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A Landau-Ginzburg model for Lagrangian Grassmannians,
Langlands duality and relations in quantum cohomology

C. Pech and K. Rietsch

ABSTRACT

In [Rie08], the second author defined a Landau-Ginzburg model for homogeneous spaces G/ P,
as a regular function on an affine subvariety of the Langlands dual group. In this paper, we
reformulate this LG-model in the case of the Lagrangian Grassmannian LG(m) as a function W;
on the complement X ° of an anticanonical divisor in a Langlands dual orthogonal Grassmannian
X, in the spirit of work by R. Marsh and the second author [MR13] for type A Grassmannians.
This LG model, (X°,W;), has some very interesting features, which are not visible in the
type A case, to do with the non-triviality of Langlands duality. Moreover X is embedded in
P(H*(LG(m),C)*) and W, is expressed in terms of coordinates which identify with Schubert
classes of LG(m). We make use of this identification to formulate a precise conjecture relating
the Gauss-Manin system for our superpotential with the small Dubrovin connection of LG(mn).
Finally, our expression for W; leads us to conjecture new formulas in the quantum Schubert
calculus of LG(m).

1. Introduction

For a complex simple, simply connected algebraic group G and parabolic subgroup P,
the homogeneous space G/P has a Landau-Ginzburg model defined by the second author
[Rie08], which is a regular function on an affine subvariety of the Langlands dual group and
is shown in [Rie08] to recover the Peterson variety presentation [Pet97] of the quantum
cohomology of G/P. In the case of type A Grassmannians R. Marsh and the second author
[MR13] reformulated this Landau-Ginzburg model as a rational function on a Langlands dual
Grassmannian, and used this formulation to prove a version of the mirror symmetry conjecture
about flat sections of the A-model connection stated in [BCFKvS00].

In this paper we formulate an LG-model (X°,W;) for G/P in the case of a Lagrangian
Grassmannian X = LG(m), where X is a minimal co-orthogonal Grassmannian naturally
embedded into P (H*(X,C)*), and X° is the complement of a particular anticanonical divisor
inside X. Moreover, the coordinate ring of the affine variety X° is endowed with a cluster
algebra structure (see [GLS11]). We prove that this LG model is isomorphic to the LG-model
from [Rie08], and therefore recovers the quantum cohomology ring of X. This LG-model has
some very interesting features, which are not visible in the case of type A Grassmannians. These
are to do with the non-triviality of Langlands duality. Our methods are mostly representation-
theoretic, making use of the geometric Satake correspondence (see Remark 1) and of the Clifford
algebra to construct maps between representations of Sping,,, ;.

We conjecture that our superpotential gives rise to integral solutions of the quantum
differential equations of LG (m). Our expression for W; also leads us to conjecture new formulas
in the quantum Schubert calculus of LG(m).

2000 Mathematics Subject Classification 14J33, 14M17 (primary), 14N35, 20G10(secondary).

This work was supported by Leverhulme Trust grant FO7040AW - A Lie theoretic approach to derived
categories of flag varieties G/P.



Page 2 of 24 C. PECH AND K. RIETSCH

To give an idea of our result, which is very explicit, we give the first two interesting
examples here. Note that the Schubert basis of H*(LG(m),C) is indexed by strict partitions A
fitting in an m x m box and can be identified with coordinates py on the Grassmannian X =
0G®(m +1,2m + 1) of (m + 1)-dimensional co-isotropic subspaces of C>™*! endowed with
a non-degenerate quadratic form. Note that OG®(m + 1,2m + 1) is canonically isomorphic
to the maximal orthogonal Grassmannian OG(m,2n + 1). Moreover, it is related to X by
Langlands duality. The goal of this paper is to give an explicit description of a Landau-
Ginzburg model for LG(m) as a regular function on an open dense affine subvariety X° of
OG®(m +1,2m + 1). As an example, for LG(2) our Landau-Ginzburg model is

By, Pn +etn
Po  PePm—PoPp P

Wt:

which is regular on X° = {p@ (PePm — p@pEP)pEP # O} C OG*®°(3,5). For LG(3) we obtain

po | PP~ Polgp pEFDpHﬂﬂpﬂﬂﬂpgaﬂ
Po papmpopgm PP — PecPgp pgan

Wi =

which is regular on X° = {p@ (PP — jlo(z)pEPj)(pEPpHﬂj - pmpgaj)pgﬂj + 0} inside OG®°(4,7). We
generalise these definitions of X° and W, in Section 3.2 and construct an isomorphism of
X° with the open Richardson variety appearing in [Rie08]. In Section 3.6 we prove that the
pullback of the LG-model on the Richardson variety from the same paper agrees with W.

Notice how the above formulas have 3,4 summands, these numbers being the index of
X = LG(2), LG(3), respectively. Indeed this comes from the fact that in all of the cases W}
represents the anticanonical class of X in a natural sense (in the Jacobi ring for example),
and each summand represents a hyperplane class. On the other hand, because one expects W;
to be regular in the complement of an anticanonical divisor, and indeed the degrees of the
denominators of W, add up to the index of X. That is, in the above two cases to 4 and 6, these
being the index of OG°(3,5) and OG°(4,7), respectively. This is exactly what is achieved
by the quadratic terms in the LG(m) cases, with 1+2+1=4,and 1+2+2+1 =6 (and so
forth, in our general formula).

For usual Grassmannians X and X are isomorphic so have the same index. Therefore

numerators and denominators in W; are allowed to be sections of O(1), in agreement with
the formulas in [MR13].

Acknowledgements. The second author thanks Dale Peterson for his inspiring work and
lectures.

2. Background

In [Rie08], the second author gave a Lie-theoretic construction of a Landau-Ginzburg model
of any complete homogeneous space X of a simple complex algebraic group. The LG-model
(R, F) is set in the world of the Langlands dual group.

2.1. Notation

Let X be a complete homogeneous space for a simple complex algebraic group. For the
purposes of this paper we will denote the group acting on X by GY and assume that GV
is simply connected, and we will denote its Langlands dual group by G, which is therefore
an adjoint group. For G¥ we may fix Chevalley generators (e))1<i<m and (f;)i<i<m and
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correspondingly Borel subgroups BY = TVUY and BY =TYUY. We may assume that X =
GY /PY for a parabolic subgroup P which contains BY. The parabolic PV is determined by
a choice of subset of the (f)1<i<m. This set also determines a parabolic subgroup P of G,
where we also have the analogous Borel subgroups By = TU, and B_ = TU_ and Chevalley
generators (e;)1<i<m and (fi)i<i<m- Let Il = {a; | i € I'} denote the set of simple roots. The
set of all roots is R = Rt LU R~, where RT is the subset of positive roots and R~ the subset of
negative roots.

Denote by W the Weyl group of G (canonically identified with the Weyl group of GV), and
let Wp be the Weyl group of the parabolic subgroup P. Let TW? be the Wp-fixed sub-torus.
If « is a positive root, we denote by s, € W the associated reflection. Let R; be the set of all
positive roots « such that s, € Wp, IIp be the set of simple roots in R}JS, and IIF =1I \ Ip.
When a = o; is a simple root, we set s; := s,,. Moreover, we denote the length of w € W by
£(w). Tt is equal to the minimum number of simple reflections whose product is w. We also let
wo and wp, be the longest elements in W and Wp, respectively, and define W to be the set
of minimal length coset representatives for W/Wp. The minimal length coset representative
for wy is denoted by w?, so that wy = wPwp. Let w denote a representative of w € W in G.
Later on we will make a specific choice for w.

