4(onyN9=2) satisfies
1 [2d
I Nd—2 .
o = e ()

We give an A-model and a B-model proof of Theorem 6.1.

B-model proof. Our B-model proof works by calculating the constant term of the
exponential exp(%Wq) of the Superpotential and showing that it equals

1 2k "
ﬁkN (KON '
k>0
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Let us consider the case that N = 2m + 1. In this case recall from (5) that the
superpotential is

Wy=a1+ - +am+ct+by+---+b + q + a .
as...AmChy .. b1 a1...a;mChy, ... bo

2

To compute the constant term of eXp(%Wq), we consider 1 + %Wq + h—g%

w3 . w! S AP
1 o .., and we pick out from each % any term which is a monomial in

q alone, i.e. any term Ag’ where \ € Q[%] Here we just need to look at each
kN 3
% for k=0,1,2,..., because the expansion of % for 4 not a multiple of N

will contain no terms of the form Ag’ for A € Q[+].

kN

% for N = 2m + 1. A (Laurent) monomial in the
expansion of is obtained by choosing one term in each of the k(2m + 1)
factors. Some of the monomials in the expansion will be pure in the variable ¢
alone — in which case they will equal ¢*. We need to show that the number of such
monomials divided by (k(2m + 1))! equals (Qkk)/(k!)k(Qm"’l). To count the number
of such monomials, we need to pick one term in each of the k(2m + 1) factors so
that we:

e choose i terms which are m for some 0 < i < k;
choose k — i terms which are ——L———;
ay...amcba...bpy’
choose k terms which are c;
choose 7 terms which are bq;
choose k — ¢ terms which are aq;
for each j such that 2 < j < m, choose k terms which are a;;

for each j such that 2 < j < m, choose k terms which are b;.

Now let us analyze
W(;f(2m+1)

The number of ways to do this is the sum of multinomial coefficients

z’“: k(2m + 1)
ik—ikik—ik.. k)

i=0
where the number of k’s in the string k ...k above is 2m — 2. Recall here that if
Q1+ g2 + --- + q- = p are positive integers, then the corresponding multinomial

coefficient is defined by
)it
q1,92,- - qr alg!. . q!

So the coefficient of ¢* in
k(2m+1)
Wy

(k(2m +1))!
equals

1 b k(2m + 1) 1< 1
(k(2m + 1))! ; (k o kyik— ik — 2) = (kH2m1 ; il(k — )lil(k — 1)1
1 < (k)2
- (k!)2m+1 ; (z)
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and therefore the coefficient of ¢* in

Wéf@m-&-l)
R (k(2m + 1)!

equals WW (zkk).
This completes the proof when N = 2m + 1. The proof when N = 2m is
completely analogous, using the formula from Proposition 3.3 for the superpotential.
O

A-model proof. Our A-model proof works by recovering Corollary 6.2 from Kontsevich-
Manin’s recurrence relations for Gromov-Witten invariants [KM98]. Define

Bra = La(WN " o o),

so that I;(ony®N=2) = éﬁLd by the divisor axiom.
Let us first assume that N = 2m — 1 is odd. Using the divisor axiom and
topological recursion, we get:

ﬂk-‘rl,d lfkg{m_lvN_laN}
2Bm ifk=m-—1
dBr.a = LaN " oy, o, 01) = Bm.a .
Bna+ Boa—1 ifk=N-1
B1.d-1 if k=N.
An easy computation then gives 1 441 = Bl,d%, and (11 = 2, which yields
Corollary 6.2. O

Similarly, in the case where N = 2m — 2 is even:

Br+1,d ifkg{m—-2,N—-1,N}
Bta+ B g ifk=m—2

BN.d + Bo,d—1 ifk=N-1

B1,d-1 it k=N,

dBr.a = Li(N " Fon, o, 01) =

and
dﬁ:nfl,d = ﬁm,d'

Corollary 6.2 is then easily checked. ([l

We also compute the constant term of py eXp(%Wq) for each Plicker coordinate
pe. This is a series in ¢ which also has an interpretation in terms of descendant
Gromov-Witten invariants.
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Theorem 6.3. Let Qn be an even or odd quadric. Then the constant term coeffi-
cient of py exp(%Wq) is given by:

gohkzie' (kyl)N ';(2:)]“(_1(]‘5_ 1)-¢" if2<(< {N;l}
I;J}ﬁ_é.(};)}\f.;(i}k)k@.qk ifV\/;_lJ<€<N_L
l; h(k+11)N—€ ’ (kll)N ) k—l'c— 1 (2:> gt if ¢ =N,

Proof. The proof is entirely analogous to the B-model proof of Theorem 6.1. We
will give the proof in one representative case, but omit the other cases, which are
extremely similar.

