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Why are we here?

¢ Easter Eggs to find...

+ Tight bounds for the ordinal invariants of Pg,(X).

+ Techniques and ideas to actually compute them.
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Why are we here?

¢ Easter Eggs to find...
+ Tight bounds for the ordinal invariants of Pg,(X).
+ Techniques and ideas to actually compute them.
& This is a prequel
It ends with a cliffhanger.

& There will be ordinals

And I will not give definitions.
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Slow paced walk in the garden of
ordinal invariants

My favourite well-founded set



It’s N x N with the componentwise ordering

Decreasing sequence (x;,y;);cy

ForallieN, xiy1 < X;, Yir1 < Yi, and (Xiy1,Yit1) # (X0, Yi)-

N

(¥1,51)

(0,0)
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ForallieN, xiy1 < X;, Yir1 < Yi, and (Xiy1,Yit1) # (X0, Yi)-

N
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N
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ForallieN, xiy1 < X;, Yir1 < Yi, and (Xiy1,Yit1) # (X0, Yi)-

N
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It’s N x N with the componentwise ordering

Decreasing sequence (X;,y;);cy

Forall i e N, x;11 < Xj, yir1 <Yi, and (x;11,Yir1) # (X0, Yi)-

N
l(X3J3)l(Xz,yz) (¥1,51)
‘(X4J4)
‘(Xsays)
(65 ¥6)
(0,0) N
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It’s N x N with the componentwise ordering

Decreasing sequence (X;,y;);cy

Forall i € N, xiy1 < X, yir1 < Yi, and (Xiy1,Yir1) # (X, Vi)

N
l(’@ds)l(xz,}‘z) (*1,1)
‘(X4J4)
‘(XSsyS)
.(XGJG)
m,;77W) N

2/35



How long can I play this game?

& Definition via descent equations

h(S) £ sup{h(Sl<x) +1: x € S}
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How long can I play this game?

& Definition via descent equations

h(S) £ sup{h(Sl<x) +1: x € S}

Some examples

* h(N) =

: h(NxNxN)

« h(NUN) = w
*h(N+N)=w-2

3/35



Slow paced walk in the garden of
ordinal invariants

Well-quasi-orders and their ordinal
invariants



Variations

& Well quasi-orders
+ No infinite bad sequence: o(X) [de Jongh and Parikh, 1977]
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Variations

& Well quasi-orders

+ No infinite bad sequence: o(X) [de Jongh and Parikh, 1977]
+ No infinite decreasing sequence: h(X) [Schmidt, 1981]
+ No infinite antichain: w(X) [KFiZ and Thomas, 1990]
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Some examples

In the finite case
o(X) = h(X) x w(X)

5/35



Some examples

In the finite case
o(X) = h(X) x w(X)

For N x N N
* h(N xN) = w;
* o(N x N) = w?;
* w(N xN) =w.

5/35



Some examples

In the finite case
o(X) = h(X) x w(X)

For N x N
* h(N xN) = w;
* o(N x N) = w?;
* w(N xN) =w.

5/35



Some examples

In the finite case
o(X) = h(X) x w(X)

For N x N
* h(N xN) = w;
* o(N x N) = w?;
* w(N xN) =w.

5/35



Some examples

In the finite case
o(X) = h(X) x w(X)

For N x N
* h(N xN) = w;
* o(N x N) = w?;
* w(N xN) =w.

5/35



Some examples

In the finite case
o(X) = h(X) x w(X)

For N x N
* h(N xN) = w;
* o(N x N) = w?;
* w(N xN) =w.

Theorem: Kriz and Thomas [1990]

w,h <o <w®h (will never be defined)

5/35



Applications

4 To control the runtime of algorithms

+ Schmitz and Schnoebelen [2011]

- Figueira, Figueira, Schmitz, and Schnoebelen [2011]
+ Haddad, Schmitz, and Schnoebelen [2012]

+ Abriola and Figueira [2014]

- Abriola, Figueira, and Senno [2015]

< Schmitz [2019]

+ Balasubramanian [2020]

For instance, “length function theorems”.
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Slow paced walk in the garden of
ordinal invariants

How to train your ordinal invariant skills



A plethora of nice compositional theorems

* de Jongh and Parikh [1977], Schmidt [1981], Abraham and Bonnet [1999], Van der Meeren, Rathjen, and
Weiermann [2015], DZamonja, Schmitz, and Schnoebelen [2020]

Space M.O.T. Height Width

« «o « 1
AUB @& max ®
A+ B + + max
AxB ® & ?

