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Abstract

In [Rie08], the second author defined a Landau-Ginzburg model for homogeneous
spaces G/ P, as a regular function on an affine subvariety of the Langlands dual group.
In this paper, we reformulate this LG model in the case of the odd-dimensional quadric
Qom—1 as a regular function W; on the complement X° of a particular anticanonical
divisor in the projective space P?™ = P(H*(Qam_1,C)*). In fact, we express W; in
terms of Pliicker coordinates which are canonically identified with the Schubert basis
of H*(Q2m—1,C). Our construction of (X°, W;) compares with work by R. Marsh and
the second author [MR12] for type A Grassmannians and by both authors [PR13] for
Lagrangian Grassmannians.

We also obtain a change of coordinates relating (X°, W) to the LG model obtained
by Gorbounov and Smirnov [GS13] via an ad hoc compactification of the Hori-Vafa
mirror [HV00]. We use this comparison of LG models and results of [GS13] to deduce
part of [Rie08, Conj. 8.1] for odd-dimensional quadrics.

1 Introduction

In 2000 Hori and Vafa wrote down a conjectured LG model for any hypersurface in a
(weighted) complex projective space [HV00], [Prz07, Rmk. 19]. This is a Laurent polynomial
associated to the hypersurface which plays the part of the B-model to the hypersurface in
mirror symmetry, meaning its singularities are meant to encode various structures to do
with Gromov-Witten theory of the hypersurface. In the case of the smooth quadric @3 in
P* the LG model is

(Y3 +¢)?

Y1YaY3

and in this special case it was written down earlier by Eguchi, Hori, and Xiong [EHX97].
For a quadric Q2,,_1 the formula of Hori and Vafa reads

Y1 +Ys +

(YVmel + Q)2

Yi+Yo+...+Y9,_ _
1+ Yo+ + Yo, 2+Y1Y2---Y2m,1

One issue with these Laurent polynomial formulas is that they do not always have the
expected number of critical points (at fixed generic value of ¢) which should be equal to
dim(H*(Q2m—1)) = 2m. This was already observed in [EHX97], where it was suggested to
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solve this problem using a partial compactification, and this was carried out for the first
time albeit in an ad hoc fashion.

The quadratic hypersurfaces (Qo2,,—1 have a large symmetry group. Indeed Qo,,—1 is
a cominuscule homogeneous space for the group Spin,,, ;(C). Therefore there is already
another LG model on an affine variety generally larger than a torus, which was defined by
the second author using a Lie-theoretic construction [Rie08]. Namely for any projective
homogeneous space G/ P of a simple complex algebraic group, [Rie08| constructs a conjec-
tural LG model, which is a regular function on an affine subvariety of the Langlands dual
group. It is shown in [Rie08] that this LG model recovers the Peterson variety presentation
[Pet97] of the quantum cohomology of G/P. It therefore defines an LG model whose Jacobi
ring has the correct dimension.

For odd-dimensional quadrics Q2,,—1 a recent paper [GS13] of Gorbounov and Smirnov
constructed directly a partial compactification of the Hori-Vafa mirrors, without making
use of [Rie08]. Moreover they proved a version of mirror symmetry, which identifies the
initial data of the Frobenius manifold associated to the LG model with that constructed
out of the quantum cohomology of QQ2;,_1.

The goal of this note is twofold. We first express the LG model from [Rie08] in the
case of o,,—1 in terms of natural coordinates on an open affine subvariety of a ‘mirror
homogeneous space’ X which should be thought of as P?"~! viewed as a homogeneous
space for PSp,,,(C). For example in the case of ()3 we obtain
p3 1

+4q

Wy=p1 + —"—"—
p1p2 — Pp3 p3

in terms of homogeneous coordinates on P3.
The first main result generalises this formula. Define
X°:=X\D, (1)

where D := Dy + D1+ ...+ Dy,—1 + Dy, the divisors D; being given by

Dy := {po = 0},

Dy = {plPQm—l—l — pro1pam—1+ -+ (1) popam-1 = 0} forl1<l<m-1,

Dy, == {pam-1 = 0}.
The divisor D is an anticanonical divisor. Indeed, the index of X = P2"~1 is 2m.