Let us consider the case that N = 2m, and m + 2 < ¢ < 2m — 1. In this
case recall that p; = a1 ... am—_1¢dbym—1...bams1—¢, and recall from (19) that the
superpotential W, equals

q + q
2...am,1cdbm,1...b1 a1...am,1cdbm,1...bz

@1+t amortetdtbn oo bi+ -

2
To compute the constant term of p, exp(%Wq), we consider pg(1+ %Wq + % % +
1wy
ERETE

...), and we pick out from each pg% every term which has the form A\g’
kN—£
where A € Q[+]. Here we just need to look at each m for k=1,2,...,

because the expansion of pghWTi for i not of the form kN — ¢ will contain no terms
of the form A7 for A € Q[}].

kEN—¢
Now let us analyze pe grv=fgw—py for N = 2m. A (Laurent) monomial in the

expansion of ng(f(zm)J is obtained by choosing one term in each of the k(2m) — ¢

factors. Some of the monomials in the expansion will be pure in the variable ¢
alone — in which case they will equal ¢*. We need to show that the number of such
monomials divided by (k(2m) — £)! equals %(2:) k¢ /(kN*2™) | To count the number
of such monomials, we need to pick one term in each of the k(2m) — ¢ factors so
that we:

choose ¢ terms which are

az...am,,lgdbm,l...bl for some 0 <7 < k;

choose k — i terms which are RO —

choose k — 1 terms which are c;

choose k — 1 terms which are d;

choose 7 terms which are bq;

choose k — i — 1 terms which are aq;

for each j such that 2 < j < m —1, choose £ — 1 terms which are a;;

for each j such that 2 < j < 2m — ¢, choose k terms which are b;.

for each j such that 2m — ¢ < j <'m — 1, choose k — 1 terms which are b;.
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The number of ways to do this is the sum of multinomial coefficients

k
k(2m) —¢
7
(57) Z(i,i,k—i,k—i—l,k...k,kz—1...k—1>’

i=0
where the number of k’s in the string k... % above is 2m — £ — 1, and the number
of k — 1’s in the string k — 1...k — 1 above is £ — 1. When we simplify (57) and
divide by (k(2m) — £)!, we obtain %(2:) EC/(kNFC™) as desired. O

7. A QUIVER DESCRIPTION OF THE LAURENT POLYNOMIAL MIRRORS

As Gry(4) is defined by a single (quadratic) Pliicker relation, the hypergeometric
series for Gra(4) must agree with the one for Q4. This hypergeometric series was ob-
tained earlier in [BCFKvS98], and it was shown to agree with a residue integral for
a (conjectural) Laurent polynomial superpotential. Indeed [BCFKvS98] described
conjectural Laurent polynomial mirrors for all Grassmannians using quivers, along
the lines of Givental’s mirrors for SL,,/B from [Giv97], and worked out the residue
integrals which give rise to the hypergeometric series of the Grassmannians. These
are also described in terms of the quivers.

For Gra(4) the quiver from [BCFKvS98] is shown in Figure 1. The superpoten-
tial can be read off easily. There are two versions. In the left hand picture the
coordinates t;; of (C*)* are in bijection vertices of the quiver. To each arrow we
associate a Laurent monomial by taking the coordinate at the head of the arrow
divided by the coordinate at the tail. The Laurent polynomial corresponding to
the quiver is the sum of all of the Laurent monomials associated to the arrows.

-
3
w

1

I
t119—>®t12 —
121 @——> 80— xg °

(2
FIGURE 1. The quiver for Gra(4).

