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Abstract

We develop a general procedure, based on the renormalized eta-cochain,
which allows to find “local” representatives of the bivariant Chern char-
acter of finitely summable quasihomomorphisms. In particular, using
zeta-function renormalization we obtain a bivariant generalization of the
Connes-Moscovici residue formula, and explain the link with chiral and
multiplicative anomalies in quantum field theory.
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1 Introduction

This article is the second part of a survey about pushforward maps between
non-commutative spaces. In the first part [20] we stated a Riemann-Roch-
Grothendieck theorem computing direct images of primary and secondary in-
variants between two Fréchet m-algebras induced by finitely summable quasiho-
momorphisms. By primary invariants of a non-commutative algebra we mean
its usual homotopy invariants: topological K-theory K!°P and periodic cyclic
homology HP,,. The secondary invariants are multiplicative K-theory [14, 15]
and the unstable versions of cyclic homology. Recall that a p-summable quasi-
homomorphism between two Fréchet m-algebras & and £ is a continuous ho-
momorphism p : & — &> I°RB, where &° is a certain Zo-graded Fréchet
m-algebra containing .#*®% as a (not necessarily closed) two-sided ideal, and
#% is provided with a continuous supertrace on its p-th power. Under ade-
quate assumptions about the algebras involved (existence of extensions etc...)
one shows that p induces a transformation of degree —p between the long exact
sequences relating topological and multiplicative K-theories to cyclic homology:

K (S o) HCy (o) —— MK}/ (o) —= K[?*(J &)

\Lpz ch?(p) ipl l/’!

K, _(F&B) — HC,y1_p(B) —> MK (B) — K\P,(555)



Here M K;” (/) is multiplicative K-theory associated to the finitely summable
algebra .7, see [20]. The map p; in multiplicative K-theory is a kind of non-
commutative analogue of “integrating Deligne cohomology classes” along the
fibers of a submersion. The pushforward map in cyclic homology HC), (&) —
HC,,_,(#) is induced by a bivariant non-periodic Chern character ch?(p) €
HC?(of, B) of degree p. Although ch”(p) is given by a rather explicit formula,
the latter is non-local and therefore of little computational use. The aim of this
paper is to establish local formulas.

The principle is based on the existence of a hierarchy of bivariant Chern
characters ch"(p) € HC™ (<7, %) in degrees n = p+ 2k, k € N associated to the
quasihomomorphism, all representing the same bivariant periodic cyclic coho-
mology class. The representative of lowest degree ch”(p) carries the information
about secondary characteristic classes, whereas the higher degrees are stabilized
with respect to homotopy. The difference ch™(p) — ch™*2(p) = [0, ¢h" ' (p)]
is calculated as the boundary of a bivariant eta-cochain. We let <% C <7 be a
dense subalgebra and suppose that the components of the eta-cochain restricted
to & can be renormalized (in a sense to be precised) in low degrees. Then a
local representative of the bivariant Chern character

chr(p) € HCP (oA, B) (1)

is obtained as an anomaly formula, that is, as the boundary of the renormalized
eta-cochain. For example if one chooses zeta-function renormalization, the peri-
odic cyclic cohomology class of chr(p) is given by a residue formula generalizing
the one of Connes and Moscovici [7] to the bivariant setting (see Theorem 3.5).
The choice of zeta-function renormalization is by no means unique, although we
use it extensively here. It is worth insisting that any kind of renormalization
would work as well, and the best choice is dictated by the geometric situation at
hand. We present other types of renormalization elsewhere [22], the important
fact being that the local bivariant Chern character always appears as a bound-
ary. This method was inspired to us by the completely analogous phenomenon
of chiral anomalies occuring in quantum field theory [19], and it is one of our
goals to explain in some details the equivalence between noncommutative index
theory and chiral anomalies.

As a simple illustration of the bivariant residue formula we establish the
equivariant index theorem of [21], in a simplified form. Let G be a countable
discrete group acting smoothly and properly by isometries on a complete Rie-
mannian manifold M without boundary, with compact quotient. Suppose given
a G-invariant elliptic differential operator D of order one acting on smooth sec-
tions of a G-equivariant hermitian vector bundle £ — M. If G is provided with
a right-invariant distance we can form the Fréchet m-algebra Z of functions
with rapid decay over GG, endowed with the convolution product. To this data
one associates a (p + 1)-summable quasihomomorphism p : &7 — &> F°RB,
where p = dim M and & is a certain Fréchet m-algebra completion of the
algebraic crossed product o = C>°(M) x G. Disregarding the secondary in-
variants, the topological side of the Riemann-Roch-Grothendieck theorem yields



a commutative diagram

KPP( I &) —= K'P(I&B)

l ch? (p) l

HPy(ot) ——~ HP_,(#)

The equivariant index of D is defined as the direct image Indg(D) = pi(e)
of the canonical line bundle [¢] € K °P(&7). In fact [e] is represented by an
idempotent e € & and zeta-unction renormalization applies. When F is a
Clifford module and D a generalized Dirac operator, the residue formula for the
bivariant Chern character chr(p) leads to an explicit computation of the periodic
Chern character ch(Indg(D)) € HP_,(#). Its components ch,(Indg(D)) €
Q"% in all degrees n are functions over the set G™ U G™!, whose evaluation at
a point g is given by a localization formula of Lefschetz type

(_)q/2 / A\(M ) Ch(E/Svg)
M

chn(IndG(D))@):%(Qm)d/z D Gy W@ @)

where the sum runs over all the submanifolds M, fixed by the element g =
gn---91 € G when g = (g1,...,9n) O § = gn...g0 when g = (go,...,9n). In
[21] we actually proved a stronger version of the equivariant index theorem,
valid for any locally compact group G with proper and cocompact action on a
complete manifold M, which yields a representative of the entire cyclic homol-
ogy class of ch(Indg(D)). In principle the method of proof in [21] should be
adaptable to our present framework with minor modifications.

The above equivariant index theorem deals only with topological invariants:
K!°P and HP,. In the last part of the paper we study secondary invariants for
spectral triples. One thus gets quasihomomorphisms from & to 2 = C and the
secondary invariants correspond to the regulator maps pi : M K;ﬁl(d ) — C*
with values in the multiplicative group of non-zero complex numbers, already
introduced by Connes and Karoubi [5] in the context of algebraic K-theory.
However our approach by renormalization of the eta-cochain sheds some light
on the link between these regulators and anomalies in quantum field theory [16].
In fact when p is even we exhibit an explicit correspondence between the renor-
malized eta-cochain of a regular spectral triple and the partition function of a
noncommutative chiral gauge theory. The local representative chg(p) computed
as the boundary of the renormalized eta-cochain then exactly corresponds to the
appearance of the chiral anomaly as the variation of the partition function under
chiral gauge transformations. This allows to find an expression for the regulator
map p; on certain multiplicative K-theory classes of degree p + 1, in terms of
renormalized determinants.

More precisely, let 0 — Jaf — Tl — o — 0 be the universal free exten-
sion associated to the dense subalgebra o) C o and let T be the J<%-adic
completion of the tensor algebra. In the Cuntz-Quillen formalism for cyclic co-
homology [10] the Chern character chr(p) is represented by a trace over the pro-
algebra T.e7. Choose a unitary element (gauge transformation) g € Ma (%)™
homotopic to the identity in the unitalized matrix algebra over < and let



g€ My (T%)+ be its lifting under the canonical linear inclusion @ < T.e/.
Choose a transgression # of the Chern character of g in cyclic homology of degree
< p. Then according to [20] the pair (§,6) represents a class in MK,/ ,(</). In
Corollary 4.5 we calculate its pushforward

p1(§,0) = exp(v2michp(p) - ) Dety'(g) € C*, (3)

where the determinant is renormalized in a way consistent with the eta-cochain.
Hence any change of renormalization for Detp is automatically compensated by
the corresponding change in chr(p), and the result above is renormalization-
independent. This interplay between Detrp and chp also allows to compute
explicitly the multiplicative anomaly, i.e. the lack of multiplicativity for the
renormalized determinant. If g and h are two gauge trzuls\formations7 denote
by § and h their canonical liftings in Moo(f%)+ and gh the lifting of gh.
Then A='§~'gh — 1 is an element of the pro-nilpotent ideal Moo (J ) and the
logarithm ln(iz_l ﬁ_lal\l) is defined by the usual formal power series. Corollary
4.6 gives

Det r(gh) = exp (chr(p) - Trln(h~'g~"gh)) Detr(g)Detr () (4)

as an immediate consequence of the fact that the regulator p; : M Kl‘ﬁ_l(d ) —
C* is a morphism of abelian groups. It would be interesting to generalize these
computations to target algebras 4 # C, e.g. to establish noncommutative ana-
logues of higher analytic torsion.

The paper is organized as follows. In section 2 we recall the construction of
the bivariant Chern character for quasihomomorphisms and the Riemann-Roch-
Grothendieck theorem of [20], then we explain how to obtain local representa-
tives of the bivariant Chern character by taking the boundary of a renormalized
eta-cochain. We illustrate this general procedure in section 3 with zeta-function
renormalization leading to residue formulas, and treat as an example the equiv-
ariant index theorem for proper actions of discrete groups on manifolds. The
link with anomalies in quantum field theory is explained in section 4, where
we exhibit the explicit correspondence between the renormalized eta-cochain
and the partition function of a noncommutative chiral gauge theory. As a con-
sequence we interpret the index map and the Connes-Karoubi regulator of a
spectral triple in the light of chiral and multiplicative anomalies.

2 Bivariant Chern character and eta-cochain

In this section we recall the Riemann-Roch-Grothendieck theorem of [20] and
establish the general philosophy of the anomaly formula giving a “local” rep-
resentative of the bivariant Chern character. As in [20] we work with Fréchet
m-algebras, i.e. metrizable complete locally convex algebras whose topology is
given by a family of submultiplicative seminorms. Equivalently, a Fréchet m-
algebra is always the projective limit of a sequence of Banach algebras [23].

We say that a Fréchet m-algebra .# is p-summable (with p > 1 an integer), if
there is a continuous trace #P — C on the pth power of .#. By convention, .#P
is the image of the completed projective tensor product £ ...®.# (p times)



by the multiplication map in .. If £ is any other Fréchet m-algebra, the
completed projective tensor product £ ®Z is again a Fréchet m-algebra. In
[20] we consider algebras & containing .#©% as a (not necessarily closed) two-
sided ideal, subject to the condition that the semi-direct sum & x £ &% is a
Fréchet m-algebra. This is depicted as

E> IR . (5)

To & and its ideal .# ®% we associate a Zo-graded algebra &* = &Y @ &2 with
ideal .#*®4%, using 2 x 2 matrices. In particular &* comes equipped with an
odd multiplier F' such that F? = 1 and [F, &3] C #5®%. This construction
can be done in two different ways, depending on a choice of parity:

Even case: let & = & x .J ®% be the trivially graded algebra represented in
M, (&) by diagonal matrices (°f* %) with a € & and b € #®%. Then & is the
direct sum of &7 and the odd subspace &% = F&} represented by off-diagonal
matrices, with F' = (93). The Zs-graded algebra .#% = My(.#) is the direct
sum of the subalgebra .#7 of diagonal matrices and the off-diagonal subspace
I

0Odd case: let & be the trivially graded matrix algebra (jg% ‘ygﬁ). The
first Clifford algebra C; = C @ €C is the Zy-graded algebra generated by the
unit in degree zero and ¢ in degree one, with €2 = 1. Then &° is the tensor
product C1Q&°F = &Y © &°, with odd subspace &° = &7. The multiplier F'
is given by the matrix £(§ % ), and &% = C1&M;(¥) is the direct sum of the
trivially graded subalgebra .77 = My(.#) and the odd subspace .5 = e My (.#).

Definition 2.1 Let o/, B, ¥, & be Fréchet m-algebras. Assume that & is p-
summable and &> I QB. A quasihomomorphism from o7 to B is a continuous
homomorphism

p: A — E>IRP (6)

sending </ to the even degree subalgebra &¢. The quasihomomorphism is pro-
vided with a parity (even or odd) depending on the parity chosen for the con-
struction of &°. In particular, the linear map a € o/ +— [F,p(a)] € IR is
continuous.

This definition is adapted from [8]. Roughly speaking, a quasihomomorphism
of even degree is described by a pair of homomorphisms (p4,p_) : & = & such
that the difference py(a) — p_(a) lies in the ideal S RZ for any a € &/. A
quasihomomorphism of odd degree is a homomorphism p : &/ — M(&") such
that the off-diagonal elements land in ¥ ®.4%.

Recall that the cyclic homology of a Fréchet m-algebra Z is computed by
the cyclic bicomplex of non-commutative differential forms Q% = @, ., "%,
where Q"% = BTQB" is the space of n-forms (#T denotes the unitalization
of #). The Hochschild operator b : Q"% — Q" 1% and the boundary map B :
Q"B — Q1% are defined in the usual way [3]. One has b> = B = bB+ Bb =
0 and the Zs-graded space of completed differential forms 0% = [[,50Q"%
endowed with the boundary map b + B calculates the periodic cyclic homology



HP,(#). The various filtrations of this complex by degree lead to the non-
periodic versions of cyclic homology. See [20] for a review. An alternative
description of cyclic homology is provided by the X-complex [10]. If Z is a
Fréchet m-algebra one considers the Zs-graded complex

hd
X(#) : # = Q% , (7)
b

where the odd part Q' % is the quotient of Q1% by the subspace of commutators
(%, V%) = bQ2%. The boundary map fd : Z — Q'%; sends an element
x € Z to the class of the one-form fdx, and the boundary map b : V% — 7
comes from the Hochschild operator b(jzdy) = [x,y]. The main result of [10]
adapted to Fréchet m-algebras states that if &Z is a quasi-free extension of %
with continuous linear splitting

0— 7 % —A—0,

the X-complex of the pro-algebra R = l&ln Z| 7" computes the periodic
cyclic homology HP,(%). Note that each power #™ is defined as the im-
age of Z®...® ¢ (n times) by the multiplication map, and as topological
vector space #" is a direct summand in the quasi-free algebra Z (see [9]). One
gets the non-periodic versions of cyclic homology by considering the filtrations
of X(#) by the subcomplexes

FYX(#) « g™+ 7" %) = 1 7"d% (8)
FHIX(#) « g = (R + g g

where the commutator [ #", %) is by definition the image of #"d% under
the Hochschild operator b, and _#™ is defined as the unitalized algebra Z* for

-~

n < 0. This is a decreasing filtration and X (%) coincides with the projective
limit of the quotient complexes

Xn( %, J) = X(A)|F'y X (%) . (9)

The non-periodic cyclic homology of HC,, (%) is the homology in degree n mod 2
of Xn(Z#, 7). Note that X(@) is filtered by the subcomplexes F")?(%, J) =
Ker(X (@) — Xn(Z, 7)). If o is another algebra with quasi-free extension
0— A — & — o — 0, the bivariant periodic cyclic cohomology H P" (<7, )
is the homology in degree n mod 2 of the Zs-graded complex

Hom(X (), X (%)) :@(@Hom(xk(y,x),xm(%,/))) .

m k

The non-periodic bivariant cyclic cohomology HC™ (&, %) is the homology in
degree n mod 2 of the subcomplex of bivariant cochains with order n:

Hom"(X (), X (%)) = {f € Hom | Yk, f(FF"X (7, ) € F*X (%, 7)} .

