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Let f > 2 and let a,c € N such that (a,f) = (¢,f) =1and ¢ > 1.
For s € C with R(s) > 1, set

Z¢(a,s) := Z n~* and Z¢(a,c,s) := 17 Zf(ac™t, s)— Z¢(a, 5).
n=a(f)
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Let f > 2 and let a,c € N such that (a,f) = (¢,f) =1and ¢ > 1.
For s € C with R(s) > 1, set

Z¢(a,s) := Z n~* and Z¢(a,c,s) := 17 Zf(ac™t, s)— Z¢(a, 5).

n=a(f)

Both functions have continuations to C, with a single pole at
s = 1 for the first one, and no pole for the second one.

Xavier-Francois Roblot Computation of p-adic Dirichlet L-functions using PARI/GP



Let f > 2 and let a,c € N such that (a,f) = (¢,f) =1and ¢ > 1.
For s € C with R(s) > 1, set

Z¢(a,s) Z n~* and Z¢(a,c,s) := 17 Zf(ac™t, s)— Z¢(a, 5).
n=a(f)

Both functions have continuations to C, with a single pole at
s = 1 for the first one, and no pole for the second one.

Let x be a non-trivial Dirichlet character of conductor §. Let f be
a multiple of § and let ¢ be such that x(c) # 1. Then we have

f—1

> x(a)Z(a, ¢, 8) = (¢ *x(c) — 1) JT(1 = x(O)¢*)L(x, s).
a=1 L f
(a:)=1
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Forr € Q, set &, := exp(2imr). Then

Zs(a,c,s) = ZZ{H/C

i=1 n=a(f)
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Forr € Q, set & := exp(2imr). Then

Zs(a,c,s) Z Z §n/c

i=1 n=a(f)

Let 7 be a root of unity such that nf # 1. Define

Zs(a,m,s) : Znns,

n=a(f)

then the lemma can restated as

(a,c,s) ZZf a,&i/c,)
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Define the following power series in T

_ P+ T)
Ffan(T) = T A+ T)

and the operator A on power series by

d
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Define the following power series in T

_ P+ T)
Ffan(T) = T A+ T)

and the operator A on power series by

d

For any k > 0, we have

Zf(a7 7, _k) = Aka@JI(T)H:o'
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For any k > 0, we have

Zf(aﬂ% _k) = Aka,a,'n(T)

|7=0"
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For any k > 0, we have

Zf(aﬂ% _k) = Aka,a,n(T)

|7=0"

False proof. Expand the power series F ,, in terms of (1 + T)
(which of course is not possible)

Fran(T)=n?(1+ TP p"(1+T)" = Y n"1+T)
n>0 n=a(f)

Then we have

AFean(T)= > n"n 1+ T)"
n=a(f)

and so

AkFﬂaW(T |T 0o Z 77 n - Zf(a mn— k) [
n=a(f)
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A measure p is a linear form on C := C(Z,, Cp) such that there
exists B > 0 with
()] < BIf],

where |f| = sup,cz, |f(x)]. We write [ f du = u(f).
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A measure p is a linear form on C := C(Z,, Cp) such that there
exists B > 0 with
()] < BIf],

where |f| = sup,cz, |f(x)]. We write [ f du = u(f).
Any function f € C has a unique Mahler expansion

f(x) = ;) a, C)

with (a,) C Cp. Furthermore lima, = 0.
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Any function f € C has a unique Mahler expansion

f(x) = ZanC’)

n>0

with (a,) C Cp. Furthermore lim a, = 0.
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Any function f € C has a unique Mahler expansion

f(x) = ZanC)

n>0

with (a,) C Cp. Furthermore lim a, = 0.

Theorem

A linear form 1 on C is a measure iff there exits B > 0 such that

for all n >0
[ ()| <8

Furthermore, if p is a measure

Jran=Te [ () we

n>0
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Measures on C and power series in Cp[[T]]% are in 1-to-1

correspondance by the formula

/(1+T dp(x Z/()du-T".

n>0
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Measures on C and power series in Cp[[T]]% are in 1-to-1

correspondance by the formula

F

(= [asryrau) =X [ (5) due

n>0

Recall that A := (1 + T)-%-.

For all k >0

AkFﬂ(T)hZO = /Xk dp(x).
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Embed Q C Cp, then

c—1
Frac(T) = Frag, (T) € Col[T].
i=1
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Embed Q C Cp, then

c—1
Frac(T) = Frag, (T) € Col[T].
i=1

Call pf a,c the measure associated to Fr , .. Then

For all k > 0, we have

/xk dpf ac(x) = Ze(a, c, —k).
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Recall that Z := Z, \ pZy splits as Z, = W, X Uy, with W, the
torsion part and U, = 1+ qZ,. For x € Z}, write w(x) (resp. (x))
the projection of x onto W, (resp. U,).
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Recall that Z := Z, \ pZy splits as Z, = W, X Uy, with W, the
torsion part and U, = 1+ qZ,. For x € Z}, write w(x) (resp. (x))
the projection of x onto W, (resp. U,).