Theorem 1. The LG model F; : R — C from [Rie08] is isomorphic to W, : X° — C
defined by

m—1
Pi+1P2m—1-1 pP1
Wq=p1+ + . 2
= lz; PiP2m—1-1 — Pi—1P2m—1 + -+ + (=1)!'pam—1 qum,l (2)
Corollary 2. There is an isomorphism
C[X° x C*|/(0W,) — QH*(X)[q] (3)

defined by sending p; to the Schubert class o; € H*(X).

This follows from Thm. 1 together with [Rie08]. Indeed the isomorphism in Cor. 2 fits in
well with the geometric Satake correspondence (see [Lus83], [Gin95], [MV07]), by which

H*(Q2m-1,C) = VLESPQ’" .



With this in mind it is natural to identify X with P(H*(Q2m_1,C)*) and the coordinates
{pi} with the Schubert basis {0;} of H*(Q2m-1,C).

It is interesting to note that under the isomorphism from Cor. 2, the denominators of
W, actually map to something extremely simple inside the quantum cohomology of the
quadric :

Corollary 3. For1 <1< m—1, the denominator pipam—1—1—Pi—1P2m—1+- -+ (—1)'pam_1
represents an element in the Jacobi ring of Wy which maps to

0109m—1-1 — O1-102m—1 + -+ + (—1)!oam_1 = ¢
inside QH*(X) under the isomorphism (3).

This is an easy consequence of quantum Schubert calculus on the quadric (which can be
deduced from the quantum Chevalley formula of [FWO04]).

Finally, in Sec. 6 we recall a partial compactification of the Hori-Vafa mirror defined by
Gorbounov and Smirnov. We then show the following corollary.

Corollary 4. The partially compactified LG model defined in Gorbounov and Smirnov is
related to the formula (2) by a change of coordinates. In particular the Gorbounov and
Smirnov LG model is isomorphic to the LG model defined in [Rie08].

Together with Cor. 4, the work of Gorbounov and Smirnov implies a part of the mirror
conjecture stated in [Rie08, Conjecture 8.1] for the groups Spin,,, ;(C) with maximal
parabolic P = P,,, see Sec. 7.

Acknowledgements : The second author thanks Dale Peterson for his inspirational lectures.

2 Notations and Definitions

The LG model for Q2,-1 = Spiny,,, /P, defined in [Rie08] takes place on an open
Richardson variety inside the Langlands dual flag variety PSps,,,/B—. Welet G = PSp,,,,(C),
since this is the group we will primarily be working with. Then G¥ = Spiny,, ;(C) and
Qom—1 = GV /PV for the parabolic subgroup PV associated to the first node of the Dynkin
diagram of type B, :

O—O0— -+ —0 =0 .

1 2 m

Let V = C?™ with fixed symplectic form

For G = PSp(V, J) we fix Chevalley generators (e;)1<i<m and (fi)i<i<m. To be explicit we
embed sp(V, J) into gl(V') and set

ei = Eiiv1+ Fam—iom—iv1, fori=1,....m—1, and ey, = Eynmy1.

and f; = ez-T, the transpose matrix, for every i = 1,...,m. Here E;; = (8;10;;)k, is
the standard basis of gl(V'). For elements of the group PSp(V'), we will take matrices to
represent their equivalence classes. We have Borel subgroups By = TU, and B_ =TU_



consisting of upper-triangular and lower-triangular matrices in PSp(V), respectively. T is
the maximal torus of PSp(V'), consisting of diagonal matrices (d;j) with non-zero entries
di; = d27n17,—i+1,2m—i+1'

The parabolic subgroup P we are interested in is the one whose Lie algebra p is generated
by all of the e; together with fo,..., f, leaving out f1. Let x;(a) := exp(ae;) and y;(a) =
exp(af;). The Weyl group W of PSp,,, is generated by simple reflections s; for which we
choose representatives

$i = yi(—=Dai(Dyi(-1).