A-B . . ®
Mo(4) W  hr(4)  o(M°(A))
A<w ww(°(X)i) h*(A) O(A<w)
Pein(A) ? ? ?

Assuming o(A) = w® > 1 to simplify...
7/35



Computing invariants

Space o h w

(w-2) x (w-2)
(wxw)-2
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Computing invariants

Space o h w
(w-2)x (w-2) w?-4
(Wxw)-2 w?2

& Recall...

Space M.O.T. Height Width

« « « 1
A+ B + + max
AxB ® & ?
A-B . . ®
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Computing invariants

& Recall...

Space M.O.T. Height Width

« « « 1
A+ B + + max
AxB ® & ?
A-B . . ®

8/35



Computing invariants

Space o h w
(W-2)x(w-2) w? 4 w?-3 w-3
(Wxw)-2 w2 w2 w

& Recall...

Space M.O.T. Height Width

« « « 1
A+ B + + max
AxB ® & ?
A-B . . ®
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A detour to topology

Advertisement

For topological spaces (X, ), an analogue of o exists and satisfies
the same equations!
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Breathe



The powerset: a necessary evil

But you might think it should not be



The finitary powerset as a quotient

Definition of the ordering

SCy T wheneverVs e S,3t e T,s < t.
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The finitary powerset as a quotient

Definition of the ordering

SCy T wheneverVs e S,3t e T,s < t.
A function letters: X<¥ — Pg (X)
letters: w € X<“ — {w;: 1 < i< |w|}.

¢ Can we learn something from this?

* letters is surejctive
* letters is monotone
+ Tells us that Pg,(X) is wqo...

* ... does not provide ordinal bounds!
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Powerset and usual operations

Powerset and lexicographic sum
Prin(A + B) = Prin(A) + (Prin(B) \ {0})
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Powerset and usual operations

Powerset and lexicographic sum
Prin(A + B) = Prin(A) + (Prin(B) \ {0})
Powerset and disjoint union

Prin(A U B) = Prin(A) x Pfin(B)

11/35



An example of the non-functionnality

Recall...
Space o h w
(w-2)x(w-2) w?-4 w?3 w-3
(Wxw)-2 w2 w2 w
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An example of the non-functionnality

Recall...
Space o h w
(w-2)x(w-2) w?-4 w?3 w-3
(Wxw)-2 w2 w2 w
¢ Whoopsie...
Space o) h w
(w+wl(w+w) w-4 w-2 2
(wHw)+ (wlw) w-4 w-2 2
Pein((w +w)U(w+w)) w?-4 w3 w-3
Pin((wWlUw)+ (wlw)) w?-2 w?-2 w

12/35



The powerset: a necessary evil

Powersets and maps



Invariant preserving maps

Let f: (X, <x) — (Y, <y) be a map.
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Invariant preserving maps

Let f: (X,<x) — (Y, <y) be a map.

& Substructures (add points)

Whenever: f is injective and x <x y < f(x) <y f(y).
& Augmentations (add relations)

Whenever: f is bijective and monotone.

& Reflections (extend relations)

Whenever: f(x) <y f(y) = x<xJy.

13/35



Preservation of ordinal invariants

% How to use these maps

o(X) h(X) w(X)
A<wB ofA)<o(B) h(A)<h(B) w(A)<w(B)
A <ag B o(A) > o(B) w(A) > w(B)
A<B o(A) < o(B) w(A) < w(B)
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Preservation of ordinal invariants

% How to use these maps

o(X) h(X) w(X)
A<wB ofA)<o(B) h(A)<h(B) w(A)<w(B)
A <ag B o(A) > o(B) w(A) > w(B)
A<B o(A) < o(B) w(A) < w(B)

¢ The last line is for upper bounds!
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The finitary powerset functor

Lifting functions F: X — Y.
Prin(f): Pn(X) = Pein(Y) maps S to {f(s): s € S}.
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The finitary powerset functor

Lifting functions F: X — Y.
Prin(f): Pn(X) = Pein(Y) maps S to {f(s): s € S}.

1. fis a substructure map = P, (f) too!
2. f is an augmentation map = Py, (f) too!

3. f is a reflection map ... Noooo.

15/35



Upper and lower bounds

Trivial bounds



What we will prove

¢ What are the trivial bounds here?

Lower Bound Invariant Upper Bound

1 +o(X) o(Psin(X)) 20
1 +h(X) h(Pin(X)) 2%
2w(X) w(Pfin(X)) none

4 All are tight (and given for limit ordinals)

16/35



Easyl: 1 + o(X) < o(Pgn(X))!
1+ o(X) <st Pin(X) via 1 — 0, x — {x}.
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Same proof!
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Easyl: 1+ o(X) < o(Pgn(X))!