Fix s € Zp and m € Z, then the function

cpgm) : Z; — Zp

X w(x)™ ()

is continuous. The function is extended to Z, by setting

(pg’”)(x) := 0 for x € pZp. The function gogm) will serve as the

“p-adic analogue” of x—°.
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The p-adic twisted partial zeta function (with character w™) is
defined for s € Z, by

z,Sj’;)(a, c,s) = / 8™ (%) dpif ac(x).

This is a continous function on Z, that depends only upon the
class of m modulo ¢(q).
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The p-adic twisted partial zeta function (with character w™) is
defined for s € Z, by

2@ c.9)i= [ A0 di )
This is a continous function on Z, that depends only upon the
class of m modulo ¢(q).

The function
Zrp(a, c,s) = Z,S;)l)(a, c,s)

is the p-adic twisted partial zeta function.
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The p-adic twisted partial zeta function (with character w™) is
defined for s € Z, by

2@ c.9)i= [ A0 di )
This is a continous function on Z, that depends only upon the
class of m modulo ¢(q).

The function
Zrp(a, c,s) = Z,S;)l)(a, c,s)

is the p-adic twisted partial zeta function.

Assume p divides f. Then for all k > 0 with k = —1 (mod ¢(q))

Zs p(a, c,—k) = Z¢(a, c, —k).
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Let s € Zp. Write

and
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Let s € Zp. Write

n>0
and
Ff,a,C(T) = Z f,T"
n>0
Then

Zf,p(aa G, 5) = /@gl)( )d,ufac Z¢n n

n>0
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Let x be a character of conductor d, and let s € Z,. We want to
compute Ly(s,x) up to a given precision.
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Let x be a character of conductor d, and let s € Z,. We want to
compute Ly(s,x) up to a given precision.

Types: p-adic numbers will be represented by p-adic numbers and
power series by power series
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Let x be a character of conductor d, and let s € Z,. We want to
compute Ly(s,x) up to a given precision.

Types: p-adic numbers will be represented by p-adic numbers and
power series by power series

For simplicity, assume from now on that p # 2 and that s = k is
an integer.
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Code: initialization of the roots of unity

pl = x"(p-1) = 1;

p2 = vector(p — 1, j, x — j);

pl = polhensellift(pl, p2, p, precp);

return(vector(p — 1, j, —polcoeff(pl[j], 0)
+ O(p~precp)));
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Code: initialization of the roots of unity

pl = x"(p-1) = 1;

p2 = vector(p — 1, j, x — j);

pl = polhensellift(pl, p2, p, precp);
return(vector(p — 1, j, —polcoeff(pl[j], 0)

+ O(p~precp)));

Call vp the vector returned by the previous function.

Code: computation of w(x)

return (vp[x%p]);
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Call teichm(x) the function computing w(x) assuming x € Z.
Recall that

0 if x € pZp,

w(x)™(x)~k  otherwise.
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Call teichm(x) the function computing w(x) assuming x € Z.
Recall that

(m)(X) — 0 if x € pr,
- lw(x)™(x)7k  otherwise.

Code: computation of apg(m)(x)

if (xX%p = 0, return(0));
pl = teichm(x)"(k + m);
p2 = x"(—k);

return (plxp2);
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Recall that

o (x) =" ¢n <Z> .

n>0

Now, if A € N, then we have (%) =0 for all n > A,
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Recall that

A (x Z¢n< >

n>0

Now, if A € N, then we have (%) =0 for all n > A,

Code: computation of ¢g, ..., dn_1

v = vector(N);
for (A =1, N,
val = phi_k(A, k, m);
v[A] = val — sum(j =1, A - 1,

)

return (v);

binomial (A

i)xvlil)
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Let e be a root of unity of order c, recall that

_ e?(1+T7)?
Fae(T) = T eI+ T)
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Let e be a root of unity of order c, recall that

e?(1+T7)?

Frael 1) =1 —era s Ty

Code: Compute Fr 5,

mon = (1 + O(p~precp))*(1 + X + O(X"precX));
den = 1 — e"fxmon”™f;

num = e"axmon”a;

return (num/den);
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Recall that
c—1 c—1
Ff,a,c(T) = Z Ff,a,ﬁ;/C(T) = Z Ff,a,fi(T)
i=1 i=1

where £ is any primitive c-th root of unity.
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Recall that

c—1
fac Z fag,/C(T ZFf,aéf(T
i=1

where £ is any primitive c-th root of unity.

Code: “formal” c-th root of unity

= Mod(y, (y*c — 1)/(y — 1));

Code: compute Fr ,

| \

F = computeF_eta(N, f, e, a);
return (trace(F));
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Take f =lem(p, d), and let ¢ be such that x(c) # 1. Recall that

f-1
> x(8)Ze(a,c,5) = (¢ °x(c) = 1) (1 — x(p)p~*)L(x; 9)-

a=1
(a,f)=1
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Take f =lem(p, d), and let ¢ be such that x(c) # 1. Recall that

f-1
> x(8)Ze(a,c,5) = (¢ °x(c) = 1) (1 — x(p)p~*)L(x; 9)-

a=1
(a,f)=1

The corresponding p-adic L-function is defined by

f—1
Lo(x:5) == (c 8 () = 1) Y x(@)Zep(arc,9).

a=1
(a,f)=1
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