Using the exponential map we may think of U, and U_ as being embedded in the completed
universal enveloping algebra Z;l+, respectively LL.. Accordingly e} (u) will denote the coefficient
of e; in u € U after this embedding, and analogously for f; and u € U_.

2.2. Quantum cohomology of G/P

The quantum cohomology ring of a smooth complex projective variety X is a deformation
of its cohomology ring. While the cohomology ring of X encodes the way its subvarieties
intersect each other, the quantum cohomology ring encodes the way they are connected by
rational curves. The structure constants of the (small) quantum cohomology ring are called
Gromov-Witten invariants. When X = G/ P is homogeneous, Gromov-Witten invariants count
the number of rational curves of given degree intersecting three given Schubert varieties of X.

The quantum cohomology rings of a full flag variety was first described by Givental and
B. Kim [GK95, Kim99], who related it to a degenerate leaf of the Toda lattice of the Langlands
dual group. Soon after, Dale Peterson came up with a new point of view in which all of the
quantum cohomology rings of complete homogeneous spaces for one group are encoded in terms
of strata of one remarkable subvariety of the Langlands dual full flag variety. This so-called
Peterson variety Y is defined as follows. In our conventions Peterson’s variety Y encoding the
quantum cohomology rings of GY-homogeneous spaces is a subvariety of G/B_. Denote by n_
the Lie algebra of U_, and by [n_,n_] its commutator subalgebra. The annihilator in g* of a
subspace [ of g is denoted by [+. Consider the coadjoint action of G on g* and the ‘principal
nilpotent’ element F' =) e¥ in g*. Then

Y:={¢B_ | g '-Fen_,n_]‘}.

First note that this variety has an open stratum Yz = Y N (B4 B_/B_) which is isomorphic to
the degenerate leaf of the Toda lattice for G via the map Yp < g* defined by uy B_ ujrl - F.
By Peterson’s theory, the quantum cohomology rings for all other GV /PY are described by the
coordinate rings of the smaller strata Yp = Y N (BywpB_/B_), where we take the intersection
in the possibly non-reduced sense.

THEOREM 2.1 Peterson. The quantum cohomology of GY/PV is isomorphic to the
coordinate ring C[Yp] of the stratum Yp of the Peterson variety Y.



Page 4 of 24 C. PECH AND K. RIETSCH

In [FWO04], Fulton and Woodward proved a quantum Chevalley formula for X = G/P, i.e.
a formula giving the product of an arbitrary Schubert class by any Schubert class associated
to a Schubert divisor. Here we state this formula, which we will refer to in Section 4. Note that
for P = B, the formula is a result of Peterson [Pet97].

If s; is a simple reflection, we denote by I'; € Ho(X,Z) the associated dimension 1 Schubert
cycle, and we define, for o € R\ R; :

d(a) = a(w)l;.
i=1

Viws
Now set ¢¥(®) =[], ¢ ) where ¢; is the quantum parameter associated to I';. Finally,

for « € RT\ R, we define ng := [ ¢1(TX), where Ty € H3(X,Z) is the dimension 1 cycle
associated to the reflection s, (it is a linear combination of the T';).

THEOREM 2.2 [FWO04]. For1<i<m and w € W¥ we have

Og; X Oy = Z a\/ (Wi)o'wsa + Z qd(a)a\/ (wi)gws(,v
« «

where the first sum is over roots a € Rt \ R}, such that I(ws,) = l(w) + 1, and the second
sum over roots a € R* \ R}, such that l(ws,) = l(w) + 1 — n,.

2.3. The Lie-theoretic LG model construction

We recall how the mirror Landau-Ginzburg models are defined in [Rie08]. Let us fix a
parabolic P. We consider the open Richardson variety R := Ry, 4, C G/B—, namely

R = Ruyp.wo = (BybpB_ N B_1inB_)/B_.

Instead of the whole stratum Yp of the Peterson variety the LG-model is related to the open
dense subset Y7 :=Y N'R, whose coordinate ring in Peterson’s theory encodes the quantum
cohomology ring ¢H*(GY /P") with quantum parameters made invertible. We note that in this
setting if g = uidwpus = b_1y represents an element gB_ € R lying in Y3, then the values of
the functions on Y7 corresponding to the quantum parameters are just the values o;(d) for the
simple roots a; € II7. Indeed, fixing d € T"? determines a finite subscheme of Y3 = YN R
which we denote by Y7 ; = Y xpwp {d} and for which the non-reduced coordinate ring C[Y7 ;]
becomes identified with the quantum cohomology ring of GV/PY with quantum parameters
fixed to the values a;(d) in Peterson’s theory.
Now let us define

Z = Zgvpv = B_tig NULTVPipU_.
There is an isomorphism
A - RxTWr,
g =urdwplus =b_wy (gB,,d).

Observe that gB_ = b_wyB_ = uyjwpB_. Note that our conventions differ from [Rie08] in
that we have translated the original definition of the variety Z by wg. The mirror superpotential
to X = GY/PV is now defined to be the regular function F : Z — C defined by

]:(’U,ld’wpﬂg) = Zef(ul) —‘erl*(’l]Q) (21)

i=1 i=1
Although w; and @y are not uniquely determined for g € Z, the function F is well-defined,
as was shown in [Rie08]. Actually, there is another small difference with [Rie08], in that in
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[Rie08] the group on the mirror side is assumed adjoint, whereas here we have assumed G to be
simply connected. However we could have carried out the above definitions for G/Center(G),
and in the following it will not matter.
The superpotential F may also be interpreted as a family of functions Fj, : R — C depending
holomorphically on a parameter h € "7, by setting
m m
FuluriopBo) =3 et (u) + 3 £ (iz) (2.2)
i=1 i=1

where u; € Uy and uwjwpB_ € R, and where uy € U_ is related to u; by ueMbpis € Z.

Equivalently the relationship between u; and s can be expressed as
Uy - By = e Mbptuyt - B_.

where g - B denotes the conjugation action of g € G on a Borel subgroup B.

The main result in [Rie08] describes the critical point scheme of Fj, as subscheme of R lying
inside the Peterson variety. We denote by Y;,eh the (non-reduced) fiber over e” of the Peterson
variety, namely

;,eh =Yp Xpwp {eh}-
THEOREM 2.3 [Rie08]. The critical point scheme of Fj, agrees with Y} ..

Putting this together with Peterson’s presentation this result can be interpreted as follows.
Suppose h € h"P represents a Kihler class [wy,] under the identification h"7 = H2(GY /PV).

COROLLARY 2.4. The Jacobi ring C[Zy]/(0Fy) of Fy, : Zy, — C is isomorphic to the
quantum cohomology ring of the Kéhler manifold (G /PV,|wy]) in its presentation due to
Dale Peterson[Pet97].

In [MR13], R. Marsh and the second author gave an expression of the Landau-Ginzburg
model of the Grassmannian in terms of Pliicker coordinates and then described the A-model
connection. Here we will express the Landau-Ginzburg model of the Lagrangian Grassmannian
in terms of generalized Pliicker coordinates, i.e the coordinates of its minimal embedding
OG*(m +1,2m + 1) = P(Vg,;,)-

3. The Lagrangian Grassmannian and its LG model

Let GV = PSp,,,(C), the adjoint group of type C,,, with Dynkin diagram

y i
o o = 0é 0

Let PV := P,y be the parabolic subgroup associated to the m-th fundamental weight w,/, of GV.
The quotient G¥/P" is the homogeneous space called the Lagrangian Grassmannian, which
parametrizes Lagrangian subspaces in a 2m-dimensional complex symplectic vector space. It
is also denoted by X = LG(m) and will play the role of the A-model for us.