Finally, one can build a chain map v : X (,@) — Q0% realizing a homotopy equiv-
alence between the X-complex and the (b+ B)-complex of differential forms over



7

Using this formalism, a Chern character in bivariant cyclic cohomology
HC"™ (o, %) is constructed in [20] for any p-summable quasihomomorphism
p: o — E > IR of parity p mod 2, in all degrees n = p + 2k, k > 0,
provided the algebra & > £ Q% satisfies some admissibility conditions. Let us
choose as in [20] two quasi-free extensions of &/ and # admitting continuous
linear splittings

0—-Jod -ToHd — o -0, 00— % —PB—0,

where T/ is the non-unital tensor m-algebra over &, and J.</ is the ker-
nel of the multiplication map T« — /. The existence of a bivariant Chern
character in HC™ (&, %) is guaranteed if the algebra & > ¥ ©% admits an %-
admissible extension in the following sense: there exist two algebras .# > . Q%7
and A > & 7 and a commutative diagram of extensions (with continuous
linear splitting)

0 N M & 0

R

0—>IRI —> IR —> IQB—0

with adequate properties listed in [20], Definition 3.2. Note that the algebra
M is not necessarily quasi-free. The bivariant Chern character in HC™ (<7, )
is represented by a chain map between the X-complexes X (T'e/) and X (@),
compatible with the adic filtrations induced by the ideals J& and _#. The first
step is to lift the quasihomomorphism to the quasi-free algebras T/ and Z,
using the diagram of extensions (10). To .# > . % we associate the Z,-graded
algebra ./° > #*®% with multiplier F such that [F, .#Z3] C Z*®%. In the
same way, we have A4° > F°® ¢ with [F, 4] C #°® _#. Then we get an
extension of Zs-graded algebras

0—N° > H°— & —0,

which are moreover differential algebras for the differential operator of odd de-
gree induced by the graded commutator [F, |. The restriction to the even-degree
subalgebras yields an extension of trivially graded algebras 0 — A° — . #7 —
&} — 0, split by a continuous linear map o : & — .#; by hypothesis. The
universal property of the tensor algebra T« then allows to extend the homo-
morphism p : &/ — &} to a continuous homomorphism p, : T.&/ — .#7 by
setting pe(a1 ® ... Q@ ap) = opla1) ® ... @ oplay):

0 Jof T o 0
p*l p*l J{p (11)
0 NE M58 0

A priori p, depends on the choice of linear splitting o, but in a way which
will not affect the cohomology class of the bivariant Chern character. This
construction may be depicted in terms of a p-summable quasihomomorphism



pe + Tl — M°> . F°RF, compatible with the adic filtration by the ideals
in the sense that J.</ is mapped to A4 ° > .#°® _#. Hence, p, extends to a
quasihomomorphism of pro-algebras

oo Td = M> IR (12)

where 7./ , * and % are the adic completions with respect to the ideals J.7,
A% and _# respectively. The bivariant Chern character ch"(p) € HC™ (<, #)
then exists in any degree n = p+2k, k > 0 and is represented by the composition
of chain maps

on

n(p) : X(Tet) 2L OF et 25 0.0 X X (%) (13)

where v is the homotopy equivalence and the homomorphism p, extends to non-
commutative differential forms in any degree. The chain map X" has only two
non-zero components xg : Q"5 — % and X7 : Q" A — Q' %y, defined by

r1+3)

X0 (zodzxy ... dzy) = (—)" CE]

> e (@) F zam)] - [F2am))
AESH+1

N F(l + ﬂ) n+1
N(zodar .. dangr) = (=) ——22 ) " rh(wg[Fran] ... day .. [F,2n41])
(n+1)! P
where 7 is induced by the supertrace on the n-th power of .#° when n > p.
Sn+1 is the cyclic permutation group over n+1 elements. For any x € ///l}_, the
commutator [F,z] lies in the ideal .# SQZ hence Y" is well-defined whenever
n > p. See [20] for details. In fact it is possible to weaken the summability
degree and require £ to be only (p + 1)-summable, while replacing 7 by the
1

supertrace 7/ = 57(F[F, ]). Note that the parity of these supertraces, as well as

the parity of the cocycle X" € Hom(ﬁ///é7 X(@)) coincide with the parity of the
quasihomomorphism. As shown in [20], the composite map ch”(p) = X" p.7 is
compatible with the adic filtrations induced by the ideals J&/, ¢ and defines a
cocycle of order n in the Zy-graded complex Hom(X (T, X (,@?)) representing
a bivariant cyclic cohomology class in HC" (%7, %). The cocycles corresponding
to successive values of n > p are related by the transgression formula involving
the eta-cochain

=X =[0,7"Y] in Hom(QZ5, X(%)) (14)

where 0 denotes either the boundary operator on ﬁ///{:f or on X (@), and [, |
is the graded commutator. The eta-cochain 7"*! is a cochain in the complex

Hom(ﬁ///l:s_, X (%?)) of parity opposite to the quasihomomorphism, whose only
non-zero components 7+t : QHLZE — Z and 77T QU5 — QM are
given by

~n N(z+1)1

770,+1(£C0df£1 Ce dIn+1) = m ET(FSC()[F, Il] A [F, In+1]+
n+1 .
S () VE @)L [Fy 2] FaolFai) .. [F, a:i_l])
=1



ﬁ?Jrl(.’Eod.’El . dxn+2) =

re+1)ddr ,
(,ELQ_’_?))')Z2TH(Z$OF+(n+3—Z)FJU0)[F,JZ1]...dIi...[F,Z‘nJ’_Q] .
Toi=1

Again the composite map q/h"H(p) = 7"*"1p,y has good adic properties and
the transgression formula ch™(p) — ch™*2(p) = [8, ¢h™ " ()] holds as cochains of
order n + 2 in the Zs-graded complex Hom(X(fd), X(@)) This implies the
equality Sch™(p) = ch""?(p) in HC™*2(«7, ). In particular the Chern char-
acters associated to different values of n represent the same bivariant periodic
cyclic cohomology class ch(p) € HP'(«/, %), i = p mod 2.

Another important property of the bivariant Chern character is its invariance
under two types of equivalence relations among quasihomomorphisms, namely
conjugation and homotopy ([20], Proposition 3.11). If two quasihomomorphisms
p and p’ are conjugate, then ch™(p) = ch"(p’) in HC"™(/, %) in any degree
n. If however p and p’ are homotopic, one has only Sch™(p) = Sch™(p') in
HC™2(a/, ). Thus in any case the periodic cyclic cohomology class is invari-
ant.

The bivariant Chern character was used in [20] to define direct images of
secondary characteristic classes for Fréchet m-algebras. Recall that for any
such algebra o/ and finitely summable .#, one has a long exact sequence of
abelian groups

K\P(I&A) — HCp_1 () — MK, () — KP(I @) — HC,_o(H)
where K1°P is the topological K-theory of Phillips [23], HC, is non-periodic
cyclic homology, and M K;” is multiplicative K-theory. The Riemann-Roch-
Grothendieck theorem of [20] establishes the way a quasihomomorphism p :
of — &> 5@ maps the long exact sequence for o7 to the long exact sequence
for . We say that the finitely summable algebra .# is multiplicative if there
exists an external product X : #®.¢ — # compatible with the traces ([20]
Definition 6.1). Then one has

Theorem 2.2 ([20]) Let &7, B be Fréchet m-algebras, and choose a quasi-
free extension 0 — ¢ — % — B — 0. Let p: o — E5> I°RB be a
quasithomomorphism of parity p mod 2, where & is multiplicative and (p + 1)-
summable in the even case, p-summable in the odd case. The algebra &> .9 OB
is supposed Z-admissible. Then p induces a graded-commutative diagram

K (F&.) HCp 1 (o) —— MEK;[ (o) — K} (I 0o

\LP! ch?(p) ip! lpz

K (IRB) — HCp_1_p(B) — MK,/ (B) — K,*° (I&B)

n+1-—p n—p

The vertical arrows are invariant under conjugation of quasihomomorphisms;
the arrow in topological K -theory K!°P(F @) — Kfﬁ)p(/@%’) is also invari-
ant under homotopy of quasihomomorphisms.

Let us now describe the simple trick allowing to obtain local formulas rep-
resenting the cyclic cohomology class of the bivariant Chern character. We



suppose that the quasihomomorphism p : &7 — &°>.#°®% is of parity p mod 2
and summability degree (p+1). We collect all the components of the eta-cochain

7"t n > p, into a single infinite sum:
7P = > e Hom(Qu.43, X (%)) - (15)
k>0

Observe that 7P does not vanish on the space of m-forms Qm////_\f_ for m suffi-
ciently large, hence it is only defined on the direct sum Q.75 = @, ., Q"4

and not on its completion QO3 = [L.>0 Qm////:f. Following the terminology
of Higson [12], we may call it an improper cochain. Its parity is p + 1 mod 2.

Taking the boundary of n”? in the Zs-graded complex Hom(Q////}_, X (@)), we
get, using the transgression formulas (14):

XP=[0.n7"] (16)

and it is again a (non-trivial) proper cocycle in Hom(ﬁ////\j, X (3?)) representing
the bivariant Chern character. This may be depicted through the diagram

77>;D = ﬁerl + ﬁp+3 + ﬁp+5 +

[0,n7P] = X? + 0 + 0 + 0
We would like to sum also the components ™" of lower degree, but of course
when n < p the product xo[F, z1] ... [F,zp4+1] is no longer in the domain of the

supertrace 7, and 7)"*! is not defined. At this point we need to introduce a
renormalization procedure: suppose we can extend 7 to a linear map 7r defined
over non-trace-class elements, for example by inserting some regularizing oper-
ator. It is customary to call such 7 a renormalized supertrace, although the
trace property cannot be preserved in general [19]. In practice the construc-
tion of a renormalizefd\ supertrace requires to impose some strong conditions on
the elements x; € .#{. We shall suppose the existence of a dense subalgebra

@y C &, such that for any z; € p*f% the renormalized components of the
eta-cochain

N r(Z+1)1

nﬁgl(modxl coodrpy) = ﬁ 3R (Fa:O[F,xl] oo [Fympa]+
n+1
3 () VE @)L [Fy 2] FaolFai) .. [F, xi_l])
=1

’rA}ETl(l‘odiEl e dl‘n+2) =

(n 1 n+2
(7(12_:'3)!) Z %TRh(ixOF + (n+3—19)Fxo)[F,z1]...dx; ... [F,zpy0]

=1

are well-defined. The restriction to a dense subalgebra o) is necessary because
of appears generally as a “big” completion of &% and looses some crucial analytic
properties. For instance if o is an algebra of pseudodifferential operators on a

10



smooth manifold, 7z may be constructed by zeta-function renormalization (see
section 3 for concrete examples). Other interesting renormalizations are possible
[22]. Note that < is regarded as a discrete algebra. Hence T'<% denotes the
algebraic tensor algebra of o7, i.e. obtained by taking algebraic tensor products
over & and finite direct sums, the ideal J.o is the kernel of the multiplication
map T — < and Ty = @k Tty /(Jy)F is the Ja/-adic completion of
T.

Now define the full renormalized eta-cochain as the improper cochain

nr=Y w47 (17)
k<0

Hence the difference ng —n~? is the finite sum of renormalized components and
defines a proper cochain, i.e. vanishes on xgdx; ...dx, for n sufficiently large.
The following lemma is obvious.

Lemma 2.3 Let o C < be a dense subalgebra. For any choice of renor-
malized supertrace Tr the boundary xr = [8 Nr] is a chain map cohomolo-
gous to XP once restricted to the image p*T% C ///+ Hence the compos-
ite chr(p) = xrp+y € Hom(X (T%), (%)) represents the bivariant periodic
Chern character:

chi(p) = ch(p) € HP" (s, B) (18)

in degree n = p mod 2. Moreover if the composite map (ng — 77P)p.y :
X(Tety) — X(Z) is a cochain of order < n, then chgr(p) represents the bi-
variant Chern character of degree n:

chr(p) = ch™(p) € HC" (o, B) . (19)

Proof: The difference chr(p) — ch?(p) = [0, (nr — n”?)p+7] is a coboundary in
Hom(X (), X (2)). .

The way the components of the cocycle xg assemble from the renormalized
improper cochain nr may be depicted through the following diagram, using the
transgression relation X" — Y2 = [9,7"*!] valid for n > p:

MR= ...+ G+ S R
ww /\/\/\/\ (20)
XR = .. :

The components x5 thus measure to which extent the renormalized eta-cochain
fails to be a cocycle. In this sense the equality xr = [0, nr] should be called
an anomaly. In favourable circumstances renormalization can be performed in
such a way that the anomaly x g is given by a “local” formula. This will be
explained in the next section.

In order to get a closer insight to the link with chiral anomalies let us explain
how the renormalized eta-cochain can be used to calculate direct images of
K ;Op—classes under quasihomomorphisms of even parity. Hence let p : &/ —
E5> I°2% be a (p+ 1)-summable quasihomomorphism of even parity, with p
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even. We suppose that .# is the Schatten ideal of (p+ 1)-summable operators in
Hilbert space, since it is an important source of examples. The topological part
of the Riemann-Roch-Grothendieck theorem 2.2 yields a commutative diagram

K (S &ef) —> K| (5 &.8)

HPy () HP\(2)

ch(p)

and one wishes to calculate the diagonal map A. From cyclic cohomology in-
variants of Z one thus gets K-theory invariants of .«/; this is used for instance
in the formulation of higher index theorems [6]. A topological K-theory class
[9] € K{°P(F&47) is represented by an invertible element g € (#&.e7)t such
that ¢ — 1 € #®4 (as usual T denotes unitalization). The diagonal of (21)
thus carries [g] to the periodic Chern character ch(pi(g)) € HP;(%#). By com-
mutativity of (21), its cyclic homology class is equivalently calculated by the
cup-product of ch(g) € HP; (/) with the bivariant Chern character

ch(pi(g)) = ch®*(p) - ch(g)

for any choice of degree 2n > p. In order to renormalize we suppose given a dense
subalgebra o C & and take g such that g — 1 belongs to the algebra of finite
size matrices Mo, (%) C .#®.4/. By [10], the Chern character ch(g) € H Py (<)

is represented by the cycle of odd degree in the complex X (T.%)

. 1 a1 an ~
chy(g) = —=Trtg 'dg € Q' (Ta), , (22)

s

~

where ¢ is any lifting of g to the unitalized tensor algebra M, (f%)"’. If one
chooses the canonical lifting g = g induced by the linear inclusion < ?Af%,
then the image of ch;(§) by the homotopy equivalence v : X (T o) — QT % is
the (b+ B)-cycle [20]

el (3) = = 30(=) "l Te(g ™ di(dg " d)”)
n>0

The evaluation of this differential form under the chain map X2 ps (AHA“,% —
X (TA) represents the cycle ch®™(p) - ch(g). Let us define V = p,§~[F, p.J]

—

as an element of the ideal .Y*&T % C .4 s and the Maurer-Cartan form w =
p«9 1d(p+g). A straightforward computation gives

1 (nh)?
Vori (2n)!
in any degree 2n > p. In fact for 2n > p one has %TH(VQ”“w — FVav) =
75(V?"w), but this simplification does not occur in the critical degree 2n = p

because the supertrace 7 is defined only when V is raised to a power > p + 1.
Two consecutive degrees are related by the transgression relation

ch®(p) - chu(9) — ch®*3(p) - chu () = b (dh™" ' (p) - chu(9)) -

ch®(p) - chy(§) = TH(V2 2w — FV2"AV) € Q'T#,  (23)

N | =
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Since the boundary map gd : T% — Qlf%h factors through the commutator
quotient space T%, = TZ/[ , | it is enough to compute gh*" T (p) - chy(§)
modulo commutators and one finds

1 (nh)? 1

2mi (2n 4+ 1)! iTh(FV%H) € i@h (24)

1oh*"* (p) - chu(9) =

for 2n > p. In lower degrees the cochains ¢h n“( ) = ﬁf{” psy are defined

using a renormalized supertrace. Therefore the renormalized bivariant Chern
character chgr(p) = xrp«7 evaluated on ch;(g§) reads

p/2—1

) @ =5 3 ) (@) + W) @) @9

and represents the image of [g] € K}°°(.#&.7) under the diagonal map of (21),
i.e. the Chern character ch(pi(g)) € HPi(#). It may be rewritten formally as
the boundary of an infinite sum

chr(p) - chi() = 2d( D ohy () - chu(3)) | (26)

n>0

provided we organize the cancellation of the infinite sequence of terms n > 0 as
depicted in (20). We will see in section 4 that it can be done in an alternative
way by treatlng the sum ) (‘/h2n+1( ) - chi(§) as a formal power series with
respect to a “gauge potential” A, and this series is strictly equivalent to the
renormalized partition function of a non-commutative chiral gauge theory. The
Chern character ch(pi(g)) corresponds to the associated chiral anomaly and for
this reason is always given by a local formula.

