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+ C
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cLdHe�f�gihkjlfBmkn	o�p)qsr�tkovukw9pxozyB{
Q(N, λ)

p}|ko~uNqk��y-ov��wl�Gr}wl��qsp}��w�ukrHwl�0px|ko~tk��w��k|a�9u"�px��uso'ov�Nqa�ipx��wlu
A2 + B2 = C2 + C

rx�ipx��r���{;��uk�
N ≤ A ≤ B ≤ C ≤ λN − 1

2 �� o��k�}wT�loMpx|k�9p����?w��
λ �"� o�t��lukt N → ∞ ��px|ko��}o�o � ��r�pxr�����w�ukr�p��luBp α(λ)

r}qk��|px|a�9p
Q(N, λ) = α(λ)N + Oλ

(
N7/8 logN

) � � |kovu λ = 2
�
Q(2n−1, 2)

�vwlqkuBpxrpx|ko�uNqk��yGo��&wl�)r�w���qsp}��w�usr<wl�
A2 + B2 = C2 + C � ��px|�p}|ko�r}�l�Mo�uNqk��y-ov�v� n �Gwl�yk��ua�9��{�tk������pxr��ipx|ko�r}o~r�w���qsp}��w�usr��l�}oF��uBpxo��}ovr�px��uk�(��u�p}|ko~�k�}wlyk��o���wl�-��w��M�sqspx��uk�&px|so�?qkuk��p}��w�u

(a, b) →
√
a2 + b2 �� { o���o��Mo�uNpx�l��{��l����qk��ovuBpxr��

Q(N, λ)
���lu�yGo¡o � �k��ovr}r�ovt¢��u pxo��}��r�w9�k�?w�qk�Rr}qk��rwl��p}|ko(p£{;�Go

S(u, v; f) =
∑

u≤d≤v
d ¤�¥}¥




∑

1≤A≤f(d)
4A2≡−1 (mod d)
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� |kov��o u �lust v �l�}oL��o��l�¡uNqk��y-ov�}r¢�9ukt f : [u, v] −→ R
��r�� �?qkuk�*px��w�u �R¦ |kovr�or}qk��r§�l��o&o�r�px���'�ipxovtMyB{'���v�¨�9r}r}�����l�7�BykqspFtkovo����"��o�p}|kw;t'wl�	uNqk��yGo��¡px|sovw���{��sqsr}��us�© wlqk�}��ov�)�lua�9��{;r}��r)�luktMª ��w"wlr�pxo��}�M�luYr}qs�Mr �;¦ |s��r)�Mo*px|kw;t¢��r�o*«Vo���px����o9�"�9ukt��N��uYpx|so���lr�o

λ = 2
�a�¢�k�}o��v��r}o qk�k�-ov�zy-w�qkukt��?w�� |Q(N, λ) − α(λ)N | ��r~������o�u �
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���l���vqk��ov���¨�&�?wluk��p}��w�u
(a, b) →

√
a2 + b2

���lov�����l���}w�ustk�k�vwl�}�}o���p������-w�qk�
a
o�p
b
��w��Y��k�}��r�o�uNp}�}o

1
o�p

2
�2��w���r}�Nqko¢��o¢�}Ø�r}qk��p��9pÙo�r�p���qk�)�lqkr�r}�)ovuBp}�}o

1
o*p

2 � � �l�����l���}w�ukts��vw����}ov�*p���w�u ovuBpxo�ukt��NqkoY��o���Øvr�qk��px�9p&�?w�qs�}uk�Ctsw���p<pxw�q���wlqk�}r�	*px��o���o�usw���yk��o�o � �l�ë�pxov��ovuBp��}o��k�}Ø�r}o�uNpx�lyk��o�o�u �;���}��qk��o�
awlp�p��luBp}o��T�lov�
n
yk��p}rYtkoX�M�luBpx��r�r}o Î?w�u tk���}�

�Äukw���yk�}oM�'�l��|s��uko��¢�Gwlqk���J�l���}o��vw�qs��p Ö ��o��k��qkr��k��w"��|soLtkq ��Øvr}qs��p��ip�o � �9��p � � w�qs��vov���$�2���C�J�9qspÙrx����w����Ù�T�lov�M�;qsov����o¢�k�}Ø��v��r���w�u w�u tkw���p��9�k�k�}w;��|ko�� √
a2 + b2

��w���rÙtso���l���vqk��r���uBp}ov�}��Øvts�¨�l���}ovrÙ�-w�qk�	*px�}o'�vov��p��l��u��Nq��æ�9�}�}wluktk�����lq��k��qkr��k��ÍvrY���æ�l�s�k�}w � ����'�9p}��w�u¢o�r�p¡Øv�Nqk���9�l��ovuBp����9�}�}wluktk���)�9q'�k��qkr)�k�}Í�rF��o~��Øvr�qk��px�9p¹o � �l��p ��� o��v�0�}o*�;��ovuBp��tkØ�p}ov�}����usov�Ctko�q � ukwl��yk�}o�r��'�9��|k��uko�r a o�p b ��w����k�}��rHovuBp}�}o 1
o�p

2
p}ov��rC�Nqko

a2 +b2r}w���p¡��oz�k��qkr)�k��w"��|so<tkqM���l���}Ø tkq'��������o�q�tko tkovq � ukwl��yk�}o�r¡�M�l��|k��ukovr)��w�ukr}Ø��vqsp}���?r �� uMtkØ � uk��r�rx�luBp A = 2n−1a
o�p
B = 2n−1b

�Nukwlp}�}o �k�}wlyk��Í��Mo~o�r�p¡�x�l��ovukØ��(px��w�qs��o��tkovr ovuBpx��ov��r
A
�
B
o�p
C
�vwl�M�k����r§o�uBpx�}o

2n−1
o*p

2n − 1
pxo���r~�Nqko

A2 +B2 = (C + 1/2)2 + ε,w�� |ε| o�r�pR��oC�s��qkr	�-o�p}��p	�-w�r}r���yk��o ��� �lovr�pR���¨�l���V�Nqko |ε| �l�9qspR�lq �Mwl��ukr 1/4 ��� wlp}�}o��k��w9�yk��Í��Mo<ovr�p§tkw�uk� tso tkØ�p}ov���M��ukov�¹r}�G�Gw�qs�¡pxwlqspxo&�9�l��ovqk�¡tko
n
���-o � ��r�pxo&tsovr~ukw���yk�}o�rovuBpx��ov�}r

A
�
B
o�p
C
�vw����k�}��r�o�uBpx�}o

2n−1
o*p

2n − 1
r}�9px��r��J�l��rx�luBp���� Øv�Nqa�9p}��w�u tk��w9��k|a�luBpx��ovukuso

Î Ð���ÐÓÖ A2 +B2 = C2 + C.

� Øvr�����ukwlukr �a�l�
Q(2k, 2)

Î?�vo�p�pxo¢ukwlpx�9px��w�u�r�ov�x����qkr�px� � Øvo¢ta�lukr(���äØ�ukw�uk��Ø¢tkq px|kØ�w9��}Ív��o Ð �v���Þtkovr�r}w�qsr Ö ��o(ukwl��yk�}o tko r�w���qsp}��w�usr§tkoMÎ Ð���ÐÓÖ p}ov����ovr~�NqkoÎ Ð�� ��Ö 2k ≤ A ≤ B ≤ C ≤ 2k+1 − 1.

! u�p}�}w�qs�lov�}��tk�lukrY�¨��p��lyk��o Ð �¨���l�9��ovqs��tko Q(2k, 2)
�Gw�qs�

4 ≤ k ≤ 41
ÎJwlu �

Q(1, 2) = 1
o*p��¹�Gwlqk�

1 ≤ k ≤ 3
�
Q(2k, 2) = 0 Öë�"� o*p}p}o�p��lyk��o���w�uBpx��o �Nqko

Q(2k, 2)/2k r�ov��yk��o�p}ovukts�}oM�lov��r�qkukoM��������p}o � n#� w�y$��o*p�tkoM�vo*pY�l��px������oYo�r�p�tso'tkØë��Mw�uBp}�}ov� ×%�&('$) g+*$, '.- m#/�0�132
λ >

√
2 4$565 0�798;:=<>:=?@<BADCFEG?;HJIK0 4 :

N
< 5 2L1�<B:@MK0 56N ?@OB1QP 5 <

RTS :
Q(N, λ)

AU< 5 0�798;:=< N <VOW0�A 4 2L1�0 5 O N <�AYXZ?Y[ 4 S 2L1�0 59N 1�0 R]\TS 5 2L1�< 5]5 <�^`_DH3_Ba�bc?B:�1 C S 5 2
Î Ð��edBÖ N ≤ A ≤ B ≤ C ≤ λN − 1

2
.

/f1VAYXZ0 5 R 0WOW<
Î Ð��hgNÖ α(λ) =

λ

4
− λ

π
arcsin

(
1

λ

)
+

log(1 +
√

2)

π
− log(λ+

√
λ2 − 1)

π0 5 S
Î Ð��æÒ�Ö Q(N, λ) = α(λ)N + R̃(N, λ)

�



S bc<��@M#AU0�:=O;[ 4 <
N → ∞ M

Î Ð�� � Ö R̃(N, λ) = Oλ

(
N7/8 logN

)
.

I�0 4 :
λ = 2

M�0 5 S
Î Ð�� � Ö α(2) =

1

6
+

log(1 +
√

2)

π
− log(2 +

√
3)

π
= 0.02801587455727 . . .

<B2 M R 0 4 :
N ≥ 1000

M
Î Ð�� � Ö |R̃(N, 2)| ≤ N 7/8(51 logN + 211) +N 1/2(77 logN + 283) + 29.

n	w���r}�Nqko
λ = 2

�lukwlqkr)����w�ukrC�lw�qk��qYtkw�ukuko���qkuko~�M�+��w��}�9px��w�u�o*«Vo���px����o~tkqY��ovr�pxo
R̃(N, 2) �J� o*p}p}oM�M�+��w��}�9px��w�u�u��äo�r�p��a�lr px��ÍvrÙyGw�usukol�Ro�pÙ��o¢��ov��ys�}o�tkoMts�}w���pxo¢tkoÎ Ð�� � Ö u��äo�r�p(��us�?Øv����o�qk�&�9q�pxo��}��o��k����uk�����a�9�

α(λ)N
tkoLÎ Ð��æÒ�Ö �;qso��-w�qk� N > 1.32 ·

1042 � � qÙ�k��� � tso¡�v�l����qk��r	o�uk�vw���o¡�s��qkr	pxo���|kuk���;qsovrv�Ó���Br}ov�}�l��p2�-w�r�r}��ys��o�tko¹���ä�l��Øv����w��}o��qkuM�-ovq � � �l��o � o��M�s��ol�Btk�lukr)�¨� �M�+��w��}�9px��w�u�Î �;��ÐTÕ�Ö tkovr)r�w��M��ovr�tso<ª(��w"w�r�pxo��}�M�lu��w�uM�-ovq"p¡��ov���k�¨�9�vov� Î?��� �aÏÑÐWd9Ô �B��|a�l� �DgNÖ τ(m) =
∑

d |m 1
�a�l�

2ω(m) w��
ω(m)

ovr�pF��oukw���yk��o~tko~�J�l��p}ovqk��r��k�}o��M��ov��r�tko
m
�B�vo~�Nqk�a�-ov���Mo*p}px�}�l��pHtkoztk������uNqko��H��o~�Mo���yk�}otko§tk��w���p}o¡tko(Î Ð�� � Ö*� � �9��rv�i�-w�qk�Huso§�a�lrRpx�}wl�Y�l��wlqk�}tk���2�¨�<�s�}Øvr�ovuBp��ipx��wlu��9usw�qkr�����wlukro�«Gov��p}qkØ �lr}r�o��z����w�r}r���Ív��ov��ovuBp)�¨�<�k��qk�k�l��pHtkovr)�M�+��w��x�ipx��wlukr �c� ov�-ovuktk�luBp��B���;r}o���yk��otk�
	��v����o9�-�k�l�<��o�p�pxo���Ø�p}|kw"tsol�-t��äwlyspxo�uk��� �Gwlqk�

R̃(N, 2)
qsuko��M�+��w��x�ipx��wlu

100
�?w���r�Mo�������ovqk��o �NqkoMÎ Ð�� � Öë�

·¹¸�� �¾	½�Å&Â��~ÂÄ½;¾	Æ<»s½ Å<¾
4A

2 + 1
¸

� �v�����lw�ukr
C2 + C = (C + 1

2
)2 − 1

4

�k�a�l�z��o(��|k�luk��o��Mo�uNp tko(�9�l���¨�lyk��o
Î Ð��äÕBÖ X = 2A, Y = 2B, Z = 2C + 1.

��� Øv�Nqa�9p}��w�u Î Ðl��ÐÓÖ tso��;��o�uNpÎ Ð���Ð��BÖ X2 + Y 2 = Z2 − 1.

� uX��w�ukr���tkØ��x�luBpÙÎ Ð���Ð��BÖ ��w;tkqk��w 4
�;w�u'�lw���pF�;qso&pxw�q"pxo&r�w���q"px��wlu

X, Y, Z
tko¢Î Ðl��Ð���Öovr�p)p}ov����oF�Nqko

Z
ovr�p)�����a�l���Ro�p

X
o*p
Y
r}w�uBp)�a�l���}r � � w�us�l��pxwlqspxo~r�w���qsp}��w�u�tkoÙÎ Ð���Ð��BÖovuk��o�uktk��ol�Ó�a�l�¹Î Ð��æÕ�Ö �vqsuko)r}w���qspx��w�u tko<Î Ðl��ÐÓÖ o�pR��o�r	tkovq � Øv�Nqa�9p}��w�ukr	ts��w��k|k�luBpx��o�ukuko�rÎ Ð���ÐÓÖ o�p�Î Ð���Ð��BÖ r}w�uBp Øv�Nqk���9�l��o�uNp}ovr �� u�Øv�v�����9�luBp�Î Ðl��Ð���Ö r}w�qkrz���Y�?wl�}��o

X2 + 1 = Z2 − Y 2 = (Z − Y )(Z + Y ),

d



w�u���w���p��Nqko
Z − Y = d

ovr�p¢qsu ts���;��r�ovqk��tso
X2 + 1 � � Øv�v���k�}w;�Nqkov��ovuBpv�V��qkutk���;��r�ovqk�

d
tko

X2 + 1
�a�����}Ø�r}w���qspx��w�uXtkq�r�{;r�p}Ív��o

{
Z − Y = d

Z + Y = (X2 + 1)/d�?w�qk�}us��p
Î Ð���Ð�ÐÓÖ





Y = 1
2

(
X2+1

d
− d
)

Z = 1
2

(
X2+1

d
+ d
) r}w���p 




B = 1
4

(
4A2+1

d
− d
)

C = 1
4

(
4A2+1

d
+ d− 2

)
.

� wlp}w�ukr �Nqko9��ta�lukr�Î Ð���Ð�ÐÓÖ � B o�p C r�w�uBp ovuBpx��ov�}rV�Vovu�o*«Vo*p(��o�r&�J�l��p}ovqk��r(�k�}o��M��ov��rtko
4A2 + 1

r�w�uBp pxw�qkr(��w�uk����qkr �
1 (mod 4)

Î?���l� −1
ovr�p qku����l���}ØY��w"tsqk��wLqsupxov���J�9��pxo�qk�z�k�}o��M��ov� Ö o�p d �a�Nqk�	tk���"��r}o 4A2 + 1

�ko�r�p<�lqkr�r}�2�vw�us���}q �
1 (mod 4) �

� �k{��(tkw�us�l�N�a�l�<Î Ðl��Ð�ÐTÖ ��qkuso<yk�Z��ov�*px��wlu�o�uBpx�}o ��o�r)tk���;��r�ovqk��r d tko 4A2 +1
o�p¹��o�rr}w���qspx��w�ukr tkoXÎ Ð���ÐTÖ �a�-w�qk� A �s� Ø � � �lusr �vo*p}pxo�yk� ��o���p}��w�u��a������w�uktk��px��w�u

B ≤ C
tkoÎ Ð��edBÖ r}o&p}�x�ltkqs��p¹�a�l� d ≥ 1

o�p§���Ù��w�uktk��px��w�u
A ≤ B

�a�l�
4A2 − 4Ad+1− d2 ≥ 0

�r}w���p
A ≤ B ≤ C ⇐⇒ A ≥ f2(d)

def
==

1

2

(
d+

√
2d2 − 1

) o*p
d ≥ 1

⇐⇒ 1 ≤ d ≤ f−1
2 (A) =

√
8A2 + 1 − 2A.