Now the Langlands dual group G is the simply connected group of type B,,, namely the

Spin group Spin2m+1((c)a

\
o o = o $0
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The parabolic subgroup of Spin,,, , ;(C) associated to the m-th fundamental weight is denoted
P =P, . In this (B-model) setting we consider the quotient from the left X := P\G. This
quotient may be interpreted as the co-isotropic Grassmannian OG®(m + 1,2m + 1) in a vector
space of row vectors. We consider it in its minimal embedding, namely the homogeneous space
X := P\G is embedded in P(V ) as right G-orbit of the highest weight vector wy. We will
express the mirror Landau- szburg model to LG(m) as a rational function on the orthogonal
Grassmannian X in the homogeneous coordinates of this embedding.

REMARK 1. Note that the Lagrangian Grassmannian X = LG(m) is a cominuscule
homogeneous space of type C,,, and therefore its cohomology appears in geometric Satake
correspondence [Lus83, MV07, Gin97] as

H* (LG(m)) =JIH* (G’I"Zf\'}) ‘/Spm2m+1

In other words it is canonically identified with the unique minuscule representation, the spin
representation VUJS,SIH%"“ also denoted Vgpin, of the Langlands dual group, G' = Spiny,, .
Therefore, essentially tautologically, P(Vs*pm) has homogeneous coordinates given by the
Schubert basis of H*(LG(m)). This works of course for the other cominuscule homogeneous
spaces. For instance, our recent preprint [PR13] deals with the case of odd-dimensional

quadrics.

3.1. Notations and conventions

Let vy, ..., V2,41 be the standard basis of V = C?™+1 and fix the symmetric non-degenerate
bilinear form

(Vi, Vamsa—j) = 28 (v, Vamga—j) = (—1)" 776 5

We may also use the notation 0; = vomio—; (with decreasing j) for the basis elements
Va2, - -, Vamt1 and set €(i) := (—1)™ 7% so that ®(v;,9;) = €(i). The subspace of V spanned
by the first m basis vectors vy, ..., v,, is maximal isotropic and denoted by W

We let G = Spin(V') = Spin(V, ®), which is the universal covering group of SO(V, ®). The
Lie algebra of G = Spin(V) is therefore so(V') = so(V, ®) which we view as lying in gi(V'). We
have explicit Chevalley generators e;, f; given by

ei = Eiit1+ Fomy1—iomye—i fori=1,...,m—1,
€m = \/iEm,erl + \/ﬁEerl,anZ;
fi :eZT fori=1,...,m.

Here E; ; is the (2m + 1) x (2m + 1)-matrix with (¢, j)-entry 1 and all other entries 0. We
also define the corresponding group homomorphisms z; : C — G and y; : C — G, namely
x;(a) = exp(ae;) and y;(a) := exp(af;). For Weyl group elements we can now choose specific
representatives by setting $; := x;(1)y;(—1)2;(1), and w = §;, ... $;, where w =s;,...5s;, is a
reduced expression.

Next we introduce notations for the Clifford algebra C1(V') and the Spin representation Vgpin,
see also [Var04] whose conventions we follow for the most part. The Clifford algebra C1(V') is
the algebra quotient of the tensor algebra T'(V') by the ideal generated by the expressions

vV +v @v—20(v,v").

So it is the algebra with generators v,,,+1 and v;,v; for i = 1,...,m, with relations

_ _ . 9 1
v;0; + Vv = €(i), Um41 = 9
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and where all other generators anti-commute. The Clifford algebra is Z/2Z-graded, as the
relations are in even degrees only, and the even part of C1(V) is denoted by CI* (V).

Since Spin(V) acts on V, it acts on A®*V, and because it preserves the bilinear form ®, it
also acts on Cl(V'). The anti-symmetrization map

/\kv — CL(V)

1
Vi, /\.../\’Uik — y( E Vi g1y Vig (2 "'Uia(k))'
" o€eSy

is an embedding of representations, and we will usually identify elements of /\kV with their
images, as we are mainly interested in the algebra structure of the Clifford algebra. The
representation /\2V is isomorphic to the adjoint representation. Moreover the image of /\2V in
Cl(V) is indeed a Lie algebra under the commutator Lie bracket of C1(V'), and it is isomorphic
to so(V) as such. In particular our generators e;, f; can be identified with elements of /\2 Vv
and their images in C1(V'). Under this identification they are given by

€; = E(i + 1)Ui NVig1 = €(i + 1)11ﬂ7i+1 fori=1,....m—1
Em = \/§Um ANVmy1 = \@Umvqula
fi = E(i)vi+1 Nv; = E(i)vi+15i for i = 1, e, M — 1,

Fmn = V20 A Vg1 = V20 Um1.-
Putting all of the anti-symmetrization maps together gives an isomorphism of so(V')-modules
/\°V — CLV).

Moreover the even wedge powers map to the even part C17 (V) of the Clifford algebra and odd
ones to the odd part, C1” (V). Therefore we have two isomorphisms of so(V')-modules

ay /\even V — CIT(V), (3.1)

a_ /\Odd vV — CI™ (V). (3.2)

The Spin representation, as a vector space, is Vgpin = A° W. Its standard basis elements are
the elements wy := vy, A ... A, with i3 <ig < --- < iy, where I = {i1,...,i} is any subset
of {1,...,m}. We sometimes write [v;, A...Awv;, ] instead of v;; A ... Awv;, when we mean the

element of Vspin. Note that if I = () then wy = [1].
The subsets I are also in one-to-one correspondence with strict partitions A contained in an
m X m square, by sending the empty set to the empty partition, and

I:{il,...,ik} — )\:(m—i—l—il,m—i—l—iQ,...,m+1—ik).

In this correspondence the k-row partitions correspond to the basis elements in the k-th graded
component, /\k W, of Vgpin. We may denote wy also by wy. If A is a strict partition contained in
an m x m rectangle, then we denote by |\| the sum of all its parts and by PD(\) the Poincaré
dual partition.

The Spin representation of so(V') extends to a representation of the Clifford algebra, which
can be defined on generators by

I ~ )
v - wr = v; ANwr, vm+1~w1—(\/)§ wy, Uj"U}]:quj(w]),

where i, is the insertion operator on A* W, for #; identified with the linear form 2®(v;, )
on W.

We recall the important fact that the even subalgebra C1T(V) of the Clifford algebra is
isomorphic to End(Vgpin) via the action just defined. Combined with the map (3.1) we obtain
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an isomorphism of so(V')-modules

Kyt \ V"V — End(Vipin)- (3.3)
Moreover there is also an isomorphism of so(V)-modules,

ket \ MV — End(Vipin) (3.4)

given by antisymmetrization, a_ : A °d4 — C17 (V) followed by the action of C1~ (V) on Vspin.

The standard basis {w;} of Vgpin defined above is also precisely the integral weight basis
obtained by successively applying generators e; to the lowest weight vector wy = [1], and it
agrees with the MV-basis of Vgpin, which in this case is one and the same as the Schubert basis
of H*(LG(m)). We will use the notation o for the Schubert basis element naturally identified
with Wy -

The generalized Pliicker coordinates on our OG®(m + 1,2m + 1) = P\G are the sections of
O(1) in the embedding P\G < P(Vg,;,) which are given by the basis elements wy of Vspin
described above. Explicitly, we define

P,\(g) = <w6 -g,wA> = wg(g : 'LUA)a

where wj is the dual basis vector to wg, which is therefore a highest weight vector of V; , and
where w), is as above. We may think of an element Pg € OG®(m + 1, V*) = P\G as specified
by its homogeneous coordinates (px, (9): Pr,(g): --- : Prym (9)), where A1, ..., Aom are the strict
partitions in m x m in some ordering.

