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Introduction I

Goal

� Efficient discretisations for problems in nonsmooth domains, e.g. cracked
domains.

� Locking-free discretisations for nearly incompressible elasticity in unilateral
contact mechanics

Basic idea

� First ingredient: Mixed(-hybrid) variational formulation.

� Second ingredient: Extend (smooth) domain formulation.

Some applications

� Shape optimisation.

� Geometric inverse problems

J-M. Sac Épée. S. Tahir (LMAM, University of Metz).
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Outline

Outline

1. The linearized elasticity case

� Formulation with the symmetry of the constraint tensor

� Formulation without symmetry: modified Hellinger-Reisner formulation

2. Finite elements discretisations

� The PEERS element

� BDMS element

3. Error analysis

4. Experiments

5. Application: Computing the topological derivative in nonsmooth domains

6. Summary and outlook
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Domain with a crack
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Unilateral crack problem: the elasticity system

Formulation with the symmetry of σ

� The equations for the linearized elasticity:

σ = C−1ε(u) in Ωc

−div σ = f in Ωc

u = 0 on Γd

σ · ν = g on ΓN ,

[u] ν ≥ 0, [σν] = 0, σν [u · ν] = 0 on ΓC,

σν ≤ 0, σt = 0 onΓ±C

� Modelling the friction?
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Unilateral crack problem: the elasticity system

�
σν = (σν)ν, σt = σν − σνν

ε = 1
2(∇u+∇uT ),

�
σ = C−1ε(u) = 2µε+ λtr(ε)I

2µ = E
1+ν , λ = Eν

(1+ν)(1−2ν)

� nearly incompressible material: λ→ +∞(ν → 1
2)

purely displacement formulation not good −→ numerical locking
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Unilateral crack problem: the elasticity system

Variational formulation

�

X(Ωc) = {σ ∈ L2(Ωc; R2×2
sym ), div σ ∈ L2

(
Ωc; R2

)
, σν = 0 on ΓN}

K(Ωc) = {σ ∈ X(Ωc), [σν] = 0 on Γc, στ = 0 on Γc, σν ≤ 0 on Γc}

� 
a(σ, τ − σ) + b(τ − σ, u) ≥ 0, τ ∈ K(Ωc)

b(σ, v) = −L(v), (v, η) ∈ V (Ωc)

� 

a(σ, τ) = (C−1σ, τ) =
∫

Ωc

C−1σ : τ dx

b(σ, u) = (div σ, u) =
∫

Ωc

div σ · u dx

L(v) = (f, v) =
∫

Ωc

f · v dx

� Existence, uniqueness and stability wrt data follow from the coercivity of a(., .)
and the Brezzi-Babuska inf-sup condition on b(., .).
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Unilateral crack problem: the elasticity system

Extended variational formulation

� The smooth domain formulation is obtained by extending σ and u to the whole
domain Ω = Ωc ∪ Γc. Resulting problem is obtained with Ωc replaced by Ω, and

K = {q ∈ X(Ω), στ = 0, σν ≤ 0, on Γc} .

� theorem the extended problem admits a unique solution (σ,u) s.t

‖σ‖+ ‖u‖ ≤ c‖f‖.

� equilibrium equation and the Hook’s law in the sense of distributions in Ωc.
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Discrete problems

Arnold-Winther element

� Difficulty: the inf-sup condition

� for any T ∈ Th, set

ΣT = P2(T,R2×2
sym ) +

{
τ ∈ P3(T,R2×2

sym ); div τ = 0
}

=
{
τ ∈ P3(T,R2×2

sym ); div τ ∈ P1(T )2
}
.

Xh = {σ ∈ X; σT ∈ XT}
Vh =

{
vh ∈ (C(Ω))2; vh,|T ∈ (P1(T ))2, ∀T ∈ Th

}
.
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Arnold-Winther elements
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Unilateral crack problem: the elasticity system

� The equations for the linearized elasticity:

Cσ −5u+ γ = 0 in Ωc

σ − σT = 0 in Ωc

−div σ = f in Ωc

u = 0 on Γd

σ · ν = g on ΓN ,

[u] ν ≥ 0, [σν] = 0, σν [u · ν] = 0 on ΓC,

σν ≤ 0, σt = 0 onΓ±C

γ = rot(u)
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Unilateral crack problem: the elasticity system

Variational formulation

�

X(Ωc) = {σ ∈ L2(Ωc; R2×2), div σ ∈ L2
(

Ωc; R2
)
, σν = 0 on ΓN}

K(Ωc) = {σ ∈ X(Ωc), [σν] = 0 on Γc, στ = 0 on Γc, σν ≤ 0 on Γc}

W (Ωc) = L2(Ωc,M2×2
skew)

� 
a(σ, τ − σ) + b(τ − σ;u, γ) ≥ 0, τ ∈ K(Ωc)

b(σ; v, η) = −L(v), (v, η) ∈ V (Ωc)×W (Ωc)

� 

a(σ, τ) = (C−1σ, τ) =
∫

Ωc

C−1σ : τ dx

b(σ;u, γ) = (div σ, u) + (σ, γ) =
∫

Ωc

div σ · u dx+
∫

Ωc

σ : γ dx

L(v) = (f, v) =
∫

Ωc

f · v dx

� Existence, uniqueness and stability wrt data follow from the coercivity of a(., .)
and the Brezzi-Babuska inf-sup condition on b(., .).
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Unilateral crack problem: the elasticity system

� as(γ) = γ2,1 − γ1,2

� Extended formulation

Ωc−→Ω

� Note

• Contact conditions to be understood in a weak sense.