Î Ðl��Ð+�lÖ
� �l�x�l����Í���ov��ovuBpv�k�¨�Y�vwluktk��p}��w�u

C ≤ λN − 1/2
tko'Î Ðl� dBÖ r�o�px�}�ltkqk��pz�a�l� 4A2 +

d2 − 4λNd + 1 ≤ 0
�F�9qspx��ov��ovuBp'ts��p��)��o��-w���uBp

(A, d)
tkw���p9	*px�}o �_��� ��uBp}Øv�}��ovqk�tko��¨��tko��M�§o��������kr�o

4A2 + (d − 2λN)2 = 4λ2N2 − 1
�
A > 0 �#� ov��� ���M�s�����Nqso

0 < d < 4λN
o�p
A < λN � � �æ�9qspx��o �a�l��p����a�9��Î Ð���ÐlÐÓÖ ����� ��w�uktk��px��wlu B > 0ovuBpx�}���¨uko

d ≤ 2A < 2λN
�ko�p ���äw�u��

C ≤ λN − 1/2 ⇐⇒ A ≤ f1(d)
def
==

1

2

√
d(4λN − d) − 1

⇐⇒ d ≥ f−1
1 (A) = 2λN −

√
4λ2N2 − 4A2 − 1.

Î Ð���ÐWdBÖn2o�r¢�vw�qk��yGo�rY�}o��k�}Ø�r}ovuBpx�9px����ovr�tko�r��?w�uk��p}��w�usr
f−1

1 (A)
o*p
f−1

2 (A)
r}o���w�qk�-ovuBp��lq�Gw���uBp

(A0, v0)Î Ð���Ð�gNÖ
A0 =

1

4

√
8λ2N2 − 2, v0 = f−1

1 (A0) = f−1
2 (A0) = 2λN − 1

2

√
8λ2N2 − 2.

� ��usr}�$�Ó���<�vwluktk��p}��w�uLÎ Ð��edBÖ Øv�Nqk���l�9qspV�&��|sw���r����R��oF�-w���uNp
(A, d)

pxo��"�Nqko
N ≤ A ≤ A0o�p

f−1
1 (A) ≤ d ≤ f−1

2 (A) � � � λ ≤
√

2
�k�a�l�ÙÎ Ð���Ð�gNÖ � A0 < N

o�p
Q(N, λ) = 0 �

g



f−1
1 (A)

f−1
2 (A)

A

d

1
2
√

2
N A0

v0

u1

u0 ��
��
��
��
��

��
��
��
��
�

��
��
��
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�
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��
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�
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�

��
��
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�
��
�� ��
�� ��
� ��

������� Ð	� ��ovr§�9�l��ovqk��r~�Gwlr}r}��yk��o�rz�Gw�qs� (A, d)

! u�r}qk�s�Gw�r�o�tsw�uk�
λ >

√
2
o�p ��� w�u��

Î Ð���ÐÓÒ�Ö Q(N, λ) =
∑

N≤A≤A0

∑

d | 4A2+1

f−1
1 (A)≤d≤f−1

2 (A)

1.

� ov����qsp}w�ukr ��� w��}tk��o(tkovrzr�w��M�M�9p}��w�ukr � n	ovr~�9�l��ovqk��r~o � px��Ív��ovr �k�}��r}ovrz�a�9� d r}wluNpÎ Ð���Ð � Ö u0 = f−1
1 (N) = 2λN −

√
4(λ2 − 1)N2 − 1

o�p
v0

tkØ � uk�a�a�9� Î Ð���Ð�gNÖ �����l����ovrC�?w�us��px��w�ukr f−1
1 (A)

o�p
f−1

2 (A)
r�w�uBp¡���}w���r}r}�luBpxovr)r�qk���� ��uBpxo����9�l����o

[N,A0] � � �æ�lq"px�}o¹�a�l��p��T�-w�qk�
d �"� Ø9� A tsw���p	�lØv�}� � ov� A≥max(N, f2(d))o�p��ao�u��-w�r}�luBp

Î Ð���Ð � Ö u1 = f−1
2 (N) =

√
8N2 + 1 − 2N,

��� Øv�B�l����p}ØYÎ Ðl��ÐÓÒlÖ tko��;��o�uBpÎ Ð���Ð � Ö
Q(N, λ) =

∑

u0≤d≤v0

∑

N≤A≤f1(d)
4A2+1≡0 (mod d)

1−
∑

u1≤d≤v0

∑

N≤A<f2(d)
4A2+1≡0 (mod d)

1 = Q̂(N, λ)+ε(N, λ)

Ò



�T�lov�
Î Ð���ÐTÕBÖ Q̂(N, λ) =

∑

u0≤d≤v0

∑

N≤A≤f1(d)
4A2+1≡0 (mod d)

1 −
∑

u1≤d≤v0

∑

N≤A≤f2(d)
4A2+1≡0 (mod d)

1

o�p
Î Ð�� � �BÖ ε(N, λ) =

∑

u1≤d≤v0

∑

A=f2(d)
4A2+1≡0 (mod d)

1.

� Ø � us��r}r�w�ukr

Î Ð�� �"ÐÓÖ S(u, v; f) =
∑

u≤d≤v
d �����������




∑

1≤A≤f(d)
4A2≡−1 (mod d)

1


 .

n#� Øv���l����pxØ¢Î Ð���Ð�ÕBÖ r;� Øv���}��pÎ Ð�� ����Ö
Q̂(N, λ) = S(u0, v0; f1) − S(u0, v0;N − 1) − S(u1, v0; f2) + S(u1, v0;N − 1)w��
N −1

tkØvr�����uko �¨�(�?w�uk�*px��w�u¢�vw�ukr�p��luBp}o&Øv���l��oK�
N −1 � � �l�&Î Ð�� ����Ö �B��� Ø��9�l��qk�9px��w�utko

Q̂(N, λ)
r}o �}�l�MÍ�uko �¢��� Ø��9�l��qk�9px��w�uLtko r}wl�M��ovr

S(u, v; f) �
·¹¸
	 �¾	½�½;Ã¡Ë ËÌ¾	½

S(u,v; f)
¸

� w�qkrztkØv��w�uBpx��ov��w�ukr �lq��a�l�}�l���x�9�k|ko d ��o px|sØvw���Ív��o%�&('$) g+*$, '�� m /�0�132
u

M
v N < 4 E 5 0�798;:=<@O :=?@<BA O O S 2L1UO� S 1UO S 5 2

7 ≤ u ≤ v
<B2
f 4$5 <

�0 5 �B2�1�0 5 �@0 5 2L1 5�� 7�< 5 2 N ?B:�13b S 8;AU< N <
[u, v] N S 5 O

R
H�� 5 R 0WOW<

Î Ð�� �cdBÖ ‖f‖ = ‖f‖[u,v] = max
u≤t≤v

|f(t)|,

Î Ð�� � gNÖ F (t) =
f(t)

t<B2
Î Ð�� ��Ò�Ö M = M(u, v; f) = ‖tF ′(t)‖ +

2

5
= max

u≤t≤v
|tF ′(t)| + 2

5
·

� AU0�:@O A S OW0�7 7�<
S(u, v; f) N ? C 5 1�<�< 5 ^`_DH��$_Ba R < 4 2#O]XZ?��B:�13:=<

Î Ð�� � � Ö S(u, v; f) = S0(u, v; f)− S1(u, v; f)

�



S bc<��
Î Ð�� � � Ö S0(u, v; f) =

∑

u≤d≤v
d ���������	�

ρ(d)f(d)

d

0�

ρ

<@OB2 N ? C 5 1 RTS :9^��$H3_D_BaD<B2
S1(u, v; f)

O S 2�1UO� S 132 AYX 1 5 ?�P S A 132`?
Î Ð�� � � Ö |S1(u, v; f)| ≤ 19

2
(log v + 4)v7/8

√
M.

n2��tkØ��Mw�usr�px�}�9px��w�uXtkqXpx|sØvw���Ív��o � r�qk��pz��o ��|a�l�s��px��o � tkq������;��o tko �&� � w;w���o�{Ï�Ð�Ð�Ô �-w����-�Gwlqk�&�k��w�qs�lov� �Nqko���o��k��qkr&�l�x�lukt��J�l��p}ovqk�<�k�}o��M��ov� tko ∏
n≤x

(n2 + 1)
ovr�pv�

�Gw�qs�
x
�9r}r}o �(���x�9ukt��sr�qk�-Øv�}��ovqk�K�

x11/10 �s���ä�lqspxo�qk�FØ*�9�l��qko&qkuko(r}wl�M��o<�lw���r���uko tso
S(u, v; x) � n#� o � �-w�rx�9uNp 11/10

o�r�p��l��Øv����w��}Ø�ta�lukr Ï glÔ$�  u ��Øvr�qk��px�9p �k��qsrÙ�lØvukØ��x�l�ovr�p'tkØv��w�uBpx��Ø�ta�lukr Ï�Ð��ÓÔ �)w��
n2 + 1

ovr�p'��ov���k�¨�9�vØ��a�l�
n2 + D

�¡���lov�
n2 + D���}��Øvtkqs��px��yk��o � � o ��Øvr}qs��p��ip'�-w�qk���x�l��p 	�px��o��ltk�l�spxØ��-w�qk���vw����spxo��M��ovr��x�l����uko�rMtso��� Øv�Nqa�9p}��w�u�tk��w��k|a�luBp}��ovusuko

X2 +D = Z2 − Y 2
ta�lusr qsu���uNp}ov���l�9����o<tkw�ukusØ �

·¹¸�� �¾	½�½;Ã¹ÉÄÆzÀsÂÄÃ)¿&½
A = B

¸
� �H��� w�u �����Gwlr}o

A = B
ta�lusr�Î Ð���ÐÓÖ �Vw�u �s���a�l��Î Ð��äÕBÖ � X = Y

��o�p ���äØ��Nqa�9px��w�uØv�Nqk���9�l��ovuBpxoMÎ Ð���Ð��BÖ r;� Øv���}��p
Z2 − 2X2 = 1;�c� ovr�p qkukoÙØv�Nqa�9p}��w�u�tko � ov���Ñ� © ov���'�ip��stsw�uBp ��o�r<r�w���q"px��wlukrzr}w�uBp

Xn, Zn

�T�lov�
Zn +√

2Xn = (3 + 2
√

2)n � ! u �
Î Ð�� �lÕBÖ Xn =

(3 + 2
√

2)n − (3 − 2
√

2)n

2
√

2
≤ (3 + 2

√
2)n

2
√

2o�p��a�-w�qk�
n ≥ 1

�

Xn =
(3 + 2

√
2)n

2
√

2

(
1 −

(
3 − 2

√
2

3 + 2
√

2

)n)

≥ (3 + 2
√

2)n

2
√

2

(
1 − 3 − 2

√
2

3 + 2
√

2

)
≥ (3 + 2

√
2)n

3
·Î Ð��ed �BÖ

� �l�F����tkØ � uk��p}��w�u�Î Ð�� � �BÖ tko ε(N, λ)
�"�����vwluktk��p}��w�u

A = f2(d)
ovr�p��"�a�l�(Î Ð���Ð+��Ö �Øv�Nqk���9�l��ovuBpxo��

A = B � � w����MoÙ�¨�Y�?w�uk�*px��w�u f2

tkØ � us��o�o�u Î Ðl��Ð+�lÖ o�r�p(���}w���r}r}�luBpxol��¨���?w�us��px��w�u
ε(N, λ)

�vw����spxoM��oMukw���yk��o'tko'r}w���qspx��w�ukr�tsoL��� Øv�Nqa�9p}��w�u Î Ð���ÐÓÖ �T�lov�
�



A = B
p}ov����oÙ�;qso

A
r}wl��p(��w��M�s�}��r<ovuBpx��o

f2(u1) = N
o�p
f2(v0) = A0 <

λN√
2

�a�9�Î Ð���Ð � Ö o*p�Î Ð���Ð�gNÖ*� ! u��¢tkw�uk�9�a�a�l�ÙÎ Ð�� �9ÕBÖ o�p�Î Ðl� d ��Ö
Î Ð��edsÐÓÖ 0 ≤ ε(N, λ) =

∑

2N≤Xn≤2A0

1 ≤
∑

2N≤Xn<λ
√

2N

1 ≤ log 3λ
4

log(3 + 2
√

2)
+ 1

o�p��ao�u��k�l��p}���vqs����o��v�"�Gw�qs�
λ = 2

�
Î Ð��edD��Ö 0 ≤ ε(N, λ) ≤ 1.

·¹¸�� �¾	½�½;Ã¹ÉÄÆzÀsÂÄÃ)¿&½�Ç&Á)»sÁ¹ËÌ¼VÀ"»sÂ��§Æ&¾	½G¸
! u'�-ovq"pFtkwlukukov�¡qkuko �}o��k�}Ø�r}ovuBpx�9px��w�uL�a�l�}�l��Ø�px�����Nqkoztko�rFr}wl��qsp}��w�ukr)tko<��� Øv�Nqa�i�px��wlu�Î Ðl��Ð���Ö Î?��� ��ÏæÒTÔ �0px| � d � o�p dlÕ o�p Ï � Ô �-� � �"Ð��BÖë� � u�o*«Vo*p��-r}�

α, β, γ, δ
r}w�uBp tsovrovuBpx��ov�}r~�lØv�}� � �luBp

Î Ð��ed�dBÖ αδ − βγ = 1

����o�r�pz�J�l�v����o tso �lw����~�Nqko
Î Ð��edcgNÖ X = αβ+γδ, Y =

1

2

(
α2 + γ2 − β2 − δ2

)
, Z =

1

2

(
α2 + γ2 + β2 + δ2

)

ovr�p<qkuko r�w���qsp}��w�uXtso'Î Ð���Ð��BÖ*�� Øv�����k��w"�Nqko��Mo�uNpv�Ó�Gw�qs�R�lw����R�Nqko¡p}w�qspxo¹r}wl��qsp}��w�uÙtko(Î Ð���Ð��BÖ ovr�pCtko¡�vo�p�pxo¹�?w��}��ol�Øv�v�����lw�ukr¢�¨��tkØ��vw����-w�r}��px��wlu ovu��J�l�*pxovqs�}r¢�k�}o��M��ov��r
X2 + 1 =

∏J
j=1 p

αj

j

�Hw�����o�rukw���yk��ovr§�s�}ov����o��}r
pj

r}w�uBpF�vw�uk�l�}qkr �
1
��w"tsqk��w

4 � � �lukrF���ä�lukukov�lq G tko�r§ovuBp}��ov��rtko�� �lqkr�r Î?�c� ovr�p��`�Ó�£tk���}o~��� ovusr}ov��yk��oztko�r¡ukwl��yk�}o�r¡��w����k��o � o�r a+ bi
w��

a
o�p
b
r}w�uBpta�lukr

Z Ö �a��|a�l�Nqko pj

r�oÙ�J�9��pxwl�}��r�o(r}w�qsr �����?w��}��o
pj = πjπj � n2o ukwl��yk�}o X + i

r}o�J�l��p}w��}��r}o(ta�lusr G r}w�qsr �����?w��}��o
Î Ð��edBÒ�Ö X + i = ik

J∏

j=1

π
αj

j , 0 ≤ k ≤ 3.

� u o�«Go�p��)��ovr¢tkovq � usw���yk��ovr πj

o*p
πj

uso��-ovqs�lovuBp��l�s�a�l�x� ��px��o�r}����qk��px�lukØv��ovuBpta�lukr<Î Ðl� dBÒlÖ ��r���ukw�u pj = πjπj

tk���;��r�ov�}�l��p Î?ta�lukr
Z Ö X o�p 1

����oz�;qs�aovr�p¹���M�-w�r}r���yk��o �� wl��p
d
qsu tk���;��r�ovqk�<tko

X2 + 1 � n2�'tkØ��vw����-w�r}��px��wlu ovu��J�9��pxo�qk�}r&�k�}o��M��ov�}r&tko
d
r;� Øv���}��p

d =
∏J

j=1 p
βj

j

����o��
0 ≤ βj ≤ αj � � w�r}w�usr

Î Ð��ed � Ö ∆ = ik
J∏

j=1

π
βj

j = β + iδ, ∆′ =

J∏

j=1

π
αj−βj

j = α− iγ.