To summarize, associated to strict partitions A C m X m, or equivalently subsets I of
{1,...,m}, we have elements

o) € 1:]'*(LC1Y(TTL))7 wy € VSpinv and Pa € F[OOGco(m+17V*)(1)]7

all canonically identified. We may also denote them by o, w; and py, respectively.
For a later section we will also require an explicit isomorphism V = V*. Since V
has on it a quadratic form, we have that V=V* by v~ (v, ) and V* has basis

Vs Uit Uy -+ - Uspaq- Under the isomorphism with V' this basis corresponds to
v = €(1)01 V31 = 07 = €(1)vy
vy = €(2)vg vy, = U5 = €(2)vg
* = * — ok
Uy, = —Um, Uppao = Upy = — Uy

v;kn+1 = Um+1-
This also enables us to describe an equivariant isomorphism between A V and /\erl V', which
is the composition of
c: /\m V—)/\m+1 v

obtained by contraction with (—1) et vi A= Avs, . and of

d: /\m+1 Vs /\m+1 A7

defined using the isomorphism V 2 V* given by the quadratic form.

3.2. Definition of W; and X°

We will now explain our formula for W; : OG®(m + 1,V*) --» C in terms of the coordinates
px. Here are some particular partitions which will play an important role. Let p; := (I,1 —
1,...,2,1) be the length [ staircase partition and let y; := (m,m —1,...,m+1—1) be the
maximal strict partition with [ lines contained in an m x m rectangle. For p; with [ < m there
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is a unique strict partition obtained by adding a single box to the Young diagram. It is obtained
by adding one box to the first line, and we denote it by p; 1. If J is any subset of {1,...,1},
we denote by Pi] the partition obtained after removing for every j € J the j-th line from the
Young diagram of p; (and similarly for pi” +)- On the other hand we denote by Ni] the partition
obtained by adding for each j € J a row of [ + 1 — 5 boxes to the bottom of y;. Similarly, ui{Jr
is obtained by adding for each j € J a row of I +1 — j + d;1 boxes to the bottom of fy. If
the resulting Young diagram does not give a strict partition, then we set ,ulJ = 0, respectively
pi ¢ = 0. Finally, set s(J) := >_jesJ for any subset J of {1,...,m}.
Using the above notations, we define W, : OG®°(m + 1,V*) — C by

me1 2 (71)8(J)ppzj,+p“l{+

mefl
+ et . (3.5)
Ppo =1 Z (_1)S(J)ppi]pyl“’ Pom
Jc{1,...,l}

This is a rational function on X = OG(m + 1,V*). Inside X the denominators in W; give
rise to divisors

Do :={pp =0}, D :={pp,, =0}

and

D, = Z (—1)S(J)ppi]p#i] =0,, wherel=1,...,m—1
Jc{1,...,l}

Then
D:D0+D1—|—+Dm,1+Dm

is an anticanonical divisor. Indeed, the index of X = OG*(m +1,V™) is 2m. We define Xe =
X \ D. The restriction of our rational function W; to X° is regular, and is again denoted W;.

3.3. Statement of results

We would like to compare W, : X° — C with the known super-potential of X = LG(m)
defined as a special case of (2.2). Explicitly recall that LG(m) = GV /PY for G¥ = PSp(2m)
with PV the parabolic corresponding to the m-th node of the Dynkin diagram C,,. The
function Fj, for h € B is therefore defined on the open Richardson variety R = BywpB_ N
B_1gB_/B_ inside the full flag variety of G = Spin(V'), where P is the parabolic corresponding
to the m-th node of B,,. So we would like to relate our variety X = P\G = OG®(m + 1,V*),
or rather its open part X°, with this open Richardson variety. The parameter ¢t in W; and the
h € ¥ appearing in Fj, should be thought of as equivalent, by the relation h = tw),.

For fixed parameter ¢t we define the following maps

0G®(m +1,V*) = P\G <% B_1igNU,emiplU_ 25 R,
Pg +— g —gB_.

given by taking left and right cosets, respectively. Note that ¢ = b_1g in our previous notation
and factorizes as

Vv . —
g = ure"“mipiis,
Moreover ¥y is an isomorphism, so we can define
V=T oVU " : R — OG®(m+1,V*).

Our main goals here are to prove the two following theorems.
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THEOREM 3.1. Let X = LG(m) and t € C. The regular function W; on X° defined in (3.5)
pulls back under ¥ to the Landau-Ginzburg model (R,F,) from Theorem 2.4, where h and t
are related by h =

THEOREM 3.2. W defines an isomorphism from R to X°.

3.4. Outline of the proof of Theorems 3.1 and 3.2

Let h =tw), as in Theorem 3.1, and define Zj, := B_woﬂU+ehwpw()_1U_. The super-
potential F, pulls back under Z;, — G/B_ to Fy, : Z, — C where

]:"h(ule wWpls) Ze U1 —|—Zf

To prove Theorem 3.1 we need to show that W, pulls back to ]—'h under Zpg &> P\G =
OG®(m +1,2m + 1). We will do this in two steps.

We consider two related projective embeddings of X = OG®(m + 1,V*), the standard
one corresponding to /\m+1 V* = Vs, , and the minimal one corresponding to the (right)
representation Vg, = V,J ~of G = Spin(V) composed with its Veronese embedding. So

m o P\G — P(/\ ™" V),

Pg— <vfn+1/\v:§1+2/\-~-/\v§m+1 -g>,
Ty : P\G <= P(sym2(vs*pm))

Pgl—>< g>

The interesting numerators and denomlnators in W; are made up of sections in
F[OP(Sme(VS*pi,,))(l)] = Sym?(Vspin). However the pullback of Fj, to X is not easy to refor-
mulate directly in those terms. It can be more easily expressed in terms of sections in
L[Oppm+1v)(1)] = A"V, which correspond to (m + 1) x (m 4 1)-minors. The two embed-
dings are however related by an embedding of projective spaces coming from the inclusion of
representations

/\erl Ve Sme(VS*pin)7
Therefore dually we have a surjection of representations
Sym®(Vepin) = /\ ™'V, (3.6)

which is the restriction map I'[Opgym2 (v - n))( )] — F[OP(/\m+1 V*)(l)].

The first step of the proof of Theorem 3.1 is to express Fj, in terms of (m + 1) x (m 4 1)-
minors, which is done in Section 3.5. The conclusion of the proof of Theorem 3.1 involves the
explicit construction of the map (3.6) of representations in terms of the Clifford Algebra. This
is done in Section 3.6. The expression of W; in terms of minors is then used in Section 3.7 to
prove Theorem 3.2.