The labels m; of the arrows in the right hand version are another natural choice
of coordinates on the torus. Indeed these are coordinates coming from factoriza-
tions into one-parameter subgroups of Lie theoretic mirrors, compare [MR13]. We
suppose the remaining arrows are labelled in such a way that the square commutes
and a/any path leading from 1 to ¢ has labels whose product equals g. These are
Laurent monomials in the variables m;. Then the Laurent polynomial superpoten-
tial is obtained in [BCFKvS98] as the sum of the labels of all of the arrows of the
quiver. In the case of Gra(4) it is

mimso 1

mi + mo +Mms3 + my + +q .
ms mimoms

This is equivalent to the superpotential for Qy4,
a1 + b1
al blcd '

a1 +c+d+b+q
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This superpotential comes from the quiver

C

d

|
I
bll\zi
\

FIGURE 2. The quiver for Q4.

More generally, our Laurent polynomial mirrors for Q) can be described using
quivers in a completely analogous way, see Figure 3. Here the top N — 2 vertical
arrows are labeled from top to bottom by as,as,...,am—1,¢bm_1,...,bs for odd
quadrics Q2p,—1, and by as, as, ..., am—2,¢, d, by—_2, . .., ba for even quadrics Qo —2-
Note the relation with the factorization (21).

Remark 2. Tt is interesting to note that our quivers (restricted to the vertices which
are not labeled by ¢) are orientations of type D Dynkin diagrams. So we have three
ways to associate a Dynkin diagram to a quadric: the type of its symmetry group,
the type of the cluster algebra associated to its coordinate ring, and the type of the
quiver defining its superpotential. See Table 1 below.

S
<

a

S

a

e <« o« X+
S
<=
)

ba

=
V]

S
/7<—0<—0<—0
* +—@ E

)

bl al bl 1
I I
* *

F1GURE 3. The quiver for @, plus the labeled quivers for @5 and Q.

/
JA

q q
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’ Quadric ‘ Type of symmetry group | Cluster type | Superpotential Quiver ‘

Q3 BQ Al D4
Q4 D3 Al D5
Qs Bs A? Dg
Qs D, A2 Dy
Q7 By A3 Dy

TABLE 1. Dynkin diagrams associated to quadrics

8. THE HYPERGEOMETRIC EQUATION OF A QUADRIC

Justifying its name, the hypergeometric series of the quadric computed in The-
orem 6.1 is a generalised hypergeometric series; indeed, the general k-th coefficient
of the series is a rational function of k. Following standard notation we will denote
by

pFr (a1, ... ap;b1, ..., br; 2)
the series whose general term [ is such that

/Bk;Jrl _ (al—l—k)(ap-i-k)

Bk (b1 +Ek)...(br + k)1 + k)
and By = 1. We immediately get that

1 4
AN(Qﬂh)_lFN (2a177]-7hj\]q>

It is well-known that the hypergeometric series w = ,F; (a1, ..., ap;b1,...,0r;2)
satisfies the differential equation

[T+ w22 [T 4,1
zn:1zaz anw—zazn:1zaz " w,

see for example [AOD10, (16.8.3)]. As a consequence, we obtain a differential
equation satisfied by the hypergeometric series of the quadric.

Proposition 8.1. The hypergeometric series of the N-dimensional quadric Qn
satisfies the following differential equation :

o N+1 9
— —q(4hg=— +2
l(hq5q> q( hq8q+ h)

Let us check that this quantum differential equation gives rise to a relation in
quantum cohomology. Indeed (see for instance [CK99)), if P(hqa%,qﬁ)AN =0,
then P(01,¢,0) =0 in QH*(Qn,C). Here we should have:

ol

— 4q0'1 = 0,
which indeed holds in QH*(Qy, C), for example by an application of the quantum
Chevalley formula, see [FW04].

Note that the differential system for the flat sections of the Dubrovin connection
on (Qn can also be rewritten as a generalised hypergeometric differential equation,
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along the lines of [Dub99, Example 4.4] for projective spaces. We expect in this
way to obtain the hypergeometric equation appearing in Proposition 8.1 directly
from the A-model side.

[AOD10]

[BCFKvS98]

[BCFKvS00]

[CK99]
[Dub96]

[Dub99]

[EHX97]
[FW04]
[Gin95]
[Giv96]

[GivoT]

[GLS11]
[GS13]
[HVO00]
[1ri09)]
[KM98]

[Lus83]

[Lus94]
[MR13]
[MV07]
[Pet97]
[PR13a]

[PR13b]
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