�



! u��s�k�k�l��Î Ð��edBÒ�Ö �Î Ð��ed � Ö X + i = ∆∆′ = (β + iδ)(α− iγ) = αβ + γδ + i(αδ − βγ)�;qs�	ukw�qkr~tkwlukuko�Î Ðl� d�d�Ö o�pz�����9�l��o�qk�§tko X tk�lukrÙÎ Ðl� dcgBÖ*� ! uXw�y"px��o�uBpz�¨���9�l��ovqk�§tso
Y
o*p
Z
tk�lukr�Î Ð��edcgNÖ o�u��s�}ovuk�luBp&����ukw��}��o(ta�lusr�Î Ð��ed � Ö&×

d = |∆|2 = β2 + δ2,
X2 + 1

d
= |∆′|2 = α2 + γ2

o�p ovu��}o��Gw���p��luBp ta�lusr�Î Ð���Ð�ÐÓÖ*�� wl��p
θ ∈ Z � ! u��Gw�r�o

α = 10θ + 8, β = 4θ + 3, γ = 5, δ = 2.

! u���Ø��}� � oMÎ Ð��ed�dBÖ o*p<o�u�r�qkykr�px��p}qa�luBp ta�lukr�Î Ð�� d gNÖ �kwlu�wlyspx��ovuBp
X = 40θ2 + 62θ + 34, Y = 42θ2 + 68θ + 38, Z = 58θ2 + 92θ + 51t��äwc���a�a�l��Î Ðl�æÕBÖ �Î Ð��ed � Ö A = 20θ2 + 31θ+ 17, B = 21θ2 + 34θ+ 19, C = 29θ2 + 46θ+ 25.

� w�qk�
θ > 0

�k�¨��r�w���qsp}��w�u Î Ð��ed � Ö ��Ø��}� � o 20θ2 ≤ A
o�p
C + 1/2 ≤ 29(θ + 1)2 � � ����o

r}ov�}�X�vw����spxØ�oYta�lukr
Q(N, λ)

�-w�qk� √N
20

≤ θ ≤
√

λN
29

− 1 � ! u w�y"px��o�uBp �l��usr}�H����M��ukw��x�ipx��wlu
Î Ð��ed�ÕBÖ Q(N, λ) ≥

(√
λ

29
−
√

1

20

)
√
N − 2.

n2wl�}r}�Nqko
λ = 2

�2Î Ðl� d�Õ�Ö ovuBpx�}���¨uko9�a�Gwlqk� N ≥ 2630 >
(

2
0.039

)2 �
Î Ð��hg �BÖ Q(N, 2) ≥ 0.039

√
N − 2 > 0.n#� ��usØv�B�l����p}Ø�Î Ð��hg �BÖ o*p��¨��p��lys��o Ð �MwluNp}�}o�uNp��Nqko���� Øv�Nqa�9p}��w�u Î Ð���ÐTÖ �s���Gwlqk��pxw�q"p

k ≥ 4
�atkovrzr�w���qsp}��w�usr§��Øv��� � �9uNp�Î Ð�� �lÖ*�

·¹¸�� �FÀ;»kÆ��-À"Æ<»s¾ Å&¾ É��?Á�»"À"Â��VÉÄ¾)¸
� �9ukrC��o	� � �9ukwlqkrC�}o�tkØv��w�uBpx��w�ukr�tkovrC��Øvr�qk��px�9pxr��v�¨�9r}r}���NqkovrCq"px����ovrRta�lukr��¨� r}qk��pxol�ukwlp��9�M��ovuBp~r�qk�§�¨�Ù�?w�uk��p}��w�u��9�}��p}|k��Ø�px���Nqko

ρ
Î?tkØ � us��o �a�9�ÙÎ �"��Ð�ÐÓÖ�Ö o�p§��ovr~r�w����Mo�rtkoÙª ��w"wlr�pxo��}�M�lu �G� w�qsr~tkw�ukukwlukrzØv�B�l��ov��ovuBp~tko�q � �l����w�����px|s�Mo�rFtko(��w�ukr�p}�}qk�*px��w�utko �¨��p��9yk��o Ð tkw�usukØvo ovu��lukuso � o � � �lusr ��o
� d �ausw�qkrztkØv��w�uBpx��w�ukr~��o px|kØ�w��}Í��Mo � �o�p ta�lukrz��o
� g �a��o px|kØ�w��}Í��Mo Ð��

Õ



� w�qkrz�}o��Mo��}�v��w�ukr~��|a�9��ovqs�}ovqsr}ov��ovuBp � � � ��|s��u ��ov�2�Gwlqk�~ukw�qkr ����wl���z��ukts���NqkØ(��o�����;��o<tko �&� � w"w���o�{ ÏÑÐ�ÐvÔ �l��usr}�0�Nqko �¨�Ùr}w���qspx��w�u��a�l�x�9�MØ*px�}���Nqko�Î Ð��edcgNÖ*�G� wlqkr§����wlukr�k�¨�l��r}���J�&��ov��ov���v��o�� � � © w�qs�;��{�� � � � o��9p}|"� � �}w � u���� � � ���9�9pH�-w�qk�H��ovqs�}rC��ov�M�l�}�Nqko�r�Gw�r���p}����o�r � � wlqkr<��ov��ov���v��wlukrzØv�B�l��ov��ovuBp ��o�r r�{;r�pxÍ��Mo�r&tkoÙ���9���vqs���?w��}��ov� � � � n �
Ï�Ð�g9Ô o*p � � � � � � � ÏÑÐ � Ô �Nqko ukwlqkrL����wlukrL�¨�9�}��o��Mo�uNpMqsp}������r}Ø9�)�l��ukr��z�;qso���o � � �� ���luk��� � ukr�px��p}qspRtko � w�uku�w���qkuso¡�a�9��px��o)tkovr���tkØ�ovrRtkoF��o�pH�l��p}���v��o)�<Ø*pxØ¹tkØ��lov��wl�k�GØ�o�Go�ukta�luBp<�;qsoÙ��o(tkovq � ��Ív��oÙ�lqspxo�qk�zØ�px�l��p~��uB�"��pxØ(o�u��M�l� � � �D�"�
� ���
	2³��ë¯�(¯�	����z®��§°��³�� ¶
�~¸�· �~Ã¹Ë ËÌ¾	½ Å<¾ Å&¾	Æ
� �VÁ�»"»k¼	½G¸

� wl��p
d
qku ovuBpx��ov� �Gwlr}��p}���¹�����a�l��� � ! u tsØvr}����uko¢�a�l� Sd

���äo�ukr}o���yk��oYtkovrÙ�}o��k�}Øë�r}ovuBpx�9px��w�ukr(�k��������px����o�r<tko
d
�a�9� �¨�M�?wl�}��o��Nqa�ltk�}�9px���Nqko

r2 + 4s2 �	����ov� r > 0
o*p

s ∈ ZÎ �"��ÐÓÖ Sd = {(r, s), r ∈ N
∗, s ∈ Z, r2 + 4s2 = d, (r, 2s) = 1}o�pC�k�l� Ed

��� ovukr�ov��yk��o¡tsovrC���¨�lr�r}ovrHt��äØ��Nqk���9�l��ovuk��oF��w"tkqs��w
d
rx�9p}��r��J�l��r}�luBpH���<�vwluk���}q;�ovuk��o

4ν2 ≡ −1 (mod d) ×Î �"� ��Ö Ed = {ν ∈ (Z/dZ)∗ , 4ν2 ≡ −1 (mod d)}.

� w�qkr)�9����wlukr���ovtkØ��MwluNp}�}o��C��o¡�}Øvr�qk��px�9p����¨�lr�r}���Nqko(ÎJ��� �sÏ�Ð�Õ9Ô �l�l��p}������ovr � � o*p Õ � o*p Ï�ÐlÐvÔ �� �fd�dBÖ&×� g )��V) e��?f�� )�� - m�� X SBRDR A 1�� S 2L1�0 5 Θ N ? C 5 1�< RTS :
Θ(r, s) = r−1s (mod d)

M"0�

r−1

N ?@OB1QP 5 < AYX 1 5 bc<B:=OW< N <
r N S 5 O

(Z/dZ)∗
<@OB2 4G5 < 8;1  �<��B2L1�0 5 N < Sd N S 5 O Ed

H � 5 R < 4 2
?��B:B13:=<

ν = Θ(r, s)
OW0 4 O A S �0�:�7�<

Î �"�edBÖ ν

d
≡ 4s

r
+

s

r(r2 + 4s2)
(mod 1)

0�
 AYXZ0 5 S 5 0�2 ?
4s 4$5 1 5 bc<B:=OW< N <

4s
7�0 Nc4 AU0

r
0 4 8;1�< 5 OW0 4 O A S �0�:�7�<

Î �"�hgNÖ ν

d
≡ r

4s
− r

4s(r2 + 4s2)
(mod 1)

0�
 M �@<B2L2`< �0�1UO@M 5 0 4 O 5 0�2 0 5 O
r 4G5 1 5 bc<B:=OW< N <

r
7�0 Nc4 AU0

4s
H

!�" , )�� e�fTgÓhsf#� )�� mÎ?� Ö Θ
o�r�p�yk��o�u_tkØ � uk��o � � � r u�� Ø�px�l��pÙ�a�lrÙ�k��ov����ov� ���lov�

d
�	r�w���p

p
qku �J�9��pxo�qk��k�}o��M��ov�R�vw�����qku �

r
o*p
d �c� w��M��o d ovr�p������a�l���v� p 6= 2

�io�p
p
tk���;��r}o

4s2 = d−r2 �tkw�uk�
p
ts���;��r�o

s
�2o�p

r
o�p
s
usoMr�ov�x�9��ovuBp��a�lrÙ�k�}o��M��ov��rÙo�uBpx�}oMovq � � � ��ukr}� r−1 ovr�p

Ð��



yk��o�u'tkØ � uk�0o�p r2 +4s2 = d
o�uBpx�x� �¨uko

4s2r−2 ≡ −1 (mod d)
tkw�uk�

r−1s ∈ Ed

�a�9�Î �"� ��Ö*�Î?��� Ö Θ
ovr�p r�qk� ��o���p}����o � � w���p ν ∈ Ed � ! u�w�y"px��o�uBp

r
o*p
s
p}ov��r&�;qso

Θ(r, s) = ν�a�l�)���ä�l���lw��}��px|k��o¡tso � wl�}ua�l����|k�¨�MÎJ�*� �aÏÑÐ � Ô � Ï �iÔ � ÏÑÐvÔ¨Ö~× w�uMtsØ���o���w��s�Go 2ν
d

ovu¢�?�x�l�*px��wlu�vw�uBpx��uNqko�o�p¢��� w�u���|kwl��r}��p¢�¨� ��Øvtkqs��pxo pn

qn

p}ov����oL�Nqko
qn ≤

√
d < qn+1 � n2o�r¢tkovq �ukw���yk��ovr

R = qn
o�p
S = 2νqn − dpn

��Ø��}� � ovuBp R2 + S2 = d
�
(R, S) = 1

o�p
SR−1 ≡ 2ν (mod d) �

� w�����o d = R2 + S2 ovr�p§�����a�l�����B��� qkuLtko�r§ukw���yk�}o�r R o�p S o�r�p~�k�l�����;���æ�9qspx��oovr�p����M�k�l��� � � � S ovr�pX�a�l���v�¹w�u5�Gwlr}o s = S/2
�
r = R � ! u>�

(r, s) ∈ Sd

o*p
Θ(r, s) = sr−1 ≡ ν (mod d) � � � R ovr�p �a�l���v�0w�u��-w�r�o s = −R/2 � r = S

�-w�u��
(r, s) ∈ Sd

o*p
Θ(r, s) = r−1s = −S−1R/2 ≡ −1

2
(2ν)−1 ≡ −1

2
(−2ν) ≡ ν (mod d).

Î?����� Ö Θ
o�r�p'��u���o���px����o � � w���p�tko�q � Øv��Øv��ovuBpxr (r, s)

o�p
(r′, s′)

tko Sd

��Ø��}� � �luBp
Θ(r, s) = Θ(r′, s′)

�k�c� ovr�p�� �i�£tk���}o
Î �"�æÒ�Ö r′s− rs′ ≡ 0 (mod d).

! u��
Î �"� � Ö d2 = (r2 + 4s2)(r′2 + 4s′2) = (rr′ + 4ss′)2 + 4(r′s− rs′)2.

� �l��r�Î �"� � Ö o�p�Î �;�ùÒ�Ö o�uBpx�x� �¨uko�uNp �Nqko r′s− rs′ = 0
�c� ovr�p��`�Ó�£tk���}o

Î �"� � Ö s

r
=
s′

r′
= w

ÎJ���9�
r
o�p
r′
�k�����a�l���}r��suko r}wluNp �a�9r uNqk��r Ö o�pz���äwlu��
d = r2 + 4s2 = r′2 + 4s′2 = r2(1 + 4w2) = r′2(1 + 4w2)�voÙ�;qs�	�����k�����;qso

r = r′
�kqk��rv�a�a�9�ÙÎ �"� � Ö � s = s′ �

� �¡�}ovr�pxo ���k��w�qs��o���Î �"�edBÖ o*p�Î �"�hgNÖ � w���p (r, s) ∈ Sd

���vw����Mo
(r, 2s) = 1

�H���o � ��r�pxo z1, z2 ∈ Z
�kpxov��r~�Nqko

Î �"� � Ö rz1 − 4sz2 = 1.

� w�r�w�ukr
Î �"�äÕBÖ ν = rz2 + sz1.� u��k��ovua�luBp<��o�r~�Mw;tkqk��ovr~ta�lusr �����}o��¨�9p}��w�u

(r + 2si)(z1 + 2z2i) = (rz1 − 4sz2) + 2(rz2 + sz1)i

ÐlÐ



w�u�wlyspx��ovuBp
4ν2 + 1 ≡ 0 (mod d).� u � u��0tkoMÎ �"� � Ö o*p�Î �"�äÕBÖ �k���Vr�qk��pÎ �"��Ð��BÖ rν = r2z2 + s(1 + 4sz2) = s+ z2d ≡ s (mod d)tkw�uk�

ν = Θ(r, s) ��� ���;��o�uNp o�ukr}qk��pxo9�a�a�l�ÙÎ �;� � Ö o*p�Î �"�äÕBÖ
ν

d
=

rz2 + sz1

r2 + 4s2
=
r2z2 + rsz1

r(r2 + 4s2)
=
s+ (r2 + 4s2)z2
r(r2 + 4s2)

=
z2
r

+
s

r(r2 + 4s2)
≡ 4s

r
+

s

r(r2 + 4s2)
(mod 1)

�voÙ�;qs�	tkØv��w�uBpx��o'Î �"�edBÖ*� � oÙ�9	v��ol�sw�u��Go�qsp Øv�v������o
ν

d
=

4rsz2 + 4s2z1
4s(r2 + 4s2)

=
−r + (r2 + 4s2)z1

4s(r2 + 4s2)

=
z1
4s

− r

4s(r2 + 4s2)
≡ r

4s
− r

4s(r2 + 4s2)
(mod 1)

�voÙ�;qs�	�k�}w�q"��oMÎ �"�hgNÖë� �
� w�qkrztkØvr�����usov�}wlukrz�a�l� ρ(n)

��o(ukwl��yk�}o tko r�w���qsp}��w�usr§tko �¨�Y�vwluk���}qsovuk��o
Î �"��Ð�ÐÓÖ ν2 ≡ −1 (mod n).