3.5. A formula for F, in terms of minors

DEFINITION 3.1. If g € Spin(V') we consider it as acting from the right on \" V* and from
the left on \" V for anyn =1,...,2m + 1. The bases {v} } and {v;} give rise to bases of \" V*
and \"V, and we use the following notation for the matrix coefficients (minors of g acting in
the representation V). Let I = {i; < ... <i,} be a set indexing rows, and J = {j; < -+ < j,}
a set indexing columns, then

Df,(g) =AU A ANV g, v A Ay
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We begin by arguing that @y appearing in uie™wpta € Z) can be assumed to lie in U_ N
By (wF)~'B,. This is because we have two birational maps

U :U_NBy(w")'By - P\G: ly +— Py,
Uy: B NU"wPU_ — P\G:b_ =uetipiy— Pb_,
which compose to give \111_1 oWy : b_ — . This gives a birational map
UitoW,: 2, - U_NB(wF)'By.
Now a generic element #y in U_ N By(w?) !B, can be assumed to have a particular

factorisation. Let N := ("]"). The smallest representative w’ in W of [wo] € W/Wp has

the following reduced expression :

wf = (8m)(Sm—15m) - (8182 -+ Sm) = Siy -+ - Sins

It follows that as a generic element of U_ N By (W)~ By, the element iy can be assumed to
be written as:

(ym(am,m)ym—l(am—l,m) BN (al,m>) o (ym(am,2)ym—1(am—l,Q))ym(am,l)~
where a; ; # 0, or equivalently as
U2 = Ym(bN) - - - Y2 (bN—m42)Y1 (ON—m+1) - - - Y (03)Ym—1(b2)Ym (b1). (3.7)

with nonzero b;. Note that the k-th factor here is y;_, , (bn_ry1).
We may think of the Pliicker coordinate py as a function on G. Then we have the following
standard expression for the py) on factorized elements.

LEMMA 3.3. Fix )\ a strict partition in an m x m square, and w € W¥ the corresponding
Weyl group element. Note that the length ¢(w) equals |A|. Then if tg is of the form (3.7) we
have

p)\(ﬁz) = Z bj1 N bjm,'
J

where the sum is over subsets J = {j1 < jo < ... <jm} of {1,..., N} for which s;; ...s;; is
a reduced expression of w.

Proof. Recall that by definition py(u2) = <w8 - Ug, w>\> = wp (g - wy) and wy = €ij e Cij
wyp if w=s;; ...s;; Iis a reduced expression. So in an expansion for uz the coefficients of
fij,, -+ fi;, will contribute a summand of bj, ...b;, to px(u2). O

ProrosiTiON 3.4. Ifu; and us are as above then we have the following identities

* [ — pPO +(a2)
m u = : - ) 3-8
o) =7 ) 55)
ej(ur) =0foralll<i<m-—1, (3.9)
* tppm—l(la’Q)
em(ur) = e ——=, 3.10
(u1) Po(32) (3.10)

where pg = () and py 4 =no.

Proof. For (3.8) notice that in fact py(d2) =1 and

pa(tiz) = (wp - G2, un) = w (U2 - wp).
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Then (3.8) is apparent since f,, - wg = wy. In fact (3.8) does not depend on the special form
of u; and @y. The equations (3.9) and (3.10) are consequences of the Lemmas A.2 and A.3,
respectively, as well as the Lemma 3.3. ]

PRroOPOSITION 3.5.
’r'njkl,‘..,QfmA»l (1_142)
i) = —LL2en T = forall 1 < j <m — 1 (3.11)
a1, (T2

Proof. The result is a consequence of the vanishing of the following minor of s :

J+1,m+1,....2m+1/_
5.3+, i+m+1 (t2),

which is equal to
<U;+1 AUpg1 A Vspi1 * G5 Vi A1 AVjem41)-
Define an element in the enveloping algebra

e = (357?1%)67(7(;17{%1) . egalrl)) L. (651?77L71mL)e(a7"'1*11m*1)) e(am,m),

m— m

where a; ; € {0,1,2} if j =m and a;; € {0,1} otherwise. Here el(-a) = Le?. Due to the shape

of 4z, the minor is zero if for any such e, v Avy, oy  Av3, 1, - € has zero vi Avj - - A
U} 4 4 1-cOmponent. Assume by contradiction that there exists an € such that this component
is nonzero.

First suppose j = m — 1. Then since v;;, Avy, 1 - A3, 1 €n =0, the exponent ay,, in
e has to be zero. Now the v3,, ., has to be moved to v3,,, which means that v}, needs to be
moved before to v}, _; by an e,,_j. Since only one e; appears in the expression of e, it means
that aym-1 = 1. Hence vy, Avy, 1+ Avs, g - e s equal to

* * * a1, m—2 a1 Am—1,m ,dm—1,m—1 Am,m
Upp—1 A Um+1 ARERRA Vom+1 ° (em—2 <€ ) (em €m—1 ) Cm .
Since vy, 1 Avp g Ao Awg, e =0 for all 1 <i <m — 2, it follows that ay,,—2 ==
a2 = ay; = 0, which means that the v3,,,; can never be moved to v3,,. Hence there exists
no e such that vj , Avg, 1+~ Av3,, ;- € has nonzero v3 Avj -+ Avj,,,  -component.
Now suppose j < m — 1. v3,, ., has to be moved to v3,,, by the only e; in the expression of ¢,
hence a;; = 1. But v}, ,,...,v5,, need to be moved before, hence a;; =1 for 1 <i <m —1
and ay,m = 2. It follows that vi ; Avj i~ Av3, ;- e is equal to
* * * * * * * * /
(Uj+1 Ny, =+ Ny, + g /\vm~-~/\vm_j/\vm+2_j/\~--/\v2m+1) e,
where

!, a2, m ,42,m—1 a2,2) ( Am—1,m a7n—1,7n71) Am,m
: (6 € <. €9 el €rm—1 €m .

Then
* * * * * /
U1 A U © A Um—j A Um+2—j ARERNAN Vom+1 " €

has clearly no non-zero v; Avj -~ Avi,,, -component, hence we focus on vj 4 Avp, -+ A
v, e

If 5 =m — 2, then v}, has to be moved to vj,,_; by the only es in . Hence ags g = 1.
But vy, _y Avgy, - Av3,, - ey = 0, which means that ap ., = 0. It follows that v, ,, cannot be
moved to v}, before having to move the v3,,, and hence that a suitable e does not exist.

Finally if j <m — 3, then ”;4-1 Avy, - Avy -e; =0 forall j+1 <7 <m, hence ag j11 =
“o- = agm = 0. It follows that the vy, ,_; cannot be moved before the v3,, has to be by the
only remaining e in ¢’. This concludes the proof of the minor vanishing.
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To prove the proposition, we only need to expand this vanishing minor with respect to the
(j + 1)-st row. Indeed, due to uy being lower triangular, this row has only two non-zero entries
: 1 on the (j + 1)-st column and f/(ii2) on the j-th column. O
3.6. The Clifford Algebra and homogeneous coordinates

3.6.1. Setting In this section we study the surjection of representations from (3.6), that is
T SymZ(Vspin) — /\m+1V,
which is also interpreted as the restriction map of homogeneous coordinates
TOpsym2(vg,,)) (D] = T[Oppm+1 vy (1))

Of course in representation-theoretic terms the map 7 exists just because A\ ™1V is
irreducible with highest weight 2w,, and this highest weight also occurs in Sme(Vspin) with
multiplicity one. But in order to compute with this map we will need to use a more intrinsic
construction. We first note the following auxiliary lemma, whose proof is straightforward.

LEMMA 3.6. The isomorphism

0: VSpin —

‘pm
UX UPD(N)

is s0(V')-equivariant.

For the construction of the map 7 first we define an equivariant embedding

5®1dVSpm

LVsp;n : Sym2(VSpin) — VSpin ® VSpin VSpm ® VSpln - End(VSpln)

Then there are two subtly different cases to distinguish.