3 Zeta-function renormalization and residues

Let us illustrate the anomaly formula using Dirac operators and zeta-function
renormalization. Theorem 3.5 obtained below is a bivariant generalization of
the Connes-Moscovici local index formula [7]. Consider a (p + 1)-summable
quasihomomorphism p : &7 — &° > SRR of parity p mod 2. For concreteness
we suppose that a Zs-graded Hilbert space H is given and that &° is realized as
a Zso-graded subalgebra of . (H)®%, where the algebra of bounded operators
Z(H) is provided with the operator norm. Moreover we take .#* as the Schatten
ideal .ZPT1(H) gifted with its norm of Banach algebra. This situation is not
the most general one but contains many interesting examples, see 3.6. The
quasihomomorphism is thus described by a homomorphism p : & — £ (H)®%
with [F, p(a)] € LP(H)®% for any a € &/. In order to get local formulas
for the bivariant Chern character we restrict the homomorphism to a dense
subalgebra % C ./ and impose some strong regularity conditions on the image
p(e%). We shall introduce the notion of abstract pseudodifferential operators
associated to such a situation:

Definition 3.1 Let p: & — &> 7°®% be a quasihomomorphism with &% C
L (H)®P and I = LPTYH) for some Zy-graded Hilbert space H. An algebra
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of abstract symbols associated to a dense subalgebra <y C </ is an inductive
limit of Zo-graded Fréchet spaces

@:hl)n@a, (27)

a€cR

with continuous linear injections P — Pg for a < 3, subject to the following
conditions:

e Fach space &, is represented by unbounded operators on H. The unit 1
and the operator F' are both elements of Py, respectively even and odd.

o P is a Lo-graded unital filtered algebra, in the sense that for any o and (3
there is a (jointly) continuous and associative product Po x Pz — Pays,
and 1 € Py is the unit. In particular P, is a Fréchet algebra whenever
a <0.

o The Zo-graded algebra Py injects continuously into £ (H), and the ho-
momorphism p : oy — L (H)RPB factors through Py@AB.

e The commutator [F, p(a)] lies in the Fréchet algebra P_1R%P if a € .

e The (unital) filtered algebra P B+ = lim PP has a distinguished
element of even parity |D| € 2105+, whose spectrum is contained in a
real interval [e, +00), € > 0.

e The resolvent A\ — (A — |D|)~! is a bounded and holomorphic function
over any half-plane Re(\) < &' < e disjoint from the spectrum of |D|, with
values in the Fréchet algebra P_ QA8 .

o The multiplier F € Py commutes with |D|. We call the odd element
D = F|D| € #,2%7 a Dirac operator.

For a < 0 we do not impose that the Fréchet topology of &, is multiplica-
tively convex. The only serious assumption is about the resolvent.
Let 0 = 7 — #Z — % — 0 be a linearly split extension of m-algebras. For
the moment Z is not necessarily quasi-free but we suppose that all the powers
B k are direct summands (as topological vector spaces) in %Z. Using the linear
splitting o : & — Z, we may lift |D| € 2,Q%B* to an element |D| € 2,0%T,
and then consider |ﬁ| as an element of the unital algebra

PR = lim P,GAT = lim (%n PR 7)) | (28)

Define the lifted Dirac operator (of odd parity) as D = F|D| € 2,&%*.
Our task is to construct the resolvent of |ﬁ| in Z&%*. For A € C not in the
spectrum of | D|, the liftings o(A—|D|) = A—|D| € 2,2+ and o((A\—|D|)~1) €
P_ QAT are inverse of each other in the algebra ZQZT modulo the ideal
PR # . Hence by the continuous multiplication & x &_; — 2% one gets

1=\ =[DN)o((A=[D])™") € 2087 .
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Because _Z is a pro-nilpotent ideal the resolvent of |ﬁ| is given by the series

(A=[D)™ =Y a((A = D)) = (A= [D)a((A - D))" (29)

k=0

which makes sense in the pro-algebra 9_1@)@*. By hypothesis the function
A (A—|D|)~! is bounded (for all seminorms on &_;®%%) and holomorphic
over any half-plane Re(\) < &’ disjoint from the spectrum of |D|. Consequently,
(29) shows that the function A — (A —|D|)~! is also bounded and holomorphic
in each Fréchet space Z_1&(%*/_#*), k € N. The complex powers of |ﬁ| are

thus defined, for any z € C with Re(z) < —1, by means of the Riemann integral
~ 1 A?

e d\ 7208
1D = o— 5 € P_41® (30)

where we integrate down a vertical line separating zero from the spectrum of | D|
as in [12]. The condition Re(z) < —1 ensures the absolute convergence of the
integral. By taking enough products with |B| S &%+ we define the complex
powers \B\Z € PoA for any z € C. By a classical argument [25] one has the
group law |D|**|D|*2 = |D|***22, which implies that |D|* belongs to Z,&%+
where « is the lowest integer > Re(z). For convenience we make the further
assumption that |ﬁ| € PRe(2) @L@ , and when Re(z) < 0 it will be used for
regularizing the operator trace in order to renormalize the eta-cochain 7! in
degrees n < p.

The bivariant Chern character requires to lift the homomorphism p : & —
Z(H)®% to a homomorphism of pro-algebras p. : Tod — L(H (H )@L@ sending

the ideal J.< to .Z(H)@j\ By hypothesis, the restriction of p to the dense sub-
algebra < yields a homomorphism & — P,®%, with [F, p(<)] C P_1QB.
Consequently the restriction of p, to the pro-algebra T = lim, T/ (J )k
yields a homomorphism T\JZ{O — 3”0@,%7 with f% — BZO@)j\and [F, psTetp] C
PR Writing D=F \B\ we can only show that the commutator subspace

[ﬁ7 p*f%] is contained in &, é&@, while a better estimate is needed. Hence we
shall adapt to the present context the notion of regularity introduced by Connes

and Moscovici for spectral triples [7]. By assumption the pro-vector space ¢
is a direct summand in %, and also the _¢-adic completions #* of all powers
_ZF. Define the filtration of Z@%* by the subspaces

= P 7", =Y "7k, acR,keN

k>0

with the convention that j\o = t@‘* for k = 0. In .Z} we call a the symbol degree
and k the adic degree. One has .Z, Jﬁ fjilﬁ, |D|* € ﬁlge(z pT sy C F

[F, p.Taty) C FO,, pu(Jty)k G‘k and [F p*(J,Q/o) ] € Z*,. Consider the
derivation § = [|D|, ] on the algebra PEZ. Since |D| € Z0, the commutator
0 a priori defines a linear map from ﬁo’erk to ﬁ§+k+1 for any a and k. The

regularity condition basically requires that all the derivatives of f% remain in
yg:
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Definition 3.2 Let 0 — 7 — #Z — % — 0 be an extension of m-algebras,
and p 1 o — E5> IRB a quasihomomorphism gifted with an algebra of
abstract symbols & associated to a dense subalgebra <y C o/ . We say that p is
Z-regular if the powers of the derivation 6 = [|D|, | fulfill

0" (puTicy) + 6"[D, p.Ticht] < F§+Fl+...+F C Fo,
5 (pu(J)*) + 67D, pu(Jh)¥] © FE+FF1 4. 4 FH c F, .

Hence roughly speaking a quasihomomorphism is regular if the commutators
with | D| can only increase simultaneously the symbol degree and the adic degree.
In this sense the images of f% and J. 7 are “smooth” in P& Tn particular
if # =% = C one recovers the Connes-Moscovici regularity condition that
0" p() and 6™[D, p(#)] are contained in some algebra of abstract symbols
Py C ZL(H). In the general case regularity strongly depends on the choice
of extension Z; for example the tensor algebra # = T% leads to a regular
quasihomomorphism only in very special cases.

Example 3.3 Definition 3.2 is motivated by the classical example of families
of pseudodifferential operators parametrized by a smooth manifold M. Define
% as the commutative Fréchet m-algebra C°° (M), possibly subject to some
decay conditions at infinity. Its completed projective tensor product with the
algebra of abstract symbols & is thus an algebra of smooth families of symbols
parametrized by M. Suppose now that the product of symbols fulfills the clas-
sical property that the commutator [Z,, #g] is included in F,45-1. In other
words, the product is commutative at the level of leading symbols. Hence if
|D| € 2,027 is a family of order one, the commutativity of % implies

[|D|7<@a®%+] C 9a®%+ VaeR .

Now let QT (M) be the space of differential forms of even degree over M. We de-
form the ordinary commutative product of differential forms into the associative
and non-commutative product defined by Fedosov [11]

roy=xy— drdy Yo,y € QN (M) ,

and denote by & the non-commutative algebra thus obtained. The projection
of differential forms onto the degree zero subspace C*°(M) yields an extension
of Fréchet m-algebras 0 — ¢ — # — % — 0, where ¢ is the ideal of

differential forms of even degree > 2. Because ¢ is nilpotent, one has Z = %
and # = _#. The canonical linear injection of % into Z allows to lift |D|
to an element |D| € 2;@%*. Now the derivation defined by the Fedosov

commutator § = [|ﬁ|, ]o does no longer preserve the symbol degree since Z is
not commutative. Instead, for any element z € Z,& _#* = Z* one has

5(x) = [|D],a]o = (1D}, ] — d|D|dz + dzd D) .

Here [|D|, ] is the commutator involving the ordinary (commutative) product
of forms, hence remains in .#*. This shows that 6.7} c FF + 95111 and by
iteration one gets the filtration property

SFEC T+ T+ T C T

a+n
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This fails when Z is replaced by the tensor algebra over £, unless |ﬁ| e ®1
is a constant symbol over M so that d\ﬁ\ = 0. Note that because # is not
quasi-free the homology of X (Z) is not isomorphic but contains the de Rham
cohomology of M [10]. For a general quasihomomorphism we only need to
demand that the filtration property above holds on the image of .7, in PRAR.

Now we return to the general case and assume that the quasihomomorphism
is regular. Define the algebra of abstract pseudodifferential operators W.o7 as the
(non- closed) subalgebra of PRIR generated by p, T, F and all the complex
powers |D|?, and such that its elements contain at least one factor in p,T.a%.
Any abstract pseudodifferential operator is a linear combination of elements
x € Uofy having an asymptotic expansion

sz(akerkF) D%, zecC, (31)
k>0

where ay, and by are in the subalgebra of 7o generated by all the derivatives
0" (p«Tty) and 0™[D, p. To%], and ~ means that the difference z — Zivzo(ak +
bi F) \ﬁ\z’k lies in FRe(z)—n—1 for any N € N. The fact that any element
has an asymptotic expansion is a consequence of the formula (whose proof is
identical to [12] Lemma 4.20)

a1|D|* - ag| DI ~ ) <Zk1>a15k(a2)|ﬁ|21+zzk , (32)

k>0

where (2) is the binomial coefficient w The algebra Vo is fil-
tered by the subspaces (V.o%)k = W.ofyN.ZF; one has x € (V.o)® if and only if
x\D\ “ ¢ (Vafy)k. In particular, for any = 6 p.T o4 the commutator [F, 2] be-
longs to (V.2%)° ;. More generally for any elements z; € p*(J%) i the product
xo[F,x1] ... [F, xn] is a pseudodifferential operator in (V.o%)*,, with k=", k;.

Similarly we would like to consider a one-form zg[F,z1]...dx; ... [F,2p41] as a

kind of pseudodifferential operator in an appropriate subspace of the universal
PR T -bimodule

O PER) = lim (P @A )A(P3ER) . (33)
o,

Note that here B is viewed as a unital algebra, so the universal derivation
d: PRAT — QO (P&A) vanishes on the subspace Z®1 by definition. Since
& is a Zy-graded algebra, d actually anticommutes with odd elements and the
Leibniz rule reads d(my) dz y+ (—)*lzdy. Moreover the Hochschild operator
b: QN PIR) — PR is the graded commutator b(zdy) = (—)!# [z, y]. Then,
filter Q1(P&%) by the subspaces

QP = 3 FhAFI,  (©F)a =D (@)
Bt+y=a k>0
l+m=k

for any @ € R and &k € N. We denote improperly by Q'WUer C Ql(@é@ﬂ?)
the (non-closed) subspace of abstract pseudodifferential operators, generated
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by products of p*f%, F, |ﬁ|z together with their d-derivatives, and such that
at least one factor comes from p*f%. Let § be the projection of Q! (Z2&®Z) onto
its quotient by the commutator subspace [Z&ZT, Q1 (P @R)]. Any abstract
pseudodifferential operator in §Q'W.e is a linear combination of one-forms w
having an asymptotic expansion

w > " b((ax + Fby)| DI*~*dey + (af, + Fb,)[DI**~d|D]) ,  (34)
k>0

where as before a, bg, aj,, b, and ¢ are in the subalgebra of %, generated
by the derivatives 5”(p*fﬂ), 5"[ﬁ,p*fﬂf], and ~ means that the difference
w-N, ((ar + biF) |D|>"*dey, + ...) lies in §(Q'F)Re(s)—n—1 for any N €
N. Indeed, the integral formula (30) and the identity d(A — |D)™* = (A —
|ﬁ|)*1d\ﬁ|()\ —|D|)~! yield the asymptotic expansion

abp =3 (;) ) 1BI e @) (35)

k>1

hence for any a one gets 1d(a|D|?) ~ 5| D|*da + Dokt () 46" (a)|D|*~*d|D|.
This shows that any element of 1! ¥.o has an asymptotic expansion. Since
.o, is an algebra, the Hochschild boundary b clearly sends 1Q'W.ery to W),
and gd maps U7 to 12 W.e by construction. Moreover Q' W.e7 is filtered by
the subspaces (Q' W)k := Q1 W.a/ N (QL.F)E | and the obvious compatibility of
the filtrations with the boundary maps b and fd leads to a family of complexes

X(Veh)s © (Vap)e = B(Q ) (36)

indexed by o € R and k € N. In particular for any elements z; € p*(j%)ki,
the one-form txo[F,z1]...dx; ... [F,x,.1] lies in §(Q'W.er)® ,, with k = > ki

Before renormalizing the eta-cochain with our pseudodifferential calculus, it
remains to discuss partial supertraces. By definition the operator supertrace 7
is defined on the (p+1)-th power of the Schatten ideal .#% = ZPT1(H) (see [20]
for the normalization of 7 depending on the parity of the quasihomomorphism).
Since £ is represented by unbounded operators on H we can also regard 7
as an unbounded linear map on each #,. In general its domain cannot be
extended to the entire space &, even for @ < 0 (for example when &, is the
space of pseudodifferential operators of order < « over a non-compact manifold);
however it is reasonable to impose that the unbounded partial supertraces

T o Fk= L@a@)ﬁ - j\k (37)
o ()R Y Db A (R + 7))
I+m=k

extend to a well-defined chain map from the entire subcomplex X (V.2%)* to
X (@) whenever o < 0. The idea is that a pseudodifferential operator of the
kind z|D|* with = € p,T.% should be trace-class. Recall that X (%?) is filtered
by the subcomplexes F2--1X(%, 7): gF =y 7*d% + 7F1d 7).
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Definition 3.4 A regular quasihomomorphism has finite analytic dimension
d € R if the subspaces of pseudodifferential operators (V.a%)k and (Q' o)k
are in the domain of the unbounded partial supertraces (37) whenever o < —d,
and the latter extend to a chain map preserving the adic degree:

X (V) — F*=1X (%, 7).

Moreover the quasihomomorphism has discrete dimension spectrum if there ezx-
ists a discrete subset Sd C C, such that for any z,y € (Pof)§ U {1} not simul-

taneously equal to 1, the zeta-functions with values in X (%)

N > ﬁ‘zdy) 15
T(z|D|*y) € Z , Th(f‘i ~ € V%
(@D) ri(z| D 1yd| D)) ”

are holomorphic over the half-plane Re(z) < —d and extend to meromorphic
functions over C with poles contained in Sd, preserving the adic degree.