! u��Y�Gwlqk�
p
�k�}o��M��ov�~o�p

α ≥ 1

Î �"��Ð+��Ö ρ(pα) =





1
r}�
p = 2

o*p
α = 1

0
r}�
p = 2

o*p
α ≥ 2

0
r}�
p ≡ 3 (mod 4)

2
r}�
p ≡ 1 (mod 4)o�p~�a�9�§��o px|kØ�w��}Í��Mo tsovr~�}o�r�p}ovr~tko�r~��|k��ukwl��rv�;�¨� �?w�uk�*px��wluX�l�}��px|k��Ø�p}���Nqko

ρ
ovr�pz��qk���px���s�����v�9px����o � � �9�~�¨�Y�k�}wl�Gw�r���p}��w�u Ð �a�Gw�qs� d ���M�a�9���v�;w�u��Î �"��ÐWdBÖ ρ(d) = � �l��t (Ed) = � �9�}t (Sd).

�~¸�� � Ã¹¿<½NÀ;»sÆ �-À"ÂÄÃ)¿ Å<¾ ÉÄÁ À"Á)È&ÉÄ¾)¸
 uko<�s�}ov����Í��}o~��Ø�p}|kw"tso<��w�ukr}��r�p}o �Ùqspx������r}ov�H�¨� �?w��}��qk��oÙÎ Ð���ÐTÒ�Ö*� � �l� Î Ð���Ð�gNÖ �lw�u�

Î �"��Ð�gNÖ N ≤ A ≤ A0 =

√
λ2N2

2
− 1

8
.

ÐW�



� w�qk�<��|a�l�Nqko��9�l��ovqk�ztko
A
�lØv��� � �luBp&��� ��ukØ��B�l����pxØ¢Î �"��Ð�gNÖ �awlu �J�l��p}w��}��r}o 4A2 + 1

�-o*p��� w�u_��ov��|ko��}��|koLr�ovr�ts���;��r�ovqk��r � � w�qs����|a�l�NqkoMtk���;��r}ovqs�
d
tso

4A2 + 1
�2w�u ���l���vqk��o

B
o*p
C
�a�l��Î Ð���ÐlÐÓÖ o�pÙr}� Î Ð��edBÖ ovr�p�r}�9px��r��J�l��pxo9�Vw�u �vw����sp}oY�vo�p�pxo¢r}wl��qsp}��w�u ��� o�p�pxo�MØ*px|kw;tkoÙ�Y�Gw�qs� ��uk�vwluN�lØvuk��ovuBp<�¨���J�l�*pxw�����rx�ipx��wluXtko

4A2 + 1
�Nqk�7�a�Gw�qs�

A
�l�x�luktV�tko��;��o�uBp&��w��spxo�qkr}o � u �Mo�������ovqk�<�l����w��}��px|k��oÙovr�p yk�lr}ØYr�qk�(�¨�'�s�}w��-w�r}��px��w�u Ð�� � �l�(qkusoY�}ov�M�l���;qsotkØ`�Y�¢�J�l��p}o���qkr�p}o��l�s�}Ívr�Î Ðl��Ð�ÐTÖ �a��o�r~�J�l��p}ovqk��r&�k��ov����ov��r~tko d �-ts���;��r�ovqk�ztko 4A2 + 1

�r}w�uBp�p}w�qkr��vw�uk�l�}qkr>�
1
�Mw;tkqk��w

4
�2�vo'�Nqk�¹�����k�����Nqko��a�9�LÎ �"��ÐW��Ö �2�Nqko ρ(d) > 0 �� �l�Ù�¨���k�}wl�Gw�r���p}��w�u Ð o�pLÎ �"��ÐWdBÖ �R���Cr;� ovusr}qk��p��Nqko

d
�ltk��o�p

ρ(d)
�}o��k�}Ø�r}o�uNpx�9px��w�ukr�k�}���M��px���lovr

Î �"��ÐÓÒ�Ö d = r2 + 4s2, (r, 2s) = 1, r ≥ 1, s ∈ Z.� �l��Î Ðl��Ð � Ö �aw�u�rx�9��pz�Nqko d o�r�p<�vw����k�}��r~ovuBpx��o u0

�atsØ � uk�2�a�9��Î Ð���Ð � Ö �so�p v0

�atkØ � us��a�l�MÎ Ð���Ð�gNÖë� � �l� qkusoMtkwlqkyk��oYy-w�qk����o¢ovu
r
o�p
s
�	w�u ovus��ovukts�}o'��ovr ukw���yk�}o�r

d
tko�¨� �?w����Mo�Î �"��ÐÓÒ�Ö o�pY�lØv��� � �luBp u0 ≤ d ≤ v0 � ! ykr}o�����wlukrM�Nqko���|a�9�;qso

d
�9� 	�px��oovuk��o�uktk��Ø

ρ(d)
�?w���r �� ukr�qk��p}ol���-w�qk�¢��|a�l�Nqko��9�l��o�qk�¢tkq ��w�qk�k��o

(r, s)
��wlu �v�l����qk��o

ν
�a�l��Î �"� � Ö o�pÎ �"�äÕBÖ o�p ���äwlu �}ov��|sov�}��|soM��ovr(ukw���yk�}o�r A r}�9px��r��J�l��rx�luBp A ≡ ν (mod d)
o�pMÎ �;��Ð�gBÖ*�Î � w9pxw�ukr(�Nqko9�	�Gwlqk� λ = 2

�����R{����9q �k��qkr(qsu�p}ov�
A
���l�����a�l�YÎ Ð���Ð � Ö � d ≥ u0 >√

2N2 − 1/8−N Öë��� w�����o tk�lukrF���Ù�s�}ov����Í��}o �MØ*px|kw;tko9� ���a�l��px���¹tso A o�p d �;wlu���l���vqk��o
B
o�p
C
�a�9��Î Ð���Ð�ÐÓÖ o�p w�u���uk���}Ø��Mo�uNp}o���o �vw����spxo�qk�ztkoÙr}w���qspx��w�ukr~r}�¡Î Ð�� d�Öovr�p<rx�ipx��r��J�l��p}o �

� o*pX�l����w��}��px|k��oLo�r�pL����ukØv�l����oXovu N � � �<� Ø�p}Ø �����k��Øv��ovuBpxØXo�u � � � � � �&� n	opxov���kr�t�� o � Øv��qspx��w�u ovr�pLtko���w���ukrYt �äqkuso r}o��vw�ustko��-w�qk�
220
�¹t �äqkuso tk�
���l��uko�tko�M��u;q"pxovrz�-w�qk�

230
o�p tko �k��qsr tsoÙtsovq � r�ov�M�l��usovrz�Gwlqk� 241 �

�~¸
	 �¾2Ë ËÌ¾	½ Á)¿&Á)É��FÀ"Â��§Æ&¾	½G¸
� ' , , ' - mJ/�0�132

τ(n) =
∑

d |n 1
HFI�0 4 : 2`0 4 2

x ≥ 1
M 0 5 S

∑

1≤n≤x

τ(n) ≤ x(log x+ 1).

!�" , )�� e�fTgÓhsf#� )�� m ! u��
∑

1≤n≤x

τ(n) =
∑

1≤n≤x

∑

d |n
1 =

∑

d≤x

⌊x
d

⌋
≤ x

∑

d≤x

1

d
.

� qs��rzw�u�qspx������r}o ���ä��ukØv�B�9����p}Ø
Î �"��Ð � Ö ∑

d≤x

1

d
≤ 1 +

∫ x

1

dt

t
= 1 + log x. �

Ð�d



� ' , , ' � m"/�0�132
h 4$5.5 0�798;:=< < 5 2L1�<B: 5 0 5 5]4 A"<B2

τ(n) =
∑

d |n 1
H I�0 4 :92`0 4 2

x ≥ 1
M"0 5 S

∑

1≤n≤x

τ(n){(h, n)}1/2 ≤ x(log x+ 1)ψ(h)

0�

ψ(h)

<@OB2 N ? C 5 1 RTS :
Î �"��Ð � Ö ψ(h) =

∑

d |h

τ(d)√
d
·

!�" , )�� e�fTgÓhsf#� )�� m � u qspx������r}�luBp¢��� ��ukØ��B�l����pxØ
τ(dd′) ≤ τ(d)τ(d′)

�)�9�l���lyk��oX�Gw�qs�pxw�qsp ��w�qk�k��o(t��äo�uBpx��o��}r
d
o*p
d′
o*p<��o(��o��M��o Ð �a���V�;��o�uNp

∑

1≤n≤x

τ(n){(h, n)}1/2 ≤
∑

d |h

√
d
∑

n≤x
d |n

τ(n) ≤
∑

d |h

√
dτ(d)

∑

d′≤x/d

τ(d′)

≤
∑

d |h

τ(d)√
d
x
(
log
(x
d

)
+ 1
)
≤ x(log x + 1)ψ(h). �

� ' , , '�� mJ/�0�132
ψ(h) N ? C 5 1 RTS :9^��$H3_���acH IK0 4 :>2 0 4 2

x ≥ 1
M"0 5 S

∑

1≤h≤x

ψ(h) ≤ 7x.

!�" , )�� e�fTgÓhsf#� )�� m ! u��
∑

1≤h≤x

ψ(h) =
∑

1≤h≤x

∑

d |h

τ(d)√
d

=
∑

d≤x

τ(d)√
d

⌊x
d

⌋
≤ x

∞∑

d=1

τ(d)

d3/2
= xζ(3/2)2

o�p
ζ(3/2)2 = 6.8245... � �

� ' , , '�� mJ/�0�132
r(n)

AU< 5 0�798;:@< N <  S�� 0 5 O N XZ?��B:�13:@<
n

�@0�7 7�<�OW0�7 7�< N < N < 4 E
� S :B:=?@O;HFIK0 4 : 2 0 4 2

x ≥ 1
M"0 5 S

∑

1≤n≤x

r(n) = πx+ R̂1(x)
S bc<�� |R̂1(x)| ≤ 9

√
x.

!�" , )�� e�fTgÓhsf#� )�� mVnV�æ�l����qk��ovuBp<�v�¨�9r}r}���NqkoMÎJ��� �RÏ ÕiÔ �apx|kØ�w��}Í��Mo d�d�Õ�Ö tso���w��M�"p��l��otkovr¹�Gwl��uBpxr#�(�vw;w���tkw�ukukØ�ovr)ovuBp}��Ív��ovr)ta�lusr¹��o~tk��r��Nqkoz�vovuBp}�}Ø��Ù���äwl�}���l��uko¹o�p¹tkoz�x��{lw�u
√
x
tsw�ukuko

π(
√
x−

√
2)2 ≤ 1 +

∑

1≤n≤x

r(n) ≤ π(
√
x +

√
2)2.

Ð;g



� �	r;� ovukr�qk��p �Nqko
|R̂1(x)| ≤ 2

√
2π

√
x + (2π − 1) ≤ 9

√
x�Gw�qs�

x ≥ 2500 � n	o(���l���vqk�Gtk����ov�*p~tko r(1) + r(2) + . . .+ r(n)
��w�uBpx�}o&�;qsol�k�-w�qk�

1 ≤ x ≤ 2500
�"w�u��

R̂1(x) ≤ 2.29
√
x � � � � ��ov���k��usr �N�	�Y�l��Øv����w���Ø<�����'�+��wl�x�9p}��w�utko |R̂1(x)|

�k��� �2ÏÑÐ � Ô7� n	o �}ov��w��}t�ovr�p<�l��p}qkov����ov��ovuBpztkØ*pxo�u;q��a�l� ÏÑÐ+�iÔ7� �
� ' , , '�� m�/�0�132

ρ
A S �0 5 �B2L1�0 5 7 4 A 2L1 R A 1�� S 2L13bc< N ? C 5 1�< RTS : ^��$H3_D_Ba <B2 ^��$H3_ �;acH

� AU0�:@O@M R 0 4 : 2`0 4 2
x ≥ 1

M 0 5 S
(i) Υ(x) =

∑

1≤n≤x

ρ(n) =
3

2π
x + R̂2(x)

S bc<�� |R̂2(x)| ≤
(

9

8
log x+ 4

)√
x,

(ii) Υ∗(x) =
∑

1≤n≤x
n impair

ρ(n) =
1

π
x+ R̂3(x)

S bc<�� |R̂3(x)| ≤ (4 log x+ 14)
√
x,

<B2 R 0 4 :
x ≥ 7

M"0 5 S
(iii) Υ∗(x) ≤ 3x

7
·

!�" , )�� e�fTgÓhsf#� )�� m¹Î?� Ö ! u�rx�l��p&�Nqko��¨���?wluk��p}��w�u 1
4
r(n)

tkØ � us��o�tk�lukr ��o���ov���Mo govr�p&��qk��px���s�����v�9px����o o*p&�9�lqsp 1
4
r(2α) = 1

r}�
α ≥ 1

� 1
4
r(pα) = 0

r��
p ≡ 3 (mod 4)o�p

α
���M�k�l����� 1

4
r(pα) = 1

r}�
p ≡ 3 (mod 4)

o�p
α
�a�l���v� 1

4
r(pα) = α + 1

r}�
p ≡ 1

(mod 4)
Î?��� �	Ï Õ9Ô �kpx|kØ�w��}Í��Mo � � � Ö*�� Ø�r}����ukw�ukr��a�l�

µ
���z�?wluk��p}��w�uÙtko ��� yk��qsr �  u��x�l��r}w�ukusov��ovuBpH���¨�lr�r}���;qsoF��w�uBpx�}o�;qsoX�¨���?wluk��p}��w�u 1

4

∑
d2 |n µ(d)r(n/d2)

o�r�pYØ��B�l��ov��ovuBp���qs��px���k�������9p}���loYo�pY�NqkoLr}��l�9��ovqs�~r}qk�z��o�r~�kqk��r}rx�9uk�vo�r tsoÙusw���yk��ovr~�k��ov����ov��r~�vw��$uk�v��tko ����o�����ov����o tko
ρ � ! u��tkw�uk�

ρ(n) =
1

4

∑

d2 |n
µ(d)r(n/d2).

� �l�z��o(��ov���Mo g �kw�u��
Υ(x) =

∑

n≤x

1

4

∑

d2 |n
µ(d)r(n/d2) =

1

4

∑

d≤√
x

µ(d)
∑

d′≤x/d2

r(d′)

=
1

4

∑

d≤√
x

µ(d)
(
π
x

d2
+ R̂1

( x
d2

))
=

3x

2π
+ R̂2(x)

�T�lov�
R̂2(x) = −πx

4

∑

d>
√

x

µ(d)

d2
+

1

4

∑

d≤√
x

R̂1

( x
d2

)
.
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� �l�z��o(��ov���Mo g o*p�Î �"��Ð � Ö �aw�u�w�ysp}��ovuBp
|R̂2(x)| ≤ πx

4

(
1

x
+

∫ +∞

√
x

dt

t2

)
+

1

4

∑

d≤√
x

9

√
x

d

≤ π
√
x

2
+

9

4

√
x

(
1 +

1

2
log x

)
≤
(

9

8
log x + 4

)√
x.

ÎJ��� Ö"� w����spxo p}ovuNq tsoÙ�����9�l��o�qk�~tko ρ(2α)
tk�lukr�Î �"��Ð+��Ö �kw�u��

∑

1≤n≤x
n �������

ρ(n) =
∑

1≤n≤x
n≡2 (mod 4)

ρ(n) =
∑

1≤n≤x/2
n �����������

ρ(n)

=
∑

1≤n≤x/2

ρ(n) −
∑

1≤n≤x/2
n �������

ρ(n).

� u��}Ø���p}Øv�x�9uNp ���æ�l����qk��ovuBp��"w�u�w�yspx��ovuBp

Υ∗(x) =

k∑

j=0

(−1)jΥ
( x

2j

)

w��
k
o�r�p<��� ovuBpx��ov�§tsØ � uk�2�a�9� 2k ≤ x < 2k+1 � � u��l�s�k�����;qk�luBpÙÎJ� Ö �k���G�;��o�uNp

Υ∗(x) =

k∑

j=0

(−1)j

(
3x

2j+1π
+ R̂2

( x
2j

))
=
x

π
+ R̂3(x)

�T�lov�
R̂3(x) = − 3

2π

+∞∑

j=k+1

(−1)j x

2j
+

k∑

j=0

(−1)jR̂2

( x
2j

)
.