Case 1: If m is odd then we construct 7 as follows. Applying the constructions from
Section 3.1 we have an isomorphism of representations (3.4),

" End(Vapin) — C17(V) — @ A

Because m is odd we have a projection onto the summand with &k = mT’l,

m
Prpom : @/\2’”1 V- /\m V.
k=0
Recall also the equivariant isomorphisms from Subsection 3.1 :

/\m V*)/\erl v*
/\m+1 V*_>/\m+lv

Composing ¢y, with these four maps gives us our homomorphism of representations

T Sym (Vspin) /\m+1

and
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Case 2: Suppose m is even. In this case we use the even part of the Clifford algebra of V,
namely we use the inverse of the isomorphism from (3.3)

k7 End(Vapin) — CIH (V) — @ /\Qk V.
k=0

Since m is even we have a projection onto the middle summand, k = 3,

m

pr/\m:@/\% V*—>/\mV.

k=0
Finally we use the isomorphism of representations ¢ as in Case 1,

c:/\mVL>/\mJrl v
as well as the map
d: \"H Ve ATV
Composing tys,,, with these four maps gives us our homomorphism of representations
T Symz(Vspin) — /\m+1 1%

in the case where m is even.

3.6.2. Statement

DEeFINITION 3.2. Corresponding to the quadratic denominators in Wy we define elements
of Sym? (Vspin) by

s(I
Dy = Z(_l) ( )w/’fnﬂ—jw“fnﬂ—j

T
and
— I
'A/(j) T 2(71)3( )wﬂfn+1—j,+w#fn+1—j,+
I
where the sums are over all subsets I C {1,...,m+1—j}andj=2,...,m.

We will prove the following formulas.

ProrosiTioN 3.7. Let j =2,...,m. We have

_ _ m+1,...,2m+1 .
Z(_l)S(I)p/)I (u2)pu1 (42) = DmIZ—j,...,QTn+2—j (t12)

m1—j m+1—j
I
and
I - . +1,...,2m+1 .
Z(*l)s( )ppfn_*_l_j’_*_(u2)pufn+l_jy+(u2) = D7nr:+1—j,7r??|-3—j...,2m+2—j(UQ)
I
where the sums are over all subsets I C {1,...,m+1—j}.

Note that this proposition gives us an alternative definition of X°.

COROLLARY 3.8. The affine open subset X° of X = P\G is

{Pg S X | D:iingfnﬁJ?:l—j,2m+2—](g) 7& 03 J = 17 cee, M — lap(ﬂ(g) 7£ Oa ppm(g) 7& 0} .
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We remark that the Pliicker coordinates pg(g) and p,,, (g) are Pfaffians of g.

3.6.3. Proof of Proposition 3.7 To prove Proposition 3.7, we will need to compare
Dy, Ny € Sme(VSpin) to the elements of /\erl V defined below.

m+1 V

DEFINITION 3.3. Inside the exterior power \ , if 2 < j < m we consider the elements

vf}) =V A AV,
’Ué\j),-i- = U5-1 A Vji+1 VARERWAN Vj+m

of N1V,

We will show :

PROPOSITION 3.9.  The projection map  : Sym?(Vapin) — A1

V takes D(jy to ’U(\») and
Ny to v !
) ()

-

We will in fact prove this proposition only for the denominators D(;), the case of the
numerators j\/(j) being extremely similar.

DEFINITION 3.4. If I={1<4i3 <:--<i, <2m+1}, we define vy to be the product
vy ooy, in CUV). For I ={j,j+1,...,j+m} we also denote v by v, so vg) =
VjUj41* Vj4m. Moreover, if L is a subset of {j,...,m}, we write v%, for the Clifford algebra

element obtained from the product v(;y by removing all of the factors v; and v} = v 12— for
which | € L.

LeEMMA 3.10.  The map tvg,,, : Sym*(Vpin) < End(Vapin) maps Dy;y to

ﬂm,j . Z |:,w*1 1 RwW. 1 + (_1)(m+1—j)(j—1)w;I ) Qw1 (312)
I

My Hon+1—j - Pm+t1—j

where
(me41=3)(m+2-j)

(=1

Bm,j = 9

and the sum is over all subsets I of {1,...,m+1— j}.

Proof. First w, 1

W, 1 maps to
pvn«#lfj lu‘m+17j p

®w +w ®w ) € VSpin by VSpin-

—(w, 1 I I I
2( Pim41—j Homt1—5 Homt1—5 Pimt1—j

Then according to Lemma 3.6 :

(mi1l=g)(mt2=9) _ ()

* *
wp£n+17j — (—1 'LUHJ[_l S VSpin
m(m+1)  j(G—1)
) I 4 s(T),, % *
— 2 P .
w'“‘fn#»l—j = ( 1) wp§_1 € VSplIl?
hence the result. O

We now need to map the element (3.12) to the Clifford algebra of V.
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ProprosiTION 3.11.

-1
§) % 201, mt+1—j,2m+3—j,....2m+1 +

m(m+1)
2

Z H (_1)l UIU{Qer?)fj,...,erj}UT GCI(V) (313)
IC{1,...om+1—35} \l€{l,....om+1—j}\I

Proof. We assume j > mTH, the other case being symmetric. For convenience, let us denote
the right-hand side as A;) € CI(V). Because of the definition of the Clifford algebra :

m(m+17j)v

U1,...,m+1—3,2m+3—j,....2m+1 = (*1) {1,....m+1—5}U{T,...,m+1—5} t(j)7

where t(;) = Vom43—j . .. Uy Similarly
_ m|I
Vru{2m+3—j,....m+j}UT — (_1)m| l“IuT t)-

We will use two lemmas :

LEMMA 3.12. Let I be a subset of {1,...,m}. Then

Urut = (H 6(7’)) Z w}k; Ruwg € End(VSpin)7

i€l L

where the sum is over all subsets L of {1,...,m} containing I.

Proof Proof of lemma 3.12. First notice that
{0 ifigL
Vr-wyp, =

(—1)#{ZEL|l<i}e(i)wL\{i} otherwise,

and

0 itigL
vz Wy, =
T €(i)wy, otherwise.

Hence v, 7 is zero unless L D I. Now assume L D I and write I = {i1 <ia <+ <i,}. From
the definition of the Clifford algebra, it follows that v, ; = H;Zl v;,v;—. Hence :

Vot " WL = (H 6(%)) wr,.
p=1
The claim follows. O

LEMMA 3.13. The element t(;) = V2m43—j ... Vm4; of CI(V) maps to

Jj—1
m| K1 *
H €(p) Z (-1 | ‘leu{m—i-Q—j,...,j—l}UKQ & WK UK,
p=m-+2—j K1,K>

in End(Vspin ), where K7 is any subset of {1,...,m + 1 — j} and K> is any subset of {j, ..., m}.

Proof Proof of lemma 3.13. As in the proof of Lemma 3.12, we notice that ¢ - wy =
0ifLp{m+2—j4,...,5—1}. Now write L=L; U{m+2—j,...,5 — 1} U Ly, where L, C
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{1,....m+1—j}and Ly C {j,...,m}. We have

Um+j - WL = (‘DmlLl\E(m +2- j)leu{m+3—j,.._,j—1}uL2~
Recursively, we obtain :

j—1

t(]) "W = (_1)m‘L1| H 6(p) WL ULy,
p=m+2—j

hence the lemma. ]

Now to prove Proposition 3.11, first assume L = {1,...,5 — 1} U Lo, where Lo C {j,...,m}.
Then

j—1
U1,...,m+1—j,2m+3—3,....2m+1 * WL = ( 6(?)) WL ULy,
p=1
and
l
H (-1) Vru{em+3—j,...,m+j 30l ~ WL
le{1,....om+1—35}\1
is equal to
j—1
(H dp)) () (=)™ wp, o,
p=1
Hence

-1
Agy -wr = <H 5@)) 24 (—1mH Z (D wr, o,
p=1 IC{1,....,m+1—j}
-1
<H 5(1’)) WL, UL, -
p=1

Now assume L=LiU{m+2—4,...,7 —1} ULy, where L1 C {1,...,m+1—j} and Ly C
{j,...,m}. Then

-1
Ay - wr, = (H e<p>> (—ymiEal () em=D) S )y
p=1

ICLy

Finally :

A 0 if Ly #0
()WL = (Hi);i e(p)) (—=1)(mADn+1=5)y;  otherwise.