We let Wp denote the parabolic subgroup of the Weyl group W, namely Wp = (sa, ..., Sm).
The length of a Weyl group element w is denoted by ¢(w). The longest element in Wp is
denoted by wp. We also let wg be the longest element in W. Next W7 is defined to
be the set of minimal length coset representatives for W/Wp. The minimal length coset
representative for wg is denoted by w!. Let w denote the representative of w € W in G
obtained by setting w = $;, - - - 8;,,, where w = s;, - -+ s;,, is a reduced expression.

We consider the open Richardson variety R := Ry w, C G/B—, namely

R = pr,wo = (B+1i]pB_ N B_QDOB_)/B_.

Let TW? be the Wp-fixed part of the maximal torus T, and fix d € T"WP. Then we also
define
Zg:=B_wgNUsdwpU-_.

The map
mR:Z3—>R:z— 2B_,

is an isomorphism from Z; to the open Richardson variety.

Let ¢ be the coordinate ; on the 1-dimensional torus 7"?. The mirror LG model is a
regular function on R depending also on ¢, so a regular function on R x TW». It is defined
as follows [Rie08],

F:(wwpB_,d) v z=upipdiy € Zg — Y ej(ur)+ Y ff(ua). (4)
The corresponding map from R, when d is fixed, is denoted
Fi:R — C:uywpB_ — F(uywpB_,d).
We also define another embedding
7y Zg— P\PSp(V): 2z Pz,

which maps Z; isomorphically to an open subvariety of a big cell in P\PSp(V'). Note that
P\PSp(V) is canonically the isotropic Grassmannian of lines in V*, when this Grassmannian
is viewed as a homogeneous space via the action of PSp(V') from the right. Moreover the
isotropic Grassmannian of lines is just P(V*), since any line is automatically isotropic.
Therefore the second embedding 77, has an advantage, that it is just an embedding into a
projective space.

Definition 2.1 (Pliicker coordinates). First we introduce notation for the elements of W :

SkSk—1..-51 if £ < m,
wg = .
Som—Fk - - Sm—1SmSm—1...51 ifm+1<k<2m-—1.

The associated Pliicker coordinates pi are defined by

Pe(9) = (v, g, Wi - vy, ).



Note that the Pliicker coordinates are just the homogeneous coordinates on the projec-
tive space P(V*). For a coset Pg they are given by the bottom row entries of g read from
right to left. If g = uiwpdus then

(po(g) : - 1 P2m—1(9)) = (po(U2) : ... : pam—1(t2)).

Our goal is to express F as a rational function in the Pliicker coordinates and ¢ = a1 (d). We
first illustrate our result in the smallest interesting example : that of the three-dimensional
quadric Q3.

3 The mirror to ()3

A generic element of Z; := B_1 N UydwpU_ can be written as uydwptsg, where

2 = y1(a1)y2(c)y1(b1)

and aj,c,b; are non-zero. Hence

1 0 0 0

T — a1 + by 1 0 0
2= chy c 1 0
aicby aic a1+b; 1

The map 71, : Zg — P\PSp(V) = P(V*) takes z = ujdwptua to Pz = Pugy. This may be
interpreted as taking z to the span of the reverse row vector corresponding to the last row
of ug after the identification P\PSp(V) =2 P(V*). The Pliicker coordinates of @ are given
by po = 1,p1 = a1 + b1,p2 = aic, p3 = aichy.

If we are interested in the image of Z; in P(V*) then first of all we can observe that it is
independent of d. So we may choose for d the identity element, and restrict our attention
to B_woNUswpU_. It turns out that the image of Z; in P(V*) is obtained from P(V*) in
coordinates

(po:p1:p2:ps) €P(VT)
by removing {py = 0} U {pspo — pap1 = 0} U {p3 = 0}. We call this variety X°, and the
isomorphism with Z; in Prop. 9 shows that X° is also isomorphic to the open Richardson
variety R.