14 o(X) <st Pgn(X) via 1 — 0, x — {x}.
Easy2: 1 + h(X) < h(Pgin(X))!

Same proof!

% Easy3: 2"(X) < h(Pg,(X))?
¢ Easy3: unbounded

Take X, = w U a. Then, Pg,(X) = w x (1 + «) has width «. However,
w(Xy) = 2.

17/35



Upper and lower bounds

Upper bound on the maximal order type



4 In general

+ By induction on the invariants of X
+ Start with the descent equation

+ When the ordinal invariant of X is finite: “combinatorics”
+ When the ordinal invariant of X is a successor: “decomposition”
- When the ordinal invariant of X is a limit: “continuity”

18/35



A splitting lemma

Splitting over the maximal order type

Let (X, <) be a wqo such that o(X) = « + 3 for some ordinals «, 3.
Then there exists a partition X = X, & X3 such that: o(X,) = «,
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A splitting lemma

Splitting over the maximal order type

Let (X, <) be a wqo such that o(X) = « + 3 for some ordinals «, 3.
Then there exists a partition X = X, & X3 such that: o(X,) = «,
o(X3) = B, and Xo + X5 >aug X Zaug Xo L X5.

D0w-

o(X)

19/35



The result

Theorem

For all wqo X, o(Pfi,(X)) < 2°%),
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The result

Theorem

For all wqo X, o(Pfi,(X)) < 2°%),

a € N: [Pyn(X)| < 2¢ v
o+ n: o(Pein(X)) < o(Psin(Xa)) ® o Pgin(Xn)) < 2977 v
a limit:
Pein(X) 2,5 =T € Pin(X) | S Ly T}
={T € Pxn(X) | IXx € S, T € Ppin(Xxx)}
= L_J 7)ﬁn()(ZX)
XxeS
Zaug |_| Prin(Xzx) v
xeS

20/35



Upper and lower bounds

Upper bound on the height



A splitting lemma

Splitting over the height

Let X be a wqo such that h(X) = « + n with « limit and n > 1. There
exists a partition X = X1 W X, such that h(X1) = «, h(X2) = n, and
Prin(X) <st Prin(X1) - Prin(X2)-
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A splitting lemma

Splitting over the height

Let X be a wqo such that h(X) = « + n with « limit and n > 1. There
exists a partition X = X1 W X, such that h(X1) = «, h(X2) = n, and
Prin(X) <st Prin(X1) - Prin(X2)-

% Roughly the same proof as before

21/35



The result

Theorem
For all wgo X, there exists m € N, h(Pg, (X)) < 2hX)+m,

Furthermore, m = 0 when h(X) is a limit ordinal.
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The result

Theorem
For all wgo X, there exists m € N, h(Pg, (X)) < 2hX)+m,

Furthermore, m = 0 when h(X) is a limit ordinal.

N

a € N: [Pa(X)] < 2¢
a+ n: h(Pgn(X)) < h(Phin(Xa)) - h(Phin(Xn)) < 2047 v

a limit:

Pein(X)cws =T € Phin(X): T T3 S}
={T € Psn(X): TC S}
<st Pﬁn(is) v

22/35



Upper and lower bounds

Lower bound of the width



A splitting lemma

Splitting over the width

Let X be a wqo such that w(X) = o + n with n > 0. There exists Y of
width a such that Y U T, < X.
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A splitting lemma

Splitting over the width

Let X be a wqo such that w(X) = o + n with n > 0. There exists Y of
width a such that Y U T, < X.

& Remark for the continuity

If B < w(X), then X has a substructure Y and 3 < w(Y) < w(X).

4 Needed: DZamonja et al. [2020], Vialard [2022]
w(A x B) > w(B) - o(A) whenever w(B) is additively indecomposable.
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The result

Theorem

For all wqo X, either w(X) = k < w and w(Pgn (X)) > w(Pgin(lk)), or
W(Pp (X)) 2 2400,
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The result

Theorem

For all wqo X, either w(X) = k < w and w(Pgn (X)) > w(Pgin(lk)), or
W(Pp (X)) 2 2400,

a € N: T <g X. v
a+n: 297" < w(Phin(Y) X Prin(Mn)) < w(Pein(X)). v
alimit: V3 < a,3Y3 < X, 8 <w(Y) <. v

24/35



Blowing the powerset up

Tightness of the easy bounds



Lower bounds are tight!