Looking precisely at the expression of D(;y in End(Vspin), this concludes the proof of the
proposition. |

COROLLARY 3.14. We have :

m(m+1)
2

Prym © H/f_gl © LVspin (D(j)) = (_1) v A A Um+1—j A V2m+3—j ARERNAN ) V]

where k4 is k_ if m is odd and k. otherwise.

Proof. The result is a simple consequence of Proposition 3.11 and of the definition of the
antisymmetrisation maps (3.1) and (3.2). O
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We can now prove Proposition 3.9 :

Proof Proof of Proposition 3.9. From Corollary 3.14, we know that D(;) maps to
(—1) ) VLA AUpg1—j AVamis—j A+ Avamyr in A" V. Now the latter element is
mapped by the contraction c to

(=)D Der  A AUga

Then we map this to /\erl V' using the isomorphism d. The element vy, o ;A Av3, 1o .
maps to :

m m 5 5

TT ) ) { TLe®) | vrsm A vjmen Ao A1) Hmommtiyn

i=m+2—j k=j
Now
A
D) = vy,

which concludes the proof. ]

3.7. Isomorphism with the open Richardson variety

Here we prove Theorem 3.2. We use the presentation of the coordinate ring of the open
Richardson variety due to [GLS11], which we reformulate here using our notations. First notice
that the open Richardson variety R = B_wg N U wpU_ is isomorphic to the ‘unipotent cell’
U_ N By (wF)™1 By, in the terminology of [GLS11], via the map

UP =U_nB(w")™'By = R : iy — figtigB_.

To state the result we need to recall the definition of a generalized minor. In our setting
G = Spiny,, 1 (C).

DEFINITION 3.5. Let v € W and w; a fundamental weight of Spin,,, ;1 (C). Let V,,; denote
the irreducible representation with highest weight w; and vjj a fixed highest weight vector.
Then for any g € Spin,,, ;,(C) we can set

AUJ]‘,’U'UJJ' (g) = <gi) : U:’I_j ? U:j> N

where the brackets <v , v‘j‘j> refers to the coefficient of vj,‘], in the projection of v to the weight
space of v} .

If g0 has a decomposition into factors U_TU, then this agrees with w; applied to the torus
part of gv, which is the definition given by Fomin and Zelevinsky [FZ99].

THEOREM 3.15 [GLS11, Section 8]. For P = P,, , the coordinate ring of the unipotent cell
UP :=U_nN By (wF) !By is described as follows. Consider the reduced expression of (w?)™!
given by
P)—l

(w =83 - Siny = (Sm---5251) -+ . (SmSm—1)(Sm)s

with length denoted N = m#m For every 1 <r < N, we let
P)—l

(W) <y = 84y .. i,

and consider indices 1,72, .. .1y, given by

m

e 570

i=m-+1—k
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Note that i,, = k. Then the coordinate ring of U is given by

clufl=c|A - AL .
[ *] wi7,,(wp)<i~wi,.’ wk,(wP);l, Wk
= STk 1<r<N,1<k<m

Let us now reformulate the description of this coordinate ring for our purposes.

COROLLARY 3.16. The coordinate ring C [U r ] is generated by the ordinary minors

Dy Rt o<t <m—1, 2<j <m—t (3.14)

together with the Pfaffians

AWWH%[61+'"+€7n—177‘_(6771—7‘"1'“"‘1"5771)]’ O0<r<m-1 (3.15)
the inverses of minors
-1
(Dpe ) i<k <m -, (3.16)
and the inverse of Pfaffian
ATt (3.17)

Win,— 5 (e14Fem)’

Note that the D}:é‘;_’_’?zi__ﬁ?@'ﬂ’""m+2+t are the minors defined in Section 3.6. We may now
prove the isomorphism :

Proof Proof of Theorem 3.2. Our first step is to prove that the map (UF — X ;g — Piio)
lands inside X°. Recall from Corollary 3.8 the description of X° using minors,

X0 = {Pg| DyAl At (o) £ 0 for all 1< j <m—1,p(9) # 0,p,,,(9) #0}-

m+1

Let 23 be in UF. Using the isomorphism between A™ V and A V from Section 3.1, we get

m—+1,....2m+1 ,— _ m+2,...,2m+1 —
j+1,‘..,j+m+1(u2) = Dl,...,mfj,2m+27j,..‘,2m+1(uQ)'

Now using that us is in U_, we get

m+2,...,2m—+1 (7 )
1,...,m—j,2m+2—7,...,.2m+1\U2

m+2,....2m+1—j5/—
1,....,m—j (2)-

By Cor. 3.16, for all 4y € UZ, the following minors do not vanish,

DS ()
for 1 < k < m — 1. Setting k = m — j we find that Py is in X°.

So we now have an algebraic map between affine varieties U — X°, which induces a pullback
map C[U”] — C[X°] between their coordinate rings. We now prove that this map is a ring
isomorphism. Injectivity is a simple consequence of the fact that the map U — X is dominant.

We now prove surjectivity. To do this, it is enough to find a pre-image for each of the functions
(minors, Pfaffians and inverses of minors) generating C[UF]. We have already seen that the
inverses of minors correspond to the inverses of denominators of W, which are by definition
well-defined functions on X°. Let us now consider the minors D; :'2'7"’77?7;‘:_EET+2"”’m+2+t(1_1,2) for
0<t<m-—1and2<j<m—t. Since Uy is in U_, we have :

ey ) = Dy R g (T2)

_ m+2,....2m+1 _
= Dm—j—t+1,...,m+1—j,m+3+t,...,2m+1(UQ)‘
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Now using the isomorphism between A™ C2™+1 and A" €2+ we get

m+2,...,2m+1 — _ m—+1,...,2m+1 —
DmfjftJrl,...,m+1fj,m+3+t,...,2m+1<u2) = Dmft,...,m+j,m+j+t+2,...,2m+1(u2)'

1eo2m+1
=t Mg mA A2, €
coordinate ring of X = P\G, it gives in particular a well-defined function on X° after setting

pp to 1.
Let us finally consider the Pfaffians A, 11,4 (e tteny (07 <m—1). By
definition

Since the minor sz 2m41 18 a well-defined element of the homogeneous

. *
Awrrm%[61+"'+€m,—1—r_(€m,—r+“'+€m,)] = <w(0 gy Wp, )

where wy is the element of Vgpin associated to a strict partition A as in Subsection 3.1. By
definition of the Pliicker coordinates, the right-hand side is equal to the Pliicker coordinate
Do, (9) which gives well-defined functions on X°. O

This concludes the proofs of Theorems 3.1 and 3.2. We now state some related conjectures.

4. Relations in the quantum cohomology of LG(m)

In [Rie08], the second author proved an isomorphism between the quantum cohomology
ring of X = GY/P" and the Jacobi ring of the LG-model (R, Fy) (either at fixed quantum
parameter ¢ = e” as in Corollary 2.4 or over the ring C[g, ¢!]). By Theorem 3.1 together with
Theorem 3.2 our LG-model (X , W4) is isomorphic to this one, and is therefore related to the
quantum cohomology ring of LG(m) in the same way. Therefore we expect the denominators
appearing in the expression of W;, once written with Schubert classes replacing the Pliicker
coordinates, to represent invertible elements in this quantum cohomology ring. We have a
precise conjecture for which elements these are.