Let us denote by W : X° x C* — C the map obtained from F, see (4), after the
identifications R = X° and (T)"P = C* via d — a1(d) = ¢. In this way we can compute
the superpotential F from [Rie08] in the coordinates on P(V*) :

p1 3 pP1

W==+—2— 1q¢—.

Po  P1p2 — popPs b3

This is equivalent to the following Landau-Ginzburg model of [GS13] :

fyrta—
= z —_—
9=y YRt e Ty

via the change of coordinates :
o Pop2 . P1.__ 4po
— Y= —53~2=—"

P1p2 — pop3 Po b3

Note that in [GS13] the superpotential denoted f is g where z is replaced by z + 1.



4 The mirror to 0y, 1

We now write down W, = (71,).m5Fq as a rational function on X, where d € (T)"* is such
that a1(d) = g. We will then prove in the next section that the locus X° where it is defined
is isomorphic to the open Richardson variety R.

Proposition 5. As a rational function on X

m—1

W, = b1 + Pi+1P2m—1-1 l 4 p
Do PiP2m—1-1 — Pi—1P2m—1 + -+ + (=1)'popam—1  ~ Pam—1

=1

To prove the result, we first recall that
Wf{fd 2= ulli)pdﬂg S Zd — Zef(ul) + Zfl*(ﬂg)

Now iz appearing in uyduipiis € Zgiyg can be assumed to lie in U_ N By (w?)~'B,. This
is because we have two birational maps
Uy :U_NBy(w")™ !By — P\G: tig +— Piig,
Uy: B.NUTdw"U_ — P\G: b_ =wuydipts+— Pb_,

which compose to give \Ilfl oWy : b_ +— uo. This gives a birational map
Ul oWyt Zpivg — U- N By (w?) ' By.

Now a generic element %y in U_ N By (w”)~'By can be assumed to have a particular
factorisation. The smallest representative w’ in W of [wo] € W/Wp has the following
reduced expression :

P
W =81...8m-15mSm—1---Sm-

It follows that as a generic element of U_ N By (w!) ™' By, the element iy can be assumed
to be written as

t2 = y1(a1) - - Ym—1(am—1)Ym () Ym-1(bm-1) - - - y1(b1), (5)

where a;,c,b; # 0. We have the following standard expression for the p; on factorized
elements, which is a simple consequence of their definition.

Lemma 6. Fiz 0 < k <2m — 1 an integer. Then if us is of the form (5) we have

1 ifk=0,
pk(ﬂg): al...ak_l(ak+bk) if1<k<m-—1,
al...am—1bm—1...boym_r otherwise. ]

We will also need the following :

Lemma 7. If uy and uy are as above then we have the following identities

., a; +b if1<i<m,
fi(ug) = .
c otherwise.

if2<i<m,

0
ej(ul) = {et a1+b1 ZfZ =1. (7>

a1...am—1Cbm—1...01




Proof. Equation (6) is obtained immediately from the definition of ue. For Equation (7),

notice that

<U1_1 : Uojﬂ 61‘ : UL;1>
<u1_1 " Vw; 5 Uu—fz>

(eMipiiy - vt e v,

ej (u1) =

(eMipiiy - v, v5,)

Assume 2 < i < m. Then €f(u;) = 0 if and only if (as - v(j‘i,wlglei -v,.) = 0. Now

-1 _
the vector wpe; - v,

is in the p-weight space of the i-th fundamental representation,
where 1 = wp's;(—w;). Moreover, 4y € By (w!)™1B;, hence @y - v/, can have non-zero
components only down to the weight space of weight (w”)™!(w;) = wp'(~w;). Since
l(wp's;) > l(wp') for 2 < i < m, this is higher than j, which proves that e}(u;) = 0.

Now assume ¢ = 1. We have

(eMivpis - Ujl,el “vg,)

el(uy) =
i(w) (eMipiiy - v, , vigy )

<1_1,2 . ’U‘jl,

wp'ervg,)
<ﬂ2 : UuJJrl ) wPUc:1>
(g - vjl,u'};lel v5,)

<ﬂ2 : U$1’U;1>

= (w1 + a1 — wl)(eh)

=€

First look at the denominator. The only way to go from the highest weight vector vjl of the
first fundamental representation to the lowest v, is to apply g € BywB, for w > (wP)=1L.
Since 1y € By (w?)"1 By, it follows that we need to take all factors of i, and normalising

Vg, appropriately, we get

T
(U2 v, v,) =at...am—1cbp_1...b1.