On the technical side we have to assume that whenever a pseudodifferential

operator constructed from x,y € V. and the complex power |D|? is in the do-
main of the trace, the corresponding zeta-function is holomorphic and coincides
with the value given by the trace. This is to avoid pathological situations in
which the zeta-function would differ from the value of the trace even when the
latter is defined. Note that speaking about holomorphic functions with values
in X(#) requires that the odd part of the X-complex 2%, can be written
as an inverse system of Fréchet spaces; this holds true for example when & is
quasi-free and we shall not insist on that point.
In the following we assume that the analytic dimension d is exactly the degree
p of the quasihomomorphism (morally p(a)|D|™! sits in ZP+(H)®% for any
a € %), but other situations are conceivable. Now we can define a renormalized
partial (super)trace Tr by taking the finite part at z = 0 of the meromorphic
extension of the trace 7, regularized by |D|~* when Re(z) > 0:

Tr(r) = PEr(2|D|"*) . 7ai(edy) = Pf 7h(z|D|*dy),  (38)

for z,y € Wafy. The finite part of a meromorphic function Pf,—o((z) is the
coefficient (o of its Laurent expansion ¢(z) = Y, (42" around zero. Hence by
hypothesis, when the symbol degrees of x,y are low enough the zeta-functions
are holomorphic around zero and their values at z = 0 coincide with the un-
renormalized traces 7(z) and 7h(zdy). However, the renormalized trace is no
longer a trace: because of the presence of the operator |15|*Z, the naive algebraic
identity (the sign 4+ depends on the parity of « and 7)

bry(edy) = +7([z,y])

is broken by anomalous terms. The latter are necessarily residues of zeta-
functions and can be explicitly computed using the above pseudodifferential
calculus. One has

brry(zdy) = iiﬁj([ﬂﬁ@l‘ﬁ%) = *7r([z,y]) £ E%T(I[\ﬁl_zvy]) :
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For concreteness take y € (V.%),,. The commutator [|ﬁ|’z,y] admits the
asymptotic expansion

N—z ~ -z N—z—k ~ (_)k F(Z+k) N—z—
1D] ,y1_§1(k)6k<yw “= X R D

where 6%(y)|D|*7F € (W), + (W)L, + .+ (W) Tt
means that if we work modulo high adic degrees, the difference z[|D|~%,y] —
chvzl (;Z)J:ék(y)|ﬁ|_z_k’ becomes trace-class for large N and its trace, being
holomorphic around zero, vanishes at z = 0. Hence from z}:fo 2((z) = E{Sg( (2)

we can write the anomalous terms as

N —)k z ~
PET@IDI ) = ) (k,) Res ?Ei‘ii 7(x6* (y)[ D] > |
E>1

where the sum over k in the right-hand-side is pro-finite in %. The components
of the renormalized eta-cochain ﬁ"éﬂ in low degrees n < d = p are defined in

exactly the same way, with insertion of |lA)|_Z

r'g+1)
(n+2)!

at appropriate places:

~n+1

1 ~
Mo (xodzy ... dap1) = B Z:fOT(|D|_ZFsc0[F, 1] .. [Fyxpia]+

n+1

N () VE ). F, 20 1)| D) Pl Fya) .. [F, xi,ﬂ)
=1

N Nz+1)1
Mgt H(zoday ... dapy) = 7(7124_ 3)! 5% (39)
n+2 7 R
2 Pr (;Thon[F,ml] [F, 2| DI*[F, 2] .. .z . [F, 2]
i= j=
n+2 N
+ 3 ThFzo[F @] .. ey [Fa;)| DI [Fyzjp) ... F, xn+2]) :

g=i

for any x; € p*f%. Note that for n > d = p the renormalized eta-cochain nN”RH
coincides with 7" +! because in this situation the zeta-functions are holomorphic
at z = 0 by the summability hypothesis [F, z] € (¥.o%)% ;. According to Lemma
2.3, when Z is quasi-free the cocycle

[0, 18]y € Hom(X (T'eh), X (%)) (40)

represents the periodic Chern character ch(p) € HPP(a,%). In fact a finer
analysis of the adic properties of the renormalized eta-cochain performed in the
theorem below shows that the cocycle [0, nr]p«7 is of order p hence represents
also the non-periodic bivariant Chern character ch”(p) € HC?(<, %), and
carries all the information about secondary classes. The general discussion of
section 2 shows that the components of [0, 7ng], depicted through the diagram
(20), arise as an anomalous boundary of the renormalized eta-cochain caused
by the insertion of |ﬁ|*2 They are explicitly computable as residues of zeta-
functions, by a straightforward generalization of the argument given above for
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the renormalized trace. One thus obtains a local representative (in the sense of
noncommutative geometry) of the bivariant Chern character.

It should be stressed that the renormalization (39) is by no means unique; one
could indeed use the operator |1A)|_Z in many different ways. The simplest
modification is, for example, to multiply the zeta-function appearing in the
definition 75" = Pf,_¢ ((z) by a function h(z) holomorphic around zero, with
h(0) = 1. Since one has h(z) = 1+ zI(z) for some [(z), the new renormalized
cochain reads

Mt =g +Res 1(2)¢(2) -

The function I(z) being holomorphic, the residue term only extracts the poles
of ((z) at zero. This illustrates a general fact: different renormalizations ng
and ng always differ by a (pro-finite) sum of local counterterms (here, residues
of zeta-functions), and their boundaries [0, nr]p«y and [0, nr’|p.«y represent the
same bivariant periodic cohomology class ch(p) € HPP(<#, %). We could also
modify gz by adding more complicated terms; they would be typically of the
form

Res h(z)T (6% X, ...6% X, |D|~*~™) , (41)

where h(z) is holomorphic around zero, §* is the k-th power of the derivation
[|ﬁ|, ], m is a positive integer, and X; denotes either x;, dx;, [F, z;] or [13, x;). Tt
is however not true that any renormalization leads to a representative of the non-
periodic bivariant class ch”(p) € HC? (4, B); in general we can only control the
periodic class. A judicious choice of counterterms makes the link between the
renormalization (39) and the bivariant generalization of the Connes-Moscovici
local index formula [7]:

Theorem 3.5 (Anomaly formula) Let p : & — &> F°Q%B be a (p+ 1)-
summable quasihomomorphism of parity p mod 2, gifted with an algebra of
abstract symbols associated to a dense subalgebra ofy C <. Suppose that p
is regular with respect to an extension #Z of A, has finite analytic dimension
d = p and discrete dimension spectrum. Then the boundary of the eta-cochain
renormalized by (39) is a cocycle of order p in the bivariant complex

[0, 18]y € Hom? (X (Toh), X (%))

Hence it represents the non-periodic Chern character ch?(p) € HCP (), RB)
when % is quasi-free. Moreover [0,ng|p« is cohomologous, in the complex

Hom(ﬁf%,X(@)), to the cocycle xgrps whose component in any degree n =
p mod 2 is given by a linear map X'hops : Q" T2y — X
(]."(z +Ek+3)

n _ k+n
Xpo(zodxy ...dxy) = Z (=)""c(ko, ..., kn) Res TG+ D)

z=0

Z(i)i(nfl) T(dx(ko) $6ki)d$gki+1) o dzglk_ni)|ﬁ|72(z+k)fn))

(42)
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and a linear map X', ps O 1T ey — Qléu

X1 (zodxy ... depgr) = Z (=) (ko ..., kn) Res

<F(z +k+ %)
Ko, fon >0 =0

I'(z+1)
z:(—)147"7'h(d9051kf2+2 . .x(()ki)dxgki“) . dx;kfi) |13|_2(Z+k)_"dxn_i+1))
i=0

r I |
B Z (=) " e(ko, - -, kny1) ng( Likts+l) x

Eosroskna1>0 L(z+1)
n+1

in k ki ki kn N—2(z -nI1n
Z(—) Th(dx%fgw ) ..wé )dxg +1) | "d$5L—i+H\D\ 2(z+k+1) dD))
i=0

(43)

where k denotes the sum Y, k;, dz is the commutator [D, ], the superscript

=5 denotes the k;-th power of the derivation [ﬁQ, | acting on x, and the
constant c(ko, ..., ky) is defined by

c(koy- - kn) P =Kol kyl (ko + VD) (ko + k1 +2) ... (ko+ ... +kp+n+1).

Hence the composite xrpsy € Hom(X(f%),X(@)) represents the periodic
Chern character ch(p) € HPP(ty, B) when X is quasi-free.

Before giving the proof let us make some comments about the cocycle xg.

Firstly, if K + § > 0 the quotient %
moreover a polynomial when n is even). Hence the residue term extracts only
the poles of the corresponding zeta-function. Only when n = 0, £ = 0 the
above quotient of gamma-functions is singular and equals 1/z. In this case the
residue actually selects the finite part of the zeta-function. This happens when
the quasihomomorphism has even degree, and concerns only the components of

degree zero

is holomorphic at z = 0 (it is

%o (20) PfOT(xO|5|_2z) + poles (terms k > 0) ,
o=

X% (zodzy) = IifOTh(x0|ﬁ|_22dx1) + poles (terms k > 0) .

Secondly, denote by (¥.4%), the sum leo(qj%)fxﬂ' For x € (U)o the
commutator () = [|D[2, z] = 62(z) + 26(x) |D| is a pseudodifferential operator
in (U.e%)1, and inductively one has z(*) € (¥.e%);, and similarly for dz(*). Using
Definition 3.4 of the analytic dimension, it follows that for any x; € p, T the
pseudodifferential operator

xéko)dxgkl) L dngn)|ﬁ|_2k_n c (W%)—kfn , ko+...+k,=k

becomes trace-class for n + k > 0, provided we mod out the large adic degrees.
It follows that the evaluation of the chain map xrp.y on an arbitrary element
of the X-complex X (Ta) is actually given by a pro-finite sum of residues in
X(%).
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Proof of 3.5: According to Lemma 2.3 we have to show that (ng — n”P)p.7y is
a cochain of order p in the complex Hom(X (T'%), X (%)). Since the difference
nr — n~P is the finite sum of the renormalized components ﬁ?‘l forn=p—2,
p — 4, etc... it is enough to establish that the latter are cochains of order < p.
We follow the proof of [20] Proposition 3.9 and introduce the coarse filtration
of Q"T<7) by the subspaces

HQ"Taty = Y (Jap)od(Jan) ... d(Jah)™
ko+...+kn>k

with the convention (J.#%)? = (T%)". Morally H*Q"T'</ contains at least
k powers of the ideal Jo%. The components of the renormalized eta-cochain
are products of commutators [F, z] with |D|~# evaluated on the partial trace T,
which preserves the adic degree k by virtue of Definition 3.4, hence (we do no
longer mention the homomorphism p, when it is not necessary)

Ty (HFQ ' Tet) o 7

T HEQ ™ Tety) © y( A%+ 7N F)
These estimates are sufficient to prove that the composite ?)?1 px7y is a cochain
of order n+ 3. This is what we want except for the component of highest degree

nh - , for which we need a better estimate. As explained in [20] Proposition 3.9,
an optlmal estimate requires to refine the H-filtration by introducing a new one,

G'O Tty = Y (Jan)odTeh ... (Jah)ir—dT sty (J o) + HE Q" Tty
k0++knzk

and relate the Hochschild coboundary of ﬁfgl to the component X} of the Chern
character in critical degree p. The crucial properties of Y} which make the proof
of [20] work are: i) invariance under the Karoubi operator x and ii) compatibility
with the G-filtration as follows:

(G Topy) C iy gkdz .

In the present case one must be careful because the eta-cochain of degree p —
1 is renormalized, and the naive relation 7¥'b = (—)?~'x? is broken by an
anomalous term. By direct computatlon one finds nmlb = (=PI} + oF,

where ¢} involves commutators with |D|~*

1/)f($od$1 . dxp+1) =
(I;)(i/f))!;ZZP—%TH(Z(_)%OF[F’%] 1D, xj] ... dxipr .. [Fxp]
im1 =

p+1

+ Z —) Fao[F,x1].. .’L'i...[|ﬁ|_z,$]‘]...[F,./L'p+1]> .
j=i+1

Problematically ¢! is not s-invariant and its compatibility with the G-filtration
is not obvious. Using the abstract pseudodifferential calculus we expand the
commutator

1D|%, 2 'NZZ Il rz+1))51(xj)|f)|2:l,
>1
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and 17 can be rewritten as a pro-finite sum of residues, typically
Res 74(20 F[F, 1] ... 8'(x )| DI7* 7 Azig L [Fapya))

or Resth(FuglFx1]...da;...[|D|7 2] ... [Fpia])

for some [ > 1. Suppose z; € (Jo)¥, so that xodxy ...dxp41 € HFQPT T
with k = ky + ...+ kpr1. Then one has [F,z;] € (Ta%)*| and

(x,)| D] e (W)™, + (W) 4+ (W)

It means that modulo the adic degrees > k41, only the residue corresponding to
[ =1 remains because for [ > 1 the trace is finite. Hence for xodz;...dxp41 €
H*QPt1T o7y we have

Y (zodzy ... dapsq) =
Lo/ 1 pR (< YizoF(F z;|D|~*71 .. da; F
(p+1)|22 eSTu(Z(—) o F[F,z1]...0z;| D coodmipy B apy]
j=1
p+1 R
+ 3 (~YFaglFai].. mi...(smj|p|—z—1...[R%H})
Jj=i+1

modulo f( j\k“dﬂ? + j\kd /ﬁA) The operator under the residue has symbol
degree zero. Therefore we can move \B|_Z_1 and F in first position because
their commutators with the x;’s have lower symbol degree unless they raise the
adic degree. One gets

1/1p(x0d3:1 dxp+1) =
(n/2) Res 7t F|D|~*~! i go[F oz, ...dz; F
(p+1|22 es 1 F|D|~ (Z(*) wo[F,x1] ... 025 ... dzisy ... [F)pi]
j=1

p+1

+ Z QJO F 1'1 del&I] ...[F,$p+1])
Jj=i1+1

modulo h(ﬁ“‘ld@ + ﬁdj\) Now it is easy to show the k-invariance of
the r.h.s. as well as the needed compatibility with the G-filtration, still mod-

ulo ﬂ(ﬁ“d@ + j\kdj\) This is allows to apply verbatim the proof of [20]
Proposition 3.9 and show that 7/7\%_1 P« 18 a cochain of order p as wanted.

The formula for xg is an involved computation which relies on the techniques
developed in [17, 18] in connection with a JLO approach to the bivariant Chern
character. We use Quillen’s formalism of algebra cochains [24] and let € be the

bar coalgebra of the unitalized completed tensor algebra (f%)"’. Thus % is
the graded direct sum of n-fold tensor products

%=C, Co=T%)"&.. 0Tt (ntimes).

The coproduct on % comes from the linear maps %,, — @Z:o €. ®%,,_1, induced
by all possible decompositions of n-chains into a tensor product. Moreover
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the multiplication on (ff;afo)+ leads to a Hochschild differential of odd degree
V6, — 61

n—1
V(1 ®...0z,) = Z(—)”lxl@...@xixiﬂ®...®;En .
i=1

Then b2 = 0 and % is a graded differential coalgebra. Now consider the (unital)
Zo-graded algebra of non-commutative differential forms of degree < 1 over
PR . N R

Q(PRR) == PORT & WV (PRR)
gifted with the derivation d. The space of linear maps Hom(%,Q*(@@@))
with convolution product is a Zs-graded algebra. d and the transposed  of b’
act on this algebra as (anticommuting) differentials of odd degree. The unital
homomorphism p, : (f%)*‘ ~ @ — PRt extended by zero over €, n # 1,
defines an element of odd degree in this DG algebra. In the same way, we
regard the Dirac operator D e P&+ as a linear map C = ¢ — PR,
1 +— D, hence as an element of odd degree D € Hom(%, Q*(@@.@)) For any
real parameter ¢ > 0, the sum p. + tD thus defines a Quillen superconnection
Vi =08 —d+ p, +tD on the DG algebra Hom(%, Q*(@@%)) with curvature
(see [17])

V2 = —dp, — tdD + t[D, p,] + t*D? € Hom(¥, V* (PRX)) .