! u��
|R̂3(x)| ≤ 3

2π

+∞∑

j=k+1

√
x

2j
+

(
9

8
log x + 4

) k∑

j=0

√
x

2j

≤ (2 +
√

2)

(
9

8
log x + 4

)√
x ≤ (4 log x+ 14)

√
x.

ÎJ����� Ö nR�X�?w�uk�*px��w�u 4 log t+14√
t

ovr�pÙtkØv���}w���r}rx�9uNp}oM�-w�qk�
t ≥ 1

o�pÙo�����o�ovr�p���u"�?Øv�}��ovqk��o �
1/10

�Gwlqk�
t ≥ 500000

�CÎ?����� Ö �}Ø�r}qk��pxoYtkw�us��tko�Î?��� Ö �Gwlqk� x ≥ 500000 � n2o����l���vqk�u;qs�MØ��}���Nqko�tko
Υ∗(x)

�Gwlqk�
x
ovuBp}��ov�<��us�?Ø��}��ovqk� �

500000
�vw����k��Í�pxoÙ�¨�M�k�}o�qs��oYtkoÎJ����� Öë� �

Ð �



� ' , , '�� m /�0�1�< 5 2 N < 4 E 5 0�798;:=<@O>:=?@<BA O
u

<B2
v

O S 2L1UO� S 1UO S 5 2
1 ≤ u ≤ v

H /�0�132
F

4G5 <��0 5 �B2�1�0 5 �@0 5 2�1 5�� 7�< 5 2 N ?B:�13b S 8;AU< N <
[u, v] N S 5 O

R
M <B2

ρ N ? C 5 1 RTS : ^��$H3_D_BacH
� 5 R 0WOW< ‖F‖ = ‖F‖[u,v] = maxu≤t≤v |F (t)| H � AU0�:=O0 5 S

∑

u≤d≤v
d impair

ρ(d)F (d) =
1

π

∫ v

u

F (t)dt+ R̂0(u, v;F )

S bc<��
∣∣∣R̂0(u, v;F )

∣∣∣ ≤ (4 log v + 14)
√
v

(
2 ‖F‖ +

2

3
v ‖F ′‖

)
.

!�" , )�� e�fTgÓhsf#� )�� m � �l�)��o ��ov���Mo Ò Î?��� Ö �lwlu'�s�Bo�uMq"px������r}�luBp���� ��uBpxØ����x�9��o§tko � p}����pL��ovr
∑

u≤d≤v
d �����������

ρ(d)F (d) =

∫ v

u−

F (t)d[Υ∗(t)] =
1

π

∫ v

u

F (t)dt+ R̂0(u, v;F )

�T�lov�9�-�k�l�z��uBpxØ����x�9p}��w�uX�k�l�~�a�l��px��o�rv�
R̂0(u, v;F ) =

∫ v

u−

F (t)d[R̂3(t)] = F (v)R̂3(v) − F (u)R̂3(u) −
∫ v

u

F ′(t)R̂3(t)dt

o�p
∣∣∣R̂0(u, v;F )

∣∣∣ ≤ 2 ‖F‖ (4 log v + 14)
√
v + ‖F ′‖ (4 log v + 14)

∫ v

u

√
t dt

o�p �vw�����o ∫ v

u

√
t dt ≤

∫ v

0

√
t dt = 2

3
v3/2 ��ov�¨�¢�l��|sÍ���oÙ�¨�Y�k��ovqs�lo�tsq���ov���Mo � �

�~¸�� �~Ã¹Ë ËÌ¾	½ Å<¾�� ÉÄÃ~Ã)½NÀ"¾�»kËÌÁ¹¿�¸
� wl��p

a ∈ Z
�
b ∈ Z

o�p
m
qkuYo�uNp}��o��C�Gwlr}��p}��� � � � ` o�r�p��s�}ov����o��C����o�� m �lwlu�ukwlp}ov�x�

`
qku�ovuBpx��ov�§�lØv�}� � �luBp `` ≡ 1 (mod m) � n2��r}w����Mo(tso ª ��w"wlr�pxo��}�M�lu K(a, b ;m)ovr�p<tkØ � uk��o(�k�l�
Î �"��Ð � Ö K(a, b ;m) =

∑

0<`≤m
(`,m)=1

exp
2iπ(a` + b`)

m
·

� ���l�vo��lq � px�x���9�lq � tko � � � ov���7�Vw�u rx�9��p �M�+��w��}o��(�vo*p}pxo¢r�w��M��ol�Vo�pÙ��� w�u �X��� ��u"�Øv�B�l����p}Ø¢ÎJ�*� �2Ï �"Ð*Ô � ÏÑÐ�ÐvÔ �k� �fd�Ò wlq ÏÑÐWdiÔ �a� � � ÐTÖÎ �"��ÐTÕBÖ |K(a, b ;m)| ≤ τ(m)
√
m{(a, b,m)}1/2, a, b,m ∈ Z, m ≥ 1,

Ð �



w��
τ(m) =

∑

d|m
1
tkØvr�����usoX��oXukw���yk�}oXtkoXts���;��r�ovqk��r�tso

m
o�p

(a, b,m)
��oX�s���vt

tkovr~px��w���r~usw���yk��ovr
a, b
o*p
m � ! u��-ovq"pztkØvtkqs���}o(tso'Î �"��ÐTÕBÖ qkusoÙ�M�+��w��}�9px��w�uLtko(���r}w����Mo(tso�ª(��w"w�r�pxo��}�M�luX��uk��w����k��Í*pxo ×

� ' , , '���� j��xm�� -f-	��
 � ' , , h ��
 � m � � ' f� ����
 � m � � ��� mK/�0�132
m ≥ 1 4G5< 5 2�1�<B:=M <B2

b ∈ Z
H�/�0�132

ξ
<B2
ξ′ N < 4 E 5 0�798;:=<@O < 5 2L1�<B:@O9bc?B:�1 C S 5 2

1 ≤ ξ ≤ m
<B2

1 ≤ ξ′ ≤ m
H � 5 S

Î �"� � �BÖ
∣∣∣∣∣∣∣∣

∑

ξ≤`≤ξ′

(`,m)=1

exp
2iπb`

m

∣∣∣∣∣∣∣∣
≤ τ(m)

√
m{(b,m)}1/2γ(m)

0�

Î �"� �"ÐÓÖ γ(m) = 1 +

2

π
log

4m

π
= 1.153 . . .+ 0.6366 . . . logm.

!�" , )�� e�fTgÓhsf#� )�� m � �
ξ′ < ξ

�-�¨��r}w����Mo�ta�lukrYÎ �"� � �BÖ ovr�p u;qs����oÙo�p ��o���ov���Mo o�r�ptkØv��w�uBpx��ØC�aw�u��Go�qsp tkw�uk� r}qs�k�Gwlr}ov�
ξ ≤ ξ′ �� u w�ykr�ov���l�9uNp �;qsoY��o����}w;��|ko�p �v���Þtkovr�r}w�qsr&�9�lqsp

1
r}�
n ≡ ` (mod m)

Î?�vo��Nqk�Øv�Nqk���9�lq"p �
n = ` Ö o*p 0

r���ukw�uV�k���V�;��ovuBp
∑

ξ≤`≤ξ′

(`,m)=1

exp
2iπb`

m
=

∑

0<`≤m
(`,m)=1

exp
2iπb`

m

∑

ξ≤n≤ξ′

[
1

m

∑

1≤a≤m

e
2iπa(n−`)

m

]

=
∑

1≤a≤m

K(−a, b ;m)

{
1

m

∑

ξ≤n≤ξ′

exp
2iπan

m

}
,

�voÙ�;qs�$�ko�u�qsp}������rx�9uNp(Î �"��ÐTÕBÖ �kovuBp}�x����ukoÎ �"� ����Ö∣∣∣∣∣∣∣∣

∑

ξ≤`≤ξ′

(`,m)=1

exp
2iπb`

m

∣∣∣∣∣∣∣∣
≤ τ(m)

√
m{(b,m)}1/2

∑

1≤a≤m

{∣∣∣∣∣
1

m

∑

ξ≤n≤ξ′

exp
2iπan

m

∣∣∣∣∣

}
.

nR�X�Nqa�luBp}��pxØYtk�lukr ���ä�l�v��w��¨�9tko��9�lqspv���Gwlqk�
a = m

� |ξ′ − ξ + 1|/m ≤ 1
��o�p �-w�qk�

1 ≤ a < m
�ao�����o �9�lq"p

∣∣∣∣∣
exp 2iπaξ

m
− exp 2iπa(ξ′+1)

m

m
(
exp 2iπa

m
− 1
)

∣∣∣∣∣ ≤
1

m sin πa
m

·

Ð �



nR�¢r}wl�M��o ovu
a
tso'Î �"� ����Ö ovr�p tkw�uk� �M�+��w��}Ø�o(�a�l�

Î �"� �cdBÖ 1 +
1

m

m−1∑

a=1

1

sin πa
m

·

� �l��r)qkuso �?w�us��px��w�u
f
�vw�uB��o � o r}qs�¹���ä��uBpxov���9�l����o [a−1/2, a+1/2]

rx�9p}��r��J�l��p
f(a) ≤∫ a+1/2

a−1/2
f(t)dt � � u���ov�M�l�}�Nqa�9uNp<�Nqko����¢�?wluk��p}��w�u

t 7→ 1
sin πt

m

o�r�p ��w�uB��o � o�r}qk�<��� ��u"�pxov���9�l����o
[1/2, m− 1/2]

�kw�u��
m−1∑

a=1

1

sin πa
m

≤
∫ m−1/2

1/2

1

sin πt
m

dt =
m

π

[
log tan

πt

2m

]m−1/2

1/2

=
2m

π
log cot

π

4m
≤ 2m

π
log

4m

π

Î �"� � gNÖo�p�Î �"� � �BÖ ��Øvr�qk��p}oÙtso'Î �"� ����Ö �RÎ �"� �cdBÖ o*p�Î �"� � gNÖ�� �
� ' , , '�� � j��xm � -f-�� 
�� m ����� m��>0 4 O �@0 5 OW<B:�bc0 5 O AU<@O 5 0�2 S 2L1�0 5 O Nc4 AU<B7 7�< �+Hf/�0�132
4G5 < �0 5 �B2L1�0 5 �@0�7 R AU<�EG<

Φ(t)
�@0 5 2L1 5�� 7�< 5 2 N ?B:�13b S 8;AU< N ? C 5 1�<�O 4 :�AYX 1 5 2`<B:�b S A3AU<K:=?@<BA

[0, m]
H�� 5 O 4 RDR 0WOW< [ 4 <@M R 0 4 :�2 0 4 2

t ∈ [0, m]
M(0 5 S |Φ(t)| ≤M0

<B2 |Φ′(t)| ≤ M1

H
� AU0�:@O@M 0 5 S

∣∣∣∣∣∣∣∣

∑

ξ≤`≤ξ′

(`,m)=1

exp
2iπb`

m
Φ(`)

∣∣∣∣∣∣∣∣
≤ τ(m)

√
m{(b,m)}1/2γ(m)[|ξ′ − ξ|M1 +M0].

!�" , )�� e�fTgÓhsf#� )�� m � w�����o�ta�lukr&��o���ov���Mo � �Vusw�qkr(�-w�qs��wlukr(r}qk�s�Gw�r�ov�
ξ ≤ ξ′ �

� �	ovr�p ��w��M��w;tko(tko �Gwlr}ov���a�Gwlqk� 0 ≤ t ≤ m

Î �"� ��Ò�Ö g(t) =
∑

ξ≤`≤t
(`,m)=1

exp
2iπb`

m

o�p��a�k�l�z��o(��o��M��o � �aw�u��
Î �"� � � Ö |g(t)| ≤ τ(m)

√
m{(b,m)}1/2γ(m).� �l�z�¨�Y��Ø�p}|kw"tso(tko �¨��r}wl�M�M�9px��w�uLt�� � y-ov�7�aw�u�Øv���}��p ×

∑

ξ≤`≤ξ′

(`,m)=1

exp
2iπb`

m
Φ(`) = g(ξ)Φ(ξ) +

ξ′∑

`=ξ+1

(g(`) − g(`− 1))Φ(`)

=

ξ′−1∑

`=ξ

g(`)(Φ(`) − Φ(` + 1)) + g(ξ ′)Φ(ξ′).
Î �"� � � Ö

Ð�Õ



! u �l�k�k�����NqkoX��o�p}|kØvwl�}Ív��o�tkovr'�l�v���}w���r}r�ov��ovuBpxr � uk��r �
Φ(` + 1) − Φ(`)

��o�pM��o��ov����o r}qk��pztkoMÎ �"� � � Ö o*p�Î �"� � � Öë� �
� � ��� ±�® 	�¯	°� ¯2µ*±�® ²�³ ¯����~±Ù°���� � ��¶
	 ¸�· �¾ Ç�Ã)É��~¿
	¹ËÌ¾ Å<¾�� ¾�»s¿&Ã)Æ&ÉÄÉÄÂ*¸

� wl��p
d 6= 1

qku ukwl��yk�}o������a�l�����0����ov�Y���MtkØ � uk��px��wlu tko Ed

tsw�ukukØ�oY�a�l�YÎ �"� ��Ö �ovu���|kw���r���r�rx�luBp
ν
o�uBpx�}o

1
o�p
d− 1

�awlu��
Î ds��ÐÓÖ ∑

1≤A≤f(d)
4A2≡−1 (mod d)

1 =
∑

ν ∈ Ed

∑

1≤A≤f(d)
A≡ν (mod d)

1 =
∑

ν∈Ed

(⌊
f(d) − ν

d

⌋
+ 1

)
.

! u �}o��M�s�¨�l��oYta�lukr'Î ds��ÐÓÖ �����k�l��p}��oYovuBp}��Ív��o¢�a�l�(r}wlu_o � �k��ovr�r}��wlu_ovu��?w�uk�*px��w�u�tkq�Gw���{;u����o(tko � ov��ukw�qk����� × B1(t) = t− btc − 1/2
�k���V�;��o�uNp

Î ds� ��Ö ∑

1≤A≤f(d)
4A2≡−1 (mod d)

1 =
∑

ν∈Ed

(
−B1

(
f(d) − ν

d

)
+
f(d)

d
− ν

d
+

1

2

)
.

� u �lr�r}w;�v���luBpY��o�r�tkovq � Øv��Øv��ovuBpxr ν o�p d − ν
tso Ed

ÎJ�Nqk�§r�w�uBp¢tk��r�px��us��pxr����v�l�
dovr�pF�����a�l��� Ö �9��o�r¡tko�q � tkov��uk��o��}r)pxo��}��ovr¹tkoYÎ ds� �lÖ ts��r}�k�l�x�l��r}r�ovuBp��No�pv�N�a�l�&Î �"��ÐWdBÖ �Bw�uw�yspx��ovuBp

Î ds�edBÖ ∑

1≤A≤f(d)
4A2≡−1 (mod d)

1 =
f(d)ρ(d)

d
−
∑

ν∈Ed

B1

(
f(d) − ν

d

)
.

! u��-ovqsp<�l��ukr}��Ø��v�����}o�Î Ð�� � � Ö w��
S0(u, v; f)

�YØ�p}Ø tkØ � us�Ro�u Î Ð�� � � Ö o*p
Î ds�hgNÖ S1(u, v; f) =

∑

u≤d≤v
d �����������

∑

ν∈Ed

B1

(
f(d) − ν

d

)
.

� �	ukw�qkr~�J�lqspz�M�l��uNp}ovua�9uNpz�M�+��w���ov� |S1(u, v; f)| �
	 ¸�� �Á���Ã�»aË Æ<É�¾ Å<¾��&¸
��Á)Á)É�¾�»�¸

� w�qk���M�+��w���ov�
S1(u, v; f)

ukw�qkr ��w����Mo�u��vw�usr��a�l� �9�k�k�}w;��|ko�� �¨� �?w�us��px��w�u
B1(t)

�a�9� qsu��-w���{;u�l�Mo p}�}���lw�ukw���Ø�p}�}���Nqko ��� w�qkr ukwlpxo��}w�usr e(t) = e2iπt
�ao�p<ukw�qsrqspx������r�ov��w�ukr§��o(��ov����o �v�Ñ�£tko�r}r}wlqkr<tso � ��� ���l��o�� �

� �



� ' , , '�� mJ/�0�132
ω ∈ N

M
h ∈ Z

M
1 ≤ |h| ≤ ω

<B2
Î ds�æÒ�Ö 0 < bω(h)

def
== π

|h|
ω + 1

(
1 − |h|

ω + 1

)
cot

(
π

|h|
ω + 1

)
+

|h|
ω + 1

< 1.