Finally, we look at the numerator (us - v

.1 _ .1 _ .
o Wpe1 - v, ). The vector wp ey - vy, has weight

p=bptsi(—w) = wp (—e2) = €.
Write w;,lsl as aprefix w’' = s152. .. 8m_15mSm_1 .. .52 of (wF)~1. We have w's; = (w’)~!
hence the way from v;fl to w’ - vy, is through s;. From the shape of wy, it follows that
(ﬂg~vjl,w;161~v;1>:a1+b1. O

)

Using the expression (4) of the superpotential from [Rie08], we immediately deduce from
Lem. 7 a intermediate expression for the Landau-Ginzburg model W, of the odd-dimensional
quadric as a Laurent polynomial :

Proposition 8.

ap + by
1. -Qm-1Cbm—1...b1

Wy=a1+-+ama+ctbnate+b+g- O (8

Now with the help of Lem. 6 and Prop. 8, we prove the second expression of W :
Proof of Prop. 5. From Lem. 6, it follows that for s as in (5)

(aj31 + biv1)(aq - .. al)QalH e Op—1Chp—1 b L <m — 2]

_1y(ug) =
Pl+1P2m—1 l( 2) {(al...am—10)2 ifl=m—1.



and
Prpom—1-k(t2) = (ag +bg)(a1 ... ag—1)%ak ... am—1bm—1 ... bgi1.

Hence most terms in 22:0(—1)kpl_kp2m_1+k_l(ﬂg) cancel, and

!
Z(_l)kplkamelJrkfl(ﬂQ) = (a1...a)%a11 -+ @m_1¢bp_1 ... bi41.
k=0

This proves that

Pi+1P2m—1-1 (i13) = ajp1 +bg1 il <m -2,
PIP2m—1-1 — Pi—1P2m—1 + - + (—1)'pop2m—1 c if i =m— 1.
For the first and last terms, we obtain
p1,
—(i2) = a1 + by
Po
and
P a + by
(a2) =
P2m—1 al ...am_lcbm_l .. .bl
as easy consequences of Lem. 6. O

5 The open Richardson variety

We now prove that the affine subvariety X° defined in Equation (1) is isomorphic to the
open Richardson variety R.
Recall that X° = X \ D, where

D::D0+D1+...+Dm_1—|—Dm
and

DO = {PO = 0}7
Dy = {pZPmelfl —pr1pam—1+ -+ (=) popam—1 = 0} for1<i<m-—1,
Dy, = {p2m71 = 0} .

By definition, X° is the locus where W, is regular. Since pg is non-zero on X°, we may
assume that pg = 1. Hence we have affine coordinates (p1,...,pom—1) on X°. We also set,
forl1<j<2m-—1:
J
i = Z(_l)kpjkamelJrkfj-
k=0

Proposition 9. The map 7y, o 77}_%1 : R — X° is an isomorphism.

We will prove the result by constructing the inverse map. But first, let us check that
the image of this map is indeed inside X° (and not just inside X). Clearly, F; equals
Wqomp o 7r;31 as a rational map. Since Fy is regular on R, it means that W, o 7, o 7r§1
also is, hence that W, is regular on the image of 7y, o 71';%1. This proves that this image is
contained in X°.



We now define a map ® : X° — BFSE

wo, where BPSL 4
matrices in PSLy,,, so that ®(py, .

is the Borel of lower triangular
.., P2m—1) - v; is equal to

[ Pom_1Vam if j =1,

(*1)J::;; + Pom— J (Zj72(7 )l+1rf)l1’02m l+U2m> if 2 < j < m,
(1) 2220y 1 + P2m—j DIy G DI LR ST S Syt (5 L Ly k)

T2m—k Tk—1

ifm+1<75<2m-—1,
H’Ul + E ( )km";ilkvk.ﬂ + Zk ( 1)k+1,.ff11}2m—k + vo, if j = 2m.