The exponential exp(—V?) is an even-degree element of the convolution algebra,
defined via a Duhamel-type expansion (see below). It involves the heat oper-
ator related to the complex powers of the Dirac operator through the Mellin
transform:

4242
] Ly S
2mi ) X\ —|D| I(z) t

The integral over the complex parameter A is performed along a vertical line
separating zero from the spectrum of |D| as in Eq. (30). Next we let ;%6 =
€& (T )&% be the universal bicomodule ([24]) over the coalgebra €. The
left comodule map 2,4 — €®0%€ and the right comodule map 2,4 —
Q1 ERE are defined via the coproduct on the left and right factor € respec-
tively. Hence by duality the space of linear maps Hom(£2;%, Q*(,@&%’))

a bimodule over the convolution algebra Hom(%,Q2*(2®&%)). Moreover the
transposed of the universal coderivation €4 — %, which identifies a tensor
product €& (T.e%) " ©@%,_ with €, 11, induces a derivation

9 : Hom(€, Q" (P&%)) — Hom(C, Q (P &ZA)) .

In particular dp, defines an element of this bimodule. The core of the bivariant
JLO Chern character constructed in [17] is the element

1
pu(t) = / dse*Vidp,e* Vi € Hom(%, 0 (PER)) . (44)
0
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Alternatively p(t) is the term proportional to dp, in the Duhamel expansion of
the exponential exp(dp. — V7). We compose the linear map u(t) on the right
with the cotrace § : QT 9% — Q1% defined on a n-form by

n

B(zoday ... day) =) (2)" (@211 ® ... @2,) Q2@ (11 ® ... ® 3;)
=0

whence a linear map p(t)f : OT oty — Q*(@@@) Let px be the projection
of O*(PRX) onto the X-complex X (Po#') : PRAT = QY PRX);, and
compose u(t)f on the left with px to get a linear map for any ¢ > 0:
px (1) € Hom(QT oy, X (P &) .
Proposition 6.5 of [17] shows that pxu(t)y is a chain map from the (b + B)-
complex of differential forms over T2 to the X-complex:
(kd @ D) o pxpu(t)y — pxp(t)go (b+B)=0.

This is a direct consequence of the Bianchi identity [V, exp(—V?)] = 0. Then
for z € C consider the cocycle

&) =g [T s € Hom(@T s, X(207))
I'(z) Jo 1

It splits into a set of components x{(z) : 0Tty — PR and X7 (z) :

Q1 Ty — 401 (P&R) for any integer n. In order to establish explicit formu-

las let po(t) be the component of the map u(t) with range contained in PRAT.

It is defined via the Duhamel series

2R2 . 2P2 . 42D2 -~ 272

wo(t) = E (—t)”/ dse 50U D" Agem51" D7 A o7t DT 4 e snnn DT
A

n>0 n+1

where A,y is the standard simplex with coordinates sq, ..., S,41, one of the

A;’s is equal to dp, while the others are equal to [5, p+], and we sum over all
such possibilities. The n-th term of this series contributes to the component

X (2):

Xn(z) = ﬂ /OO @t2z+n/ ds 6780t2132A0 A 678"‘+1t252t| '
CUTTE) o . "

The range of this map is not contained in the subspace of pseudodifferential
operators V.7, C PRX. However we can Writ@\ an asymtotic expansion of
X2 (z) by moving all the heat operators exp(—s;t2D?) to the right (see [7]),

> dt 2152 272 2732 2732
/ 7t22+n/ ds e*SOt D Aoefslt D Al » .Bis"t D An675"+1t D
0 JAVSE]

t
Z / @t2z+n(_t2)k >
o U

ko,....kn >0

ko kn ~
/ ds 0. (0 + = E5n) " g0 k) (k) =D
A1 0 n-

1R

12

o dt k k _42P2
ST ey k) AFO AT Al DT
koyer kn >0 o t
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where k = ko +... 4+ ky, c(ko, ..., kn) is the constant defined above, Agki) is the

y'vn
k;-th power of the derivation [D?, ] on A;, and ~ means equality modulo the
space of linear maps Hom(Q; %, %, ) for any a € R. Perform the integral over

t using the Mellin transform

2 /OO A ook 1252 _ I'(z+k+n/2) |D| 252k
I'(z) Jo ¢ I'(z)

)

so that x7(z) € Hom(Q"T.o%, @@@) admits the asymptotic expansion

X6 (2) =~
Fz+k+5%)
etk ) 4ko) gk A(kn)
S () (ko ) oy A Al Al

ko, kn 20

ﬁ|72z72k7nh .

Observe that the (ko,...,k,)-th term of the expansion is a linear map from
Q"fﬁ/o to the subspace of pseudodifferential operators Uo7y N %, = (V))q
with o« = —2Re(z) — k — n. Hence we can apply the partial trace 7 : U.ofy — %
for Re(z) > 0 and define the renormalized components X%, € Hom(Q" T, %)
by taking the finite part at z = O:

n o__
XRo =

S () ek, ) P LC TR )

(AL ALY AR
z2=0 F(Z)
koo skn 20

ﬁ‘ —22—2k—n)u )

Since 1/I'(z) = z/T'(z + 1) the latter is a sum of residues:

Fz+k+5%)

A(kO)A(kl) o A(k") ZA) —2z—2k—n
F(Z-l—].) T( 0 1 n | | )h

Z (—)n+kc(k0, ey k‘n) RES

ko, kn >0

The explicit evaluation of this cochain on a n-form zodz;...dx, € Q”f%
yields formula (42). For the reason explained above the sum over ko, ..., k, is
actually pro-finite, and the sum of all components ) X%, really extends to a

cochain in Hom(QT %, @)
The degree-one component p1(t) € Hom(Q1€, Q1 (P OR)) of u(t) is also defined
via a Duhamel series,

. 2P2 e 2D2 . 4212 . 2732
i (t) = g td/ dse 0t P Boe=s1t° P B, et DT B emsnatt DT

n>0 Ant1

where now the B;’s are chosen among 0p., —[ﬁ,p*], dp., dﬁ, and the power
d is equal to the number of operators D involved. Applying the universal trace
and cotrace on both sides, the one-forms dp, and dD can be pushed to the right
so that the composite fu;(t)f € Hom(QT %, QM (P OR)y) is

(s =Y_(=1)" / dste=0"D" Ay emtD* 4 et D2
n>0 JAVE]
+ Y (=)t / dshe=0t"D* Ay . emsntD? 4 e=sn1t®Dq Dy

n>0 An+i

27



where one of the A;’s is Op, and the others are equal to [ﬁ, p«]- Moving the heat
operators to the right without crossing d, one obtains as before an asymptotic
expansion for the cochain x7(z) € Hom(Q" T, Q1 (P &Z);)

Fz+k+3)

> (=) ek, - ., kn)ThAgco)Agkl) A | D2+ =n g,
k

Fz+k+5+1)
T'(z)

- (_)n+kc(k07'~~,kn+1)

where ~ means equality modulo Hom(Q" T, §(Q1.%),) for any a € R. The
(ko, - . ., kn)-th term of the expansion ranges in the subspace of pseudodifferential
operators §Q (W) NE(QLF ), with o = —2Re(z) — k —n. Hence we can apply
the trace 7 : 1QY(V.e) — Qléh for Re(z) > 0 and define the renormalized
components x%; € Hom(Q”+1f%,Ql<@h) by taking the finite part at z = 0.
Alternatively it is the (pro-finite) sum of residues

Xin= D ()" elko,. .. k)
kO:---7anO

Fz+k+ %)
Bes (i
— > ()" Relko, . Enga) X

ko,--skn4120

hAékO)A;(Lkl) o Aglkn) ‘ﬁ‘_2(2+k)_ndp*h)

Res
z2=0

(F(z+k:+g+1)

(ko) (kn+1) | =2(z+k+1)—n 37

The explicit evaluation of this cochain on a (n + 1)-form zodz; ...dzpy1 €
Q"“f@fo yields formula (43). Since the residues vanish for large degrees the
sum Y x'h extends to a cochain in Hom(Q7 o), Qléh). Collecting the even
and odd part we thus obtain a cochain in the bivariant periodic complex

Yr € Hom(QT o, X (%)) .

It is a cocycle as a consequence of the fact that the cocycle property for x(z) is
algebraic and thus passes to asymptotic expansions in terms of pseudodifferential
operators.

In order to relate xr to the renormalized eta-cochain we use the same tricks
and introduce a parameter u € R,. Let ('R, = C®(R,) @ Q'R,,d,) be
the de Rham complex of ordinary differential forms with respect to u. On the
convolution DG algebra Hom (%, Q*(2&Z) &V R, ) we take the sum V; of the

connections —d,, + uF and Vy = § — d + p. + tD; the new curvature reads
(@t)2 = —duF —dp, — tdD + [uF + tﬁ,p*] + (u+ t|ﬁ\)2 .

Then define fi(t) € Hom(4,%, Q* (2&%)2Q*R,) by formula (44) with V; re-
placed by V. Write fi(t) = u(t)+duv(t) its expansion in powers of the one-form
du. Hence p(t) and v(t) are both elements of Hom (£, %, Q*(@@@)@Cw(RQ).
Remark that u(t,u = 0) coincides with the old expression (44) for any ¢ > 0.
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By [17] Proposition 6.7, the Bianchi identity for the total connection V, leads
to the transgression relation

> (pxplt,u)e) = (A D) o (pxvlt, W) + (oxv(t,w)) o (b-+ B)

in the complex Hom(Qf,;zfo, X (@@@)) Then consider the cochain

n(z) = —2 / —t22/ dupxv(t,u)l € Hom(QT o, X (@@%))

I'(2) Jo

Its boundary is related to the cocycle x(z) by means of the above transgression:

- 2 o dt
(@8 one) +n2)0 b0+ B) =t [ P pxnt0=x(z)  (19)
L(z) Jo t
Let us calculate the asymptotic expansion of 7(z). The component of v(t,u)
landing in degree zero v (t,u) € Hom(, %, Q%) is defined via the Duhamel
series

volt,u) = Y (—t)4(~u) / dse=o@HIDD? 40 A, e~ snta(uttID)?

n>0 Ang2

where two of the A;’s are equal to Jp. and F respectively, the others are equal
to [D, p.] or [F,p.], and we sum over all such possibilities. d and f are the
numbers of commutators [D, p.] and [F, p.] respectively (d + f =n). Only the
term of order n contributes to the component 7 (z) € Hom(Q"T.o%, PIR).
Moving all the heat operators exp(—s;(u + t|D[)?) to the right we obtain an
asymptotic expansion

)~ Y (=) Felko, . kng) X

ko,--skn4120
;2 /00 ﬂtQZ-‘rd /OO duut A([)kﬂ] o Agf:irl]e—(u—i-tlﬁnzh
L(z) Jo ¢ 0

where k = k1+...+kni1, Agki] is the k;-th power of the derivation [(u+t|D|)2, ]
on A;. Each term of the expansion lies in Hom(Q"T %%, U.o%). One has Agl] =
2tudA; + tQAZ(-l) with the derivation § = [|D|, ], hence recursively

ki
Agki] _ Z <zi>t2k¢—m(2u)m 5P Alki—pi)

pi=0 v

Hence we can perform the integrals over ¢, u using the identity

S 0 D
2 / @t2z+2k—p+d/ du uPtf e~ (w+tDD?
0 0

I'(z) t
+
(Z F(Z +k+ n+1)) |ﬁ|—22—2k+p—d
(2) — p+f 2z+2k p+d+1
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withk =k + ...+ kpy1 and p=p1 + ...+ pn+1, so that

n+1 )
W= Y et ke TT (1)
i=0 ¢

ko,...;kn4+1>0
0<p;<k;

+f n n+1
1 (pz l (7)1 F(Z + k + %1)) ( H 6piA('kifpi)) |ﬁ|—22—2k,+p—du
D)\ \p+f) 2242k —p+d+1/\ 140

The renormalized component 7%, € Hom(Q”f %,@) is defined by applying
the partial trace +7 : V.o — Z to this asymptotic expansion for Re(z) > 0,
and then taking the finite part at z = 0 (the sign =+ is dictated by the parity
of the quasihomomorphism). We want to show that, modulo counterterms, it
coincides with the renormalized eta-cochain 7%, given by Equation (39). n%, is
a sum of terms proportional to

L N (9) Tk mEL)y
Pf 2 plA( i Pz) D —2z—2k+p—d
ZOF(Z)(E(HJ‘) 22+2k—p+d+l)T(g5 i | )h

with d+ f = n and p < k. Since 1/I'(z) = z/T'(2+1), the meromorphic function

1 A0 ()T +E+ 28
F(z)(%(p+f)2z+2k—p+d+l)

vanishes at z = 0, unless d = k = p = 0. It follows that the series 1%, is the
sum of its first term corresponding to d = k = p = 0, plus counterterms

n _ (7)’“ - l (7)l F(Z + LH) N—2z
R0 = :F(n—i-2)!£f0<§<n)22+l> r(z;)2 (Ao A DI

+ counterterms ,

where the counterterms are residues taking into account only the poles of the
zeta-functions

T((;poAéko—Po) gPn+1 Agl’lnrlfpwrl)|B|—2z—2k+p—d)h .

Observe that §P° Agko*p") . (51’71*1142’1"1“71]"“) |D|~2#=2k+p=d yanges in the sub-
space of pseudodifferential operators (V.e%), with & = —2Re(z) — k —n. Hence
the residues vanish for large n + k after taking the projection A — R /™
Vm, and the sum over the counterterms is actually pro-finite. We can simplify
further the first term of the series by noting that the meromorphic function
in front of 7(Ay ... An41|D|72%)f has an analytic expansion I'(241)/2 + zh(z)
with A(z) holomorphic around zero. Hence we may absorb the contribution of
h inside the counterterms:

n n 1 D=2z
nho = F(—) 122 Z:%T(AO . Api1|D|7#)g 4+ counterterms .
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Now evaluate this map on a n-form zodz; ...dz, € Q"f% and recall that the
parity of n is opposite to the parity of the quasihomomorphism:
F(Lﬂ) 1

No(xodzy ... day,) = (n+21) 5 D f (F:UO[F,xl]...[F,:Bn]|f)|_22

+ Z "E ) .[F,mn]Fxo[F,xl]...[F,xi,1]|f)|_22) + counterterms

This almost corresponds to the renormalized eta-cochain 7%, given by (39), ex-
cept for the fact that the regularizing operator |D|~2% is not inserted at the
same places. Using commutators with |ZA)|_2Z we can nevertheless conclude that
modulo counterterms of the form (41), the linear maps 7%, and 7}, coincide
in Hom(Q”fﬂ @) Moreover, since the counterterms vanish for large n after
any projection 7 %’//7” the dzﬁerence Y on (ko — Mho) extends to a well-
defined linear map in Hom(QT%,%") One proceeds in exactly the same way
with the other components n}%,: they coincide with 77}, of Eq. (39) modulo
counterterms, and the difference ) (9%, — 73, ) extends to a well-defined linear
map in Hom(ﬁf%, Qlﬁh). Hence we are simply dealing with a choice of renor-
malization for the eta-cochain ng € Hom(Qf%, X (@)), which differs from the
renormalization (39) by a cochain in the complex of bivariant cyclic cohomology
Hom(Q7T o, X (@)) Lemma 2.3 thus implies that its boundary represents the
bivariant Chern character. Moreover one has

(kd @ b)ong +nro(b+ B)=xr € Hom(OT.o, X(Z))

because the transgression relation (45) is algebraic and passes to asymptotic
expansions. Hence the residue formula x i represents the bivariant Chern char-
acter in periodic cyclic cohomology. L]

Example 3.6 As an illustration of the anomaly formula we shall derive a
simplified version of the equivariant index theorem stated in [21]. Let G be
a countable discrete group acting smoothly and properly by isometries on a
complete p-dimensional Riemannian manifold M, without boundary. The quo-
tient space G\M is supposed compact. Consider a G-equivariant complex
vector bundle £ — M endowed with a G-invariant hermitian structure, to-
gether with a G-invariant selfadjoint elliptic differential operator of order one

o : C®(E) — C*(E) acting on the smooth sections of E. When p is even,
we suppose that F is Zy-graded and Dy is of odd degree, whereas if p is odd
everything is trivially graded. Dy extends to an unbounded selfadjoint opera-
tor with dense domain on the Hilbert space Hy = L?(E) of square-integrable
sections of F with respect to the Riemannian metric and hermitian structure.
If p is even, form the Hilbert space H = Hy @& Hy. If p is odd form the Hilbert
space H = (Hy® Hy)®C4, where C; = C @ eC is the Zy-graded Clifford algebra
with odd generator . In both cases H has a Zs-grading: in the even case it
comes from the Z,-grading on each summand Hj,, whereas in the odd case it
comes from the Clifford algebra. Define the selfadjoint unbounded operator of
odd degree on H

([ Dy 1 (Do 1
D(1 —D0> p even, De(l —Do) p odd.
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Since €2 = 1, one gets D? = 1 + D2 > 0 in both cases, hence D is always
invertible. Let C2°(M) denote the algebra of smooth C-valued functions with
compact support on M. Any function f € C°(M) acts on the space of sections
Hy = L?(E) by pointwise multiplication, thus is represented by a bounded
operator say fo on Hy. We extend this representation to a bounded operator of
even degree on H by the matrix f = (£ 0) € Z(H). Put F = D/|D|, F? =1,
and decompose the Hilbert space H into the direct sum H, @ H_ (even case) or
(Hy ® H_)®C (0odd case) according to which the matricial form of the operator

F reads
0 1 1 0
F= (1 O) p even, F=e (O _1> p odd.