� AU0�:@O@M < 5 R 0WO S 5 2
Î ds� � Ö B∗

ω(t) = − 1

2iπ

∑

1≤|h|≤ω

bω(h)

h
e(ht)

0 5 R < 4 2 ?��B:�13:@<
Î ds� � Ö B1(t) = B∗

ω(t) +R∗
ω(t)

S bc<��@M R 0 4 : 2 0 4 2
t ∈ R

M
Î ds� � Ö |R∗

ω(t)| ≤ 1

2ω + 2

∑

0≤|h|≤ω

(
1 − |h|

ω + 1

)
e(ht) =

sin2 π(ω + 1)t

2(ω + 1)2 sin2 πt
·

!�" , )�� e�fTgÓhsf#� )�� m � w�qk�
t 6∈ Z

�CÎ ds� � Ö o�r�p(���ä��ukØv�B�9����p}Ø�Î � ��Ð�gNÖ tko � ���l��o���ÎJ��� ��Ïe� �9Ô ���� � �lqkr�r}�-��o~px|kØ�w��}Í��Mo � � � tko Ï � Ô o�p Ï � Ô�Öë� � w�qs� t ∈ Z
�;��ovr)tko�q � �Mo���yk�}o�r¡tso�Î ds� � Ör}w�uBp<Øv�B�lq � �

1/2
�ko�p ��o&�}Øvr�qk��px�9p ovr�p<o�uk�vwl�}o(�;�x�l� � �� u�qspx������r}�luBp Î d"� � Ö �B�Gwlqk�)qkuko~�9�l��o�qk�)tko ω �Nqko ��� w�u��k�}Ø��v��r�ov�}�Ù�k��qkr�p��l��t��-Î d"�egNÖtko��;��o�uBp

Î ds�äÕBÖ S1(u, v; f) = S2(u, v; f) + S3(u, v; f)

�T�lov�9�-�k�l��Î ds� � Ö �
S2(u, v; f) =

∑

u≤d≤v
d �����������

∑

ν∈Ed

B∗
ω

(
f(d) − ν

d

)

= − 1

2iπ

∑

1≤|h|≤ω

bω(h)

h

∑

u≤d≤v
d ����� �����

e

(
hf(d)

d

)∑

ν∈Ed

e

(
−hν
d

)Î ds��Ð��BÖ
o�p
Î ds��Ð�ÐÓÖ S3(u, v; f) =

∑

u≤d≤v
d ����� �����

∑

ν∈Ed

R∗
ω

(
f(d) − ν

d

)
.

�;Ð



� �l��Î d"� � Ö �kw�u��Î ds��Ð+��Ö |S3(u, v; f)| ≤ S4(u, v; f)

ovu��Gw�r}�luBpÎ ds��ÐWdBÖ
S4(u, v; f) =

1

2ω + 2

∑

0≤|h|≤ω

(
1 − |h|

ω + 1

) ∑

u≤d≤v
d �����������

e

(
hf(d)

d

)∑

ν∈Ed

e

(
−hν
d

)
·

� �	ovr�p ��w��M��w;tko(tko �Gwlr}ov���a�Gwlqk� h 6= 0
�

Î ds��Ð�gNÖ P = P (h, u, v, f) =
∑

u≤d≤v
d ����� �����

e

(
hf(d)

d

)∑

ν∈Ed

e

(
−hν
d

)

tko(pxov����o(r�w���p}oÙ�NqkoMÎ ds��Ð��BÖ o�p�Î d"��ÐWd�Ö tko��;��ovukuko�uBp
Î ds��ÐÓÒ�Ö S2(u, v; f) = − 1

2iπ

∑

1≤|h|≤ω

bω(h)

h
P (h, u, v, f)

o�pÎ ds��Ð � Ö
S4(u, v; f) =

1

2ω + 2



∑

u≤d≤v
d �����������

ρ(d) +
∑

1≤|h|≤ω

(
1 − |h|

ω + 1

)
P (h, u, v, f)


 .

� �	ukw�qkr~�J�lqspz�M�l��uNp}ovua�9uNpz�M�+��w���ov� |P (h, u, v, f)| �
	 ¸
	 � �HÁ)ÉÄÆ&ÁCÀ"ÂÄÃ¹¿�Å&¾

P(h,u,v, f)
¸

� w�qk� Ø��9�l��qkov�
P (h, u, v, f)

�Vusw�qkr qspx������r}ov��w�ukr(����ys� ��ov�*px��w�u
Θ
ovuBp}�}o Sd

o*p EdØ�pxqstk��Ø�oÙtk�lukrz�¨�Y�k��w��Gwlr}��p}��w�u Ð�� � �l�z��o�p}p}o yk� ��o���px��w�u��"w�u�tsØvtkqk��pztkoMÎ ds��Ð�gNÖ
Î ds��Ð � Ö P (h, u, v, f) =

∑

u≤r2+4s2≤v
r ����������� , r>0, (r,s)=1

e

(
hf(r2 + 4s2)

r2 + 4s2
− νh

r2 + 4s2

)

w��
ν = Θ(r, s)

ovr�p~tkw�ukusØ&�a�l�¡��� qkuko<tkovrF�?wl�}��qk��ovr Î �"�edBÖ w�q�Î �;�egNÖë�T� w�qkr§��w�qk�-w�ukr�¨�Yr}w�����o'Î ds��Ð � Ö ovu��Nqa�9px��o �a�l��p}��o�r r�qk���9�luBp �Nqko |s| < r
w�q |s| > r

o*p
s > 0

wlq
s < 0

Î � o��'�l���Nqkw�ukr(�Nqko |s| = r
w�q

s = 0
ovuBpx�}���¨usov�x�9��p

r = (r, s) = 1
�voY�Nqk�

�c�



ovr�p§��uk��w��M�k�9px��yk��oz����o��
r2 + 4s2 ≥ u

�;�-w�qk�
u > 5 Ö*� � ��usr}�-ta�lukr¡�¨��r�w����Mo P1

�;w�u�����Gw�r�o
1 ≤ s < r

�vo �Nqk�	ovuBpx�}���¨uso
u ≤ r2 + 4s2 < 5r2 o�p

r2 < r2 + 4s2 ≤ vo�p ovuk��w��}o
Î ds��Ð � Ö √

u/5 < r <
√
v ;�Gw�qs�

r �s� Ø~ta�lukrC���ä��uBpxov���9�l����o Î ds��Ð � Ö �9��ovrH��ukØv���l����pxØvr u ≤ r2+4s2 ≤ v
o�p

1 ≤ s < rovuBpx�}���¨uko�uBp ���äo � ��r�p}ovuk��o5ÎJ�*� � © ��� � ��Ö tko tsovq � ukw���yk�}o�r�o�uNp}��o��}r ξ1 = ξ1(r)
o*p

ξ′1 = ξ′1(r)
��Øv��� � �9uNp 1 ≤ ξ1 ≤ r − 1

o*p
1 ≤ ξ′1 ≤ r − 1

o*p p}ov��r~�;qso
u ≤ r2 + 4s2 ≤ v

o�p
1 ≤ s < r ⇐⇒ ξ1 ≤ s ≤ ξ′1.n2o�r �9�l��ovqk��r~tko

ξ1
o�p
ξ′1
r�w�uBp<tsw�ukukØ�ovr �a�l� ×

ξ1 = 1
r��
r ≥

√
u

o�p
ξ1 =

⌈√
u− r2

4

⌉ r��
r <

√
u

ξ′1 = r − 1
r��
r ≤

√
v

5

o�p
ξ1 =

⌊√
v − r2

4

⌋ r}�
r >

√
v

5
.

! u��M�9��ukr�� �Y�a�l��p}���§tso'Î ds��Ð � Ö o�p�Î �"� d�Ö
Î ds��ÐTÕBÖ P1 = P1(h, u, v, f) =

∑
√

u/5<r<
√

v
r �����������

∑

ξ1≤s≤ξ′1
(r,s)=1

e

(−h4s
r

)
Φ1(s)

�T�lov�9�-�k�l��Î Ð�� � gNÖ �
Φ1(s) = exp

(
2iπhF (r2 + 4s2) − 2iπhs

r(r2 + 4s2)

)
.

! u����9���vqs��o(�¨��tsØv�}����Ø�oÙ��w��B�l����p}|k�M���Nqko&tko
Φ1 ×

Φ′
1

Φ1
(s) =

2iπh

r

(
8rsF ′(r2 + 4s2) − r2 − 4s2

(r2 + 4s2)2

)

o�p ��� w�u��s�ko�u�w�ysr}ov���9�luBp&�Nqko |r2 − 4s2| ≤ r2 + 4s2
o*p

4|rs| ≤ r2 + 4s2

|Φ′
1(s)| =

∣∣∣∣
Φ′

1

Φ1

(s)

∣∣∣∣ ≤
2π|h|
r

(
2(r2 + 4s2)|F ′(r2 + 4s2)| + 1

u

)
.

� d



r

s
r = s

r = −s

r2 + 4s2 = v

r2 + 4s2 = u

q
v
5

q
u
5

√
u

√
v

P1

P2

P3

P4

������� � � � Øv�vwlqk�a�l��oÙovu��Nqa�9p}�}o �vw�usovr

��g



! u_�Gw�r�o
b = −h4 ��wc�����}�l�k�-ov��w�ukrÙ��ol�

4
ovr�p�qku_��uN�lov��r}oLtko

4
��w"tsqk��w

r � ! u �
(b, r) = (h, r)

Î?���l�
r
o�r�p �����a�l��� Ö � |ξ′1 − ξ1| ≤ r

o*p<��o(��o��M��o � tkw�ukuso
∣∣∣∣∣∣∣∣

∑

ξ1≤s≤ξ′1
(r,s)=1

e

(−h4s
r

)
Φ1(s)

∣∣∣∣∣∣∣∣
≤ τ(r)

√
r{(h, r)}1/2γ(r)M(h, r)

�T�lov�9�-�k�l��Î Ð�� �cdBÖ
M(h, r) = 2π|h|

(
2 ‖tF ′(t)‖ +

1

u

)
+ 1.

� u�ukwlpx�luBp �;qso
u ≥ 7

o�p ovu�qspx������rx�luBp Î Ð�� ��Ò�Ö �s���V�;��o�uBp
M(h, r) ≤ 4π|h|

(
‖tF ′(t)‖ +

1

2u
+

1

4π

)
≤ 4π|h|M.

� u��}o��Gwl��p��9uNp ta�9ukr�Î ds��ÐTÕBÖ w�u�w�y"px��o�uBpÎ ds� � �BÖ |P1| ≤ 4π|h|M
∑

√
u/5<r<

√
v

r �����������

τ(r)
√
r{(h, r)}1/2γ(r).

� �lukr �¨��r�w��M��o
P2

�aw�u��Mo*pz��ovr~p}ov�}��ovr~tso'Î ds��Ð � Ö ����o�� −r < s ≤ −1 � ! u �
P2 = P2(h, u, v, f) =

∑
√

u/5<r<
√

v
r �����������

∑

−ξ′1≤s≤−ξ1
(r,s)=1

e

(−h4s
r

)
Φ1(s)

=
∑

√
u/5<r<

√
v

r �����������

∑

ξ1≤s≤ξ′1
(r,s)=1

e

(
h4s

r

)
Φ1(−s).

Î ds� �"ÐÓÖ
� �l�Y�9�k�k�������9p}��w�u tkq ��ov���Mo � �Rw�u_p}�}w�qs�loX�Gwlqk� |P2|

�¨���9	v��o��'�+��wl�x�9p}��w�u �Nqko�Gw�qs� |P1|
�ko�p ���äw�u��"�a�a�l�ÙÎ d"� � ��Ö&×Î ds� ����Ö |P1| + |P2| ≤ 8π|h|M

∑
√

u/5<r<
√

v
r �����������

τ(r)
√
r{(h, r)}1/2γ(r).

n2�Lr}wl�M��o
P3

��w�uBpx��o�uBp���ovr p}ov�}��ovr(tsoY�¨�Lr}wl�M��o�Î d"��Ð � Ö �����lov� ν tkw�ukukØY�k�l�Î �"�hgNÖ �srx�9p}��r��J�9��rx�9uNp 1 ≤ r < s �]� �	o � ��r�pxo tko�q � ukw���ys�}ovrzo�uNp}��o��}r ξ3 o�p ξ′3 pxo���r~�NqkoÎ ds� �cdBÖ 1 ≤ ξ3 ≤ s
o�p

1 ≤ ξ′3 ≤ s

�lÒ



pxov��rz�;qso
Î ds� � gNÖ P3 = P3(h, u, v, f) =

∑
√

u/5<s<
√

v

2

∑

ξ3 ≤ r ≤ ξ′3
(r,4s)=1

e

(−hr
4s

)
Φ3(r)

�T�lov�
Φ3(r) = exp

(
2iπhF (r2 + 4s2) +

iπhr

2s(r2 + 4s2)

)
.

! u��Y�vw�����o(�k�}Ø��vØvtsov���Mo�uNpv�
|Φ′

3(r)| =

∣∣∣∣
Φ′

3

Φ3
(r)

∣∣∣∣ ≤
π|h|
s

(
(r2 + 4s2)|F ′(r2 + 4s2)| + 1

2u

)
.

! uM�l�k�s�����Nqko~��o~��o��M��o � ����ov�
m = 4s

o�p
b = −h �;�k�l� Î ds� �cdBÖ ��w�uM� |ξ′3−ξ3| ≤ so�p ����r �äo�ukr}qs��p

∣∣∣∣∣∣∣∣

∑

ξ3≤r≤ξ′3
(r,4s)=1

e

(−hr
4s

)
Φ3(r)

∣∣∣∣∣∣∣∣
≤ π|h|Mτ(4s)

√
4s{(h, 4s)}1/2γ(4s).

� �l��Î d"� � gBÖ �kw�u�tkØ�tkqk��pz�Nqko
|P3| ≤ π|h|M

∑

4
√

u/5 < m < 2
√

v

4 |m

τ(m)
√
m{(h,m)}1/2γ(m).

nR� �9	v��oF�M�+��w��}�9px��w�u�o�r�p��9�l���lyk��o¹�-w�qk�C���&r}w�����o
P4

�9w��Y��� w�u���w����spxo§��ovrHp}ov���Mo�rtkoMÎ ds��Ð � Ö ����o�� s < 0
o�p

1 ≤ r ≤ −s �ao�pz���äw�u�tkØ�tkqk��pztkoMÎ ds� ����Ö
|P | = |P1 + P2 + P3 + P4| ≤ 8π|h|M

∑

m<2
√

v

τ(m)
√
m{(h,m)}1/2γ(m).

� �l��Î �;� �"ÐTÖ o�p ��o(��ov���Mo � �k����r�qk��p
|P | ≤ 8π|h|Mγ(2

√
v)
√

2v1/4
∑

m≤2
√

v

τ(m){(h,m)}1/2

≤ 8|h|M
√

2

(
log v + π + 2 log

8

π

)
(log v + 2 + 2 log 2)v3/4ψ(|h|)

≤ 8|h|M
√

2(log v + 4)2v3/4ψ(|h|)Î ds� ��Ò�Öw��
ψ(|h|) o�r�p tkØ � uk�	ovu_Î �"��Ð � Öë�

� �



	 ¸�� ���&Ã)Â � Å<¾
ω
¸

� �l��Î ds��ÐÓÒ�Ö o*p�Î ds�æÒ�Ö �sw�u �
|S2(u, v; f)| ≤ 1

2π

∑

1≤|h|≤ω

1

|h| |P |

o�p �a�l��Î d"��Ð � Ö o�p ��o(��ov���Mo Ò Î?����� Ö �;w�u��
|S4(u, v; f)| ≤ 3v

14(ω + 1)
+

1

2ω + 2

∑

1≤|h|≤ω

|P |

≤ 3v

14(ω + 1)
+

1

2

∑

1≤|h|≤ω

1

|h| |P |

tko r}w���pxo �Nqkol�0�a�l�ÙÎ ds�äÕBÖ o�p�Î d"��Ð+�lÖ w�u��
|S1(u, v; f)| ≤ |S2(u, v; f)|+ |S4(u, v; f)|

≤ 3v

14(ω + 1)
+

1

2

(
1

π
+ 1

) ∑

1≤|h|≤ω

1

|h| |P |.