Search X,, such that f(X,) = a and f(P¢,(X.)) reaches the bound.
% For the easy bounds

Prin(a) =1+ a.

Reminder: we already did the width

Xy =wla

25/35



Blowing the powerset up

Exploding width and maximal order type



Family 1

Bad Family
* Hoo=1I1,
* le — Znew rn,
* Fora >0, H, e = ZBWQ H.s

* And forw® + .- +w* inCNF, H 014 hon = H,_,
where - designates the direct (or lexicographic) product.

ag e H_on
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Family 1

Bad Family
* Hoo=1I1,
° le = Znew r”’
* Fora>0,H we =3 5 0 Hus

* And forw® + .- +w* inCNF, H 014 hon = H,_,
where - designates the direct (or lexicographic) product.

ag e H_on

& Mini correction for simple sums

Hwo‘1+...+wan == I—l?:]_Hwo‘i.

26/35



Draw a picture here
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Family 1

Highly regular wqos

h(Hue) = o(Huwe) = W(Hye ) = w®
4 Consequence:

o(Ptin(Ha)) = w(Psin(Ha)) = 2.

28/35



Blowing the powerset up

Exploding height



Family 2

Simon’s family
Define P, as follows:
c P,=w.
« If B < w® limit, Pyayg = (Poa + 1) x Ps.
* P+t = (Pua +2).
¢ If alimit, Poo = Yoo geq Pus-
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Family 2

Simon’s family

Define P, as follows:

s P, =w.

o If B < w® limit, Pyoip = (Poe + 1) x Pg.
* P+t = (Pua +2).

 If alimit, Poe = > g 5.0 Pos-

& Mini correction for successors

Posm=Po+Ta+---+T).
—_———

m times

29/35



Family 2

4 Consequence: tight bounds

h(Pa) = o and h(Pgn(Py)) = 2% when « is a limit ordinal.

30/35



Blowing the powerset up

A funny construction



Can we make two parameters explode?

Inspired by constructions from Hasegawa [2002]
* Wy =w¥
* Wart = Wi

* Wy = limg<q W3 (trust me: has a formal meaning)
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Can we make two parameters explode?

Inspired by constructions from Hasegawa [2002]

* Wy = w<¥
Wais = Wi

* Wy = limg<q W3 (trust me: has a formal meaning)

¢ Invariants

o(W,) = w(W,) goes to ¢y, while h(W,)) = w.

% Consequence

h(Pfin(Wa)) = w and o(Pfin(Wa)) reaches the upper bound

31/35



Final thoughts

The yummy sandwich



We often can compute the invariants

% An easy case (used a lot in this talk!)

If w(X) = o(X), then it holds for w(Pg,(X)) = o(Pgin(X)) = 2°0.

32/35



We often can compute the invariants

% An easy case (used a lot in this talk!)
If w(X) = o(X), then it holds for w(Pg,(X)) = o(Pgin(X)) = 2°0.

4 Is this a generic case? ...stay tuned!

Xi=a|X-X|X+X|XUX|XxX
Y = X< Y9 Prn(Y) [ MO(X) | YL Y

32/35



Final thoughts

The ideal partner for the height



We often can compute the invariants

Nice computation
If X = IdI(Y) then h(Pgn(X)) = h(Pine(Y)) = 1 + o(Y).
& Commutation

cldli(a) =a+1;

- 1dI(X U Y) = 1dI(X) UIdI(Y);

< 1dI(X x Y) = 1dI(X) x IdI(Y);

- 1dI(MZ(X)) = M2 (IdI(X)).

33/35



A map that powerset likes

Condensation: 7: A — B (A <.ong B)

* Surjective

* Monotone

c b<pgf(y) = Ix<ay,b=f(x).
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A map that powerset likes

Condensation: 7: A — B (A <.ong B)

+ Surjective f(A)=B
* Monotone f(lx) C{f(x)
c b<pgf(y) = Ix<ay,b=f(x). f(lx) 2 1f(x)

Main lemma
If B <cong A, then h(B) < h(A).

% Condensing tuples

The function ¢: X" — Mg(X) mapping (x1, ..., x,) to the multiset
{ X1,...,Xn [} is a condensation.

34/35



¢ Take back home

+ The reasonable bounds on P, are tight

+ Lexicographic sum was used to reach upper bounds
What’s next?
(|d| & Scond) \ {+} =0

% Variations...

+ The (usual) powerset has similar properties?

+ Abstract proofs assuming F(X).s C F(X<support(s))?

35/35



Thank you!
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« otherwise.
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h(A) - w otherwise.
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