In this new decomposition a function f € C°(M) is represented by a diagonal

matrix (fa“ fo_) in the even case and by a matrix (J{J: ;J_r:) in the odd case.

The commutator [F, f] is always an element of the Schatten ideal #P™!(H).
Hence we may endow C2°(M) with the norm

[ flloo.p1 7= [[flloo + ILE, flllp+1

where || f|lo is the operator norm on .Z(H) and ||z|,+1 = (Tr|a:|p+1)# is the
Schatten norm on ZPT'(H). The norm || - ||oc p+1 is submultiplicative and G-
invariant for the natural action of G on C2°(M) by pullback.

Now let CG be the group ring of G, i.e. the algebra generated by symbols
U, associated to each element g € G, with product U, Uy, = Uy, . We use
a contravariant notation for convenience. Hence any element b € CG is a C-
valued function with finite support on G. Suppose that a right-invariant distance

d: G x G — Ry is given. Then for any « > 0 define the following norm on CG:

bla =Y oalg)lbl9)l, VbeCG,

geqG

where the function o,(g) := (1 + d(g,1))* fulfills the property o4,(g192) <
0a(91)0a(g2). Then each norm || - ||, is submultiplicative, and the completion
of CG with respect to this family yields a Fréchet m-algebra %. Its elements
are functions with rapid decay over GG. Next, let 7 be the algebraic crossed
product C*(M) x G. As a vector space it corresponds to the algebraic tensor
product C*(M) ® CG, and the multiplication is defined by convolution:

(f1Ug)(f2Ug,) = f1(f2)?* Ugyg, ViieCX(M), g €G,

(f2)9* being the pullback of the function f by the diffeomorphism ¢;. Thus
any element a € 7 is a C2°(M)-valued function with finite support on G. For
any « > 0, endow the algebraic crossed product with the norm

lalla = oa(@lla(@)lscpsr , Va€ o= C2(M)xG.

geG
Using the fact that the norm || - |jco pt1 on C°(M) is submultiplicative and
G-invariant, one shows that || - || is submultiplicative for any «. Hence the

completion of 7 with respect to this family of norms is a Fréchet m-algebra
/. Now observe that because G acts by isometries on M and by pullback on
the sections of E, one gets a unitary representation r : G — Z(H). Let us
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define a homomorphism p : o — L (H)®% (note that Z(H) is viewed as a
Banach algebra with the operator norm) by

p(fU;) = frig)@ U, . (46)

It is clearly continuous with respect to the topology induced by the norms || - ||«
on &, hence extends to a continuous homomorphism p : & — Z(H)®%A.
Moreover, since [F, f] € ZPTY(H) for any function f € C°(M), one has
[F,p(a)] € LPT(H)®% for any a € o and the linear map a — [F,p(a)]
extends to a continuous linear map from < to ZLPT1(H)®%. Here £PH1(H)
is provided with the Schatten norm. Let .# be the (p 4+ 1)-summable Banach
algebra ZP*1(H,), and & be the Fréchet m-algebra Z(H,)®%. Using the
isomorphism H, = H_ and the matrix decomposition of Z(H) and £P*!(H),
p defines a (p + 1)-summable quasihomomorphism

p:a — ES> I QR (47)

of parity p mod 2. In particular, p induces a morphism p : K!°P(S®a) —
Kflo_pp(ﬂ ®4%) on topological K-theory (section 2 and [20]). The crossed prod-
uct o is provided with a canonical class [e] € K°P(«/) represented by the
idempotent e € C°(M) x G (see [21]):

e(g)(x) = c(x)c(g - x) Ve M, ge G,

where ¢ € C2°(M) is any cutoff function with property > . c(g - r)? =1,
Vz € M. Embedding the algebra </ into .#®.&/ via a rank-one idempotent
in .7, we may view [¢] € K{°°(#&.7) and define the equivariant index of the
elliptic operator Dy as the K-theory class of the convolution algebra over G

Inda(Do) = pi([e]) € KX3(%) . (48)

We want to establish an explicit formula for the Chern character of the index
in periodic cyclic homology HP_,(Z). To this end, choose the universal free
extension 0 —» JB — TH — B — 0 for BB. Because & is a tensor product
L(H,)®%, one can find a T%-admissible extension with .# = £ (H, )T %
and N = L(H,)&JB:

0 N M & 0

]

00— IRIB—— IQTRB— FRB —0

The bivariant Chern character ch(p) € H PP(gf, B) is therefore well-defined and
the topological part of the Riemann-Roch-Grothendieck theorem 2.2 relates in
a commutative diagram the morphism p; to the map induced in periodic cyclic
homology:

K\ (S @ef) —> KD (S ©B)

]

HPy(t) —2 L mp_ (%)
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Hence one gets the index formula ch(Indg(Dyp)) = ch(p) - ch(e). Since [e] is ac-
tually represented by an element of the dense subalgebra .oy C <7, we shall give
a local representative of the periodic cyclic cohomology class of the bivariant
Chern character chg(p) = ch(p) € HPP(o, #) using zeta-function renormal-
ization. So let us introduce the algebra of abstract symbols in this context. For
any 3 > 0, the Sobolev space H? = Dom(|D|?) is a Hilbert space for the norm
€17 = [IIDI?¢]l, V¢ € HP. One has ||€|| < [l€1® < [|€]”" whenever 8 < 5,
whence a continuous inclusion H? — HP. The intersection H> = =NgH"? is a
dense subspace of H. Then for any « € R, the space of abstract symbols &2, is
defined as the set of endomorphisms z : H*® — H*°° which extend to continuous
linear maps H*+? — HP for any > 0. The family of norms inherited from
the operator norm on the Banach spaces .Z(H**8, H?),

[l - €11
lgfe+?

|z||? = sup Ve e Py, V6>0,

geHaJrﬁ

turns &, into a Fréchet space. Furthermore the product &, x £, — Potar
given by composition is continuous. One thus gets the algebra of abstract sym-
bols by taking the inductive limit & = h_n)la P, with respect to the natural
maps &£, — P, whenever a < . In particular the Dirac operator D and
its modulus |D| are in #?;. We now focus on Z,. It is a subalgebra of Z(H)
and the injection Py — L (H) is continuous. Let f € C°(M) be represented
by a bounded operator on H as above. Because f is smooth, any power of
the derivation 6 = [|D|, | on f still defines a bounded operator on H, and
this allows to show that f also defines a bounded operator on each Sobolev
space H?. One thus gets a representation C°(M) — . Moreover, G acts
by isometries and commutes with |D| hence is unitarily represented on each
HP, whence a representation r : G — Py C ZL(H). Tt is then clear that
the homomorphism p, : %% — Z(H)®% factors through the algebra Z2,®.%.
Also, the identity [F, f] = ([D, f] — F§f)|D|~! shows that [F, f] € #_; for any
f € C°(M) hence [F,p(a)] € P_120%P for any a € . The lifted homomor-
phism p, : Tay — PyRT P reads

pular ® ... @an) = fifh . [ (g ) @ (UG, ... @ UL,)

on a tensor product of elements a; = f;U;, € @, and p«(J o) C PoJAB.
The Dirac operator D € &, considered as an element of P1QHBT, has an
obvious lifting D D in 91®T<%’+ This simplifies considerably the resolvent
formula (A — |D|) , and the complex powers |D| = |DJ* simply lie in the
algebra of abstract symbols Pre(;) C @Re(z)@)f %+. Applying any power of
the derivation § = [|D|, ], the G- invariance of D shows that 6" p. and 5" (D, ps]
map T,Q{O to the subspace 90®T<@ ,and J sz/b to @0@»]% . Hence
the quasihomomorphism is T'%- regular. Moreover, using classical estlmates for
the heat kernel [2] one shows that given fo,...f, € C(M) and g € G the
zeta-function z +— Tr(6% fy ... 6% f,r(g)|D|~*) is holomorphic in the domain
Re(z) > p and extends to a meromorphic function with simple poles at integers
< p along the real axis. Hence the quasihomomorphism has finite analytic
dimension p = dim M and discrete dimension spectrum. It follows that the
anomaly formula of Theorem 3.5 applies. If é € T'o denotes any lifting of the
idempotent e € @ representing the canonical K-theory class in KSOP(,QV ), the
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Chern character ch(Indg(Dg)) is represented by the image of the (b+ B)-cycle
over 1.9

- L2 1 -
’Y(e) =e+ Z( ) (n|)2 (6 2)(dede)
under the chain map xgrps : ﬁf% — X(f@) We are thus led to compute

residues of zeta-functions of the kind 24 Tr(fodfl(kl) e df,(Lk")r(g)|D|’2z*m), for
some smooth functions f; € C®(M) and g € G, with m > 0 and ¢ > 0

orm = 0 and ¢ = —1. As in Theorem 3.5 the differential df denotes the
commutator [D, f] and the superscript *) is the k-th power of the derivation
[D? ]. Since D? = 1+ D? the complex powers of |D| can be expressed

in terms of the heat operator exp(—tD3) via a Mellin transform |D|=%* =
ﬁ fS % t#e~te=tDi. For t going to zero one has a short-time Laurent series

expansion Tr( fodf(*) .. dfS ) r(g)e=tP3) ~ 32, ¢;ti/2, with i bounded below.
An easy computation yields

I(z 4+ %)
F(z+ %)

k —2z—m
Res 27 Tr(fodf{") ... df{*)r(g)|D| ™) = 3 c; Res 2

)

The sum over ¢ is actually finite because the quotient of gamma-functions in
the right-hand-side is holomorphic around zero for large values of i. The coeffi-
cients ¢; of the heat expansion can be explicitly computed at least when Dy is
a generalized Dirac operator, F is a Clifford module and G acts by orientation-
preserving diffeomorphisms on M. They are given by integrals over the sub-
manifolds M, C M of fixed points for ¢ € G, see for example [2| chapter
6. Using the identification of X (f #) with the space Q% of noncommuta-
tive differential forms ([21]), the Chern character ch(Indg(Dg)) can be decom-
posed into components ch, (Indg(Dy)) € Q"% with n of parity p mod 2. But
OB = B & B2+ may be identified with a space of functions with rapid
decay over the set G*UG™ 1. Assuming for simplicity that each manifold of fixed
points M, has a spin structure, one finds that the evaluation of ch, (Indg(Dy))
on a point g € G™ U G"*! reads

N () Ao E/S 9)
chy (Inde(Do))(g) = ;W /Mg A(M,) mchn(e)@ ., (50)

9

where the sum runs over all the submanifolds M|, of dimension d and codimen-
sion ¢ = p — d, fixed by the element g = g,,...¢1 € G when g = (g1,...,9n) OF
g =Gn---90 when g = (go,- .., gn)- The integral contains the usual characteris-
tic classes of the Atiyah-Segal-Singer equivariant index theorem [1], namely the
/T—genus and the Chern characters of some equivariant vector bundles F/S and
Sn over My. The characteristic class chy(e) is the most interesting part of the
formula: it is a function over G™ U G"*! with values in differential forms over
M, associated to the idempotent e € «%. We refer to [21] for more details. (50)
provides a generalization of the Connes-Moscovici index theorem for coverings
[6] to the case of proper G-actions admitting fixed points. It is worth mention-
ing that in [21] we state a stronger result, valid for any locally compact group
G and with periodic cyclic homology replaced by entire cyclic homology. The
proof is based on bornological algebras and a JLO approach of the bivariant
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Chern character [17, 18]. With some more work it should be possible to deduce
also this general form of the equivariant index theorem from the residue formula
3.5.

Example 3.7 The previous situation with G = {1} and M compact is well-
known. A Dirac-type operator leads to a quasihomomorphism from the com-
pletion & of o = C>®(M) to # = C. Hence we can take Z = £ as
quasi-free extension, and the cyclic homology of Z# is computed by the X-
complex X (C) : C 2 0. When the dimension of M is even, the Chern character
ch(Ind(Dy)) is just a number calculating the index of the Dirac operator. When
the dimension is odd the components of the renormalized eta-cochain become
relevant. They are linear maps ﬁ’lf;rl pe ¢ Q" Tlozy — C, in all even degrees
n+1 = 2k. In particular the component of degree zero evaluated at the constant
function 1 € o yields the usual eta-invariant (the odd trace is 7 = —v/2iTr)

1 1
(1) = 5T(1/2) Pt 7(F|D|">) = —2Vani Pf Te(F|D| ) ,

which measures the spectral asymmetry of the Dirac operator. The other com-
ponents ﬁzﬂ ps assemble into an improper (b+ B)-cocyle over %, giving higher
analogues of the eta-invariant.

4 Spectral triples, anomalies and regulators

The anomaly formula (Theorem 3.5) is a bivariant generalization of the local
index formula of Connes and Moscovici for regular spectral triples [7]. In the
latter situation one gets a quasihomomorphism from an algebra <7 to the com-
plex numbers & = C and the Chern character gives a local expression for the
index map Ki°"(&/) — Z as in the classical Atiyah-Singer index theorem. In
this section we propose to relate the local index formula with the chiral anomaly
of an adequate noncommutative quantum field theory. In fact noncommutative
index theory and anomalies are in a sense equivalent, the link being provided
by Bott periodicity [19]. Considering anomalies, however, provides a conceptual
explanation for the “locality” of the boundary of the eta-cochain.

Hence let o be an associative algebra over C, endowed with an antilinear
involution. A spectral triple (%, H, D) corresponds to the following data:

i) An involutive representation of <% into the algebra .Z(H) of bounded oper-
ators on a separable Hilbert space H.

ii) An unbounded selfadjoint operator D with compact resolvent on H. Without
loss of generality we may assume that it is invertible.

iii) The commutator [D, a] extends to a bounded operator on H for any a € &%.

In addition, the spectral triple is called odd when H is trivially graded, and
even when H is Zs-graded with grading operator 75 € Z(H), (v5)? = 1,
vsD = —D~s and [ys,p(a)] = 0 for any a € «%. If the inverse modulus of
the Dirac operator |D| ™! lies in the Schatten class #P*1(H) the spectral triple
is (p + 1)-summable. In order to use zeta-function regularization we impose
that (2, H, D) is regular with discrete dimension spectrum [7], i.e. it fulfills
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the additional properties:

iv) % and [D, %) belong to the domains of all powers of the derivation § =
[|D], ], in the sense that 6"(a) and 6™ ([D, a]) are bounded operators on H for
any a € o and n € N,
v) For any element x of the algebra generated by 6™ (%) and 6™ ([D, «%)]), the
zeta-function

¢(z) =Tr(z|D|7%), zeC

is holomorphic in the half-plane Re(z) > p and extends to a meromorphic func-
tion with poles contained in a discrete set Sd C C (the dimension spectrum).

