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Conjectures a la Stark

Let K be a totally real field and let N/K be a finite abelian extension of
number fields with conductor | = fof and Galois group G. Let S be a
finite set of places of K such that S, U {p | fo} C S.

Values of transcendentals functions Regulator
associated to N/K and to S of some

at s=0ors=1 S-units in N

The Abelian Rank One Stark Conjecture
The Brumer-Stark Conjecture

Solomon’s Conjecture




The Abelian Rank One Stark Conjecture

Assume that S contains a totally split place v (also that |S| > 2). Then
there exists a v-unit € € N such that

(a) loglo(e)|w =—m(5(0,0), Vo e G
(b) N(e™)/K is an abelian extension

where m = Card(Wy) and w is a fixed place of N dividing v.

Numerical verification: take v real (so m = 2), compute approximations of
the values of (5 (0,0) and construct the minimal polynomial of € € Uy
over K using the formula

ole) =e? (5(0,0)

for all o € (.




An example

Base field

Extension N/K

K = Q(+/1093)
Discriminant dr = 1093
ring of integers Ox =72+ Zw

with w=(1++1093)/2
Class group Clg ~ Cs

Conductor f=ps0
with 30Kk = p3qs
and ’U’(\/m) > ()

Galois group G ~ Cho

Set of places S ={v,v ps}

Then the numbers e=2¢5(%9) (with ¢ € G) are the roots of the following
polynomial which defines N over K

X104 (=32w —507) X + (801w + 12858) X8 4 (—6575w — 105364) X "+
(22986w + 368523) X6 + (—35264w — 565234) X° + (22986w + 368523) X *+
(—6575w — 105364) X* + (801w + 12858) X * + (—32w — 507) X + 1




The Brumer-Stark Conjecture

Assume N is totally complex and define
y=m Y (s(0.0)0" € Z[C]
ceG

Then, for any fractional ideal 2 of N, there exists eg € N such that
(a) =AY = (ea)
(b) lealw =1, Yw | 00

(¢) N (5;/ ™) /K is an abelian extension

Numerical verification: compute v and test the conjecture for ideals 2l
generating CI(N) over Z|G|: compute a generator o of 27, find a unit u
such that € := ua satisfies (b) and check if (c¢) holds.




An example

Extension N/K Top field
K = Q(v/23) N =Q(9)
Conductor f=ploov with 6% 4+ 1660° + 860* 4+ 17660 + 98 = 0
with 20K = p3 Discriminant dy = 2%723%

Ray class group Clg (f) ~ C4 x C5 | Class group Cly ~ Cog

Congruence group  (Clg(f) : H) =4 | Galois group G = (o) ~C4
Set of places S = {v, v p2} Z|G-generator Cly = (B7)zq

Compute v = 8 + 120 — 80 — 120% = 4(2+ 30)(1 — o). Then P = (a) with
7

O = Tamiresesor (3426470807 — 293428153660° + 12834211160° — 3638233801660
+88834152640° — 1218060670880 + 141302660240 — 92400986335

and NN/NUQ (@) =1and X* —a° ' = (X —a1)(X — az2) in N[X]. The same is
true with v replaced by /2 and « replaced by al/? (but not with v replaced
with ~v/4).




Solomon’s Conjecture: Twisted Zeta Functions

Assume that fo, is empty, fo # O, and N = K(f) (f not necessarily

conductor).

Define Wy = {(&,a) with a < Oy, £ :a — C* and Annp, (§) = f}.
Say that (&, a) ~ (£,a) if ¢ =& ocand a= ca’ for some ¢ € k*.
Then 20; = W;/ ~ is canonically isomorphic to Clg(f).

Fix a finite set T' of prime ideals disjoint from S, and for r € 20; choose
(&,a) € ro such that (a,7) = 1 and define for R(s) > 1

Zr(s,p) = 32 &(a)Na~lal™® and &p(s) =
A
®y(s) extends to an holomorphic function on C[G]| and for any odd prime

p with (p,f) = 1 there exists a p-adic function ®,(s) on Z, |G| interpolating

the values of &1 (m) at negative integers m congruent to 1 modulo p — 1
where T, = {p | p}.




Solomon’s Conjecture: S-units and Regulators

Let r = [K : Q] and fix ¢1,...,¢ : N — R representatives of the action of
G on So(N) and for each prime p, fix j, : Q — C, and let

Li’p:jpol/iiN‘H(Cp.
Define logarithmic maps A;, A;, from Us = Uy gy to R[G], C,[G] by

Ai(u) = > logleoo(u) o™ and A p(u) = > log, (¢, 0o(u)) o™
oeG oceG

And define complex/p-adic regulators maps on /\&[G] QUs by
R(ui A+ Aup) =det(A(ug))ig and Ry(up A--- Auy) = det(A; p(ug))i

For x € G, let 7(S, x) = dim¢ (e, CUsg) then
r(8,x) =7+ ords=1(x(Pg(s)))-

Set es~. = |G| > e, €Z|G] and

r(S,x)>r




Solomon’s (Weak Refined Combined) Conjecture

There exists a unique 75 € £Z[1/g]As >, with g = |G| such that

27"
Vdi
27“
1—-Np? R — &, (1), Vp with (p,f) =1
pgp( ploy) s Felm) = 24(1). Vp with (p.f)
N € Z[1/g)As,>r if F#q < r(S,x0) >r
vy € As>r, Vv € I(Z|G])

R(ns) = Pp(1)

Numerical verification: take r = 2, compute ®y(1) (using complex Hecke
L-functions) and Ag ~,. Find a Z|G]-generator 7 of a subgroup of finite
index d in Ag >, and A € 357Z[1/g] such that A R(y) = @Cb@(l), then set
ns = Av. Take p split with p —1 | f and compute ®,(1) using Shintani’s
method to check (b).




An example

Extension N/K Top field

K = Q(+v/37) N =Q(0)
Conductor f=20g with 0% —30° —20* +90°> — 50 +1 =0

Galois group G = (o) ~ (s Discriminant dy = 2*37°
Set of places S ={v,v,20k} Ring of integers On = Z1[6]

We have 7(S,x) =2 for all x € G 50 Ag, >y = /\Z[G] Us. The element
v = (6> — 26" — 36° + 56° + 20 — 2) A (0° — 20 — 20 + 3)

generates Ag >, over Z|G]. We compute

R(v) ~ 2.259671133469861984094 + 0.5973346127019657221931 (0 + ¢2)
471/37®y(1) ~ (0.5325009540329652698542 — 1.129835566734930992047 (0 + 0'2))

so AR(y) =47 'V/37®y(1) for A= (1 — 0 —0”) and we set ; = Ay € L Ag >,
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e For p =3,
®3(1) ~ 0.20202122200120202205 + 0.00211222221211012025(0 + 02) and

(15 (15 s mom = a0

e Forp=17,
®7(1) ~ 0.23203400342215530617 + 0.62421446204116266017(c + 0*) and

(1-5) (=) s =er

e For p =11,
®11(1) ~ 0.859A4AA8491 A459227211 + 0.593A1A1A449633704411 (0 + 02) and

Ri1(ns) = ®11(1)

And finally
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