� �l� Î ds� ��Ò�Ö o�p¡��o ��o��M��o d �;ovuMp}ovua�9uNpF�vw����sp}o<tko�rF�9�l��o�qk�}r¹ukØ��B�9px����o�rFtko h �N���-r�qk��p
Î ds� � � Ö |S1(u, v; f)| ≤ 3v

14(ω + 1)
+

(
1

π
+ 1

)
8
√

2M(log v + 4)2v3/4(7ω).

! u��-w�r}o
Î ds� � � Ö ω0 =

1

14

√
3π

4
√

2M(π + 1)

v1/8

log v + 4

o�p ��� w�u���|kw���r}��p
ωÎ ds� � � Ö ω = bω0c .

� �l��Î d"� � � Ö �k���V�;��ovuBp
|S1(u, v; f)| ≤ 3v

14ω0

+ 56
√

2

(
1

π
+ 1

)
(log v + 4)2v3/4ω0M

= 4

√
3
√

2(1 + 1/π)(log v + 4)v7/8
√
M

o�p��vw�����o
4
√

3
√

2(1 + 1/π) = 9.4599 . . .
�C�vo��¨���l��|kÍ*��o ����tkØv��w�ukr�px�}�9px��w�u�tkqpx|kØ�w��}Í��Mo �"� �

� �



� � ��� ±�® 	�¯	°� ¯2µ*±�® ²�³ ¯����~±Ù°���� � ¬�¶
� �9ukrz�vo �a�l�}�l���x�9�k|kol�a�-w�qk�~��ovr~�v�l����qk��r~uNqk��Øv�����Nqkovr��0ukw�qkrzr}qs�k�Gwlr}ov��w�ukr

Î gk��ÐÓÖ λ = 2
o�p

N ≥ 1000.

� w��M�"pxo(pxo�u;q�tkoMÎ Ðl� � � Ö ukw�qkrzØv���}����w�ukr�Î Ðl� ���lÖÎ gk� ��Ö Q̂(N, λ) = Q0(N, λ) −Q1(N, λ)�T�lov�9�-�-w�qk�
i = 0

w�q
1Î gk�edBÖ

Qi(N, λ) = Si(u0, v0; f1)−Si(u0, v0;N − 1)−Si(u1, v0; f2)+Si(u1, v0;N − 1).

� w�qkr Ø��9�l��qsov�}wlukr�r}qs�v�vo�r}r�����o��Mo�uBp Q0(N, λ)
o*p

Q1(N, λ)
� �'�9��r ��� ukw�qkr��J�lq"pt��æ�9yGw���t�tsØ � uk���~�Nqkov���;qsovr ukw�qs�lov����ovr~�9�l�}���lyk��ovr �

�<¸�· �¾	½ �§Æ<Á¹¿¹ÀsÂÞÀ"¼	½ Á)Ç<Ç&»sÃ � �&¼	¾	½G¸
� w�qkrzqspx������r}ov��w�ukr§��ovr§p}�}w���r~�;qk�luBpx��p}Øvrz����ukØ��9���}o�r§ovu NÎ gk�hgNÖ v̂0 = λ(2 −

√
2)N, û0 = 2(λ−

√
λ2 − 1)N, û1 = 2(

√
2 − 1)N,�vw����Mo&tkovrz�l�s�k�}w � ���M�9px��w�ukr¡tkovr~ukwl��yk�}o�r v0

�
u0

o�p
u1

tkØ � uk��r~o�u_Î Ð���Ð�gNÖ ��Î Ð���Ð � Öo�p�Î Ð���Ð � Öë� � u�q"px������r}�luBp~��o�r~�}ov���9px��w�ukr
Î gk�æÒ�Ö √

a ≤
√
a+ t ≤

√
a +

t

2
√
a
, a > 0, t ≥ 0

o�pÎ gk� � Ö
√
a− t√

a
=

√
a

(
1 − t

a

)
≤

√
a

√
1 − t

a
=

√
a− t ≤

√
a, a > 0, 0 ≤ t ≤ a

w�u�wlyspx��ovuBpz��o�r~��ukØ��B�l����pxØ�r ÎJ�}�l�k�-ov��wlukr~�Nqko
λ >

√
2
o*p
N ≥ 1 ÖÎ gk� � Ö

v̂0 ≤ v0 = 2λN − 1

2

√
8λ2N2 − 2 ≤ v̂0 +

1

2
√

2λN
< v̂0 +

1

4N
< v̂0 + 1 ≤ 2λN,

Î gk� � Ö
û0 < u0 = 2λN−

√
4(λ2 − 1)N2 − 1 ≤ û0 +

1

2
√
λ2 − 1N

< û0 +
1

2N
< û0 +1

o�p
Î gk�äÕBÖ û1 < u1 =

√
8N2 + 1 − 2N ≤ û1 +

1

4
√

2N
< û1 + 1.

� �



� w�qkr �l�s�k�}w;��|kov��w�ukr ��o�r§�?w�uk��p}��w�usrÎ gk��Ð��BÖ f1(t) =
1

2

√
t(4λN − t) − 1

o*p
f2(t) =

1

2

(
t +

√
2t2 − 1

)

tkØ � us��ovr ovu_Î Ðl��ÐWd�Ö o�p�Î Ðl��Ð+�lÖ �a�l�
Î gk��Ð�ÐÓÖ f̂1(t) =

1

2

√
t(4λN − t)

o�p
f̂2(t) =

1 +
√

2

2
t.

� �l��Î gs� � Ö �kw�u��s�k�-w�qk� 1 ≤ t ≤ 4λN − 1
�
N ≥ 1

o�p
λ >

√
2Î gk��Ð+��Ö

f̂1(t) −
1

4
≤ f̂1(t) −

1

2
√

4λN − 1
≤ f̂1(t) −

1

2
√
t(4λN − t)

≤ f1(t) ≤ f̂1(t)

o�p��kp}w�q���w�qs�}rz�a�l�ÙÎ gk� � Ö �kw�u��s�k�-w�qk� t ≥ 1

Î gk��ÐWdBÖ f̂2(t) −
1

2
≤ 1

2

(
t +

√
2t− 1√

2t

)
≤ f2(t) ≤ f̂2(t).

�<¸�� �¾	½_À"¾�»aËÌ¾	½�½;¾ �VÃ)¿&Å<Á)ÂÄ»s¾	½ Å&¾ »s¾	½NÀ"¾)¸
� w�qk�zovr�px����ov�

Q0(N, λ)
tkØ � uk�2�a�l�ÙÎ gk� d�Ö �kw�u�qsp}������r}o�Î Ð�� � � Ö o*p<��o(��o��M��o �

Î gk��Ð�gNÖ S0(u, v; f) =
∑

u≤d≤v
d �����������

ρ(d)f(d)

d
= J(u, v; f) + R̂0(u, v;F )

w������äwlu����-w�r}Ø
F (t) = f(t)/t

o�p
Î gk��ÐÓÒ�Ö J(u, v; f) =

1

π

∫ v

u

F (t)dt =
1

π

∫ v

u

f(t)

t
dt.

� w�qkrzØ��v�}���}w�usrÎ gk��Ð � Ö Q0(N, λ) = Q2(N, λ) +Q3(N, λ)�T�lov�Î gk��Ð � Ö
Q2(N, λ) = J(u0, v0; f1) − J(u0, v0;N − 1) − J(u1, v0; f2) + J(u1, v0;N − 1)o�p

Q3(N, λ) = R̂0(u0, v0;F1) − R̂0

(
u0, v0;

N − 1

t

)

−R̂0(u1, v0;F2) + R̂0

(
u1, v0;

N − 1

t

)
.

Î gk��Ð � Ö
�9Õ



� �lukr �voY�k�l�x�l�l�x�l�k|so�ukw�qkr(�M�+��w���ov��w�ukr ��ovr(�Nqa�9p}�}o�pxo��}��ovr(tkoY��ovr�pxo
R̂0(u, v;F )o�p<�¨���9�l��o�qk� �lykr}wl��qko tkoÙ��o�qk�zr}w����Mo

Q3(N, λ)
p��lukts��r~�Nqkol�-ta�lusr<��o(�a�l�x�9���x�l�s|kor}qk���l�9uNpv�aukw�qkr~p}�x�l��pxov��w�ukr~��ovr§pxo��}��ovrz�k����uk�����a�lq � J(u, v; f)

o�p
Q2(N, λ) �

� ' � g ' , � ' g¢f ' g�, '
R̂0(u0,v0;F1)

m � wlr}w�ukr �a�l�ÙÎ gk��Ð��BÖ
Î gk��ÐTÕBÖ F1(t) =

f1(t)

t
=

√
t(4λN − t) − 1

2t
·

� �lov�����æ�9��tko tso � � � n � �ausw�qkr tkØv������wlukr ×Î gk� � �BÖ F ′
1(t) =

−2λNt + 1

2t2
√
t(4λN − t) − 1

=
−2λNt + 1

4t2f1(t)
,

Î gk� �"ÐÓÖ F ′′
1 (t) =

4t2λN(3λN − t− 3/t) + 3t2 + 2

2t3(t(4λN − t) − 1)3/2
·

� w�qk�
λ >

√
2
�
N ≥ 1

o*p
t ≥ 1

�¡w�u>�
2λNt > 1

o*p��F�k�l��Î gs� � ��Ö �Fwlu ��w���p�;qso
F ′

1(t) < 0 � n2���Nqa�luBpx��pxØ 3λN − t − 3/t
ovr�p�����us���M�l��o ovu

t =
√

3
o*p �l�9qsp

3λN − 2
√

3 > 0
�a�k�l�ÙÎ gk� �"ÐÓÖ � F ′′

1 (t) > 0
�-w�qk�§p}w�qsp

t > 0
o�p tkw�us�

Î gk� ����Ö F1(t) =
f1(t)

t

ovr�p tkØv���}w���r}rx�9uNp}o�o*pz�vw�uB�lo � o��-w�qk� 1 ≤ t ≤ v0.

� �l��Î gk� � Ö o�p�Î gs�egNÖ �ar}�2��� w�u���|kw���r}��p N ≥ λ
�aw�u �

u0 ≥ û0 = 2N
λ+

√
λ2−1

≥ 2N
2λ

≥ 1
��a�l��Î gk� ����Ö � F1

ovr�p tkØv���}w���r}rx�9uNp}o�r�qk�
[u0, v0]

o*pz�a�l��Î Ðl��Ð � Ö w�u�w�yspx��ovuBp

Î gk� �cdBÖ ‖F1‖ = ‖F1‖[u0,v0] =
f1(u0)

u0

=
N

u0

≤ N

û0

=
λ+

√
λ2 − 1

2
< 1.87

p��lukts��r~�Nqkol�0�a�9�ÙÎ gk� ����Ö �2Î gk� � �BÖ �2Î Ðl��Ð � Ö �2Î gk� � Ö o�p�Î gk�hgNÖ �kw�u��
‖F ′

1‖ = ‖F ′
1‖[u0,v0]

= −F ′
1(u0) =

2λNu0 − 1

4u2
0f1(u0)

=
2λNu0 − 1

4u2
0N

<
2λNu0

4u2
0N

=
λ

2u0
<

λ

2û0
=
λ(λ+

√
λ2 − 1)

4N
<

1.87

N
·Î gk� � gNÖ

� �l�z��o(��ov���Mo � �kw�u�w�ysp}��ovuBpv�k�Gwlqk�
λ = 2

Î gk� ��Ò�Ö |R̂0(u0, v0;F1)| ≤ (4 log v0 + 14)
√
v0

(
3.74 + 1.25

v0

N

)
.

� '��('���� �L*$, ' f ' g , '
R̂0

(
u0,v0;

N−1

t

) m ! u��¢ovu�qspx������rx�luBp Î gk� � Ö o�p�Î gs�egNÖ
Î gk� � � Ö

∥∥∥∥
N − 1

t

∥∥∥∥
[u0,v0]

=
N − 1

u0
<
N

u0
≤ N

û0
=
λ+

√
λ2 − 1

2
< 1.87

d �



o�p
∥∥∥∥−

N − 1

t2

∥∥∥∥
[u0,v0]

=
N − 1

u2
0

≤ N

u2
0

≤ N

û2
0

=
(λ+

√
λ2 − 1)2

4N
<

3.49

N
·

� �l�z��o(��ov���Mo � �k���Vr}qk��pz�Gw�qs�
λ = 2

Î gk� � � Ö
∣∣∣∣R̂0

(
u0, v0;

N − 1

t

)∣∣∣∣ ≤ (4 log v0 + 14)
√
v0

(
3.74 + 2.33

v0

N

)
.

� ' f�g ) �Je�� *G, ' f ' g�, '
R̂0(u1,v0;F2)

m � �l��Î gs��Ð���Ö �aw�u��Y�-w�qk� t ≥ 1

Î gk� � � Ö F2(t) =
f2(t)

t
=

1

2

(
t +

√
2t2 − 1

t

)
≤ 1 +

√
2

2o�p tkw�uk�
Î gk� �lÕBÖ ‖F2‖ = ‖F2‖[u1,v0] ≤

1 +
√

2

2
≤ 1.21.

� w�qk�
t ≥ 1

�aw�u��
2t2 − 1 ≥ 1

o*p
F ′

2(t) =
1

2t2
√

2t2 − 1
≤ 1

2t2
·

� w�uk�9�-�k�l�ÙÎ gk�äÕBÖ o*p�Î gk�hgNÖ
Î gk�ed �BÖ ‖F ′

2‖ = ‖F ′
2‖[u1,v0]

≤ 1

2u2
1

≤ 1

2û2
1

=
1

8(
√

2 − 1)2N2
≤ 0.73

N2
·

� �l�z��o(��ov���Mo � �k���Vr}qk��pz�Gw�qs�
λ = 2

Î gk�edsÐÓÖ |R̂0(u1, v0;F2)| ≤ (4 log v0 + 14)
√
v0

(
2.42 + 0.49

v0

N2

)
.

� '�� � hsf�g � *$, ' f ' g , '
R̂0(u1,v0;

N−1

t
)
m ! u �Y�a�9�ÙÎ gk�äÕBÖ o�p�Î gk�egBÖ

Î gk�edD��Ö
∥∥∥∥
N − 1

t

∥∥∥∥
[u1,v0]

=
N − 1

u1

<
N

u1

<
N

û1

=
1

2(
√

2 − 1)
=

1 +
√

2

2
< 1.21

o�p
∥∥∥∥−

N − 1

t2

∥∥∥∥
[u1,v0]

=
N − 1

u2
1

≤ N

u2
1

≤ N

û2
1

=
1

4(
√

2 − 1)2N
<

1.46

N
·

� �l�z��o(��ov���Mo � �kw�u��Y�Gw�qs�
λ = 2

Î gk�ed�dBÖ
∣∣∣∣R̂0

(
u1, v0;

N − 1

t

)∣∣∣∣ ≤ (4 log v0 + 14)
√
v0

(
2.42 + 0.98

v0

N

)
.

d"Ð



! u ��tkw�uk�9�V�a�l��Î gk��Ð � Ö �0ovu �+��wlqsp��luBp&��ovr<��ukØ��B�l����pxØ�r�Î gk� ��Ò�Ö �CÎ gk� � � Ö ��Î gs� dsÐTÖ o*pÎ gk�ed�dBÖ �
|Q3(N, 2)| ≤ (4 log v0 + 14)

√
v0

(
12.32 + 4.56

v0

N
+ 0.49

v0

N2

)
.