Since we are interested in the relationship with chiral anomalies, we restrict
our attention to spectral triples (o, H, D) of even degree, and suppose that p is
also an even integer. Decompose H into the direct sum H; @ H_ corresponding
to the eigenspaces for the eigenvalues £1 of the chirality operator 5. According
to this decomposition one can write in terms of 2 X 2 matrices

fas 0 (0 @ D (0 U
=5 2) 2=l §) e %
for any a € o7, where U : Hy — H_ is the unitary operator Q/(Q*Q)/2. The

isomorphism of Hilbert spaces H, = H_ induced by U allows to rewrite the
spectral triple in the form of a (p + 1)-summable Fredholm module:

a(ao+ U—l(;U)’ F<(1) (1)> D =14(C*) & (Q°Q)"/”.

Let us deform the representation of <% into Z(H) using the homotopy U; =
Q/(Q*Q)!?,t €0,1]. Then U; = U, Uy = Q and the above Fredholm module
is homotopic to

= giho) F=(1 o) DI—uEe @

The new representation p : @ — £ (H) is no longer involutive but it is better
suited for our purpose. Since |D|7! is in the Schatten ideal, one gets [F, p(a)] €
LPTYH) for any a € o). Hence the completion of <4 with respect to the
norm ||p(a)|leo + ||[F, p(@)]|lp+1 is a Banach algebra <7, and the representation
in Hilbert space extends to a continuous homomorphism p : & — £ (H) such
that [F, p(a)] € £P(H) for any a € o/. In other words one obtains a (p + 1)-
summable quasihomomorphism of even parity from &/ to C

prad — E>I° (51)
with & = Z(Hy) and ¥ = £PY1(H,). The Riemann-Roch-Grothendieck
theorem 2.2 gives a commutative diagram for the K-theory exact sequences

K (I&d) — HCp_(d) —> MK (/) — KPP (I &)

e T

K°P_(I) ——= HCy 1 (C) —= MK,/ (C) —— K" (%)

(52)
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The topological K-theory of the Schatten ideals is known: KSOP (#) =7Z and
K{°?(#) = 0. On the other hand, the cyclic homology of C is HC4;(C) = C if
k > 0, and vanishes in all other cases. Now two distinct cases are interesting.
First take n = p (even), then (52) yields

KP(F&af) —= HCp (o) — MK (o) — K (S &)

\LP! ich” (p) lp! \LP!

0 0 Z Z 0

In this case the quasihomomorphism only induces an index map in topological
K-theory pi : Ki*P(S &) — Z, and it is a homotopy invariant for p. In
particular if e = e* = €2 € My(a%) is a projector, it determines a K-theory
class [e] € K°P(F&4/) and the integer pi(e) is the Fredholm index of the
compression of the Dirac operator eDe on the Hilbert space e(CY @ H):

Ind(eDe) = dim Ker(eDe)y — dimKer(eDe)_ € Z .

This index may be computed by evaluating the residue formula 3.5 on the Chern
character of the idempotent e in HPy(<%). One thus recovers the Connes-
Moscovici local index theorem [7]. A second interesting case is when n = p+1
(odd), so that (52) becomes

K(gop(f@%) — HCy(o) —— MK;?—]_(‘Q{) —_— K;0p(<f®£{)

e

0 Z C (O 0

where MK{(C) = C* is the multiplicative group of non-zero complex num-
bers and C — C* is the exponential map. In this case we obtain a regulator
M Kl‘ﬁ_l(% ) — C*. Tt is not invariant under homotopy but only under
conjugation of quasihomomorphisms. A related construction was introduced by
Connes and Karoubi in the context of algebraic K-theory [5]. We shall now
establish the link with chiral anomalies [19].

A non-commutative chiral gauge theory from the spectral triple (<%, H, D)
is constructed as follows. Consider the unbounded operator @ : Dom(Q) C
H, — H_ and let ¢ € Dom(Q) and ¢ € H* represent some “classical” matter
fields. The equations of motion for v, are governed by the action functional

S, ¥) = (¥,Qy) €C. (53)

Now let g € <" be a unitary element such that g — 1 € <. Recall that o7;"
denotes the algebra o with unit adjoined (eventually g will be taken in the
algebra M. ()" of finite size matrices but for the moment we want to keep
the notations simple). Its representation in the Hilbert space H = Hy ® H_

reads g = ( g(i ). We let g act on ¢,¢ by chiral gauge transformations:

Vg, Y- g
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The action functional S(¢,) is not invariant under gauge transformations;
however the conjugate operator g~'Qg, differs from Q only by a bounded op-
erator. We may absorb this change by adding to () another bounded operator
A: Hy — H_ (gauge potential), which transforms according to the rule

A— A% =(9"'Qgy — Q) +9_"Agy ,

so that (Q 4 A) — g~ *(Q + A)g, transforms according to the adjoint represen-
tation, and the full action

S, 9, A) = (¥, (Q + A)) (54)

is gauge-invariant. In practice the gauge potential A is a finite linear combi-
nation of elements of the form a_(Qbs — b_Q), where a,b € o and ay, by
are their representations on H., so that the product Q~'A lies in the Schatten
ideal . = #PT1(H, ). Passing from classical to quantum field theory amounts
to calculating, among other things, the partition function of the theory given
by the functional integral [13]

Z(A) = / dp dip e~ 50D e C (55)

If we decide to quantize 1 and 1 as fermions this purely formal object is defined
as a Berezin integration over the Grassmann variables ¢ € H,, ¢ € H* and
normalized by Z(0) = 1. Hence, the partition function (55) describes quantum
fermionic fields 1,1 moving in a non-quantized (classical) gauge potential A.
The formal properties of Berezin integration [13] show that Z(A) may be defined
as a renormalized determinant

Z(A) = Det(Q1(Q + 4)) .

Renormalized determinants can be constructed in many different ways, one of
the most popular being probably zeta-function renormalization [26]. In any case
it amounts to define a logarithm W (A) = In Z(A), at least in a neighborhood
of a fixed background gauge potential. Following physicists we shall expand
W(A) as a formal power series in A represented by Feynman graphs, and then
renormalize each graph. The advantage of this method is to show clearly the
ambiguity inherent to renormalization, and the origin of anomalies. Moreover,
the logarithm always makes sense as a formal power series. Hence using the
naive relation In Det = Trln, we try to define
B (7)n+1 _
W(A) =Trin(1+Q'4) =) ~—~—Tr((Q'A)") .

n>1

This expansion is depicted in terms of Feynman graphs as follows. We represent
the propagator of the fields 1,1 by an arrow Q~! = ——— and the insertion of
the gauge potential by a point A = e. The products Q"' AQ'A... are repre-
sented by chains, closed by taking the trace. W(A) is thus given by a formal
series of fermionic loops:

1 1 / \ 1 1
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Recall that the operator Q1A lies in #P*1(H,). Hence two remarks are in
order:

1) The n-th term W™ (A4) = # Tr((Q~1A)™) is finite only when n > p + 1.
It follows that the first p terms are divergent and need to be renormalized, for
example by inserting some regularizing operator under the trace. We proceed
as in section 3 and define the renormalized term W} (A) as the finite part of a

zeta-function at zero:

(_)nJrl

Wh(A) = PETH(Q 1 A)"DI) (56)

n
where |D|7% = |Q*Q|~* is trace-class for Re(z) sufficiently large, and the zeta-
function Tr((Q~1A)"|D|;?*) extends to a meromorphic function over the entire
plane by hypothesis on the spectral triple. Obviously Wi (A) = W"(A) when-
ever n > p+ 1.

2) Once renormalized, the series Wgr(A) = >  Wp(A) converges if the op-
erator norm verifies ||Q !A| s < 1. In general this is not true and the series
definitely diverges. It was of course expected since W(A) is the expansion of
the complex logarithm In Z(A) around A = 0. From now on we treat Wr(A)
exactly as a formal power series of the gauge potential A.

We are interested in the behaviour of the series Wgr(A) under chiral gauge
transformations. In general it is not invariant:

Wr(A7) # Wg(4) , (57)

and the lack of invariance only comes from the renormalized terms W} (A) for
n < p. In fact we are interested in “smooth” one-parameter families of gauge
transformations, formalized as follows. Let %(0,1) be the algebraic tensor
product of &% with the algebra C°°(0,1) of smooth functions over [0, 1] whose
values and all derivatives vanish at the endpoints [20]. Consider an element
g € %(0,1)" in the unitalization of this algebra, with g — 1 € (0, 1). g may
be interpreted as a smooth loop of unitary elements in .o7;" (or Mo ()T if we
work with matrix algebras), with basepoint gg = g1 = 1. Important examples
are provided by idempotent loops: if e € @ is a projector, its associated loop
g=1+(8—-1)e € #/(0,1)" is constructed from any invertible function g €
C*(0,1)" with winding number 1 (the Bott generator of the circle). Now given
any unitary loop g, fix a background gauge potential A and consider the family
of gauge-transforms

A=A%=(9""Qg+ — Q) +9_"'Ag. .

A is therefore a smooth loop in the space of bounded operators H, — H_, and
Q1A is a loop in ZPTH(H,). Then Wg(A) is regarded as a formal series of
smooth functions over the circle:

WE(A) € C°(S') VneN.

The chiral anomaly is the image of Wx(A) under the differential s : C*°(S') —
QL(SY). At this point we make some sign conventions which differ from [19] but
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are more adapted to the physics literature: since A and @ are linar operators
between H; and H_, they have odd degree. It means that () anticommutes
with s (as a constant odd-valued function over the circle), and the differential
sA is expressed by means of the Maurer-Cartan form wy = gfsgi and the
structure equation (compare with BRS transformations [16]):

SA=—w_(Q+A)— (Q+ A, . (58)

Write qw = wy + Q 'w_Q. Then in any degree n > p + 1, using the cyclicity
of the trace the boundary of Wi (A) = W"(A) reads

SWHA) = —(=)"IH(QsAQ T )Y
= ()" (Tr(q(@7T )" ) + Te(qw(Q71A)") )

Hence, in the sense of formal power series in A the terms Tr(qw(Q~1A)") cancel
each other in the infinite sum Zn>p sW™(A) due to the alternate signs. For n <
p however, the regularizing operator |D|;2z destroys the cyclicity of the trace
and cancellation does no longer holds. Using the abstract pseudodifferential
calculus, one sees that the renormalized trace applied to a commutator yields
residues of zeta-functions:
2z _ (—)* L(z+k) )1y —2(24k)
P Tr([z,y]|D|>) = —1;1 RS T ey IPLT)

where as usual y*) denotes the k-th power the derivation [[D|2, ] on y. This is
actually a finite sum because the zeta-functions are holomorphic at z = 0 for k
large enough. Hence the boundary of the term WJ(A) for n < p reads

SWE(A) = ()" PE (Te(awl(@ A" DI3%) + Tr(aw(@ 4)"|DIT))
n+1 n—1 ) .
Z Pr (Tr LA qw(QTTA)" T |DI)

FTe([(Q 1A, wi (Q 1 A) Y D %)
FR((Q7 4. QW QU@ A D))

the last three terms being sums of residues. We view sW}(A) as a polynomial in
A and w, so that the infinite sum ., sW3(A) makes sense as a formal power

series. Consequently, the terms Tr(qw(Q'A)"|D|?*) still cancel each other

and only the first term Tr(qw|D|;%*) plus the residues remain. The anomaly
A(w, A) = sWg(A) is thus given by the finite sum of one-forms

Aw,A) = lifoTr(qw|D|12z) + residues € Q'(Sh) (59)

and it is a polynomial in A of degree at most p. This may also be depicted
diagramatically, for example in the case p = 2, as follows:

Wr(A) = WE(A) + WEA) + W3(4) + WA +

y /\/\/\/\

Alw,A) = A%w,A) + Al(w,A) + A%(w,A) +
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Each Af(w, A) is a homogeneous polynomial of degree i in A. Taking the quo-
tient by the image of s, we may view the anomaly as a de Rham cohomology class
of degree one A(w, A) € H'(S'). It is non-trivial in general because it is the
boundary of a formal power series (and not a convergent sum) in C°°(S*). In-
tuitively, the lack of gauge-invariance of Wr(A) originates from the overlapping
of the vertices e in the renormalized Feynman graphs, whence the “locality”
of the anomaly. It must also be stressed that renormalization is not unique:
there are different ways to extract finite quantities W5 (A) from the regularizing
operator |D|;?*, and this may add finitely many local counterterms (residues)
to the series Wr(A). Consequently the cocycle sWg(A) will only change by a
finite sum of boundaries, so that the cohomology class of the anomaly remains
unchanged.

The formula A(w, A) = sWgr(A) is completely analogous to the construction of
the residue Chern character x g = [0, ] from the boundary of the renormalized
eta~cochain (section 3). The formal power series Wg(A) is simply replaced by
the improper cochain ngr. This explains why Theorem 3.5 is called an anomaly
formula. It is moreover possible to exhibit an explicit correspondence between
Wg(A) and the renormalized eta-cochain associated to the quasihomomorphism
(51). The latter has even parity, hence the renormalized eta-cochain (39) is odd.
Since the X-complex of the quasi-free algebra £ = C reduces to X(C) : C = 0,

the only non-zero components sy " ps : Q21T o7y — C are explicitly given by
_9n 'n+1)1 9z
it (zodey . .. drgny ) = (2(71_'_1))'2 ZP;fOT(FxO[F,xl] .. [F, 29 1]| D)%)

where 7 is the supertrace of operators on H, and F' admits the matrix represen-
tation F = (91). The transgressed Chern character ¢hy' ' (p) = 52 p,y
is the composite with the Goodwillie equivalence, and yields a linear map
X(Te) — C of odd degree. As in section 2 we evaluate it on the Chern
character of a unitary element g € M (%)™ such that g—1 € My (2%). Using
the linear inclusion & — i% lift g to an invertible element § € Moo(f;zfo)"’.

Its Chern character chy(§) = —A=Tr§~'dg defines an odd cycle of the complex

b = Vami
X(Tat).

Lemma 4.1 The transgressed Chern character (/hf%nﬂ(p) : X(T#) — C eval-
uated on chy(g) = \/%Trhg_ldg reads

1 (n!)2 1 2n+1| | —22
Jomi @n+ 112 L TEVIIDITE)

where V is the compact operator p(g) ~*[F, p(g)] on H.

24 (p) - chy (§) =

Proof: By definition (711?{"+1(p) = 72" p.y. In [20] we calculated the image of

the Chern character ch;(§) = \/2171,Trbg_1d§ under the Goodwillie equivalence:

PyChl(g) = \/27

Since p«(§) = p(g) € L(H), the evaluation of the above non-commutative form
on Nay py is straightforward. L

S ()l T gl dg)”)
n>0
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For 2n > p the operator V2"*+! is trace-class and one recovers the non-
renormalized formula (24)

1 (n)? 1
Vori 2n+1)! 2

Now fix the background connection A = 0; for any g € My (#%)T the gauge
transform A = AY is given by

A=9"'Qy+ - Q,
and 1 + Q 'A is invertible. The operator V can be expanded in a formal

power series in A with no term of degree zero. Indeed one has F' = (1 0) and

plg) = ( 0 Q,log_Q), so that

(0 1+QtA)1-1
V‘(QlA 0 )

and (1+Q7 1A 1 —-1= Zk21(—Q_1A)k. The renormalized eta-cochain reads

™" (p) - chu (9) = T(FEVIH)

7 p) e () =
(=)™ (n)? QA \ _
o P T () (1+Q *A/2)|D|;* ] ,

V2mi 2n + 1)1 1+Q A

and its expansion as a formal power series in A contains only terms of degree
> 2n + 1. Consequently, the infinite sum

dhy(p) - chi(g) = Y ¢h " (p) - chu(9) (60)

n>0

makes sense as a formal power series in A. The following lemma establishes the
link with the partition function of the non-commutative gauge theory.

