
A velocity-based time-stepping scheme

for vibro-impact problems

L. Paoli

LaMUSE, Université de Saint-Etienne
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I - Description of the dynamics

We consider a mechanical system with a finite number of degrees of freedom.
The unconstrained dynamics is given by

M(q)q̈ = f (t, q, q̇).

We assume that the system is submitted to perfect unilateral constraints described by

q(t) ∈ K =
{
q ∈ IRd; gα(q) ≥ 0 ∀α ∈ {1, . . . , ν}

}
, ν ≥ 1.

Adding the reaction force due to the constraints, we obtain

(1) M(q)q̈ = f (t, q, q̇) + µ, µ ∈ −NK(q), Supp(µ) ⊂
{
t; q(t) ∈ ∂K

}

with

NK(q) =
{ ν∑

α=1

λα∇gα(q), λα ≤ 0 if gα(q) ≤ 0, λα = 0 otherwise
}

.



The transmission of the velocity at impacts is modelled by Newton’s law

(2) q̇+(t) = −eq̇−(t) + (1 + e)projq(t)
(
TK(q(t)), q̇−(t))

where e ∈ [0, 1] is a restitution coefficient and

TK(q) = V (q) =
{
w ∈ IRd;∇gα(q) · w ≥ 0 if gα(q) ≤ 0

}
.

Following J.J. Moreau’s approach, (1)-(2) can be replaced by a Measure Differential Inclusion

(MDI) f (t, q, q̇)−M(q)q̈ ∈ NV (q)

(
q̇+ + eq̇−

1 + e

)
.

Reference: J.J. Moreau, “Unilateral contact and dry friction in finite freedom dynamics”,
1988.



More precisely we consider the following Cauchy problem:

Problem (P) Let (q0, u0) ∈ K × V (q0) be admissible initial data.
Find τ > 0 and u ∈ BV

(
[0, τ ]; IRd

)
such that u and the function q defined by

q(t) = q0 +

∫ t

0
u(s) ds ∀t ∈ [0, τ ]

satisfy:

u+(0) = u0, u(t) =
u+(t) + eu−(t)

1 + e
∀t ∈ (0, τ ),

and

f
(
t, q, u

)
dt−M(q)du ∈ NV (q)(u)

with

NV (q)(u) =

{ {
y ∈ IRd; y · (x− u) ≤ 0 ∀x ∈ V (q)

}
if u ∈ V (q),

∅ otherwise.



II - Description of the scheme

For a given time-step h > 0, we define the approximate positions and velocities by

qh,0 = q0, uh,0 = u0

and for all i ≥ 0

qh,i+1 = qh,i + huh,i

f
(
th,i+1, qh,i+1, uh,i+1

)
−M(qh,i+1)

(
uh,i+1 − uh,i

h

)
∈ NV (qh,i+1)

(
uh,i+1 + euh,i

1 + e

)
.

Using the definition of NV (q)(·), we can rewrite it as

uh,i+1 = −euh,i+(1+e)projqh,i+1

(
V (qh,i+1), uh,i +

h

1 + e
M−1(qh,i+1)f

(
th,i+1, qh,i+1, uh,i+1

))
.

Reference: J.J. Moreau, “Dynamique de systèmes à liaisons unilatérales avec frottement
sec éventuel, essais numériques”, 1986.



Properties

• If qh,i+1 ∈ Int(K), we obtain simply

qh,i+2 − 2qh,i+1 + qh,i

h2
= M−1(qh,i+1)f

(
th,i+1, qh,i+1, uh,i+1

)

which is a discretization of the unconstrained dynamics.
• The constraint is satisfied at the velocity level at each time step in the following sense

uh,i+1 + euh,i

1 + e
∈ V (qh,i+1).

• The ponderation between uh,i+1 and uh,i leads to a correct reflection of the velocity at
impacts.

Example (bouncing ball): d = 1, K = IR+, M(q) ≡ 1, f ≡ 0, q0 = 1, u0 = −1.
The solution of problem (P) is

{
q(t) = 1− t if t ∈ [0, 1],
q(t) = e(t− 1) if t ≥ 1.



We obtain qh,0 = 1, uh,0 = −1 and for all i ≥ 0

qh,i+1 = qh,i + huh,i, uh,i+1 = −euh,i + (1 + e)projqh,i+1

(
V (qh,i+1), uh,i

)

with

projqh,i+1

(
V (qh,i+1), uh,i

)
=

{
uh,i if qh,i+1 > 0,
max(uh,i, 0) if qh,i+1 ≤ 0.

Assume that h ∈ (0, 1). There exists p ≥ 1 such that

p = max
{
k ≥ 0; qh,i > 0 ∀i ∈ {0, . . . , k}

}
.

Then

qh,i+1 = 1− (i + 1)h, uh,i = −1 ∀i ∈ {0, . . . , p}

and qh,p+1 ≤ 0. Thus uh,p+1 = −euh,p + (1 + e) max(uh,p, 0) = e and

qh,i = 1− (p + 1)h + e(i− p− 1)h, uh,i = e ∀i ≥ p + 1.