� �l��uBp}ovua�luBp �a�l��Î gk� � Ö o�p�Î gs�egNÖ �kw�u��s�k�-w�qk� N ≥ 1000
o�p
λ = 2

�
Î gk�edcgNÖ v0 ≤ v̂0 +

1

4N
= λ(2 −

√
2)N

(
1 +

1

4λ(2 −
√

2)N2

)
≤ 1.18N,

�vo �;qs�-o�uBpx�x� �¨uko
log v0 ≤ logN +log 1.18 ≤ logN +0.17

o�p
v0/N

2 ≤ 1.18/N ≤
0.002 � ! u�w�ysp}��o�uNp �9��ukr��
Î gk�edBÒ�Ö |Q3(N, 2)| ≤ (77 logN + 283)

√
N.

�<¸
	 �¾	½_À"¾�»aËÌ¾	½ Ç<»kÂÄ¿ �GÂÄÇ&Á)Æ �Ù¸
� w�usr}��tsØv�}wlukrzqku��Nqa�9tk�}qk�s��o�p tko ukwl��yk�}o�rz�}Øvo���r {û, u, v̂, v} r}�9px��r��J�l��rx�luBp

Î gk�ed � Ö N

λ
≤ û ≤ u ≤ û+ 1 < v̂ ≤ v ≤ v̂ + 1 ≤ 2λN

o�p�qku5��w�qk�k��o�tko �?w�us��px��w�ukr {f, f̂} ��w�uBpx��u;qsovrXtko����ä��uBpxov���9�l����o [û, v]
tk�lukr

R
o�prx�9p}��r��J�9��rx�9uNp

Î gk�ed � Ö ‖f̂ − f‖[bu,v] ≤ 1
o�p ‖f‖[bu,v] ≤ ‖f̂ ‖[bu,v] ≤ λ(1 +

√
2)N.

� ��wl�}r~w�u��
Î gk�ed � Ö

∫ v

u

f(t)

t
dt =

∫ bv

bu

f̂(t)

t
dt+ Ĵ

�T�lov�
Ĵ =

∫ bv

bu

f(t) − f̂(t)

t
dt−

∫ u

bu

f(t)

t
dt+

∫ v

bv

f(t)

t
dt

o�p �a�l��Î gs� d � Ö o�p�Î gs� d � Ö
Ĵ ≤ log

v̂

û
+ λ(1 +

√
2)N

(
log

u

û
+ log

v

v̂

)Î gk�ed�ÕBÖ
≤ log

2λN

N/λ
+ λ(1 +

√
2)N

(
u− û

û
+
v − v̂

v̂

)

≤ log(2λ2) + λ(1 +
√

2)N

(
1

N/λ
+

1

N/λ

)

= log(2λ2) + 2λ2(1 +
√

2) ≤ 21.40
Î?�Gw�qs�

λ = 2 Öë�
d��



� w�qkrX�l�s�k�����;qsov�}wlukr'�Nqa�9p}�}o �?wl��r'���äØ��B�l����pxØ Î gk� d � Ö ��w��M�s��Ø�p}Øvo��a�l�'���ä��ukØv���l����pxØÎ gk�ed�ÕBÖë� ! ykr}o�����wlukrFt��ä�ly-w��}t¢�Nqko9�B�a�l�<Î gk� � Ö �0Î gk� � Ö �0Î gk�äÕBÖ o*p&Î gk�hgNÖ �l��ovr)�Nqa�lts�}qk�k��o�p}r
{û0, u0, v̂0, v0}

o*p {û1, u1, v̂0, v0}
r}�9px��r��?w�uBp&Î gk�ed � ÖF× ���ä��ukØv���l����pxØ û0 +1 ≤ û1 +1 <

v̂0

o�r�p���Øv��� � Ø�ol�J���a�l��px���Ùtso Î gs�egNÖ �2�Gw�qs� N > 2+
√

2
2(λ−

√
2) � ! ykr�ov���lw�ukr�o�ukr}qs��pxoM�Nqko

��ovr ��w�qk�k��ovr(tkoY�?w�uk�*px��w�ukr {f1, f̂1}
� {f2, f̂2}

o�p {N − 1, N} �lØv��� � o�uNp'Î gk� d � Ö r}qk���� ��uBpxo����9�l����o
[û0, v0]

ovu�qspx������rx�luBpÙÎ gk��ÐlÐÓÖ �2Î gk��Ð+��Ö ��Î gk��ÐWdBÖ o*p�Î gk� � Ö*�� ��w���rv�k�a�9�ÙÎ gk��ÐÓÒ�Ö o*p�Î gk�ed � Ö ��Î gk��Ð � Ö r �äØ��v����pÎ gk�hg �BÖ
Q2(N, λ) =

1

π

(∫ bv0

bu0

f̂1(t)

t
dt−

∫ bv0

bu0

N

t
dt−

∫ bv0

bu1

f̂2(t)

t
dt+

∫ bv0

bu1

N

t
dt

)
+Q4

�T�lov�9�-�k�l��Î gk�ed�ÕBÖ �
Î gk�hgkÐÓÖ |Q4| = |Q4(N, λ)| ≤ 4

π
21.40 ≤ 28.

� �l��Î gs�egNÖ �2Î gs��Ð�ÐTÖ o�p ��o(��|a�9uk��ov��ovuBp tko(�9�l�}���lyk��o y =
√

4λN
t

− 1
�aw�u����l���vqk��o

∫ bv0

bu0

f̂1(t)

t
dt =

1

2

∫ λ(2−
√

2)N

2(λ−
√

λ2−1)N

√
4λN

t
− 1 dt = 4λN

∫ λ+
√

λ2−1

1+
√

2

y2dy

(1 + y2)2

= λN

(
π

4
− arcsin

1

λ

)
−N(1 +

√
2)

ovu�ukwlp��9uNp)�Nqko
arctan(λ+

√
λ2 − 1) = 1

2

(
π − arcsin 1

λ

) �Nqk�$�9ovu�r}qkysr�px��pxqa�9uNp √
2�

λ
�ktkw�usuko

arctan(1 +
√

2) = 3π
8 �� �l��Î gk�hgNÖ o�p�Î gk��Ð�ÐÓÖ �	Î gk�hg �BÖ r�oÙ��ØvØ��v�}��pÎ gk�hg ��Ö Q2(N, λ) = α(λ)N +Q4(N, λ)w��

α(λ)
�YØ�p}ØÙtsØ � uk�2o�u Î Ð��egBÖ*�! u��Go�qsp �}o��'�l���Nqkov���a�a�l�ÙÎ gs�eg ��Ö �;qso

α(λ)N =
1

π

∫∫

D

dxdt

tw�� D o�r�p§��o&tkwl�'�l��ukoztkovrF�Gw���uBpxr (x, t)
r}�9px��r��J�l��rx�luBp

N ≤ x ≤ λN√
2

o�pFr}��p}qkØvr¡ovuBpx��o
��� ov�������kr�o

t2−4λNt+4x2 = 0
o�pC�¨� tk��w���p}o

t = 2(
√

2−1)x � � u¢��uNp}Øv���}�luBp�t��ä�ly-w��}tovu
t
�aw�u�wlyspx��ovuBp

α(λ)N =

∫ λN√
2

N

dx

∫ 2(
√

2−1)x

2(λN−
√

λ2N2−x2)

dt

πt
=

1

π

∫ λN√
2

N

log
2(
√

2 − 1)x

2
(
λN −

√
λ2N2 − x2

)dx.

dcd



�<¸�� �¾ À"¾�»kËÌ¾ Ç&»sÂ�¿��VÂ£Ç Á)É�Å&¾ »k¾	½BÀs¾)¸
� w�qk� ovr�px����ov�

Q1(N, λ)
tkØ � uk���a�l�MÎ gs� dBÖ ��ukw�qsr��9�k�k�����Nqkov��w�ukr �Nqa�9px��oY�?w���r(��opx|kØ�w��}Í��Mo �"� � w�qk����ov�¨�"��ukw�qkr)r�qk�k�-w�r}o��}w�ukr¹�Nqko N ≥ 7λ

tso§�J� �vw�u¢�Nqko9�;�k�l� Î gk� � Ö �Î gk�äÕBÖ o�p�Î gk�hgNÖ �awlu�����p u0 ≥ û0 ≥ 7
o*p
u1 ≥ û1 ≥ 7 � � �9�k�Go���w�usr<�Nqko M(u, v; f)ovr�p<tkØ � uk�	ovu_Î Ðl� ��ÒlÖ*�

� ' � g ' , � ' g�f ' g�, ' M(u0,v0; f1)
m ! u �-w�r}o

F1(t) = f1(t)/t � � �k�l��p}����tkoÎ gk� � �BÖ �kw�u����l���vqk��o
d

dt
(tF ′

1(t)) =
2λNt2(2λN − t− 3/t) + 2t2 + 1

2t2(t(4λN − t) − 1)3/2
·

nR���Nqa�luBpx��pxØ
2λN − t − 3/t

ovr�p��-w�r}��px����o¢�Gwlqk�
λ >

√
2
�
N ≥ 2

o*p��-w�qk�(p}w�qsp
t > 0 � � u���ov�M�l�}�Nqa�luBp �Nqko

F ′
1(t)

ovr�p<ukØ��B�9px����o(o*p<o�u�q"px������r}�luBpÙÎ gk� � gNÖ �k���-�;��ovuBp
‖tF ′

1(t)‖[u0,v0] = −u0F
′
1(u0) <

λ

2
·

� �	r;� ovukr�qk��p �a�l��Î Ð�� �lÒ�Ö �Nqkol�a�-w�qk� λ = 2

Î gk�hgDdBÖ M(u0, v0; f1) ≤ 1 +
2

5
= 1.4 < (1.19)2.

� ' �F'�� � � *G, ' f ' g�, ' M(u0,v0;N− 1)
m � w�r�w�ukr

f(t) = N − 1
�
F (t) =

(N − 1)/t
�kw�u��

tF ′(t) = −N−1
t

�ao�pz�a�l��Î Ð�� �lÒ�Ö o�p�Î gk� � � ÖÎ gk�hg�gNÖ
M(u0, v0;N − 1) =

∥∥∥∥
N − 1

t

∥∥∥∥
[u0,v0]

+
2

5
<
λ+

√
λ2 − 1

2
+

2

5
< 2.27 < (1.51)2.

� ' fTg ) �Je�� *$, ' f ' g�, ' M(u1,v0; f2)
m ! u��-w�r}o

F2(t) = f2(t)/t � ! u��z�a�l�¡Î gs� d ��Öo�p�Î gk� � Ö
‖tF ′

2(t)‖[u1,v0]
≤ v0

8(
√

2 − 1)2N2
≤ 2λN

8(
√

2 − 1)2N2
=

λ

4(
√

2 − 1)2N
≤ 1.46

No�p��a�-w�qk�
N ≥ 1000

�
Î gk�hgNÒ�Ö M(u1, v0; f2) ≤

1.46

N
+

2

5
≤ 0.41 ≤ (0.64)2.

� ' � � hsf�g � *$, ' f ' g�, ' M(u1,v0;N− 1)
m � w�r�w�ukr

f(t) = N − 1
�
F (t) =

(N − 1)/t
�kw�u��

tF ′(t) = −N−1
t

�ao�pz�a�l��Î Ð�� �lÒ�Ö o�p�Î gk� d���ÖÎ gk�hg � Ö
M(u1, v0;N − 1) =

∥∥∥∥
N − 1

t

∥∥∥∥
[u1,v0]

+
2

5
≤ 1 +

√
2

2
+

2

5
< 1.61 < (1.27)2.

d g



� u��vw�us�v��qsr}��wlu��aw�u �-ovq"p<�M�+��w���ov� |Q1(N, 2)| tkØ � uk�R�a�l��Î gk�edBÖ �¢���ä�l��tko(tsoLÎ Ð�� � � Öo�p��ao�u �W��w�qsp��9uNp�Î gk�eg�dBÖ �2Î gk�hg�gNÖ ��Î gk�hgNÒ�Ö o*p�Î gk�hg � Ö �kw�u�w�ysp}��ovuBpÎ gk�hg � Ö
|Q1(N, 2)| ≤ 9.5(log v0+4)v

7/8
0 (1.19+1.51+0.64+1.27) = 43.8(log v0+4)v

7/8
0 .

� u�qsp}������rx�luBpÙÎ gk�edcgNÖ �	Î gk�hg � Ö o�uNp}�x����ukoÎ gk�hg � Ö |Q1(N, 2)| ≤ 43.8(log(1.18N)+4)(1.18N)7/8 ≤ (211+51 logN)N 7/8.

�<¸�� � ¼ �GÁ)Ç&ÂÞÀsÆ<ÉÄÁ�À"ÂÄÃ)¿�¸
� �l��Î Ð���Ð � Ö �	Î gs� ��Ö �2Î gs��Ð � Ö o�p�Î gk�hg ��Ö �k���-�;��ovuBp

Q(N, λ) = α(λ)N + R̃(N, λ)

�T�lov�
Î gk�hgBÕBÖ R̃(N, λ) = −Q1(N, λ) +Q3(N, λ) +Q4(N, λ) + ε(N, λ)

o�p�Î Ð�� � Ö ��Øvr}qs��pxo tkoMÎ gk�eg � Ö �2Î gk�edBÒ�Ö �	Î gk�hgkÐÓÖ o*p�Î Ð��edD��Öë�n2� �MØ*px|kw;tko�qspx������r}Øvo �-w�qk��w�y"pxovus��� Î gk�hg � Ö � Î gs� dBÒlÖ o*p_Î gk�hgkÐÓÖ ��w�uBpx�}o��Nqko9��Gw�qs��pxw�qsp
λ �s� Øl� λ >

√
2
�Cw�u �

Q1(N, λ) = Oλ(N
7/8(logN))

�
Q3(N, λ) =

Oλ(N
1/2(logN))

�
Q4(N, λ) = Oλ(1)

�Ro*p����a�l�'Î Ð��edsÐÓÖ ��w�u_� ε(N, λ) = Oλ(1)
��l��ukr��$�k�k�l�ÙÎ gk�hgBÕBÖ �2Î Ðl� � Ö o�r�p tkØ��Mw�uBp}�}Øl�a��o �;qs�2�l��|kÍ��lo����Y�k�}o�qs��oÙtkq�px|kØ�w��}Í��Mo Ð��

d�Ò



��� �  � ·

k N = 2k Q(N, 2) Q(N, 2)/N Q(N, 2) − α(2)N

4 16 1 0.06250000 0.55
5 32 2 0.06250000 1.10
6 64 2 0.03125000 0.21
7 128 3 0.02343750 −0.59
8 256 7 0.02734075 −0.17
9 512 21 0.04101062 6.66

10 1024 29 0.02832031 0.31
11 2048 60 0.02929688 2.62
12 4096 122 0.02978516 7.25
13 8192 245 0.02990723 15.49
14 16384 460 0.02807617 0.99
15 32768 944 0.02880859 25.98
16 65536 1806 0.02755737 −30.05
17 131072 3639 0.02776337 −33.10
18 262144 7347 0.02802658 2.81
19 524288 14756 0.02814484 67.61
20 1048576 29576 0.02820587 199.23
21 2097152 58698 0.02798939 −55.55
22 4194304 117372 0.02798367 −135.09
23 8388608 235082 0.02802396 67.81
24 16777216 470241 0.02802855 212.62
25 33554432 939804 0.02800834 −252.76
26 67108864 1880297 0.02801861 183.48
27 134217728 3761402 0.02802463 1174.97
28 268435456 7521153 0.02801844 698.94
29 536870912 15040659 0.02801541 −249.12
30 1073741824 30080525 0.02801467 −1291.25
31 2147483648 60153965 0.02801137 −9667.50
32 4294967296 120332158 0.02801701 4893.01
33 8589934592 240660303 0.02801655 5773.02
34 17179869184 481315101 0.02801622 6041.03
35 34359738368 962578706 0.02801473 −39413.94
36 68719476736 1925208869 0.02801547 −27370.87
37 137438953472 3850396279 0.02801532 −76200.75
38 274877906944 7701008772 0.02801610 63812.49
39 549755813888 15401833428 0.02801577 −56491.01
40 1099511627776 30803795356 0.02801589 15517.96
41 2199023255552 61607438724 0.02801582 −120952.07
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