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Introduction |

Goal

® Efficient discretisations for problems in nonsmooth domains, e.g. cracked
domains.

® Locking-free discretisations for nearly incompressible elasticity in unilateral
contact mechanics

Basic idea
® First ingredient: Mixed(-hybrid) variational formulation.

® Second ingredient: Extend (smooth) domain formulation.

Some applications
® Shape optimisation.

® Geometric inverse problems

J-M. Sac Epée. S. Tahir (LMAM, University of Metz).
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Outline

Outline
1. The linearized elasticity case
® Formulation with the symmetry of the constraint tensor
® Formulation without symmetry: modified Hellinger-Reisner formulation
2. Finite elements discretisations
® The PEERS element
¢ BDMS element
Error analysis
Experiments

Application: Computing the topological derivative in nonsmooth domains

S o AW

Summary and outlook
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Domain with a crack
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Unilateral crack problem: the elasticity system

Formulation with the symmetry of o

® The equations for the linearized elasticity:

o=C"1le(u) inQ,
—divo=Ff in{Q,
u=0 only
o-v=g only,
ulv >0, |0, =0, o,ju-v]=0 onTg¢,

o, <0, 0, =0 onI‘?Ej

® Modelling the friction?
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Unilateral crack problem: the elasticity system

o, = (ov)v, 0y = oV — oLV

= 2(Vu+ Vul),

o =Cle(u) = 2ue + Mr(e)l

_ F _ Ev
21 = 135, A= (A+tv)(1—2v)

® nearly incompressible material: A — +oo(v — 1)

purely displacement formulation not good — numerical locking
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Unilateral crack problem: the elasticity system

Variational formulation

* X(Q) = {0 € LX(Q; R22), div o € L? (QC;RQ) ov=0o0n Ty}
K(Q.) ={oce X(Q.),lov|=0onT.0,=00onT.0,<0onTl.}
¢ (a0 r—0) +b(r —ovu) >0, € K()
\
| blo,v) = —L(v), (v,n) € V()
.

)
a(o,7) = (C o, 7) = / Clo:7dx

Qe

! b(a,u)z(diua,u)z/ div o - u dx

L(U):(fvv): f”de

9%

\

¢ Existence, uniqueness and stability wrt data follow from the coercivity of a(.,.)
and the Brezzi-Babuska inf-sup condition on b(.,.).
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Unilateral crack problem: the elasticity system

Extended variational formulation

® The smooth domain formulation is obtained by extending o and u to the whole
domain 2 = Q. UTI'.. Resulting problem is obtained with ). replaced by €2, and

K={qeX(), 0,=0, 0,<0, onT'.}.
® theorem the extended problem admits a unique solution (o, u) s.t
o]l + [Jal] < c[[f].

® cquilibrium equation and the Hook’s law in the sense of distributions in §2..
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Discrete problems

Arnold-Winther element

¢ Difficulty: the inf-sup condition
® for any T € T}, set

Sr=DPy(T,R2:2) + {7 € P3(T,R22); divr =0}

sym sym

= {7 € P3(T,R2?); divr € P(T)°} .

sym

Xh:{O'EX; O'TEXT}
Vi, = {’Uh c (C(ﬁ))Q, Uh,|T - (Pl(T))Q, YT € 'Th}
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Arnold-Winther elements

ARG
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Unilateral crack problem: the elasticity system

® The equations for the linearized elasticity:

Co—syu+~v=0 in€,
oc—ocl' =0 inQ,
—dwv o= f in (),

u=0 only
oc-v=g¢g only,

ulv >0, [0,]=0, o,[u-v] =0 onTlg,

o, <0, 0, =0 onI‘?Ej

v = rot(u)
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Unilateral crack problem: the elasticity system

Variational formulation

4
X(Q,) = {0 € L2(Q:R?*?), div o € L? (QC;R2),JV —0onTy)
K(Q.) ={oce X(Q),lov]=00onT,,0.=00nT,0,<0o0nT.}
W(Qe) = L3(Qe, MZ2)
‘ (
a(o, 7 — o)+ b(t —o;u,y) >0, T K(Q)
9
L O(o5v,m) = =L(v), (v,n) € V(Q) x W(Q)
‘ (
a(o,7) = (Clo,7)= | Clo:7dx
Qe

b(o;u,v) = (div o,u) + (0,7) = div o -u dr + o:7vdx
) Q

L(U)Z(f,v)=/cf°vdx

\

¢ Existence, uniqueness and stability wrt data follow from the coercivity of a(.,.)
and the Brezzi-Babuska inf-sup condition on b(.,.).
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Unilateral crack problem: the elasticity system

® as(y) = Y2,1 — V1,2

¢ Extended formulation

® Note
e Contact conditions to be understood in a weak sense.

e equilibrium equation in the sense of distributions in 2.
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Unilateral crack problem: the elasticity system