CONJECTURE 4.1. The following relation holds in the quantum cohomology of LG(m) for
all1<l<m-1:

> (1Yo, 0, =4 (4.1)

JC{1,.,1}

REMARK 2. Ifl =1, the relation (4.1) is a consequence of the quantum Chevalley formula
2.2. Indeed, this formula implies that
O1*XOm = Om,1 + 4,
which, rewritten as
O1%Om — 0g % Om.1 = ¢,

is exactly the relation (4.1) with [ = 1. For | > 1 however, to the best of the authors’ knowledge,
the relations (4.1) are new.

5. The B-model connection

Our expression for the LG-model W in terms of homogeneous coordinates coming from
X° C P(H*(X,C)*) makes it possible to state very concretely a mirror conjecture in the spirit
of Dubrovin and Givental. Namely we conjecture an explicit isomorphism between a Gauss-
Manin connection associated to (X° W), and a D-module associated to X arising from the
small Dubrovin connection, see [Dub96, Giv96, CK99].
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Let X = LG(m). Consider H*(X, C[h, €']) as space of sections on a trivial bundle with fiber
H*(X) and let

s 1
A o - .
VoS i= b 2ot ee S (5.1)
VhahS = h% — ﬁCl(TX) ket S + GT(S) (52)

define a meromorphic flat connection on this bundle. Here Gr is the ‘grading operator’ defined
as the diagonal map H*(X,C) — H*(X,C) which multiplies ¢ € H?*(X,C) by k, and we are
using the convenient notation e’ for ¢ and d; for qd,. This is our A-model side.

For the B-model let N = % denote the dimension of X. Recall that X° is OG(m +
1,2m + 1) with an anticanonical divisor removed. Therefore there is an up to scalar unique
non-vanishing holomorphic N-form on X° which we will fix and call w. Let Q%(X°) denote the
space of all holomorphic k-forms.

DEFINITION 5.1. Define the C[h, e']-module
Gt = QN (X)[h, €]/ (hd + dW; A —)QN L X)[h, €!].

It has a meromorphic (Gauss-Manin) connection given by

P,[a] = %[a] (%) (5.3
PVo,lo) = 2rlo] + %[Wt al. (5.4)

We conjecture that the function W is cohomologically tame [Sab99] and the elements [pyw]
freely generate G(‘)/V‘7 where the py’s are the Pliicker coordinate on OG®°(m + 1,V*) and A runs
through the strict partitions inside an m x m box.

Independently of this we conjecture the following.

CONJECTURE 5.1. The differential operators hBVs: and hBV s, preserve the Clh, e]-
submodule Gi/* of G generated by the [ paw]. Moreover the assignment o> — [pyw] defines
an isomorphism of H*(X,C[h, e!]) with GiY* under which AV is identified with V.

Appendix A. Laurent polynomial version of W,

Here we give a Laurent polynomial expression for the restriction of W; to a particular torus,
see Proposition A.1. The lemmas used in the proof are also used in the proof of Theorem 3.1. We
observe that our Laurent polynomial formula for the superpotential of LG(m) has similarities
with the much simpler case of projective space.

Let us pull back W, to the open subset of X defined as the image of the map (C*)Y — P\G
which sends (b1, ...,by) to Pug, where as in Section 3.5

Uz = Ym (bN) - - Y2(ON—m+2)Y1 (ON—m+1) - - Y (03)Yrm—1(b2)ym (b1)- (A1)

PRrROPOSITION A.1 Laurent polynomial restriction of W;. The Landau-Ginzburg model Wy
of X = LG(m) defined in Theorem 2.4 restricts to the open torus defined above to give

bj

J=1

N
- N(bi,...,b
Wibr,....by) =D bj+e w
j=1
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where
N(bl, ey bN) = ijil . bj’iN—m’

and the sum is over all subsets {iy < -+ <in_m} of {1,..., N} such that (sj, ...sj, )S1...5m

is a reduced expression for w.

Proof. We will rename the coordinates b; when convenient by a; ;, in terms of which s is
given by
(ym(am,m)ymfl(amfl,m) U (al,m)) e (ym(am,Q)ymfl(amfl,Q))ym(am,ly

As a consequence of the shape of @y and the definition of the y;, we immediately obtain :

fras) =Y al". (A.2)

j=m41—i

We now need to compute the e} (u;), where u; is such that u;euipiia € B_ .

LEMMA A.2.
ef(u)=0foralll<i<m-—1 (A.3)

Proof Proof of Lemma A.2. From [Rie08], we know that

-1 _ _
uytvg e v
e (uy) = 1 Y Vo)
<U1 Uwiva71>
(eMiptiswo vy, e - vg,)

<ehw'Pﬂ2w071Uu_11, ) U:wi >

(e"wiptiav] e - vy,)

(eriiptiavs,, ve, )

Now e} (u1) =0 if and only if (Tovj ,wp'e; - vy, is in the p-
weight space of the i-th fundamental representation, where g := w;lsi(—wi). Moreover,
Uy € B, (W) 1B, hence it can only have non-zero components down to the weight space
of weight (w?)~(w;) = wp'(—w;). However, p is lower than wp'(—w;) when i # m. O

) = 0. The vector wp'e; - v,

We are left with computing e, (u1) :

LEMMmA A.3.

: N(bi,....bn)

H;V:l s (A4)

er(up) =e

Proof Proof of Lemma A.3. As in the proof of Lemma A.2, we have

. (M uiptzv,,; em - v,)

Cm (ul) =

(e"uiptavd,,, va,.)
(Wplav} em vy, )

<’U).p’l_l,2’l):m s Voo, >

= (W + Qm — Wm)(eh)

(Wplovf em - vy )

(Wplgvd,, , v, )
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Indeed, ay,(e) = e'. Moreover, (uipugv} + 1

W7717U"-_’1n> = <U2/Uw7n’wpi v;n;> = <H2U:I_m’ U;m> NOW
the only way to go from the lowest weight vector v, —of the m-th fundamental representation
to the highest vf)m is to apply wg. Since Ty € B(wﬂ)’lB, it follows that we need to take all

_ T N
factors of wy, hence (wptizv) v, ) =T1[._bj.

Now we prove that <wpﬂgv:,’m, em v;mJ>:; N(by,...,by). Indeed :
(Wpliav), Jem v, )= <ﬂ2’UIm,U).Pil€m U )
and the weight of the vector wp e, - vy is p = %(61 — € — -+ — €y). Now consider the
Weyl group element
W = 8y (Sm_15m) - - (82 - .. Sm_15m)-
We have
w’-wmzé(el—eg—-~-—em).

Hence the way to the p'-weight space is through one of the reduced expression for w’, which
concludes the proof of the claim. O

Now the proof of Proposition A.1 follows immediately from Theorem 2.4 and the equations
(A.2), (A.3) and (A.4). U

The expression for the Landau-Ginzburg model in Proposition A.1 is quite close to the usual
expression for the Landau-Ginzburg model of projective space P™, which looks like :
n et
W =z 4zt ————.
1T ...Tp
Indeed, it is the sum of as many parameters as the dimension of the variety, plus a more
complicated e’-term depending on those parameters. To the best of our knowledge, this
expression is new for LG(m) with m > 2. However, for the three-dimensional quadric LG(2),
we obtain :

LG(2)

az 1+ a2
W, —

t
=ag1+ays+tazste )
a2,101,2a2 2

which, up to a toric change of coordinates, corresponds to one of the expressions of [Prz07].
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