III - Convergence results

References:

• single constraint case (ν = 1), trivial mass matrix and e = 0: M. Monteiro Marques,
“Differential inclusions in nonsmooth mechanical problems”, 1993

• single constraint case, trivial mass matrix and e ∈ [0, 1]: M. Mabrouk, “A unified variational
model for the dynamics of perfect unilateral contraints”, 1998

New results:

• single constraint case, non trivial mass matrix and e ∈ [0, 1] (joint work with R. Dzonou
and M. Monteiro Marques)

• multi-constraint case, non trivial mass matrix, e ∈ [0, 1]



In the single constraint case we prove the convergence of the approximate positions and
velocities under the following assumptions:

(H1) f ∈ C0
(
[0, T ] × IRd × IRd; IRd

)
(T > 0), s.t. f is locally Lispchitz continuous in its

last two arguments,

(H2) M ∈ C1
(
IRd;Md∗d,sdp(IR)

)
,

(H3) g ∈ C1,1/2
loc (IRd; IR) s.t. ∇g does not vanish in a neighbourhood of {q ∈ IRd; g(q) = 0}.

Under assumptions (H1) and (H2) we can not expect a global existence result on [0, T ] for
problem (P) but we have

Proposition (energy estimate): Let R > ‖u0‖q0. Then there exists τ (R) > 0 s.t., for
any solution (q, u) of problem (P) defined on [0, τ ] (with τ ∈ (0, T ]), we have

∥∥u(t)
∥∥

q(t)
≤ R ∀t ∈

[
0, min

(
τ, τ (R)

)]
.

Reference: L.P. and M. Schatzman, “A numerical scheme for impact problems”, 2002.



We define the sequence of approximate solutions (qh, uh)h>0 by

uh(t) = uh,i if t ∈ [th,i, th,i+1) ∩ [0, T ],

qh(t) = q0 +

∫ t

0
uh(s) ds ∀t ∈ [0, T ].

So we prove

Theorem: Let R > ‖u0‖q0. Then there exists a subsequence of (qh, uh)h>0, still denoted
(qh, uh)h>0, s.t.

qh → q in C0
(
[0, min

(
T, τ (R)

)]
; IRd

)

uh → v pointwise in [0, min
(
T, τ (R)

)]

and (q, u) is a solution of problem (P) on [0, min
(
T, τ (R)

)]
, with

u(t) =
v+(t) + ev−(t)

1 + e
∀t ∈ (0, min

(
T, τ (R)

))
.



Sketch of the proof

First step: local convergence result

• We establish uniform estimates for the discrete velocities on a time interval [0, τ ], τ ∈ (0, T ],
by using Brouwer’s fixed point theorem.

Then we prove that (uh)h>0 is bounded in BV (0, τ ; IRd).

• We pass to the limit by using Ascoli’s and Helly’s theorems: there exists a subsequence, still
denoted (qh, uh)h>0 s.t.

uh → v pointwise in [0, τ ],

and
qh → q uniformly in [0, τ ],

with

q(t) = q0 +

∫ t

0
u(s) ds ∀t ∈ [0, τ ],

and

u(t) =
v+(t) + ev−(t)

1 + e
∀t ∈ (0, τ ).



• We study the properties of the limit (q, u): we prove that

q(t) ∈ K ∀t ∈ [0, τ ].

Then we establish that the MDI is satisfied on J = {t ∈ [0, τ ]; u+(t) = u−(t)} and that the
velocity is correctly reversed on [0, τ ] \ J .

Second step: Convergence on
[
0, min

(
T, τ (R)

)]
, R > ‖u0‖q0.

We establish that, if (qh, uh)h>0 converges to a solution (q, u) of problem (P) on [0, τ ∗], with
τ ∗ ∈ (0, T ], we have

lim suph→0 sup
{
‖uh,i‖qh,i

; 0 ≤ th,i ≤ min
(
τ ∗, τ (R)

)}

≤ ess sup
{
‖u(t)‖q(t); 0 ≤ t ≤ min

(
τ ∗, τ (R)

)}
≤ R

and we argue by contradiction.



In the multi-constraint case we replace assumption (H3) by

(H’3) for all α ∈ {1, . . . , ν}, gα ∈ C1(IRd; IR) s.t. ∇gα is locally Lispchitz continuous and
does not vanish in a neighbourhood of {q ∈ IRd; gα(q) = 0},

(H’4)
(
∇gα(q)

)
α∈J(q)

, with J(q) = {α; gα(q) = 0}, is linearly independent for all q ∈ K.

Moreover a new difficulty occurs: the motion is not continuous with respect to initial data.

Nevertheless continuity on data holds if

(H’5) for all q ∈ K, for all (α, β) ∈ J(q)2 s.t. α /= β

(
∇gα(q), M(q)−1∇gβ(q)

)
≤ 0 if e = 0,(

∇gα(q), M(q)−1∇gβ(q)
)

= 0 if e ∈ (0, 1].

Reference: L.P., “Continuous dependence on data for vibro-impact problems”, 2005.



Under these assumptions we prove once again the convergence of a subsequence of (qh, uh)h>0

to a solution of problem (P).

The sketch of the proof is similar but now the main difficulty is the study of the reflection of
the velocity at impacts.

Idea: If u+(t) /= u−(t) we prove first that

M
(
q(t)

)(
u+(t)− u−(t)

)
∈ −NK

(
q(t)

)

i.e. there exists (µα)1≤α≤ν s.t.

u+(t)− u−(t) =
ν∑

α=1

µαM
(
q(t)

)−1∇gα

(
q(t)

)
with

{
µα ≥ 0 if gα

(
q(t)

)
= 0,

µα = 0 otherwise.

Then we observe that the impact law is satisfied iff

∇gα

(
q(t)

)
·
(
u+(t) + eu−(t)

)
= 0 for all α ∈ {1, . . . , ν} s.t. µα > 0

which is proved by performing a precise study of the discrete velocities in a neighbourhood
of t.
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