Hybrid formulation
1
® Set M = HZ,(T.)?,

1
My ={pe Hy(T); p>0ae|.

* ( a(o, 7 — )+ b(T —o;u,y) +de(T, \) +dpn(T, M) =0, T€X
b(osv,n) = —L(v), (v,n) € V() x W(L)
\
di(o, put) =0, Ype = (p1,p2) € M, pi-v; =0
\ dp (o, iy — Ap) <0, Y, € My
.

dt(Ta /’Lt) =<< T, Mt >>%,00,Fc

dn(Ta ,Un) =< Ty, Un >%,00,F0

® Existence, uniqueness and stability wrt data hold
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Discrete problems

PEERS element

® for any I' € Ty, set A= {TOt bT}., Bo(T) = {7’/(7',,;1,7'7;2) €A 1= 1,2} and
X1 = RTy(T)? @ Bo(T),

Xh:{UEX; O‘TEXT}

Vi, = {vn € L*()%; v € (Po(T))?, VT € Ty}
Wi, = {9 € WNCUQ, M3 )iy € PU(T; MZ,), VT € Ty}

skew skew
My, = (W})?

M;:{Nhewf?a ,UhZOa}
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Discrete problems

Lower order BDM element

® for any T € T}, set
Ry = {v; v(z,y) = (a,b) + c(~y,z),a,b,c € R}

X, ={0€X; 0=0'"+0%+0% 0k c PP*T)
0% € byVRr,03 € Bo(T), T € Ty}

Vi = {on € (C°(Q))%; vnr € Ry, VT € T}

Wy(Te) = {un, pnp, €P1(ts), 1<i<T -2,
tnjte € Polte),e=0,1—1}

My, = (Wy)?

M;LL = {un € W, fpc ppn > 0,0, € Wi}
Result:

® Each discrete problem, resp. hybrid problem, admits a unique solution
(Ohs Uny Yh), 1€SP. (Ths Uhy Vs Ath, Anh)
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Error estimates

® theorem Let (o;u,v, A = ((At1, A\s2), An)) be the solution of the hybrid problem.
Suppose that u_, € H*(Q'), v _, € H*(*), and that

O'|Ql < Hl(ﬂl), O'|Q2 c Hl(QQ). Let (ah;uh,vh, )\h) = ((Aht17 )\ht2)7 )\hn)) be
the solution of the PEERS-based discrete problem

I o= onllz2prexe) + [l u—un v + [ v = llw +

+ [ A = At 2 r2) + 1l An = Ann 2200 < C(u,o)h?.

theorem Let (o;u,v, A\t = (A1, A\e2), An)) be the solution of Problem (1.12).
Suppose that U, € H?(OQY), U, € H?(Q?), and that

0|, (resp. 7, ) € H'Y(Q R*?), 0,2 (Tesp. 7|, ) € H'Y(Q? R*?). Let

(oh; Uny Yhys Art) = ((Ant1, Ant2), Ann)) be the solution of the BDM-based discrete
Problem

I o—=onllo+ [l w—=wunllv+[Iv—=2mlo+

o=l A= Aua |y < Clu,0)ht,
HZ (Tc,R2) HZ (Te)

(o

Constant scalar C'(u,0) is linear depending on || u_, || g2y, [l 0y, [|51(q1)s and
| div oy, ||giayz 1 =1,2.
Ol (©2°)
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Experiments (1)

Experiments

Implementation
¢ Uzawa algorithm
® Elimination of the constraint
¢ A modified algorithm
e Solve

1 1
min(='®'LK'L® — '®'LK'F + —'FK'F)
>0 2 2

o & = SA, solve
U=K (F—-LSA)
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Experiments (1)

50 Mise en oeuvre et résultats numériques.

Contraintes en fonction de pas de discretisation,G=]0,4[,nu=0.29
0.5 T T T

sigma_x_L*2_ Norme —+—
sigma_y_L*2_Norme ---x---
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FIG. 3.5 — La norme L? de l'erreur relative des contraintes en fonction du pas de
discrétisation.

e\
———

Fi1G. 3.6 — Isovaleurs de w4

FiG. 3.7 — Isovaleurs de us,.
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Experiments (1)

52 Mise en oeuvre et résultats numériques.

Deplacements en fonction de ddl,G=]1,3[,nu=0.49
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F1G. 3.12 — La norme L? de l'erreur relative des déplacements en fonction des
ddL

Contraintes en fonction de ddl,G=]1,3[,nu=0.49
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FI1G. 3.13 — La norme L? de erreur relative des contraintes en fonction des ddl.
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Experiments (2)

® Computing the topological derivative
(J. Sokolowski, K. Szulk)
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Experiments (2)
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Experiments (3)
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Summary

Summary
® Efficient discretisations.
¢ flexibility for the triangulations

® (numerical) analysis in the framework of smooth (Lipschitz) domains

Thank you for your attention !
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