• equilibrium equation in the sense of distributions in Ωc.
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Unilateral crack problem: the elasticity system

Hybrid formulation

� Set M = H
1
2
00(Γc)2,

M+ =
{
µ ∈ H

1
2
00(Γc); µ ≥ 0.a.e.

}
.

� 

a(σ, τ − σ) + b(τ − σ;u, γ) + dt(τ, λt) + dn(τ, λn) = 0, τ ∈ X

b(σ; v, η) = −L(v), (v, η) ∈ V (Ωc)×W (Ωc)

dt(σ, µt) = 0, ∀µt = (µ1, µ2) ∈M, µi · νi = 0

dn(σ, µn − λn) ≤ 0, ∀µn ∈M+

�  dt(τ, µt) =<< τt, µt >>1
2,00,Γc

dn(τ, µn) =< τν, µn >1
2,00,Γc

� Existence, uniqueness and stability wrt data hold
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Discrete problems

PEERS element

� for any T ∈ Th, set A = {rot bT}., B0(T ) = {τ/(τi1, τi2) ∈ A; i = 1, 2} and
XT = RT0(T )2 ⊕B0(T ),

Xh = {σ ∈ X; σT ∈ XT}

Vh = {vh ∈ L2(Ω)2; vh|T ∈ (P0(T ))2, ∀T ∈ Th}
Wh =

{
γh ∈W ∩ C0(Ω,M2×2

skew); γh|T ∈ P1(T ;M2×2
skew), ∀T ∈ Th

}
�

W 0
h(Γc) = {µh, µh|ti ∈ P0(ti), 0 ≤ i ≤ I − 1}

Mh = (W 0
h)2

M+
h = {µh ∈W 0

h , µh ≥ 0, }
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Discrete problems

Lower order BDM element

� for any T ∈ Th, set

RT = {v; v(x, y) = (a, b) + c(−y, x), a, b, c ∈ R}

Xh = {σ ∈ X; σ = σ1 + σ2 + σ3, σ1
T ∈ P

2,2
1 (T )

σ2
T ∈ bT∇RT , σ3

T ∈ B0(T ), T ∈ Th}
Vh = {vh ∈ (C0(Ω̄))2; vh|T ∈ RT , ∀T ∈ Th}

�
W 1
h(Γc) = {µh, µh|ti ∈ P1(ti), 1 ≤ i ≤ I − 2,
µh|te ∈ P0(te), e = 0, I − 1}

Mh = (W 1
h)2

M+
h = {µh ∈W 1

h ,
∫

Γc
µhψh ≥ 0, ψh ∈W 1

h}

Result:

� Each discrete problem, resp. hybrid problem, admits a unique solution
(σh, uh, γh), resp. (σh, uh, γh, λth, λnh)
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Error estimates

� theorem Let (σ;u, γ, λ = ((λt1, λt2), λn)) be the solution of the hybrid problem.
Suppose that u|

Ω1
∈ H2(Ω1), u|

Ω2
∈ H2(Ω2), and that

σ|
Ω1
∈ H1(Ω1), σ|

Ω2
∈ H1(Ω2). Let (σh;uh, γh, λh) = ((λht1, λht2), λhn)) be

the solution of the PEERS-based discrete problem

‖ σ − σh ‖L2(Ω,R2×2) + ‖ u− uh ‖V + ‖ γ − γh ‖W +

+ ‖ λt − λht ‖L2(Γc,R2) + ‖ λn − λhn ‖L2(Γc)≤ C(u, σ)h
1
2.

theorem Let (σ;u, γ, λt = ((λt1, λt2), λn)) be the solution of Problem (1.12).
Suppose that u|

Ω1
∈ H2(Ω1), u|

Ω2
∈ H2(Ω2), and that

σ|
Ω1

(resp. γ|
Ω1

) ∈ H1(Ω1,R2,2), σ|
Ω2

(resp. γ|
Ω2

) ∈ H1(Ω2,R2,2). Let

(σh;uh, γh, λht) = ((λht1, λht2), λhn)) be the solution of the BDM-based discrete
Problem

‖ σ − σh ‖0 + ‖ u− uh ‖V + ‖ γ − γh ‖0 +

+ ‖ λt − λht ‖
H

1
2
00(Γc,R2)

+ ‖ λn − λhn ‖
H

1
2
00(Γc)

≤ C(u, σ)h
3
4.

Constant scalar C(u, σ) is linear depending on ‖ u|
Ωl
‖H2(Ωl), ‖ σ|Ωl ‖H1(Ωl)4 and

‖ div σ|
Ωl
‖H1(Ωl)2 l = 1, 2.
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Experiments (1)

Experiments

Implementation

� Uzawa algorithm

� Elimination of the constraint

� A modified algorithm

• Solve

min
Φ≥0

(1
2
tΦtLK−1LΦ− tΦtLK−1F +

1
2
tFK−1F

)
• Φ = SΛ, solve

U = K−1(F− LSΛ)
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Experiments (1)
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Experiments (1)
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Experiments (2)

� Computing the topological derivative

(J. Sokolowski, K. Szulk)

J(Ωε)− J(Ω) = f(ε)g(x) + o(f(ε))
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Experiments (2)
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Experiments (3)
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Summary

Summary

� Efficient discretisations.

� flexibility for the triangulations

� (numerical) analysis in the framework of smooth (Lipschitz) domains

Thank you for your attention !
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