Let © be the open dense subset of X° where the coordinates pu,, Prm—1,

.y P2m—2 do
not vanish and define coordinates on 2 (as follows from Lem. 10) by

Pom—174

;= ——————foralll<i<m-—1;
Po2m—1-iTi—1
bizmi_lforalllgigm—l;
Pom—1—i
2
c= P .
'm—1

Lemma 10. For all (p1,...,pam—1) € Q, ®(p1,...,pam—1) factorizes as ujwpusa, where

g = y1(a1) .. Ym—1(0m-1)Ym(€)Ym—1(bm-1) . . . y1(b1)

and uy equals

1 a1+b1 am—1+bm—1 1 1 —1
ai...am—1¢bm—1...b1 ai...Qm—1¢bm—1 a1...Qm—1 e al aj...am—1¢bm—1...b1
-1
1 a1
1 (=1
ay...Qm—1
m—1 am71+bm71
1 (_1) a1...Qm—1cbm_1
1 a1+by
al...Qm—1¢bm—_1...b1
1
Proof. Using the definition of the y.s, it is easy to check that @y - v; is equal to
m—1—j m—1
vj + Z (@jik +bjrr)bjpr—1- - bjr1bjvjpg1 + Z Uk - -+ Am—1Cbm—1 « . . DjUm 11k
k=0 k=0

fl1<j<m-—1,

)

vm—i—Zam_k...am_lcifj:m

2m—1—j

vj + (a2m—j; + bam—j) Z A2m—k—j - - - A2m—2—jA2m—1—jVjr14k if m+1 < 5 < 2m,

Now a straightforward, if slightly tedious, computation shows that ®(p;,

ey Dam—1) =
ULWPUL.

O]



We now need to prove that the entire image of ® is in fact contained in B_woNU wpU_
inside PSpy,,:

Lemma 11.

®(X°) C B_tiy N UptipU-_.

Proof. We first prove that ®(2) C B_wo N U;wpU_ inside PSp,,,. Indeed, from Lem. 10,
we know that for all (p1,...,pom-1) € Q, ®(p1,...,p2m—1) factorises as ujwpisy, where
u1 and 49 are defined in the statement of the lemma. The factorisation of %o means that
ug is in U_ (hence in particular in PSp,,,). Now we prove that u; is also in PSps,,, by
showing directly that ‘u;Ju; = J using the formula from Lem. 10. This is the result
of a straightforward computation. It follows that u; € U,, hence ®(pi,...,pam—1) €
UswpU_ C PSp,,, in this case. Now also ®(pi,...,pom—1) € BPSLyjo N PSp,,,, = B_1y.
Therefore ®(Q) C B_wo N UywpU-_.

Since  is open dense in X° we now have that ®(X°) C B_wy N U wpU_. Suppose
there exists (pi,...,pam_1) in X° such that ®(p1,...,pam_1) & UpwpU_. Then from
Bruhat decomposition, we get ®(p1, ... ,pzm,l)wgl € UpwUy with w < wpwyg. It follows
that we must have

(Q(ph s 7p2m—1)w[‘_)_1v(jlav¢;1> = <(I)(p17 s 7p2m—1)U¢;1 ’ U;1> = 07

hence the lower-right corner of the matrix ®(p1,...,p2m—1) has to be zero. But this coeffi-
cient is always 1, hence the result. O

We can now prove Prop. 9 :

Proof of Prop. 9. We have showed that the image of 7, is contained inside X°. Moreover,
we have defined a map ® : X° — Z;, and a straightforward computation shows that it is
the inverse of 7. Hence 7y, is an isomorphism. Since we saw in Sec. 2 that 7g is also an
isomorphism, the proposition follows. O

The proof of Thm. 1 then follows from Prop. 5 and 9.