Lemma 4.2 Let g € Mo ()" be a unitary such that g — 1 € My (%) and
take the gauge potential A = g~'Qgy — Q. The renormalized partition function
Wgr(A) coincides with the formal power series ¢hy(p) - chi(g) up to a factor:

Wr(A) = vV2mighg(p) - chi(9) - (61)

Proof: Note that the operator V = p(g)~[F,p(g)] fulfills the flat curvature
condition [F,V]+V?2 = 0. Our first task will be the computation of In(1+ FV)
in the following terms,

1?2 ] 1
1n(1 + FV) = Z (Qflnﬁl)] (Fv2n+1 + §V2"+2) 7
n>0 :

understood as an equality of formal power series in A. To this end, for any

t € [0,1] define Fyy = F + tV. One has FtQV =1+ (t* —t)V2, hence Fyy is
invertible in the sense of formal power series. Consider the (formal) integral

1 o0 5
I:/ dt/ du Fyye “Fovy |
0 0
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We shall compute [ in two different ways. First, integrate over u:

1 1
1:/ dt Fov (F3,) 7'V = /tht;,lv.
0 0

The inverse of Fyy is (F +tV)~! = (F(1+tFV))~! = (1 + tFV)~'F because
F? =1. Hence

n+1
_ 1 no_
I_/O dt(1+tFV)'FV = §j —— (FV)" =In(1+ FV)

n>1

by expanding the series (1 + tFV)~! in powers of ¢t. On the other hand, we
could first expand the exponential of F; fv =1+ (t* — t)V? and then integrate
over u:

I—/ dt/ duFtVZ yry It — Z/ dt (t? —t)"Fpy V2 HL

n>0

Finally, it remains to use the integrals

Yo g (n)? o g 1 (n)?
/O(t —iyi = gt /Ot(t iy = 5o

to express I as wanted:
Z Fv2’n+1 + lv2n+2)
= 2n + ! 2 '

One has 1 + FV = (HQOAA (1+Q,01A),1 ) Let us compute the supertrace

1 oy _ 1 1+Q 1A 0 _2,
57In ((L+ FV)|D|~%) = 57111( A ot ) 1D
1 1
= 5Trin(1+ Q 'A)|D|;* — 5T In(1+ QA D|
=Tr In(1+Q "A)|D|;**,

whose finite part at z = 0 is precisely the renormalized logarithm Wgr(A). Hence
we deduce the equality of formal power series in A:

Wr(A) 1;} (27(1n—'321) pr ((sznﬂJr V2n+2)‘D‘ 2

The terms involving the even powers V2"*2 vanish. Indeed, one has V2 = ( ’g 9 )
with B=Q A1+ Q 1A)~! — Q1A so that

T(V27L+Q|D|—22) _ TI‘(Bn+1|D|_T_2Z) _ TI‘(B”+1|D|_T_2Z) =0
The conclusion is a consequence of Lemma 4.1. [

The above lemma means that the formal series v/27i ¢h (p)-ch;(g) is nothing
else but a particular choice of renormalization for W(A4). Now, if g is a loop
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of unitaries in the matrix algebra M., (%)™ with basepoint the identity, the
cohomology class of the anomaly is represented by

Alw, A) = Vi s(chp(p) - e (3)) € H(S") (62)

where the invertible loop ¢ in Moo(f%)+ is the canonical lift of g obtained
by the linear inclusion @ — T . Replacing the universal derivative d by s
and the supertrace 7 by 7, equation (26) reinterpreted as an equality of formal
power series in A amounts to

Tr(g~"sg)
V21

whence the identification of cohomology classes A(w, A) = chgr(p) - Tr(§~1sg).
Moreover the left-hand-side is a polynomial in A and depends linearly on w.
Using Bott periodicity one thus gets

chr(p) = 5(¢hg(p) - chi(9)) ,

Corollary 4.3 Let (e, H, D) be a regular finitely summable spectral triple of
even parity, and let Wr(A) be any renormalization of the partition function
for the associated chiral gauge theory. Consider a projector e € Moo (%), and
the corresponding idempotent loop g = 1+ (8 — 1)e € Moo(2%)(0,1)*. Then
the anomaly A(w, A) = sWg(A) integrated over the loop of gauge potentials
A=g"'Qqg. — Q computes the index

Ind(eDe) = % f Aw, A) €Z. (63)

The latter does not depend on the choice of renormalization and is given by a
local formula (e.g. a sum of residues of zeta-functions).

Proof: One has A(w, A) = chr(p)-Tr(§~1sg) with the canonical invertible lifting
G € Moo(T)(0,1) of g. Hence integrating the anomaly over the circle one
gets

1
211

A, A) = 5 chn(p) - / 10(515) i= — chn(p) - e50(d)

YY)

Now Bott periodicity (Lemma 4.4 of [20]) implies the equivalence of homology
classes ¢sp(g) = v2michg(é) in the complex X (T.e), where é € M (T %) is
an idempotent lifting of e. Hence one finds

1 .
3.7 P Alw, 4) = chr(p) - cho(€) = pi(e)
i
which is nothing else but the index Ind(eDe) € Z. "

So far the formal power series Wr(A) allowed us to interpret the anomaly
formula, section 3, but the renormalized determinant Z(A) = Det(1+Q 'A) is
still not defined. Morally, Z(A) should be the exponential of Wg(A) but we want
a complex number, not a formal series in A. We shall construct a renormalized
determinant Zg(A) by integrating the anomaly along a smooth path of gauge
potentials A = g~'Qg, — Q, starting from the background A = 0:

sZr(4) _

Al d) = Z @
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Note that it is not unique, because the anomaly itself A(w, A) = sWr(A) is
defined modulo the boundary of a finite sum of counterterms. We could as well
take the anomaly as the boundary of the formal series v/2mighy(p) - chi(g),
the resulting new determinant would differ from the former only by a phase
factor involving the counterterms. Let us define 2|0, 1] as the algebraic tensor
product of o7 with the space C°°[0, 1] of smooth functions over [0, 1] such that
all derivatives vanish at the endpoints (while the functions themselves take
arbitrary values at 0 and 1). We say that a unitary element g € My, (%)™
is homotopic to 1 if there exists a unitary path u € M. (%)[0,1]" such that
up = 1 and u; = g. The renormalized determinant of ¢ is the complex number

Detr(g) := exp(v/2michg(p) - cso()) € C* (64)

where the Chern-Simons form of the canonical lifting 4 € Mm(f%)[o, 17" is
defined as in [20]:

(@) = —
cso(l) =

’ V2ri
Lemma 4.4 The renormalized determinant Detgr(g) does not depend on the

unitary path u € Moo ()[0,1]T joining 1 to g, and its logarithmic derivative
coincides with the anomaly

1
/ Tr(a tsi) € T .
0

sDetr(g)
Detr(g)

Proof: First we show the independence of Detr with respect to the path u. If
u' € Moo (#)[0,1]T is such another path, we form a loop u” with basepoint 1,
by first going along u up to g and then backward along u’ up to 1. Hence one has
the equality of cycles cso(4”) = eso(4)—cso (@) in X (T ), and the evaluation of
cso(@”) on the renormalized Chern character chg(p) : X (T.e%) — C coincides
with its evaluation on the p-dimensional Chern character ch?(p). But ch?(p)
extends to a cyclic cocycle over the completion & of 4. Now if we regard u’ as
a loop of invertible matrices over the Banach algebra 27", by Bott periodicity it
defines a K-theory class [e]—[po] € K°P (<) for some idempotent e € My, (/' ),

and by Lemma 4.4 of [20] one gets

s(V2mighg(p) - chi(g)) =

eso(1) = eso(@) — cso(@') = V2michg(é) € HPy() .

Therefore evaluation of these cyclic homology classes on ch?(p) yields the num-
bers

V2mich? (p) - (cso(@) — cso(@')) = 2mi ch?(p) - cho(é) € 2miZ

so that the exponential of v/2michg(p) - cso(@) is independent of w.
Now compute the logarithmic derivative of the determinant:

m = \/%S(Chg(p) -eso()) = chgr(p) ‘TI"(Q_ISQ) .
We conclude from chg(p) - Tr(3~"55) = vErT s(et(p) - chi (3)). .
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Once we take Detr(g) as a definition of the renormalized determinant, the
integral of the anomaly

Ind(eDe) = 2%” j{ Aw, A)

just counts the winding number of the partition function Zg(A) € C* around
the idempotent loop. This proves the result announced in [19] and interprets
the topological index p; : KSOp(d) — 7 as a topological anomaly. But the
renormalized determinant allows to interpret the regulator p; : M KZ‘fH(% ) —
C* as well. Recall from [20] that a multiplicative K-theory class of degree
p + 1 over &« is represented by a pair (§,6) where § is an invertible ele-
ment of (ST )" and 6 is a chain of even degree in the quotient com-
plex X, (T, Jo/) = X(T</)/FY , X (T</) satistying the transgression relation
chy (g) = d. Since we work with a dense subalgebra 7 C o/ we shall restrict
to pairs (§,0) with § € Moo (%)™ and 0 € X,,(T.e/, J.</) in the image of T.o:

Corollary 4.5 Let (e, H, D) be a regular spectral triple of even parity and an-
alytic dimension p (even). Let the pair (§,0) € MKzﬂ_l(sz) represent a multi-
plicative K -theory class, where § € Mo, (f%)‘*‘ is the canonical lift of a unitary
element g € My ()t homotopic to 1 and 0 is in the image of T<ly. Then
its evaluation under the requlator map py : MKPH(%) — C* is the complex

number
p1(§,0) = exp(v2michp(p) - ) Det'(g) € C* . (65)

Proof: By hypothesis, there exists a unitary path v € M (%)[0,1]T joining
ug = 1 to ug = g. Then the pair (§,0) is equivalent to (1,0 — cso(@)) in
?4[(1?1]()&/), with @ € Mo (T%)[0,1]" the canonical lifting of u. By definition
see |20

pi(L,0 — cso(@)) = (1,¢h”(p) - (6 — cso(@))) € MK (C) .

Since the analytic dimension is p we have the equality of non-periodic cyclic co-
homology classes chr(p) = ch?(p) in HCP(4%). It means that the p-dimensional
Chern character ch?(p), once restricted to the image of T in the complex
X,(T<,Jof), is cohomologous to the renormalized Chern character chg(p):

p/2—1

ChR ( — Chp Z (71127’L+l

with the boundary map 0 = id on X,(Te/, Jo/). Therefore

p/2—1

() (6 = so(@) = chalp) (8 = (@) = 3 oy o) 50 — o)

By hypothesis §df = chy(§) in X, (Te/,J<f), and Lemma 4.3 of [20] implies
bdcso(@) = chy(g), whence

p1(g,0) = (1,chr(p) - (0 — cso(a)))
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at the level of multiplicative K-theory classes. Finally, the group isomorphism
MK{ (C) = C* identifies a pair (1, ) with the complex number exp(v/27i a),
for any a € C. Thus

m(g,0) = exp (\/ﬁchR(P) (0 — CSO(Q)))
= exp(V2michg(p) - ) Dety;' (9)
as claimed. .

Remark, as it should be, that the complex number pi(g, ) does not depend
on the renormalization chosen for the Chern character chr(p), because the phase
factor exp(\/ﬁ chr(p)-0) automatically absorbs any change in the renormalized
determinant. This was expected since the regulator map MK, () — C* is
canonically defined. The fact that it is a morphism of abelian groups allows
also to interpret the multiplicative anomaly: for two gauge transformations
g,h € Moo ()" the renormalized determinant fails to be multiplicative:

Detr(gh) # Detr(g)Detr(h) . (66)

This lack of multiplicativity is compensated by the phase factor in (65). Us-
ing the equivalence relation on multiplicative K-theory yields an explicit for-
mula. Let §, h and gﬁ € My (T,Qfo)Jr be the canonical liftings of g, h and
gh respectively The difference gh — gh thus lies in the pro—nilpotent ideal

(J;afo) (T%) the product h=1§='gh lies in 1+ M (J;afo) and its
logarithm given by the usual power series defines an element

In(h~'§7 gh) € Moo (J ) .

Corollary 4.6 Let (<%, H,D) be a regular spectral triple of even parity and
analytic dimension p, with renormalized Chern character chr(p) : f% — C.
Let g,h € Moo ()™ be two unitary elements homotopic to 1. The multiplicative
anomaly is given by the formula

Detr(gh) = exp (chr(p) - Trin(h~'g~'gh)) Detz(g)Detr(h) . (67)

Proof: Because g and h are homotopic to 1 there exist chains 6 and 0" in the
complex X, (T'<7,J</) such that (g,0) and (h, ') represent multiplicative K-
theory classes in M K}ﬁl(&/ ). Their sum is represented by the pair

(5,0) + (h,0) = (GO h,0+6) .

Using rotation 2 x 2 matrices, one shows as in [20] that (§ @ h,0 + 6) and the
pair (gh, 0+ 6") represent the same multiplicative K-theory class. Now consider
the linear homotopy

o~

Gy =t gh+ (1 — t)gh = gh + t(gh — gh)

for ¢t € [0, 1]. Since gh gh lies in a pro- nilpotent ideal, @ defines an invertible
path in M (T%) joining @9 = §h to Gy = gh Its inverse is given by the

series . . .
it =Y (=)t gh = )R
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The Chern-Simons form associated to @ thus reads (to be correct one should
transform the variable ¢ by a smooth bijective function [0,1] — [0, 1] with all
derivatives vanishing at the endpoints)

1 1 ) -
Vomicso(t) = /OTr(frlsa) = Z/O dt(—t)"Tr((h 1§ tgh — 1)"h)

n>0

= Tr ln(iflgflﬁ)

and the pair (gh,0 + 6') is equivalent to (;ﬁ,cso(ﬂ) +6040)in MK, (o).
One has

p1(§ @ h,0+0') = exp (V2richr(p) - (0 +6')) Detz' (g)Dety' (h)
pr(gh, cso(@) + 0 +6') =
exp (chr(p) - (Trin(h~'g~ gh) + V2mi(0 + 6))) Det 3" (gh)

hence equating these numbers yields the desired result. [

Example 4.7 We look at a simple two-dimensional example. Let M be a
closed spin manifold of dimension p = 2, and E — M be a hermitian vector
bundle with unitary connection V : C*(E) — C>*°(T*M ® E). We take Dy :
C*®(S®FE) — C>®(S®E) as the twisted Dirac operator acting on the sections
of spinors with coefficients in F, i.e. Dy is built from the spin connection on
S and V on E. Proceeding as in Example 3.6 we extend Dy to an invertible
selfadjoint operator D on the Hilbert space H = Ho® Hy, with Hy = L>(S® E),
and define oy = C°°(End(F)) as the algebra of smooth endomorphisms of E.
In particular o is Morita equivalent to the commutative algebra C°°(M) and
is represented on H by acting only on the first summand Hy. The spectral
triple (%, H, D) has analytic dimension p = 2 and the renormalized Chern
character chg(p) : T.#% — C is a 2-dimensional trace which reads, through the
isomorphism of pro-vector spaces f% = ﬁ*;z{g,

1
chr(p)(ao) = 5 Mtr(aOVQ),
1 1
hn(p)lagdandar) = 5 [ Str(aolV,]lV,az)
M

for any a; € «%. Here VZ € C*(A*T*M ® End(E)) is the curvature two-form
of the connection, and tr is the trace of endomorphisms. Let g € o4 be a
unitary endomorphism of F (gauge transformation) homotopic to the identity,
and choose a path u € 240, 1] of unitary endomorphisms from the identity to g
(here we do not need to pass to unitalized algebras since & is already unital).
The renormalized determinant of g is given in terms of the Maurer-Cartan form
w=u"tsu € o ®Q0,1]:

Detr(g) = exp (QLM /:/M tr(wvu%u*l[v,unv,w])) .

The integral of the chiral anomaly under the exponential is known in the physics
literature as a Wess-Zumino action [27], while w is the Faddeev-Popov ghost [16].
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For two gauge transformations g, h homotopic to the identity the multiplicative
anomaly given by Corollary 4.6 reads

Deta(gh) = exp (= [ 569! [9.g)[V. ) Deti()Det(r)
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