6 Comparison with the LG model of [GS13]

We now want to prove that our Landau-Ginzburg model (2) is isomorphic to the one stated
in [GS13], which goes as follows

$2

(y1Y2 - - - Ym—1 — D)2122 ... Z;m—1 )

m—1
9="> vil+2)+q 9)
i=1

Note that as for @3, in [GS13] the superpotential denoted f is g where the z; are replaced
by z; + 1.
Assume pp = 1 and consider the change of variables :

Y1 = p1; yi:ﬂ vV2<i<m-—1;
Di—-1
i—2

2 = 9q. 5 — 2:0(_1)kpi—2—kp2m+l+k—i Vo <i<m—1:

- ) (— i—1 = = 9

b5 o (—1)FDic1_kpomtk—i
Pm

x m—1

T (D D1 kPt

10



Proposition 12. The above change of coordinates {x,y;,z} — {pi} defines an isomor-
phism between the Landau-Ginzburg model (9) and ours (2).

Proof. We have y1(1+ 21) = p1 + —L—, and

P2m—1"

PiP2m—i
vi(l+2) = = ; i .
o (=) D1 kP2 k—i

Moreover _— N
TYL Y = k;o_(l—l) Pm—2-kPm 14k
oo ()P 1 kDPmyk
21 2Zm—-1— pr— il s
o (=) P2 kPmt1+k
and )
22 = Pm -
( ;gn:_ol(_l)kpm—l—kpm-i-k)
hence

2 2
xT DPm

q = — .
(:L‘ylyg e Ym—1 — 1)21Z2 c e Zm—1 ?:01(—1)kpm_1_kpm+k

Hence the change of variables maps (9) to (2). Finally, it is clear that both domains of
definition are the same. O

This proves Cor. 4.

7 Consequences

Let H 4 be the sheaf of regular functions of the trivial vector bundle with fiber H*(X, C)
over C; x C7 the two-dimensional complex torus with coordinates h and g. The A-model
connection is defined on H 4 by

0 1
A
Vo, = an; + ﬁpl *q ®

0 1
Avhah = h% +gr — ﬁcl(TX) *q ®,

where gr is a diagonal operator on H*(X) given by gr(a) = k for a € H?*(X). Here we
are using the conventions of [Iri09]. Let %Y be the vector bundle on Cj x Cy defined by
HY = j*Ha for j: (h,q) — (—h,q). This vector bundle with the pulled back connection
AVY = j*(AV) is dual to (H, V) via the flat non-degenerate pairing,

<O'7;,O'j> = (27TZh)N/ o;Uogj = (27rih)N5i+j,N,
[X]

where N = 2m — 1 is the dimension of X°. The dual A-model connection AV" defines a
system of differential equations called the (small) quantum differential equations

AV, = 0. (10)
Define the C[A*!, ¢*!]-module

G = ON (X, =)/ (d — W, A )0V (KO, )
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where QF(X°) is the space of holomorphic k-forms on X°. We denote by Hp the sheaf with
global sections G. Because W, is cohomologically tame [GS13], G is a free C[h*!, ¢*1-
module of rank 2m (cf. [Sab99]), and Hp a trivial vector bundle of that dimension. It has
a (Gauss-Manin) connection given by

0 1 [ oW,
Bvqaq ] = q%[n] + 7 [q 8qq 77}
5 0. . 1
V%&Jﬁ}::ﬁzﬁ#n]—'ﬁ[m@ﬂ]‘

Let w be the canonical N-form on X°.

Corollary 13. The two bundles with connection (Ha, V) and (Hp,BV) are isomorphic
via o — [piw].

Proof. The corollary is a consequence of the isomorphism of our LG model W, and the one
of [GS13] (see Cor. 4) together with the results of Gorbounov and Smirnov. O

Let Ty be a compact oriented real N-dimensional submanifold of X° representing a

cycle in HV(X°,Z) dual to w, in the sense that W fFo w = 1. Then :

Corollary 14. The integral

S0(0) = gy [ €
0% 4 -~ (2imz)N FOe “

is a solution to the quantum differential equation (10).

This implies part of [Rie08, Conj. 8.1] for odd-dimensional quadrics.
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